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_ Department of Physics, University of Nottingham 
Communicated by L. F. Bates; MS. received 14th July 1958, 
——— > in final form 28th August 1958 


¢ bstract. ‘The domain structures of Mn, MnZn, Ni, Cu and Ba ferrite 
crystals have been examined by the conventional and modified Bitter figure 
pe eques. 
_ Inthe cases of Mn, Ni and Ba ferrites the patterns observed are in accordance 
_ with the nature of their magnetic constants. 
The Mn Zn ferrite crystal examined gave anomalous patterns considered to be 
due to a strain induced uniaxial anisotropy. 


§ 1. INTRODUCTION 


HE ferrimagnetic ferrites generally belong to the spinel group with a formula 

| MO.Fe,0;. They have low magnetic saturation, of the order 3000-4000 

gauss and, generally, have a low negative anisotropy, implying that their 

easy directions of magnetization lie in the [111] directions. Barium ferrite is an 

exception, its crystal structure being hexagonal, and it should therefore have two 

easy directions of magnetization parallel to the hexagonal axis, as in cobalt. Its 

anisotropy is of the order of 10®ergcm~%, which is considerably higher than that 
for most cubic-spinel ferrites. 

Extensive study has been made of their magnetic constants and behaviour, 
especially in the field of ferromagnetic resonance. Some theoretical treatments, 
e.g. Smit and Wijn (1954), have been based on hypothetical domain wall structures, 
but until recently experimental observations of their domain structures were not 
available. Galt (1954) correlated the domain wall movement in a picture frame 
of nickel ferrite with its magnetization. Sixtus, Kronenberg and Tenzer (1956) 
showed domain structures on barium ferrite which were very similar to the struc- 
tures observed by Roberts and Bean (1954) using polarized light microscopy on 
MnBi. Paulus (1957) obtained a cleaved (100) surface on a Ni-Co ferrite and 
obtained patterns characteristic of a positive anisotropy, i.e. with the four easy 
directions of magnetization in the cleaved (100) surface. Bates, Craik and Griffiths 
(1958) found patterns ona cleaved (100) surface of a Mn ferrite specimen. Bates, 
Clow, Craik and Griffiths (1958) examined a large-grain polycrystalline specimen 
of composition Mn. Znp3Fe,0,, and found domain structures due to surface 
strain only. 

In this paper domain configurations on single crystals of Mn, Mn Zn, Ni, Cu 
and Ba ferrites are described, and an attempt is made to analyse them. ‘The Mn 
and Ni ferrites appear to have the expected domain structures, i.e. corresponding 

+ Now at Boots Pure Drug Co. Ltd., Nottingham. 
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to negative anisotropy : the Ba ferrite corresponds to a normal uniaxial magnetic 
material, in this case electron microscopy has been able to elaborate on the patterns 
previously obtained. The MnZn specimen has an anomalous structure. 


§ 2, EXPERIMENTAL ‘TECHNIQUE 


Craik (1956) published a method by which domain structures could be studied 
by electron microscopy, using a Bitter figure technique. It was subsequently 
found (Craik and Griffiths 1957, 1958) that an extension of this method enabled 
figures to be studied to greater advantage by optical microscopy. A film of a 
special magnetite colloid is dried on the specimen surface. ‘The colloid is prepared 
so that it dries without aggregation of the individual particles; these are set in a 
solid matrix of a water soluble plastic (sodium carboxy methyl cellulose) and this 
plastic film may either be removed for examination by the electron microscope or 
examined, while still on the surface, by a metallurgical microscope. 

It was found, by many comparisons between this method and the conventional 
Bitter figure technique, that patterns could be observed in greater detail; in some 
cases patterns were actually observed in the dried film which were not seen witha 
wet colloid, e.g. on the cleaved surface of a Mn ferrite specimen (Bates, Craik and 
Griffiths 1958). 

§ 3. SPECIMEN PREPARATION 


The specimen surfaces observed were of three types: those obtained by 
cleavage (Mn, Mn Zn and Ba), those obtained by grinding, polishing and etching 
(Mn, Mn Zn, Ni and Ba), and lastly, those having natural growth facets requiring 
no further preparation (Ni and Cu). 

The MnZn ferrite crystal specimen cleaved spontaneously on cooling after 
preparation. Further faces were obtained both on this, and on the Mn ferrite, 
by cleaving with asmall chisel. These cleavage faces are known to be (100) planes. 
The surfaces obtained were never perfectly flat, but showed slight undulations and 
ridges, as well as fine cracks present in the original crystal. 

To obtain faces containing easy directions, the ferrites were mounted in plastic 
blocks and their faces ground at calculated angles. The orientating cut was 
performed on a standard surface grinder, after which the surfaces were polished 
on a series of emery cloths and finished with 6 « and } yu diamond polishing 
compound. ‘To obtain a strain free surface the specimens were then etched. 
This technique was used successfully on a Ni ferrite single crystal of overall 
dimension of less than a millimetre. 


§ 4. RESULTS 
4.1. Manganese Ferrite 

Nickel has a face-centred cubic structure and negative anisotropy; its domain 
structure has been fully investigated and found to consist of 180°, 109° and 71° 
domain walls, with associated fir trees, closure formations and Néel spikes 
(Stephan 1955, Yamamoto and Iwata 1953). Manganese ferrite has been found 
by microwave resonance experiments to have negative anisotropy and was 
expected, considering the magnitude of the anisotropy, to exhibit a similar domain 

structure to nickel. 
_ As already reported (Bates, Craik and Griffiths 1958) a manganese ferrite 
single crystal, prepared at the Mullard Research Laboratories by the flame fusion 
technique, was cleaved to a (100) surface on which two types of pattern were 
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observed by the Bitter figure technique; a very fine surface structure of parallel 
bands of spacing 0-3 » and a coarser structure formed by regular intensification of 
these fine bands. The fine structure was considered to be a strained surface effect 
due to cleavage, while the coarse structure was one of free poles, expected on a 
surface containing no easy direction of magnetization. 

Since it was not possible to obtain a (110) plane by cleavage, it had to be 
obtained by grinding. After the final } » diamond polish a clean scratch-free 
surface was obtained. Figure 1{ shows a typical strain pattern on this surface 
consisting of “wriggly’ domain walls which have a wall thickness, measured by 
electron microscopy, of 0:5 4. This and other considerations suggested that the 
specimen surface was still strained, and it was therefore etched in boiling 
concentrated HCl for 2 minutes. The etch gave a very bright surface, broken 
by a few large etch pits which were generally long, narrow and ellipsoidal, with 
their major axes in [110] directions. A number of deep cracks, which lay in both 
the [100] and [110] directions were enlarged by the etching, and these served to 
give the crystallographic directions with respect to the patterns. It was also found 


- that the ferrite etched to a (110) surface, producing large, flat, strain-free areas. 


A colloid film was dried on the surface but no structure was observed; how- 
ever, when a small normal field was applied, a clear pattern of domain walls was. 
observed, figure2. Running horizontally across the figure is a pair of 109° walls A 
with smaller 71° walls B branching away towards the lower edge. At both ends. 
of this figure lie etch pits; that on the right has spike closure domains at its out- 
sideedge. On the left hand side a double Néel spike has been formed, presumably 
at either a small etch pit or an inclusion. In two places, the wall doubling has. 
broken down into a more normal ‘fir tree’ type of surface closure. At one point 
one wall has divided to give a pair, giving a further fir tree pattern and also a 
“stepped ’ wall, which consists of alternate 180° and 109° domain walls. Whena 
small horizontal field was applied to this specimen, very complicated patterns were 
found. Figure 3 shows an intricate system of fir tree patterns similar to the 
arabesque pattern observed by Yamamoto and Iwata (1953) ona (110) plane of Ni. 

Figure 4 shows a portion of a system of slab domains near an edge of the speci- 
men; in this region the lower edge of the print approaches the edge of the specimen 
where it curved due to grinding, and a progressive increase in the size of the ‘fir 
tree’ closure branches is noted towards the top of the figure. At the lower edge 
is a simple 180° domain wall which continued to the edge of the specimen. 

In a (110) plane there are four easy directions of magnetization parallel to the 
[111] directions, see figure 27(b). In the demagnetized state the specimen is 
composed of domains in which the magnetic vectors lie in one of these easy direc- 
tions. ‘These domains will be bounded by three types of domain wall, viz. 180°, 
109° and 71° walls, and will be arranged to give complete flux closure in the speci- 
men. ‘Fir tree’ patterns were obtained on all types of wall. ‘T’hese were observed 
by Williams, Bozorth and Shockley (1949) on the (100) surface of a single crystal of 
silicon iron and were interpreted as surface flux closure domains, resulting from a 
misorientation of the specimen surface with respect to the true crystallographic 
plane. ‘Fir tree’ patterns were later observed by Yamamoto and Iwata (1953) on 
the (110) plane of a single crystal of nickel. The ‘fir tree’ patterns found on Mn 
ferrite are in all ways analogous to those observed on nickel and were used to 
estimate the degree and direction of the surface with respect to the true (110) plane. 


+ Figures 1-26, see Plates I-VI. 
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An orientating cut was then made, and a small well orientated region was 
obtained in the centre of the specimen surface. Figures 5 and 6 show typical ' 
patterns obtained in this region. A 180° domain wall crosses the left hand corner 
of figure 5 and only two diminutive ‘fir tree” branches are formed along a con- 
siderable length of the wall. Towards the centre is a well defined Néel spike ; 
the arrows give the directions of magnetization. A series of single spikes have also 
been formed at small etch pits. These Néel (1944) spikes have been previously 
observed on iron and nickel and we now see that they occur at non-ferromagnetic 
inclusions in ferrites also. 

Figure 6 gives a typical example of the closure system found on the specimen. 
It occurs at a deep crack which has been enlarged by etching. The crack runs 
vertically in the figure and is parallel to a [110] direction. Two 180° domains 
terminate in an echelon type of closure similar to that found by Martin (1957) 
ona (100) surface of silicon-iron bounded by a (111) surface. Here, a single 180° 
domain wall A is terminated at the crack by a system of 180°, 109° and 71° domain 
walls which form the echelon. Striations have been formed on either side of the 
main 180° wall and lie perpendicular to it, indicating the direction of magnetization 
(Kittel 1949). A 71° wall B is parallel to the crack and a 109° wall C joins it 
towards the top of the figure. In the main 71° domain are closure spikes in which 
the magnetization is antiparallel to that in the domain enclosing them. 

There are important differences between manganese ferrite and nickel in 
domain sizes and spacings. These depend, theoretically, on the crystal size and 
the square root of the ratio of the wall energy to the crystalline anisotropy. The 
wall energy for manganese ferrite can be calculated (Smit and Wijn 1954) to be 


y=3(AK,)" 
where y is the wall energy, A the exchange coupling energy (=10-*ergcm™, 


Smit and Wijn 1954) and K, the crystalline anisotropy (= —3 x 10*ergcm™, 
Bozorth, Tilden and Williams 1955), whence 

y= a (10-? x3 « 10} ere em =0-Sersem=*, 
compared with 1 erg cm~? for nickel. 

Since the anisotropy and wall energies are comparable and the size of the 
specimen of manganese ferrite compares with the specimen of nickel used by 
Yamamoto and Iwata, similar domain spacings were expected. It was, however 
found that the structure on manganese ferrite was approximately 4 the size of that 
on the nickel. The theoretical spacings cannot be calculated unless the type of 
closure structure involved is known. The ferrite patterns described were not 
found in the absence of an applied magnetic field and this may be due to the low 
intensity of magnetization Js. However, Js for nickel is of the same order, and 
patterns can apparently be observed on this material without an applied magnetic 
field. 

The domain structures have been found to show two unusual features, not 
observed on nickel. ‘The first is the pronounced curvature of some of the dear 
walls, and the second the formation of ‘stepped’ walls unaccompanied by ‘fir tree’ 
closure. The curvature of the walls (figures 2, 5 and 6) is a true effect not due 
to distortion of the colloid film. Two possible explanations of this curvature are 
suggested. Firstly, the presence of small varying stresses in the crystal and 
secondly, the presence of excess ferrousiron. The first would cause the anisotrop 
to vary from place to place, e.g. a region in which the stress has increased ee 
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. anisotropy locally will tend to repel a domain wall, since in that region the wall 
_ energy will be increased, and vice versa. Secondly, when ferrous iron is diffused 


through ee lattice an alteration of the exchange energy and crystalline anisotropy 
energy will result. This would have a similar effect as in the former case. If 


these explanations are valid, then the volumes affected will not have sharp 


Scania but will be surrounded by gradual transitional regions to the normal 
errite. 

A 180° domain wall is normally straight, and magnetostatic energy must be 
balanced against the change in wall energy ina curved wall. Where the curvature 
of the wall is greatest a ‘stepped’ wall is formed, possibly due to decrease in 
magnetostatic energy compared with that of a greatly curved wall which does 
not follow any easy direction of magnetization. 

, The wall doubling, apparent in many of the figures here, has been observed on. 
nickel, both by Stephan and by Yamamoto and Iwata. The latter workers con- 
sidered it to be an extension of normal fir tree closure. 


4.2. Manganese—Zinc Ferrite 


This specimen, obtained from the G.E.C. Research Laboratories, was grown 
by the flame fusion technique and had a nominal 50-50 manganese—zinc compo- 
sition. When received it was in two portions, having spontaneously cleaved on 
cooling. The cleaved surfaces were examined both by electron and optical 
microscopy. They had bright (100) faces with an array of perpendicular cracks. 
A film of colloid was dried on one of them in the presence of a small normal field. 
The surface was covered with a fine structure, figure 7, roughly similar to that on 
the cleaved surface of the magnanese ferrite. In the latter case (Bates, Craik and 
Griffiths 1958), the patterns on a similar crystallographic surface were of two 
distinct types, viz. a fine system of parallel bands of spacing 0-3 » and an underlying 
coarser pattern representing closure of the internal domain structure. The fine 
pattern was interpreted as due to a very shallow, intensely and uniformly strained 
layer caused by cleavage. 

The fine patterns on the manganese~zinc ferrite are basically similar to those 
on manganese ferrite, particularly in their regularity and spacing. Due to their 
close spacing, from magnetostatic considerations they cannot represent the 
internal domain structure, and they probably represent a shallow surface domain 
structure enclosing a cleavage strain. In manganese~zinc ferrite, the fine patterns 
are formed by zigzag bands which are most clearly seen by electron microscopy 
(figure 8). The zigzag angles are approximately 120° and 60°, and the band 
formation generally lies at either 90° and 45° to the array of perpendicular cracks in 
the surface (figure 10). ‘The majority of the cleaved surfaces showed this fine 
structure. Figure 9 is a micrograph of a region of the surface near a surface 
crack. The zigzag bands are modified in the neighbourhood of the crack to forma 
simpler structure. This consists of a row of minute domains running perpen- 
dicular to the crack and is similar to some types of maze patterns found on the 
strained surface of silicon-iron (Chikazumi and Suzuki 1955, Stephan 1957), but 


the spacing is considerably smaller. ab 
Figure 10 is a low magnification picture of the original cleaved surface; 1t 
shows large scale patterns of spacing approximately 50 p, superimposed on the fine 


structure. The fine structure lies almost parallel to the large pattern. The coarse 


structure is typical of uniaxial magnetic crystal, since it is formed of parallel light 
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and dark bands in the presence of a small normal field and shows closure consisting 
of reverse spikes. Where a crack occurs the configuration of the bands, with 
apparent reverse spikes, is analogous to those in cobalt. ‘The coarse structure could 
be moved by the application of a field applied parallel to the apparent direction of 
magnetization, but a similar magnetic field applied perpendicular to this direction 
did not alter the pattern. 

The cubic nature of the crystal lattice of manganese-zine ferrite would 
normally preclude the uniaxial domain structure which has been found. A uniaxial 
structure could, however, arise when one of the crystal directions is favoured above 
the others due to a bulk strain. This implies that the strain anisotropy is the 
governing factor in the domain formation. Assuming that the strain anisotropy 
must be equal to or greater than the crystalline anisotropy, then $Ae > K,, where A 
is the coefficient of magnetostriction, « is the stress and K, is the crystalline 
anisotropy. This would require a stress of approximately 10’ dynmm °. 

Since the crystal had cleaved spontaneously on cooling, stresses must have 
existed which exceeded its tensile strength, i.e. of the order of 107° dyn mm~. — It 
is therefore not unreasonable that smaller stresses should have remained. 

A (110) surface was ground on the specimen, polished and etched in boiling 
concentrated HCl. It again etched to a (110) plane and showed large clear areas. 
The patterns showed closed loops and a branching pattern of lines, figure11. The 
spacings of the main branches were generally of the order of 20 » and are much 
smaller than would be expected for this plane. However, they are much larger in 
scale than the cleavage strain pattern found on the (100) plane. They are known 
not to be a surface strain effect, since the crystal was later etched for ten minutes in 
boiling concentrated HCl and the patterns persisted. Electron microscopic 
examination showed no underlying structure. 

The patterns obtained on the (110) surface are compatible with the uniaxial 
patterns observed on the (100) surface, in that they are formed of incomplete loops 
of very irregular spacing, such as are found ona plane set at an angle to the basal 
plane of a uniaxial crystal, e.g. cobalt, see figure 12._The close similarity of these 
patterns reinforces the above argument as to the formation of a uniaxial structure 
due to bulk strain effects. 

In this particular case, it is suggested that a completely anomalous domain 
structure has arisen due to bulk strain, and thus for any ferrite in a similar strained 
condition the magnetic behaviour will be anomalous and measurements unreliable. 


4.3. Nickel Ferrite 


Several small crystals of nickel ferrite were grown from a borax melt. In 
contrast to the flame fusion specimens they had 8 well defined growth facets, 
identically triangular with angles of 60°. The general shape of the crystals was 
octahedral. ‘This shape can be obtained by eight (111) planes in the eight seg- 
ments of a system of orthogonal axes, figure 27 (a), and hence it is assumed that the 
facets were indeed (111) planes, purely from crystallographic considerations. 
These facets should therefore be bounded by three [110] directions inclined at 
60° to each other, and the perpendiculars from each side will be [112] directions, as 
was later verified by the patterns obtained on the calculated (110) plane. | 

The crystals were cemented to a brass plate with ‘ Durofix’, and to obtain a 
thin liquid layer of colloid a large drop of colloid was placed over and around the 
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osure within the larger domains. The fine structure over the rest of the crystal a 
ue to a more complicated internal closure system. By reversing a normal field 
gures 14 (a)and ()) these bands are shown to have large components alternatively 
into and out of the surface. 
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Figure 27. 


In order to grind a (110) plane, e.g. like ABCDEF of fig. 27 (a), a small ee 
was mounted in a plastic block with one of its facets parallel to the ee : e 
crystal was first placed with the selected face downards on a glass slide anda fu 
of polystrene glue was gently poured over it. When the glue was oe ‘ was oe 
from the slide, taking the crystal with it, and laid flat on the base ss the fase 
press before adding the polystrene granules. The interface ae ee a \ 
plane and a (110) plane is 35° 19’, and a flat was ground on the face of the plastic 
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block containing the crystal at this angle and parallel to one of the facet sides. The 
cut was sufficiently deep to be within 4mm of the specimen. Further grinding 
was then performed entirely by hand with 6 » and 3 » diamond compound. Whena 
scratch-free surface had been obtained, the specimen was etched in boiling 50% 
HCl, 50% concentrated HNO, for varying periods. After several minutes, deep 
grooves were etched into the surface, where the strained regions around coarse 
scratches, which had subsequently been polished out, were preferably etched away. 
These deep grooves persisted throughout the etch and were never removed. Since 
the etching loosened the crystal from the plastic block, it was not possible to 
repolish the surface with fine powders between etching. Some traces of structure 
appeared after 5 hours etching and the specimen was eventually etched for 10 
hours. After this prolonged etching the undulations in the surface were so deep 
as to obscure any clear configurations which might otherwise have formed. 

However, when a normal field was applied to the newly ground and etched 
surface an arabesque pattern of domains, similar to-that observed on manganese 
ferrite, was formed. When a horizontal field was applied parallel to the (110) 
direction a system of closure spikes was formed, figure 15. These spikes are 
‘fir tree’ closure domains, indicating that the surface was slightly misorientated 
during the grinding operation. They point in [100] directions and their bases lie 
along a 71° wall, i.e. in the centre of the specimen; it appears that the domains 
run parallel to its long axis. ‘Towards the upper edge of figure 15 isa series of 180° 
domain walls, enclosing the surface to the [110] edge just above the top of the print. 
The original (111) surfaces of the crystal were little affected by the prolonged 
etching and could still be examined. 

It was possible to apply films to all surfaces simultaneously, so that the patterns 
on them could be correlated. Figure 16 illustrates such a case. It is composed 
of three prints taken from contiguous regions of the three surfaces, i.e. a (110) 
plane with (111) planes at either side of it, joined along [110] directions. The 
figure was obtained with a horizontal magnetic field applied parallel to the [110] 
direction. On the central (110) face there is a complex series of spikes. On the 
(111) faces a simple pattern of closure has been formed, consisting mainly of 
parallel straight lines and a more complicated pattern in one region of the upper 
(111) plane. At the edge between the lower (111) plane and the (110) plane are 
two types of closure domains. At the left-hand part of this boundary of the (110) 
surface is a series of spikes which are continuous with small triangular closure, on 
the (111) plane. More usual triangular closure is formed at the right-hand part of 
this boundary where it is closed in the (111) face by a system of parallel bands. In 
one case the small closure triangle on the (111) plane has no domain wall associated 
with it and hence it would appear that the internal shape of the closure spike in the 
(110) plane is triangular. Small Néel spikes are ringed in the figure. 

‘The patterns on the (111) surfaces in figure 16 are very different from those in 
figures 13 and 14, due both to the altered shape of the specimen and to the presence 
of the applied field, and indicate a much simpler closure structure which corre- 
sponds to the pattern on the (110) face. Both the (111) planes appear to have 
alternature wall and chain-like arrays of free poles. This structure may be 
compared with patterns obtained by Bates and Wilson (1951) on the (111) sur- 
face of a nickel single crystal, with a field applied parallel to the [110] direction in 
the (1 11) plane. Throughout the specimen domains in which the vectors of 
magnetization are alternatively inclined at 109° to each other are formed, as may be 


Domain Configurations on Ferrites 9 


verified by following the wall and chain-like structures, on either (111) plane, which 
are seen to be continuous with the 109° domain walls on the (110) pine This 
Situation 1s most readily seen towards the right-hand side. It is difficult to inter- 
pret the complex structure towards the left-hand side ; It consists a of complicated 
mixture of surface closure, seen both on the upper (111) plane and the (110) plane 

due toa slight misorientation, and also normal domain closure at the specimen fied! 
In the centre of the (110) plane 71° domains may exist to give more complete flux 
7 closure. Their existence, however, is difficult to decide upon, since any such wall 
g will tend to become attached to the bases of the deep scratches. They will not be 


expected to be shown on the surface, since the scratches will obscure colloidal 
deposits over them. 


4.4. Copper Ferrite 


The specimens were grown from a borax melt and were not well formed 
externally, and little of their crystallographic structure and form could be deter- 
- mined by inspection. They were of somewhat smaller dimensions than the nickel 
ferrite, of the order of 0-4mm. A crystal with fairly well-defined triangular faces, 
presumed to be (111), was found and patterns were obtained on one of them, both 
by optical and electron microscopy, using the dried film technique. In order to 
apply a film to these tiny crystals, they were first mounted on small brass blocks 
with ‘ Durofix’, flooded with colloid and the excess removed by careful blotting. 

Several different types of pattern were obtained; figure 17 shows a structure 
which may be compared with that found on the (111) surface of nickel ferrite. 

A However, other regions of the same surface were covered with parallel walls, of 
which figure 18 isanelectron micrograph. The dark bands have sharp boundaries 
which are unlike the diffuse deposits generally found over a domain wall. The 
curvature of the bands is artificial, and due to distortion of the colloid film while 
sited on the electron microscope specimen grid, as the film stretched across only a 
few squares of the grid and was incompletely supported. Figure 19 shows a 
second type of fine structure of a most unusual nature. It appears as rows of 
discrete ellipsoidal structures. 

No data on the anisotropy of this ferrite are known and owing to the uncertainty 
concerning the orientation of the crystallite surfaces and the easy directions of 
magnetization, the patterns obtained cannot be interpreted exactly. It is clear, at 
least, that these small crystals have a well defined and complicated domain struc- 
ture. The pattern in figure 18 appears to represent a system of slab domains. If 
the heavy bands are domain walls, then a very approximate value for the crystalline 
anisotropy will be 2 x 104 erg cm~*, assuming that the exchange coupling energy is 
similar to that for the other ferrites, but no indication of the sign of the anisotropy 
canbeinferred. The possibility of cleavage strain must not be neglected since the 
crystal might at some time have been broken. A second interpretation is that the 
dark bands are complete domains, of a similar tvpe to those found on the cleaved 
face of manganese ferrite, which they resemble closely. They are unusual in 
that the width of the light and dark areas are greatly dissimilar. 4 

The second type of fine structure, figure 19, is very similar to arrays of 
‘lozenges’ observed by various workers (Paxton and Nilan 1955, Bates and Hart 
1953, Bates and Davis 1956) on the (110) face of silicon—iron, It differs from them 
in its extreme fineness, the long axis being of the order of 5 p. 
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4.5. Barium Ferrite 


Barium ferrite has two easy directions of magnetization parallel to the hexagonal 
axis. The domain structure would therefore be expected to give 180° domain 
walls parallel to this axis. The specimen, obtained from the G.E.C. Research 
Laboratories, was grown by the flame fusion technique. It was not a single 
crystal, but consisted of very large grains some millimetres in diameter. The 
specimen was originally a cylinder some 0-7cm in diameter and approximately 
2cm long. Barium ferrite has a single cleavage plane, the basal plane of the 
hexagonal structure, and this was parallel to the long axis of the cylinder. Several 
such planes were exposed by cleavage. The surfaces were examined using the 
dried film technique both by optical and electron microscopy. 

Four main types of pattern were found. Where the crystals were thinnest a : 
maze pattern existed, similar to that recorded by Sixtus, Kronenberg and ‘Tenzer 
(1956). On somewhat thicker crystals a second pattern of undulatory walls was 
found, as in figure 20; alternate light and dark bands indicate that the domains 
which these patterns enclose are magnetized in antiparallel directions in the bulk 
of the crystal. The third type of pattern, figure 21, found on the thickest crystal, 
consisted of an array of star like structures enclosed by undulatory walls; an 
electron micrograph, figure 22, shows that the star surfaces are of opposite 
polarity to the surrounding regions.. The fourth type, figure 23, was a network of 
enclosed loops 0-6 p: to 0-3 » in diameter. 

Some of these patterns obtained on the basal plane are similar to those of 
Roberts and Bean (1954) on MnBi which were discussed by Goodenough (1956) 
who considered the wall energy densities and the surface pole closures of the 
different types of array of undulatory wall structures. ‘The patterns shown in 
figure 20 are considered to represent small, approximately circular, spike termina- 
tions lying in a roughly parallel array of undulatory walls, and are similar to the 
patterns on MnBi. 

The electron microscope shows that the patterns can have an even more compli- 
cated form. Figure 22 consists of rosette-like closures having any number of 
elongated branches from two to eight, differing from the hexagonal ones on MnBi. 
Moreover, these were at times completely surrounded by closed undulatory walls 
of very great amplitude. Large portions of the closed walls shown in figure 22 
were continuous outside the range of the figure. The patterns in figure 23 differ 
greatly from any previously observed in their exceptional fineness and regularity, 
the diameter of the loops being 1/10 of that of the rings or rosettes in the other 
patterns. ‘They differ in a most important manner, in that on the application of a 
normal field, neither the small loops nor the larger loops enclosing them tended to 
attract colloid. This suggests that they do not represent the bases of reverse 
spikes but are minute closure domains. The complete closure structure could 
contain reverse spikes inside the material, i.e. it could correspond with the uniaxial 
closure structure postulated by Lifshitz (1944). 

The domain walls in figure 20 were the finest continuous lines of particles 
obtained by progressively diluting the colloid; assuming them to be approximately 
equal to the wall width, direct measurement gives the wall width to be 
approximately 1x 10-°cm. The wall width, according to Smit and Wijn (1954), 
is equal to 7 (A/K,)'", where A is the exchange coupling energy, approximately 
10°ergcm~', and K, the crystalline anisotropy energy, 10° erg cm-3, giving a 
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_ calculated value of 0-7 x 10-5cm, 
measurement. 

Itis to be noted that no anomalous structures have been obtained on the cleaved 
basal planes, the structures shown being compatible with what may be expected 
froma knowledge of the anisotropy. This implies that there isno cleavage strain 
comparable with the anisotropy as far as this plane is concerned, which is in 
marked contrast to the ferrites considered above. 

An axial plane was obtained by grinding perpendicular to the crystal basal 
plane. Due to the very high crystalline anisotropy, approximately 10° erg cm-3 
compared with 10* erg cm-* for the ferrites previously considered, it was only 


in reasonable agreement with the above 


necessary to obtain a clean scratch-free surface by careful grinding and polishing. 
- Surface strain does not appreciably alter the form of the underlying domain 
structure. 


Figure 24 shows patterns obtained by the wet colloid technique on a typical 
crystal face in the ground surface. Running horizontally and completely across 
; the crystal is a pattern of 180° domain walls parallel to the hexagonal axis. Several 
reverse domains are formed at the crystal boundary, and in one case a reverse 
domain arises from a surface pit or inclusion sited near the left-hand boundary. 
This plays a similar role to the Néel spikes on the manganese ferrite, in that it 
reduces the surface pole energy. Figures 26(a) and (b) were obtained in the 
presence of an applied field normal to the surface. In figure 26 (a) a boundary 
between two crystals extends horizontally across the figure. The domain walls 
running across the lower grain are not exactly parallel, due to a slight misorientation 
of the surface from the crystallographic plane containing the easy directions of 

- magnetization, which causes the components of the magnetic vectors normal to the 

surface in alternate domains to attract colloid, thus giving the pattern of alternate 
light and dark bands instead of the walls seen in figure 24. When the normal field 
is reversed, figure 26 (b), the pattern is reversed. In figure 26 the hexagonal axes 
in the two crystals are in close alignment and there is considerable interaction 
between their domain structures; in particular, three walls are continuous across 
the crystal boundary, although there is a considerable difference in the domain 
spacings. 

Not all the crystals were so closely aligned. Figure 25 shows four crystals 
in which both the orientation of the plane and the hexagonal axis differs. In the 
left hand crystal the surface is presumably very nearly correctly orientated to the 
hexagonal axis, the walls being straight and parallel, while in the largest crystal the 
walls are curved and branched, and the surface presumably makes a considerable 
angle with the hexagonal axis. Even where there is a difference of direction 
between the hexagonal axes, in the two largest crystals, of 33°, there is still 
considerable interaction between the domain structures. At the boundary an 
array of reverse spikes has been formed and other spikes can be seen arising 
from grinding pits. These patterns of 180° domains and dagger shaped spikes of 
reverse magnetization on the axial planes are fully analogous to the patterns on 
the corresponding plane of cobalt and also to the configuration on MnBi revealed 
by polarization microscopy by Roberts and Bean (1954). 

Examination, by electron microscopy, of the axial planes of cobalt and bartum 
ferrite demonstrated one noticeable difference: if this plane of cobalt is scratched, 
chains of minute domains are formed along the scratch due to the localized strain 
(Bates 1957). When barium ferrite was examined, immediately after grinding, 
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similar strain patterns were not observed accompanying the scratches, although the 
latter were readily visible due to the replica effect of the colloid film. This differ- 
ence is probably due to the very different mechanical properties of the two 
materials and indicates that the barium ferrite is much less strain sensitive than 
cobalt. tai 

The pronounced interaction (figures 25 and 26) of the domains in adjacent 
crystals, even at high angles of incidence, conforms to the view that no perpen- 
dicular closure is present at the crystal boundaries. ‘This interaction arises from 
a high surface pole density which is largely counteracted by the corresponding 
pattern of the surface pole density on the adjacent grain. 


§ 5. CONCLUSIONS 


The above investigations have demonstrated domain structures in most of the 
simple ferrites. Some of these are easily explained and are, in fact, expected from 
a knowledge of the crystal structure and the magnetic properties of the materials ; 
others are anomalous structures. 

From the technical point of view it was expected that difficulty would be 
experienced in obtaining clear patterns by the Bitter figure technique. The 
intensity of magnetization is low in all cases, and for most of the materials a low 
crystalline anisotropy tended to give poorly defined domain walls. 

The impossibility of electropolishing the surfaces created difficulty in the 
removal of polishing strain. A well electropolished surface is practically certain 
to be strain free, and etching must be performed very carefully, with frequent 
inspection to achieve the same result, the appearance of the pattern being the main 
criterion of the surface state. In the case of many ferrites various clear patterns 
may be caused by strain in the surface layer, and these will bear little relation to the 
underlying domain configuration, e.g. manganese ferrite and manganese—zinc 
ferrite (Bates et al. 1958). 

It is rarely possible to obtain a smooth flat surface by etching, since there is 
always a tendency to form etch pits, which on some surfaces may be continuous, 
and as etching is selective in strained regions an initially smooth surface may appear 
scratched when lightly etched. Cleavage can produce smooth surfaces, but in 
some cases these have a strained layer which gives rise to special kinds of pattern 
and surfaces which can be obtained in this way are always limited, e.g. to (100) 
planes of manganese ferrite or the basal plane of barium ferrite. 

The patterns obtained are in accordance with expectation in the cases of nickel, 
magnanese and barium ferrites. The first two, cubic spinel ferrites, showed 
configurations on the (110) plane consisting of 180°, 109° and 71° domain walls. 
Barium ferrite, hexagonal, whose axial plane contains two easy directions of 
magnetization, showed a typical uniaxial configuration of 180° domains and reverse 
spikes. .On the basal plane, containing no easy direction of magnetization, a 
system of reverse spike terminations of variable configuration was found. 

The manganese~zinc ferrite crystal showed anomalous patterns, considered to 
be due to strains set up during its preparation. 

The cubic spinel ferrites showed marked surface structures of very fine 
spacing due either to cleavage or grinding strain. ‘That such were not observed 
for the barium ferrite is probably due to its high magnetic anisotropy. The fine 
structures on all the cubic spinel ferrites, and the anomalous structure on the 
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occur. in ie last t three all oy 
with the results of a “uy of 
processes 1 in the alloys. 


HE Bitter figure ecienlade has been used to study domain a ae ements 

in a series of polycrystalline Ni-Co alloys. Four alloys of compositions 

21, 29, 46 and 59% Co, respectively, were studied. In the course of a study 
of the ee changes accompanying magnetization processes in these alloys Bates 
and Clow found evidence in favour of the disperse field theory of coercivity; the 
present investigation was therefore undertaken to obtain confirmation or — 
otherwise of these results. — 

At room temperature Ni-—Co alloys have a face-centred cubic crystal structure. 
The magnetic anisotropy, which changes sign at the compositions 19% Co and 
68% Co, is negative within that range. Approximate values of the anisotropy 
constant are (Yamamoto and Taniguchi 1956) 

Composition (% Co) 21 29 46 59 
Anisotropy (10% ergs cm-3) —2 — 30 —70 — 130 
Thus, in all the alloys studied, the easy directions of magnetization bein [lt 

directions. 

The specimens were obtained in the form of long, cylindrical rods of diameter 
approximately 4mm. These were annealed for 8 hours at 1200°c in a hydrogen 
atmosphere and subsequently cooled at 150deghr~1. The alloys are sensitive to 
cooling in a magnetic field (Masumoto, Inoue and Ukaji 1954), and although the 
cooling was carried out in the earth’s field, it appeared to have very little effect 
on their properties. 

Thermal measurements previously Teeth on the specimen rods (Bates and 
Clow 1958) showed that domain wall movements occur below the values of the 


effective field as tabulated, 
Composition (°/ Co) PA ety 46 we) 
Field limit for wall movements (Oe) 30> <50) lz 200 
For the powder pattern examinations rods approximately 2-5 cm in length of 
each alloy were prepared. On each a flat surface was ground along its length. 


This surface was then ground down to grade 0000 emery and electropolished 
for 20 minutes at 22 volts in a bath of chromic and acetic acids. 
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Figure 1 (for all figures see Plate) shows a typical pattern as seen on the 
surface of the freshly prepared specimen containing 59°, Co, in the absence of 
an applied horizontal magnetic field. The dotted lines indicate the approximate 
positions of grain boundaries. The domains remained stationary even on the 
application of a horizontal field and, as can be seen, a large proportion of the 
domain magnetic vectors are orientated in one direction, the grinding direction, 
which runs vertically in the photograph. The domains appear to lie wholly 
parallel to the surface, indicating an excess, strain-induced anisotropy. Hence 
the domains shown in figure 1 were assumed to be due to grinding strain. 

In an attempt to remove the strained surface layer, the specimens were 
re-electropolished for a further ten minutes. However, on examination, similar 
patterns were again seen. It was therefore concluded that bulk strain was 
present throughout the specimens. In order to remove this strain, the specimens 
were given a further anneal for five hours at 1050°c and, since the anneal was 
carried out in hydrogen, no extra surface preparation was necessary. 

Each specimen was examined between the pole-pieces of a small electromagnet, 


-and chosen horizontal fields were applied along the long axis of the specimen. 


The effective fields were measured with a magnetic potentiometer in conjunction 
with a galvanometer amplifier. 

Figures 2-6 show one region of the surface of the specimen containing 
59% Co in different horizontal fields throughout a magnetization cycle. The 
fields were applied in directions indicated by the arrows and the dotted lines 
again mark the positions of grain boundaries, where necessary. 

Figure 2 shows the specimen in the saturated state with an effective field of 
some —2000Oe. In figure 3 the field has been reduced to —30Oe and domain 
nucleation has taken place from grain boundaries. Further nucleation has taken 
place in figure 4 where the field was reduced to —5Oe. Figure 5 shows the 
pattern in a field of —1 Oe; here the domains are fully formed and we see them 
as alternate light and dark bands. In figure 6 a reverse field of 3 Oe, slightly 
larger than the coercive field of the specimen, was applied. On comparison of 
figures 5 and 6 it is seen that the light bands in figure 5 have become the dark 
bands in figure 6. The explanation of this effect was given by Mee (1950). 
From the formation of bands of colloid, it is apparent that the magnetic vectors 
of the domains do not lie exactly in the surface of the grains, since, if this were 
the case, then a simple pattern of domain walls would be observed. Where the 
magnetic vector makes an angle with the crystallite surface a magnetic field 
applied in the same sense as the vector will increase the component of the vector 
normal to the surface; when, however, a field is applied in the opposite sense it 
will tend to decrease this normal component. Where the vector is increased 
colloid will lie thickly over the surface and vice versa. 

The direction of magnetization in a domain can be determined since any 
undulations in the specimen surface at right angles to the direction of 
magnetization cause striations of colloid to be produced. Thus the direction of 
magnetization is always at right angles to the direction of the striations. On 
several of the grains of the specimen containing 59% C o rotation of the sgn 
of magnetization was observed Aa domain nucleation was taking place, as may 

aring figures 3 and 4. ; 
4 ial of an 6 are seen two grains having vastly peste aka 
configurations. On the lower grain ts observed a system of alternate light an 
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dark domains together with a system of spikes growing from the lower boundary 
of the crystallite, presumably to effect more complete flux closure at the 
boundary. On this grain, the direction of magnetization may be assumed to lie 
within a few degrees of the specimen surface. However, in the case of the upper 
grain, a complex pattern has been formed, caused by free poles situated over a 
complicated closure system below the surface. This will be the case if the 
direction of magnetization makes a large angle with the specimen surface. 

The patterns obtained on the specimens containing 46°% and 29°, Co showed 
similar characteristics. However, in these two cases, while it was possible to 
decide visually between what limits of field domain wall movement occurred, 
the patterns were not so well defined, presumably due to the progressive decrease 
of the crystalline anisotropy, and will not be reproduced here. 

On the surface of the 21°%Co specimen, no evidence of domains was 
observed, presumably because the anisotropy is small in this region of composition. 
For the other three alloys, wall movements were recorded as follows: 


Composition (°% Co) 20 46 59 
Field limit for wall movements (Oe) 30 75 140 
Bates and Clow (Oe) 50 120 200 


We may assume that wall movements took place to a lesser extent at fields 
higher than those recorded, and therefore the figures quoted show fair agreement 
with the fields estimated for the same specimens by Bates and Clow, which are 
given in the third line of the above table. It was found impracticable to record 
any figures for change in magnetization by domain vector rotation. 
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‘ ty and compliance is usually small compared with induced effects within each 

rf domain. Thus a change in the magnitude of boundary movement alters the 
permittivity and compliance only slightly, but changes the loss coefficients 
considerably. 


§ 1. INTRODUCTION 


“ N outstanding problem in connection with the behaviour of ferroelectric 
- materials is the identification of the processes responsible for energy loss 
4 and an explanation of the variations observed with amplitude, time and 
_ composition, as described, for example, by Schofield and Brown (1957), Gray 
and Herbert (1956) and Mason (1955). Excluding variation with temperature, 
which will not be discussed here, the electrical and mechanical loss coefficients 
vary over a wide range. For example, tan 6 for barium titanate may vary from 
0-2 to 0-01 according to the conditions of measurement, and may be reduced to 
0-002 by the incorporation of a small amount of nickel, with only minor associated 
4 changes of permittivity and Curie temperature. The mechanical loss coefficient 
- 1/O shows a similar range of variation. 
4 An obvious source of energy loss in ferroelectric materials lies in their character- 
istic hysteresis. This arises trom the existence of spontaneous polarization 
which can be switched from one crystallographic axis to another by an external 
field. Thus, in an applied field, domain boundaries move so that favourably 
oriented domains grow at the expense of those which are less favourably oriented 
and if this movement is impeded hysteresis loss is observed. 
Macrohysteresis effects, which are manifest in the familiar (P, F) hysteresis 
loops, commence when the applied field is sufficient to make a boundary jump 
irreversibly from one position of stability to another. With larger fields the 
magnitude of each jump is correspondingly greater and the macrohysteresis 
__ process thus contributes an amplitude-dependent term to the permittivity and 
the dielectric loss. Experimental results reported in this paper show that there 
is a fairly well defined threshold field below which the amplitude-dependent 


macrohysteresis effects are negligibly small. 
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Below this threshold field the domain boundaries are constrained at positions 
of maximum stability associated with the presence of impurities, dislocations and. 
internal stress. Under the action of an applied field, however, they are able to 
move against the restoring force of their constraints and so make a contribution 
to the permittivity. This boundary movement component of permittivity has 
been discussed by McQuarrie and Buessem (1955), McQuarrie (1956) and 
Plessner (1956) and identified by them as the process concerned in ageing effects. 
in which permittivity decreases with time. The ageing mechanism is the 
migration of domain boundaries to positions of greater stability. 

Since dielectric loss also decreases with time, even with fields well beiow the 
macrohysteresis threshold, there must be energy loss associated with the low 
field boundary movement process. This loss, which will be called microhysteresis 
loss, may be associated with the switching of individual atomic moments in 
successive lattice planes traversed by the moving boundary. 

In addition to the boundary movement contributions to permittivity there is, 
of course, a substantial intrinsic component due to induced polarization within 
each domain. The intrinsic permittivity of each domain depends on the 
orientation of the polar axis and thus for the specimen as a whole it varies with the 
state of over-all polarization. This variation is small, however, compared with 
the contributions to permittivity arising from the direct changes of polarization 
associated with boundary movement in an applied field. 

Spontaneous polarization in ferroelectric materials is accompanied by 
spontaneous deformation. Consequently an applied stress brings about strains 
due to domain boundary movement and induced strain within each domain, 
giving components of compliance which are analogous to the three components of 
permittivity discussed above. The ferroelectric loss processes controlling the 
value of the mechanical loss coefficient 1/O are also analogous to those which 
determine the dielectric loss. 

This paper describes an attempt to separate the three components of permit- 
tivity and compliance, making use of the amplitude dependence of macro 
boundary movement and the time dependence of micro boundary movement, 
and to determine the loss coefficients associated with each of these processes. A 
particular object of this analysis is to discover the physical differences accounting 
for the extreme variability of losses with composition and measurements have, 
therefore, been made on both high and low loss materials. 


§ 2. EXPERIMENTAL 


Measurements of loss coefficients as a function of amplitude and of time have 
been made on specimens with comipositions based on barium titanate, BaTiO. 
The ceramics were prepared following the usual methods. 

As a high-loss material a barium titanate—-zirconate of the composition 
Ba(‘Tip.95 Zt 9.95)O3 (Kell and Hellicar 1956) was used. This has a somewhat 
higher electro-mechanical activity than BaTiO, with similar, or slightly higher, 
values of loss coefficients. 

A barium-nickel titanate (Bag.9,Nio.9,)Ti03 was chosen as a typical low-loss 
material. ‘The loss coefficients after ageing are about one tenth that of BaTiO, 
and the electromechanical activity is only slightly reduced. 

Permittivity and loss tangent were obtained by bridge measurements of 
capacitance and equivalent parallel resistance. "The measurements were made at 
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1 kc/s except for those at high amplitudes which were made at 50 c/s. Both the 
materials had d.c. resistivities of the order 1012 ohm cm, and energy loss due to 
conductivity was negligibly small at these frequencies. 

Compliance was found by measuring the radial mode resonant frequency 
of a disc or the length mode resonance of a bar. The variation with temperature 
shows peaks near the Curie temperature and the lower transition temperatures. 
At 60°c above the Curie temperature the compliance drops to about two-thirds 
of its room temperature value, showing that there is a substantial component of 
compliance of ferroelectric origin. The measurement of compliance above the 
Curie temperature was made using a quartz-ceramic composite oscillator. At 
lower temperatures disc specimens were poled with a unidirectional field and their 
electrical characteristics measured with a variable frequency bridge near the 
radial mode resonant frequency. The frequency f; and the equivalent parallel 
resistance Rm at resonance were measured, and also the bandwidth Af between 
the half power points, from which the mechanical Q=f,/Af was calculated. 

At high amplitudes the bridge method became impracticable because of the 


_ power required and because the heat generated in the specimen necessitated 


rapid measurements. A 30w amplifier was used to supply an admittance network 
and Rm was measured by substitution. 1/O was then obtained by extrapolating 
the linear relation between Rm and 1/O observed at low and moderate amplitudes. 
This amounts to an assumption that the electromechanical activity is independent 
of driving amplitude 


§ 3. RESULTS 


It is convenient, in analysing experimental results, to consider the complex 
permittivity « and the complex compliance s, where 


Semen ayer ee NE eee hie ee (1) 
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The electrical and mechanical loss coefficients are then defined as 

2 Oe el ee = ore (3) 
and ; 

= ee eee (4) 
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As already discussed the observed permittivity €,,, at amplitude A and time ¢, 
is the sum of three terms: 
€ pene Peet ee a Lt Be >) 
€, is the amplitude dependent macrohysteresis complex permittivity at amplitude 
A, ep is the time dependent microhysteresis component at time ¢, and «; is the 
intrinsic component which is assumed to be independent of A and tz. 
Similarly the observed compliance s,, can be written 
Cp eer Sy Se ee LS lias Beek § (6) 


3.1. Macrohysteresis Effects 
The variation with field of permittivity and loss tangent for Ba(Tip.95 Zk ye Os 
and for (Bay.9sNip.92) 1103 is given in figure 1. These results show quite clearly 
0-98 . = 


the threshold field beyond which permittivity and loss increase with amplitude. 
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Figure 2. Increase of compliance and mechanical loss coefficient due to macrohysteresis 
effects at moderate amplitudes; (a) for Ba(Tio.9;Zr9.95)O3, (6) for (Bao.sNio.92)TIO3. 


In an-analogous experiment compliance and mechanical loss factor were 
measured over a range of stress amplitude. The results are shown in figure 2 
plotted against the driving field. No attempt has been made to determine the 
actual values of strain or stress amplitude. Again there is a threshold amplitude 
beyond which macrohysteresis effects appear and which is higher for (Ba, Ni)TiOs. 
Below the threshold, the loss factor for (Ba,Ni)TiO, is only about one fifth that 
for Ba('Ti, Zr)Os. 


Since in equation (5) en and ej are independent of amplitude it follows that at 
amplitude A the permittivity due to macrohysteresis is 


é, == ey EO eee (7) 
where €y, is the permittivity below the threshold field where «,=0. Considering 


LENS GES OR a a 


| Ti 103, to give the 

ci Gale tae ‘het Elites ‘of. (tan 8), and (1/Q), 

; ants roitians that Gites both 180° and 90° boundary movement can 
tr ibute to eer ros 90° ae affect SOR tee: 


He “a = ad 


32: Wicerbheystevests Effects 
Experimental ageing data for Ba(Ti,Zr)O, and (Ba,Ni)TiO, are given in 


_ figures 3 and 4. The failure of the Ba(Ti, Zr)O, specimens to show any further 
ageing after about eight hours is probably due to the effect of small temperature 


changes. The specimens were protected from draughts and were not handled 
during the course of an experiment but their temperature was not thermostatically 
controlled. Deliberate temperature changes of a few degrees temporarily 
reversed the ageing of Ba(Ti, Zr)O, but had no effect on (Ba, Ni)TiO, which 
‘continues to age for many months at room temperature, giving ultimate values 
tan 8~10-% and 1/0~4x10+. © 
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Figure 3. Ageing of permittivity and loss tangent; (a) for Ba(Tip.9sZT0.05)Oa, 
(b) for (Bag.gsNip-o2) L103. 
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Figure 4. Recine of compliance and mechanicalige coefficient ; 
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The loss coefficients associated with the microhysteresis process are then 
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The values of (tan 6)y and (1/Q) found in this way are not quite independent 
of the time interval concerned. They are usually somewhat higher for the 
initial period of ageing than for the later part. Average values over the period 
of the full line curves in figures 3 and 4 are given in columns (2) and (3) of the table. 
These four values are remarkably similar to one another, in contrast to the wide 
differences in the directly observed loss coefficients, columns (4) and (5), and it is 
suggested that these differences are due mainly to variations in the proportion of 
the observed permittivity or compliance which is due to micro boundary 
movement. - 


Microhysteresis Loss Coefficients and Micro Boundary Movement Contributions 
to Permittivity and Compliance 
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(1) Material; (2), (3) microhysteresis loss coefficients: (2) (tan §)p x 10-3, (3) (1 /Q)n 
x 10~°; (4)-(7) observed properties after moderate ageing: (4) (tan Oly x 10-% 
(5) 1/Q)u¢ x 10%, (6) €oe’, (7) soe’ x 10-1 (cm dyn); (8), (9) micro boundary 
movement contribution to e’ and s’ (%): (8) ey//€q4’, (9) sp’ /soy’. 
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In any ferroelectric material containing domain boundaries, even when fully 
aged, €n and sp do not become zero, so that the intrinsic components of permit- 
tivity and compliance « and s; can never be isolated. There are circumstances 
however, in which boundary movement cannot occur, and energy losses are then 

. found to be very small. For example, in antiferroelectric materials such as 
sodium niobate or lead zirconate, and in ferroelectrics above the Curie point, 
spontaneous polarization is zero and in both cases tan § is about 10-3; when 
values higher than this are observed the additional loss is usually due to 
conductivity. Measurements with a quartz—ceramic composite oscillator show 
that above the Curie temperature 1/Q for BaTiO, also drops to about 10-3. It 
therefore seems reasonable to suppose that in most ferroelectric materials the 
energy loss associated with intrinsic processes is small compared with micro- 
hysteresis loss. 

If we assume €"; <e”y then equation (5), for low fields with €, = 0 and € 4,=€ 9, 
becomes 
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The observed loss coefficient is thus the microhysteresis loss coefficient 
multiplied by the ratio of the micro-boundary movement contribution to the total 
observed permittivity or compliance. Values of this ratio, calculated from the loss 
coefficients in columns (4) and (5), are given in columns (8) and (9) of the table. 
These figures indicate that in Ba(Ti,Zr)O, the micro boundary movement 
contribution, after ageing, is about three times as large as in (Ba, Ni) T103. 

In comparing the figures for permittivity with those for compliance, one reason 
why the micro-boundary movement contribution to compliance is lower, is that 
less than half of the observed compliance is of ferroelectric origin, as can be seen 
from its variation through the Curie temperature. Taking this point into account 
and remembering that only 90° boundary movement contributes to compliance, 
the figures suggest that the microhysteresis contribution to permittivity is 
principally by movement of 90° boundaries and that any contribution from 180° 
boundary movement is small. This is in agreement with evidence that 180° 
domains require more energy for growth than for nucleation (Little 1955) and 
are thus expected to contribute only to macrohysteresis effects. 

The ultimate values of loss coefficients, after prolonged ageing, are determined 
by the curvature of the deepest available energy minima, by the de-ageing effect 
of small temperature changes or applied fields, and by losses arising from causes 
other than hysteresis. Among these factors are conductivity, either of the 
ceramic itself or of absorbed moisture, and normal anelastic losses. On both 
counts low porosity is favourable to low Josses. 


§ 4. CONCLUSIONS 


The observed losses in both Ba(Ti, Zr)O; and (Ba,N1)TiO; can be accounted 
for entirely as macro- and micro-hysteresis loss associated with movement 
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ference to the thermodynam rel ae 
y how the equilibrium properties of the system can be related 
reaction coefficients and to what extent the formalism of statis- 
be used in this context. The matrix of relaxation times is 
0 | in terms of the ‘transition probabilities’ together with their derivatives a 
_ with respect to concentration. The latter terms give rise to a condition (addi- 
_ tional to the well-known condition for microscopic reversibility) which must be 
___ satisfied if the Onsager reciprocity relations are to be valid. There is no obvious. 
__ physical interpretation for this extra condition. . age 
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§ 1. INTRODUCTION 


w- N recent years there has been renewed interest in thermo-mechanical relaxation. 
processes in liquids and gases. This has given rise to extensive experimental 
g studies (such as the measurement of sound absorption in relaxing fluids) 
whose ultimate aim is to obtain microscopic information about the system 

being studied (McCoubrey and McGrath 1957, Davies and Lamb 1957). 
Unfortunately it is not quite easy to realize this aim. In part this is because of 
well-known difficulties in producing a viable microscopic theory of irreversible 
processes. However, just as important—at least at the present time—is the 
fact that the macroscopic theory is not yet in a form which enables us to see 
clearly how the macroscopic, observable quantities are to be interpreted. ‘Thus, 
_ we may measure relaxation strengths and relaxation times of one sort or another 

and still be quite uncertain about how these are to be interpreted. 


4 _ In many cases the only hope of progress lies in assigning to the process. 
sy mechanisms of ‘chemical’ type in which the elementary constituents of the 
4 system combine or change their state in a surveyably small number of ways. In 
é this case we have available the relaxation theory of coupled chemical reactions. 


(see Prigogine and Defay 1954, Meixner 1953, Davies 1956). Whereas the 
: principles of this theory are clear enough (they are summarized in $2), there 
are certain detailed calculations needed before the theory can be applied to 
4 particular cases. At this stage it does not seem to be possible to give a really 
¥ general treatment, even in the case of ideal solutions. The purpose of this. 
paper is to derive the principal theorems needed for the special case of an (n+ 1)- 
state ideal solution. That is, we consider a system of n+1 reacting isomers, 
¢ each of which can change into all of the others. ‘There aren independent reactions. 


such a system. . 
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In §3 we derive the main results concerning the diagonalization and in- 
version of the matrix of ordering coefficients, ,,=(0A,/02*) (where A, is the 7 
affinity and 2° the s** degree of reaction). In §4 we use the results of §3 to prove 
that the relaxing specific heat in a many-state process is in fact that which would 
be obtained by equilibrium calculations. (This result has been used frequently 
by workers concerned with relaxation of the vibrational degrees of freedom, see, . 
for example, Andreae, Heasell and Lamb 1956). In §5 we obtain general 
matrices which represent the relaxation time operator (or, rather, its inverse) in 
terms of transition probabilities and the derivatives. Finally, we discuss the self 
adjoint nature of this operator in relation to Onsager reciprocity and the principle 
of microscopic reversibility. 


§ 2. SUMMARY OF THE GENERAL ‘THEORY 


In terms of a notation used elsewhere (Davies 1956) the theory of relaxation 
considers v independent thermodynamic variables x* (such as p, 7, ...), their 
conjugate dependent variables X, (such as —V,S) which depend also on n 
ordering variables 2”. The affinities A, are conjugate to the ordering variables 
and the condition for thermodynamic equilibrium is that the A, vanish. 

Expanding linearly about an equilibrium point one has the basic thermo- 
static equations 

Bes Ee 


A, =).gh? > B..2° Boaoes (1) 


Here (and later) we use the summation convention; Greek affixes run from 1 
to v and Latin affixes from the second half of the alphabet from 1.to nm. The 
second law or rather the assumed existence of a free energy F(x, 2) tells us that 
Cup = Cp vg = Aur And B.s=Bs- The c,, are ‘frozen’ thermodynamic coefficients, 
the A,, are ‘reaction’ coefficients which tell us how the ordering processes effect 
the thermodynamic quantities and 8,, is a set of ordering coefficients defined by 
B,,=0A,/dz8. Since the free energy is a minimum at equilibrium, £,, is a 
negative definite. 
The time-dependent behaviour of the system is assumed to be given by 


Diet, > ae ee see (2) 
where = d/dt and the Onsager symmetry principle requires 
[=Le, cole? 1 Bee (3) 


Eliminating A, and z* between equations (1) and (2) we find the (observable) 
time-dependent behaviour of the thermodynamic variables given by 


AG = {Es * A, a TD) ee sao): x8 
with 
f= fob ~, ©) (5) 


Putting Y= in equation (4) shows that the equilibrium values of the thermo- 
dynamic coefficients are given by 
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The transformation rules for the various quantities are those suggested by 
ithe position of affixes, e.g. the 3" are components of a contravariant vector and 
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the A, are those of a covariant vector. The two separate parts of 
—dF=X,dx*+ A,dzs 
should be regarded as invariant differential forms. 

The notation strongly suggests the advantage of using the Dirac language 
and notation with £,, as the fundamental, or metric, tensor. Define f**=B-1"s 
and represent contravariant vectors by ‘kets’ (|) and covariant vectors by ‘bras’ 
(<|), the correspondence between them being, as usual, given by the metric: 
A,” = B"8A,,, etc. 7 can now be regarded as the linear operator — L~1 and equations 
(4) and (6) can be expressed without explicit reference to the representation 


NC gh, (leery eine ae ae (7) 
with Bae CAG|Ae aks 5 ilo A > pth. areas (8) 
If we choose as basis the normalized eigenkets |r.) of + (whose existence 


and orthogonality are assured by the Onsager symmetry condition (3) and the 
negative definite nature of the metric) we may write 


& 4A,lz) Cz, 
me {- > Ope eP ee (9) 
and eee ECT Ge eae ees (10) 
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The observable properties of the system are therefore the relaxation times 7, 
and the products of ‘principal’ or ‘proper’ reaction coefficients, given by the 
matrix elements appearing in (9) and (10). 

In order to make further progress towards a microscopic description it is 
necessary to specify the z” as the degress of n independent chemical reactions such 
that the change in mole number of species 7 in the system is given by 


GNEaetOse gee epee ietene: (12) 
Specification of the v,’ in (12) can be considered as fixing the base vectors of 
the system, since the changes in mole numbers are of course invariant physical 
properties. The affinities are - 


ym (13) 


(where ju; are the chemical potentials) and hence the metric tensor with (9, 7) 
as the thermodynamic variables is 
ae > UPON ION), sega (14) 
aj 
It is a solution property of system and as such should come from the equilibrium 
theory. 

The specification of 7 depends of course on rate assumptions; we shall 
consider a special case in §4. Before discussing this we must settle the question 
of inverting the 8 matrix of (14). This is essential because the caiculation of 
any scalar product of given covariant vectors such as (A,,) requires it. 


§ 3. INVERSION OF THE B-MATRIX FOR AN (n+ 1)-sTATE IDEAL SOLUTION ~ 
We now consider the special case of m + 1 reacting isomers in an ideal solution 


defined b ; 
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where NaNi 4 NOI 
and ' ‘ o,= (N14 N24... +N)/N. ~ ; 
Case 2. . ee Toe 
Consider now an alternative reaction ae defined a : 
3 
pion mae a Bat Re (20) 


Canes equations (14), (15) and (20) we may again form the ordering coefficients, 
which we now distinguish with the subscript 2 from those of Case 1: 


Bors= — Bors/RT = DEIN (NO ees (21) 


In order to invert B, we can make use of ie result already obtained in equation 
(19) for B,. Comparing the reaction systems defined by (16) and (20) we see 
that the panne in basis involves the linear transformation of the contravariant 
degree of reaction defined by the matrix T: 


gas Te; 
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The inverse of T is easily seen to be 
2 Tt * ses 
(T arent rey eo ag 1 ee Pee 
and one may check that the matrices of (17) and (21) are related, as they should j 
be, by ; 
Bye Oi Fo seca wee eee (24) j 
Using now the transformation rules for the inverse B matrices, we must have ; 
B,=TRaAT ye (25) | 
. 
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In order to do this we require a mathematical Lemma. _ 


- In orde 
With B, defined by equation (19) and 7, a set of (n+1) numbers, the 


_ following identity is satisfied : 


3 Crt n= SS NNW) oe 8) 


U=1 s=1 


(Here, for the sake of clarity, we indicate summation explicitly.) Equation (28) 


__ is proved in the Appendix. 


To calculate the incremental specific heat by equation (6) we need the 


_ reaction coefficient A,,=0S/dz"=(1/T)(dH/dz")=2,v.h,/T. Introducing v4, 


from equation (16) we find equation (6) takes the form 
1 n n 
RT? 2 2 (Bea Re) hPa). ns oe (29) 
s= = 


Making use of the identity (28) in (29) this becomes 
aa jie = edu LEK ; 
BCy= Bp AP (30) 


where h= H/N is the mean molar enthalpy and 4; are the partial enthalpies. 
Let us now verify this by thermodynamics. From the conditions of chemical 


equilibrium (A,=0) we have 


8C, = T8(38/8T) = — 


Ni=(N/z)exp(—pe/RT) >> eee ee (31) 
where z= ) exp (—p2/RT)=exp(—p/RT). 
Now the incremental specific heat can be calculated from H= > N'h;: 
aN, 
Nee oe ee oo 32 


Evaluate the derivative dN‘/@7 by the use of (31) and substitute in (32): 
Equation (30) is recovered. In the special case in which all the species present 
have the same partial volume, the quantities h,—h appearing in (30) become 
u,—u. Equation (30) is then just the formula which would be found by applying 
elementary statistical mechanics to a system consisting of independent, localized 
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particles each having molar energy level u; open to it. This is what is done 
(without justification) by Andreae, Heasell and Lamb (1956). 

_ Equation (30) can of course be recovered by using the representation of 
Case 2 in §3 (equations (20) and (26)); indeed the work is somewhat simpler, 
but it is worth while to use Case 1 so as to have access to the identity of equation 

28). 

Bose importance of this section is that it justifies the naive use of formulae 
drawn from statistical mechanics in dealing with isomeric reactions in ideal 
solution. 


§5. THE CONNECTION BETWEEN TRANSITION PROBABILITIES AND RELAXATION 
TIMES, ONSAGER RECIPROCITY 


The macroscopic rate constants L’® introduced in equation (2) have no very 
obvious microscopic interpretation. It is therefore convenient to consider an 
alternative set of constants P,’ (i,j=1...n+1) which are to be interpreted as 
transition probabilities per unit time, on a pseudo-microscopic footing. Call 
Pj(t4j) the ‘probability per unit time’ that a molecule in state 2 goes over to 
state 7. Let P,’ be defined by the relation 


Pi=— > Pi Or {=D eee cee (33) 
j j 
and assume that the kinetics of the system is governed by 
dN' ae 
“dE — NAPS wee eee (34) 


in which the P;,' must be considered as functions of state depending on the thermo- 
dynamic variables (x*) and degrees of reaction (2"). Expand equation (34) 
about an equilibrium state for which 


Nip fa =) Pe ee) aes (35) 
and we find (using the definition of 2” in equation (12)) that 
GANS Ore is Pore 0Ps 

a {w a+ SP, vb $NIE ee, (36) 


On the other hand, the earlier rate parameters appear in the following 
consequence of (1) and (2): 
dz 


rhe Ae = WE ee (37) 
with Wr = (a e= LBs 
and Weis EAs 
Comparing equations (36) and (37) we find (with the help of (12)) that 
~oP,t a 
— i Wte= NILE Tuy Ss eee eee (38) 
; Or; 
a) ties 
vWt = NI a ee (39) 


Let us now use the second representation (Case 2) of §3 and we find from 
equation (38) that the mixed matrix of inverse relaxation times is given by 
“Ors 
woo Ve — Tas j ‘ r r 
(7 y= a tis eee eee (40) 


. . . . . $ 
In dealing with this equation it should be remembered that the transition 
probabilities P,’ are intensive properties of the system. Therefore one has a 


ox 
ol ee : 
sa 1 case of a much more obscure formula given by Davies and 
(1956). ‘The first two terms in (42) are of course well known and often 
use ‘he second two terms are written so as to make it obvious that any exact 
heory of these simple relaxation mechanisms needs to establish the dependence 

7 transition probabilities’ on concentration. io 
(6) The formal theory built up in § 2 rests heavily on the Onsager reciprocity 
principle of equation (3). Without it the reality of the relaxation times 7, and 
_ the orthogonality of the eigenvectors |7,) are not assured. Now that we have 
an expression for the 7-matrix in terms of ‘transition probabilities’ it is 
important to see what is needed in order for the reciprocity principle to be valid. 
_ The easiest way of doing this is to use equations (21) and (40) to form 
W,,=By,W*,. The required condition is then W,,-W,=0. With the help of 

equation (33), this condition can be written in the form 


os | Pat Bee = Ee ve ae i 
2. Cam = =, al NO Net ae NO 


t s 


G +Ni { 5 (oe 2 eee, yy (oe a 
: t 


N@ry N® NO N@+) 
aP;{ON'  aP,/aN*) _ 
+o - a}  detien hah cae (43) 


for all s,t<n. 


The structure of this equation shows immediately that there are two sufficient 
conditions which will assure Onsager symmetry. ‘They are 


Paes 
N® — NO =0 Cifeliviinlisite (44) 
and aP,{/ON' aP,{/ON*\ _ 
3 N* (“a om Na —- 0. eoeeevee (45) 


The first of these (44) is the usual form of the condition for ‘microscopic 
reversibility’. It simply says that, in equilibrium, the average number of 
transitions ij is equal to the average number j—>7. It is of course the basis of 
Es Onsager’s original argument (1931) and has also been discussed by many later 
a. writers (e.g. Prigogine 1947, Denbigh 1951). ae 

g The second condition (45) does not seem to admit any obvious physical inter- 
pretation. It is to be hoped that it is true because one Is naturally anxious to 
keep the pleasing, symmetric formalism of the general theory. ; If equation (45) 
is satisfied then the derivative terms appearing in (42) will vanish. 
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comments on the subject of this paper. ay ao sari mts! . = 
; . ‘APPENDIX _ | oh 2g i 
PROOF OF THE Lema oF § 4 (EQUATION (28)) | oti aa 


oS 


seme (Blot =0 and the left side of equation (28) can be rewritten in 1a 
form suitable for the substitution of (19) “Tis: 


a: (=9, 77 nee s i Be yen + nsalB ee 
=] 2 : 
=i N 91oo =O ‘ak a Os 495] 
s= : 


wv 
—N > saneloy— 50-9; + 051%] 
s=t 
r Non41%(On41 a Gn) 
oie aN tO; e tins. 


The pane side of this equation ne to the re side of equation (28), viz., 
12 
. W > x N*N«(y,—73): 


tT 
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or im nucleus 18Sn, assuming a diffuse eee 
d it is found that proton emission is enhanced by a factor of about 4. 

y, the effects of shell structure are discussed i in connection with the. densities 

els in the residual nuclei. — 

Itis ae that the theory still predicts far less proton emission than is actually 

serve 


§1. INTRODUCTION. og +3. = 


\ HE simple statistical theory of nuclear reactions was worked out by Weisskopf 
and Ewing (1940), and is based on the Bohr assumption that the decay 
of an excited nucleus is independent of the mode of formation. The 

emission width Ip of a particle b is related to the capture cross section op of the 
inverse process by 
Wel p=77*kopwr 


where we, wr are the densities of levels in the compound and residual nuclei 
respectively. Here kis the wave number, and ¢ the kinetic energy of the particle b. 
Expanding the cross section as a sum of partial wave contributions, we have 


op =k > (21+1)7, 
l 


_and for the emission width, 
we(E£)Up(e) =271T (e)wr(E — Ep — €); 


where the transmission coefficient T is given by T(e) = (2/+ 1)Ti(¢ ): 
E is the excitation energy of the compound nucleus and Ep is the separation 
energy of the particle b in this nucleus. The excitation function Fp is now 


defined as 
Fob By)=7 i rT Nan (Ee By ee. 
( 
The ratio of emission probabilities of protons to neutrons is 
(E) = Fp/Fn 
a function of the incident y-ray energy. 
Theoretical ratios, so calculated, are compared with the experimental ones 


obtained by Hirzel and Waffler (1947), for a wide range of nuclei excited by the 
y-rays from the *Li(p, y) reaction. 
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§ 2. CALCULATION OF 7 FOR PROTONS INCIDENT ON A SQUARE WELL 


If a square nuclear well is assumed, exact calculations can be made for T(e). 
For protons, these involve tabulated Coulomb wave functions (Bloch et al, 195): 
The relevant theory is given by Blatt and Weisskopf (1952), who give graphs 
of the excitation functions against energy for nuclei with Z7=30, 50, 70 and 90. 
For the purpose of this work experimental neutron and proton separation energies. 
accurate to. 300kev (N. Zeldes, private communicationt) are used. From 
the Blatt and Weisskopf graphs (and interpolations between them) the ratio 7 
is calculated for various nuclei investigated by Hirzel and Waffler. The results 
for E=17-6 Mev are shown in table 3. Also shown are some results originally 
quoted by Hirzel and Waffler, which they calculated from the excitation curves 
of Weisskopf and Ewing. Although they had experimental values of the energy 
difference (E, — E,) they had to use two extreme values, 7-5 and 10 Mev, for the 
neutron separation energy Ep. 


2.1. The Effect of the Surface Diffuseness 


This problem has been considered by Scott (1954), and Kikuchi (1957), 
who calculated penetrabilities for s-wave protons on various target nuclei. (How- 
ever, Kikuchi’s Coulomb barriers seem to be inconsistent with his choice of 
nuclear radius parameter 7). Scott discussed the possibility of describing 
the effect of the diffuse surface by using a larger square well, and gave a prescrip- 
tion for calculating the appropriate radius. ‘This will be considered in more 
detail later. . 

The present work is concerned with the nucleus Sn, tor which a diffuse well, 


V=—V,{1+exp(r—R,)/a} 


with parameters suggested by Melkanoff, Moszkowski, Nodvik and Saxon (1956) 
is assumed. ‘These are given in table 1. 


Table 1. Diffuse Well Parameters 


Radius parameter 7p 15336105 con 
Nuclear radius Ry 6°95 10S ont 
Vo 50 Mev 

a 0-5: 10=" cm 


The resulting barriers, for a few orders of /, are shown in figure 1 and it is 
seen that the ‘tail’ of the nuclear potential has the effect of pulling down the 
barrier, and will therefore enhance proton emission. 

In calculating a barrier penetrability, we ignore the boundary condition at 
r=0, and consider a static flow problem with a current impinging from infinity 
on one side of the barrier, and a pure outgoing transmitted wave on the other. 
This problem is most conveniently solved using the W.K.B. method which 
however, breaks down near the top of the barrier. As the lowest barrier - 
at approximately 8 Mev, the approximation is probably reliable up to about 6 Mev 
but ae higher. ‘lhis method in fact overestimates the penetrability. Phase 
integrals 


Gi(\=t | {2m(V;,(r) —€)}12dr 


t+ Dr. Zeldes gives many references for binding energies, of which the on 
> es y 
19, 22, 23, 24, 25, 26, 27, 28, 73 are relevant (see Zeldes 1958). Se 


— 
— we 


a) - ; f 


| 2 7 (10cm) Pa 
; Resultant nuclear, centrifugal and Coulomb barriers for protons (upper group) 
and neutrons. Also shown (chain line) is the pure Coulomb barrier for s-wave 
protons, and the modified square well, Coulomb barrier of radius 7-9 x 10-8 cm 
with which an approximation to the diffuse penetrability can be made. This. 
corresponds to ry = 1-62. . 


ass results are given in table 2, and T(e) is plotted in figure 2. Also shown is. 
2 the result of a W.K.B. calculation of 7(e) with a square well of radius 
~ Ry=6-5 x 10-48 cm. 
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Figure 2. Penetrability T(¢) plotted against energy «€ for protons and neutrons for a tin 
nucleus. The full lines pertain to the diffuse nuclear boundary, the chain lines 


:, to the sharp (square) boundary of radius 6:5 x 10-* cm. 

; 

4 3 

i 2.2. The Enlarged Square Well Approximation 

4 It is a simple matter to extend Scott’s analysis to include a centrifugal barrier. 


The method replaces the quantity 

Ze” re hl(L+ 1) 
r 2mr? 
gral by an exponential which touches it at the inner turning point 


This clearly has the wrong (7-> 0) asymptotic form, 
C2 


ev 


in the phase inte 
(r=p) of the integration. 


necessary. After equating th >t 
of radius 7,, one again obtains Scott’s equation 7, =p+0-62a. 
result, one has to assume that the quantity (a/p)(x+2y)(*+ 


~_~ 


Potential V 


10 


6 8 
Proton Energy € (Mev) 


Figure 3. Details of Scott’s approximation. Figure 4. The curve represents the 
penetrability T)(e) for s-wave 
protons incident on the diffuse 
nuclear surface (148Sn). The 
points are the results of an 
approximate calculation based 
on an enlarged square well, of 

~ radius 7-9 x 10-3 em. 


From figure 3 it is clear that the ratio BC/DC is a measure of the accuracy of 
replacing the Coulomb and centrifugal tail AC by the exponential AB. This 
ratio is given by 

BC/DC=(x+y~1) exp[=(@+2y)(e+y—1)2y[(a2+4y) 2a]. 
AAn examination of this function indicates that the ratio BC/DC is never likely . 
to be greater than 20%. p is obviously energy dependent, and dependent on / to 
an unimportant extent; so to make the approximation useful for computing 
penetrability against energy curves, one has to choose some value of ¢ (say half 
the barrier height) and take the corresponding value of p in the formula for 7,. 
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_§4. CALCULATION oF EXCITATION FUNCTIONS AND DISCUSSION OF SHELL EFFECTS. 


The values of the functions F,, Fy were calculated using E=17-6 Mev and 


Be ithe separation energies E,=10-0+0-2mev and E,=9-2+0-2mev. For the: 


level densities in the residual nuclei, the empirical formula 
w(U)=0-015 exp(5-1U"?) 


% was used in agreement with Blatt and Weisskopf. The question naturally arises. 


Ss 
b 


Level Density w(U) (Mev~') 
S 


! 2 3 4 5 6 7 8 
Excitation Energy U (MeV) 


Figure 5. A plot of w(U), the nuclear level density against excitation energy U. The 
full line represents the empirical formula of Blatt and Weisskopf. The chain line 
represents the formula of Newton. The curves refer to both 127Sn and 143In. 


whether this is the best one can do. The residual nuclei in the two emission. 
_processes must be given the same level densities because the parameters of the 
empirical formula vary smoothly with A and Z. This is compatible with a 
complete neglect of shell effects. Newton (1956) has developed a formula for 
level density which includes shell effects. This is used in conjunction with a 
pairing energy which essentially re-defines the ground states of even—-even, and. 
even-odd nuclei to bring them into line with a smooth curve through the ground. 
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states of odd-odd nuclei. Theoretically, the reason for doing this is that the 
pairing energy is a co-operative phenomenon which cannot be included in a 
Fermi gas model of non-interacting particles. 

For the two residual nuclei (#17Sn, 1’In) under consideration, the Newton 
formulae turn out to be almost identical. The resulting level density 1s plotted 
against excitation energy U in figure 5, with the above mentioned empirical 
formula for comparison. In addition, as they are both even—odd type nuclei, they 
have approximately the same pairing energy of 1:2 mev. ‘To obtain a rough 
orientation on the effect the pairing energy has on the ratio 7, we can consider 
the maximunr values of the integrands of F, and Fp. The effect on these indicates 
that the ratio 7 would be decreased by at most a factor 3. 

Except for shell effects, the theory is slowly varying with nuclear parameters 
such as A and Z. It follows that in order to obtain information about photo- 
disintegration of the nucleus 7Sn, we can use the figures so far obtained, and 
merely substitute in the appropriate binding and pairing energies. This nucleus 
is a more critical case, since the residual nucleus (11In) after proton emission 1s 
odd—odd, and has no pairing energy. That after neutron emission (1!®Sn) is 
even-even, and has a pairing energy of about 2 Mev. By using a method similar 
to the previous case we obtain an overall enhancement of proton emission by a 
factor of about 10. 


Table 3. The Ratio y as a Percentage 
H.W. H.W. B.W. Revised H.W. 


Nucleys E,=10 £,=75 theory theory expt. ExptEp Expy 2a 
ison 0-0021 0-018 0-0063 0-02 List 10:0+0-2 9-22-0°2 
pon 0:0008 0-014 0-0013 ~0-05 22 oo 0-2 7 (cgi lees O22 
ued 0:0046 0-054 0-0015 — 4-6 9:5 6-4 
Cd 0-019 0-10 0:47 — 4:0 9-8+0-4 9-5: 0-4 
Cd 0-:0018 0-029 - 0-0055 — 3-4 8:8+0-6 6:°7+0°6 
ar lid 00073 = 0-077) 5) 0-022 — Bic SESS 6°38 + 0-35 
*3Mo ~— 0026 0:14 0-050 — 2:8 9-4 8-3 
se 0-021 0-20 0-20 —_ 4:8 9-6+0-1 7-42-01 
geCr 4-7 = 1:3 _— 32-4 11:3+0-6 T3LCG 


All relevant results are collected together in table 3. This table shows 
values of ratio 7 (%) obtained from theory and experiment for various nuclei. 
‘The second and third columns refer to Hirzel and Waffler as already explained. 
Column four was computed from Blatt and Weisskopf’s curves. The fifth 
column contains the results from the diffuse well, and the experimental results 
of Hirzel and Waffler are in column six. The last two columns contain experi- 
mental separation energies. 


§ 5. CONCLUSION 


It is clear from figure 2 that the penetrability of the diffuse nuclear surface to 
protons is greater than that of the corresponding sharp surface by a factor of 
about 5. At the same time, the factor by which neutron penetrability is so 
enhanced is less than 2. This is understandable, as figure 1 shows. In the 
important region, the pure Coulomb barrier is much steeper than the centrifugal 
barriers and consequently is pulled down much more by the effect of the nuclear 
potential. This enhancement of proton emission is not in itself sufficient to 


in penetrability, arising from the nuclear surface diffuseness, 

not a very important effect, and one is quite justified in using an 

n to allow for it. In so far as the W.K.B. method is reliable this may ’ 
one simply by using an enlarged square well. Whether this approximation : i 

good independently of the W.K.B. method is not clear, but it does not seem an 

easonable supposition. ; 
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film theory but has not Previously been 1 noted. 


§ il wie es she CRS 
T is well known that a metallic film deposited on a glass plate has two different 
] reflectances, one at the air side R, and the other at the substrate side Re 
this being always smaller than R for any thickness of the film in the case of 
normal incidence (Faust 1950, Rouard, Malé and Trompette 1953). m4 ‘The 
variation of R’ with the angle of incidence ¢ was investigated theoretically by 
Abelés (1957), but no experimental results were given. The author has chosen 
Al film in his investigation of the variation of R with ¢, because ~ its increasing 
use in beam splitters. ~ 
The aluminium films were deposited on glass by evaporation from tungsten 
loops after pre-fusing in vacuum. The source-substrate distance was 20cm. 
The pressure during evaporation was about 10->mmHg. The evaporation time 
was not strictly controlled but was usually less than 30 seconds. The substrate, 
polished optical glass, was chemically cleaned and then cleaned by ionic bombard- 
ment immediately before evaporation. Its temperature during evaporation was 
not measured but was certainly less than.50°c. The substrate was made of a 
prismatic shape of about 2° 30’ to avoid multiple reflections, but this put a limit 
of about 39° to the angle of incidence from glass to Al, due to total internal 
reflection at the interface glass—air. This limit could be extended to about 42° if 
a parallel glass plate were used. To extend the limit of ¢ further, a right angle 
prism was used with the Al film deposited on its hypotenuse. In this way, the 
reflectance R’ of the Al film at the glass side could be investigated beyond the 
critical angle of total reflection of glass. 


§ 2. MeTHoD OF MEASUREMENT 


The reflectance R’ was measured for both planes of polarization, E vector 
parallel to the plane of incidence (p) and perpendicular (s). Both Rp’ and Rg’ 


were calculated from the following relation allowing for two reflections at 
glass—air interfaces: ye 


I (1-7)? 


+ This work was carried out while the author was a guest worker at the Technical 
Optics Section, Imperial College of Science and Technology, London. 
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(6) The reflectance Re curves rages -a point of hiieedan at the c 
of total reflection for the substrate, the rate of the increase of Rs’ 
afterwards. 
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§ 4. Discussion — 


The peculiar sudden decrease of the reflectance Rp’ just after the ordeal 
angle was found to be predicted by thin film theory which gives 


| (ues) +) exp Cn) + (oa ben —Ho) es (=P ay 
(Me + Hy) (Hy + Ho) ae (721) + (H2— #1) (M1 — Ho) EXP (— 781) 


where the subscripts 0, 1 and 2 refer to the media air, Al and glass respectively, 
and where w=n/cos¢ for Rp’, and w=ncos¢ for Rs’ ; g,=(27/A)n,h, cos 44, 
where h, is the thickness of the Al film, 7, its refractive index taken as equal to 
0-79-5-31 at A=5500A, the wavelength of light used; cos¢, was considered as 
equal to 1 since its imaginary part was found to be small compared with the real 
part which is nearly unity. 
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. computation gives Rp’ = 0: 0092 for the above values af” 
It is worth noting that at the thickness for zero re 
transmitted light. This follows because }g exceeds the critical ee 
air, the final medium, so that cos¢g, the cosine of the angle of emergence, 
pure imaginary quantity. The normal component of the complex amplitude i 
air is.of the form A exp iC cos dg ®), where 2 is a coordinate normal to the surface, 
so that the disturbance in the air must be an evanescent wave. It was in fact | 
observed that with the 125A film there was no measurable transmission. The 
physical meaning is that all the light is absorbed in the aluminium film since 
there is a component of the complex amplitude in the film parallel to the surface. 
Although this curious effect is implicit in the formulae for metallic reflection it 
does not seem to have been noticed before. For example, Abelés (1957) gives 
formulae for R’ but does not give any computational or experimental results. 

Figure 3 shows the theoretical curves Rp’ and R;’ as functions of ¢g for 
different thicknesses of Al films. ‘These results which are in reasonably good. 
agreement with the experimental ones give more information about the variation 
of Rp’ and Rs’ with dg when ¢g is greater than 60°; for these larger angles 
experimental results were not easy to obtain. 

It is to be expected that a similar effect would occur at reflection near the 
critical angle from glass to any other metallic thin film ; the required thickness 
for zero reflection would, of course, depend on the pomiee refractive index of 
the metal. R 
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on of the deviation of the incident electron beam from the exact Bragg 
tion for the reflection. The fringe contours are qualitatively interpreted 
ng the dynamical theory of electron scattering. 
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§ 1. INTRODUCTION 


regularly shaped single crystals and polycrystalline films are well known 
‘ (e.g. Heidenreich and Sturkey 1945, Heidenreich 1949, Hall 1948, 
Hashimoto 1954). Interference fringes occur when strong Bragg reflection is 


% [ent effects in both bright and dark field electron micrographs of 


possible and represent lines of constant crystal thickness parallel to the incident 


electron beam. The distribution of intensity within the fringes and the fringe 
separation have been calculated by MacGillavry (1940) and Heidenreich (1949) 
for a plane-parallel crystal plate. The dynamical theory of electron scattering 
has recently been extended (Kato 1949, 1952a,b, Kato and Uyeda 1951, 
Moliére and Niehrs 1954) to the case of a finite polyhedral crystal. ‘The theory 
shows that when the crystal is oriented to the incident beam at an angle within 
the range where a given reflection is observable the effective inner potential of 


‘the crystal assumes two values for the primary wave and two values for the 


reflected wave. The inner potential values, Vp and V;, for the primary and 
reflected waves respectively (Honjo and Mihama 1954), are given by 
Vor or |Vaullet (LACY*] © as fg Bes: (1) 
Ve=aV er pallee He) oP ee eee (2) 
Here V, is the constant term in the usual Fourier series representation of the 
potential distribution in the crystal and V jj, is the relevant structure amplitude 
for the Aki reflection. The parameter « is related to the deviation A@ of the 
incident electron beam (accelerating voltage FZ) from the exact Bragg condition 
for reflection (Bragg angle 6) and is given by 
7 RT Td ee eae ae (3) 


As a result of the two values of the effective inner potential for a given reflection, 
both the incident and reflected waves are doubly refracted; the double refraction 
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is conveniently represented by assuming four refractive indices for the crystal 
given by the expressions (excluding the relativity correction) 

Mp=1+V>p/2E, and m=1+V;/2E, 
where V» and V; are given by equations (1) and (2). 

As the deviation from the Bragg angle increases the refractions of the two 
components of the primary waves arising on passing through a wedge-shaped 
single crystal also increase; strong diffraction has been observed for the (220) 
reflection of MgO for « in the range from +2-0 to —1-5, and smaller ranges 
have been observed for other reflections (Honjo and Mihama 1954, Moliére and 
Niehrs 1955, Cowley, Goodman and Rees 1957). 

In this work interference fringes are reported in electron micrographs of 
crystals of poly-L-proline II. The molecule of this poly-amino acid has a 
helical configuration (Cowan and McGavin 1955) and the crystals to be 
described here are monoclinic, space group..P2,, a=11-:00A, b=6-94A, 
c=9-364, B=90° as determined by electron diffraction (Burge 1957), chain 
axis along c. 

The fringes are found to split into two components (an observation which 
has not been made before) under suitable conditions which depend on the 
crystal thickness and the deviation from the Bragg angle for the (101) reflection. 


§ 2. THE ELECTRON Microscopy oF PoLy-L-prRoLInE II 


Specimens were prepared by slow evaporation of aqueous solutions of the 
polymer (average degree of polymerization 20, average chain length 60A) and 
nucleation of the crystals directly on stainless steel specimen grids without 
specimen films. The chain axes of the helical molecules are perpendicular to 
the fibre axis. 

Typical bright and dark field electron micrographs of the fibrous crystals 
(taken using a Metropolitan-Vickers E.M.3 electron microscope, accelerating 
voltage 75 kv, angular aperture of objective lens 3 x 10-* radian) are shown in 
figures 1 and 2 (Plate I). 

Under the conditions of figure 1 reflected electrons from all possible lattice 
planes within the crystal were intercepted by the objective aperture. The dark 
field image was formed entirely by reflected electrons and incoherently scattered 
electrons. The incoherent scattering gave rise to the density defining the fibre 
outline and the reflected electrons to the sharp lines of increased density adjacent 
to and parallel to one edge of the main fibre and attached spines. The 
observation of Bragg fringes on one side of the fibre only is due to the fact that 
the dark field image was produced by displacement of the objective aperture. 
Reflected electrons on one side of the symmetry axis of the incident electron 
beam were intercepted by the aperture; the transmitted electrons were reflected 
by planes separated by a minimum of 6A (djp, = 7°13 A). 

All the spines growing from the main fibre axis are in a similar orientation to 
the incident beam and typical higher magnification micrographs of single spines 
are shown in figures 3 (a), (6), and (c) (Plate II). 

Longitudinal interference fringes (the dark fringes represent lines of 
minimum electron transmission) are clearly visible running along the spines 
though the fringe contours differ in the three cases; the fringes represent lines 
of constant crystal thickness. 


= — 
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fbhe splitting of fringes into doublets of equal density is shown to a greater 
or lesser extent in figures 3 (a), (b), and (c) and both the inter-fringe and intra- 
fringe separations vary along the lengths of the spines. Spines (a) and (d) are 
very similar in thickness and shape and in both cases the inter-fringe separation 
varies from zero to about 300A in a continuous manner. The splitting of the 
fringes into doublets is observed for (a) only near the base of the spine, but in 
(0) the separation appears along almost the entire spine length and the 
intra-fringe separation varies from zero to about 170A. In (c) the thickness of 
the spine is roughly constant along its length and the inter- and intra-fringe 
Separations are approximately 360A and 140A respectively. The disposition 
of the fringes observed along other spines was of the same general type as that 
shown in figure 3 though the separations of the doublets were very variable. 


§ 3. Discussion 


The theory developed by MacGillavry (1940) and Heidenreich (1949) 
predicts that diffraction maxima occur for electrons reflected from a crystal plate 


_of thickness D when the following relation is satisfied : 


2 1/2 

[ae “7 Ag? sin? 20 | gee Sef TN RG ge ER (4) 
For electrons incident at the Bragg angle on plane-parallel crystals of different 
thicknesses transmission minima in electron micrographs may be expected for 
crystals with thicknesses D,, where D,, =mEA/2V ,,;,. 

The theory, without modification, cannot be quantitatively applied to a 
crystal of varying thickness although a periodic dependence of the intensity of 
the transmitted electrons on the crystal thickness may be expected. (Equation 4 
predicts that the increment of crystal thickness between successive fringes for the 
(101) reflection (V,=8-1 volts, V,,, = 1-70 volts) is 1900 A which is in considerable 
error as judged by the resolution in the micrographs shown in figure 3). The 
general features of the changes of inter-fringe separation may, however, be 
qualitatively explained on the basis_of a periodic dependence of the intensity of 
the transmitted electrons on crystal thickness if a continuous decrease in thickness 
gradient across spine cross sections as the distance from the tip increases is 
assumed. ‘The inter- and intra-fringe separations increase at the same rate 
along a given spine and the observed fringe systems may be considered as two 
superimposed single fringe systems with slightly different values of the thickness 
increment between adjacent fringes. 

The differences in intra-fringe separation between figures 3 (a), (6) and (c) 
correspond to differences in the values of the deviations from the Bragg angle 
appropriate to the three cases. In figure 3 (a) the high fringe contrast and the 
small degree of splitting of the fringes into two components indicates a small 
value of A@ while larger values are applicable to figures 3 (0) and (c); it was not 
possible to measure A@ with the specimen stage used. At the Bragg angle the 
effective inner potential values in the crystal are Vot Vai (a result first deduced 
by Sturkey (1948)) and the separation between the transmitted waves in the 
crystal is a minimum. 

Two superimposed fringe systems of the type observed may be explained in 


one of two ways, depending on whether the crystal is perfect or contains 


discontinuities (though it is difficult to understand why the observed fringe 


wave See and the magnitu 
(which govern the dimensions of » : 
deviation from the exact Bragg condition for reflection. 
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thermoelectric power of n-type single crystals of natural galena 

ed down to liquid hydrogen temperatures. The theory developed 
owarth and Sondheimer fits the experimental results fairly well. An 
mn. effective mass ratio in the range 0-11—-0-19 was obtained. No evidence 


honon drag effects was observed. 


oe 


wes § 1. InTRopucTION 
HE thermoelectric power of lead sulphide has been measured at low tem- 
peratures by Devyatkova et al. (1941) but only samples of high electron 
density were used. Since we had available natural single crystals 
covering a fairly wide range of electron densities (Finlayson and Greig 1956, to 
be referred to as I), it seemed worth while to carry out thermoelectric measure- 
ments and compare them with recent theories especially that developed by 
Howarth and Sondheimer (1953) which considers the behaviour of polar semi- 
conductors. It was hoped that thermoelectric measurements might indicate 
the relative importance of the optical modes in the carrier scattering processes. 


q ; § 2. EXPERIMENTAL METHODS ; 

The rectangular samples were similar to those discussed in I. They were 
held between two copper blocks enclosed in a copper can, the upper block being 
in good thermal contact with the can which in turn was soldered to the hydrogen 
er helium bath. The upper block was drilled to form a 1 cm? cavity which 
served as the bulb of a gas thermometer. This block carried a bakelite platform 
on which rode the lower block, insulated electrically and thermally from the 
upper, and carrying a 100Q heating coil. The lower block was lightly sprung 
to allow for thermal contraction. Copper—constantan thermocouples were 
attached to the crystals which were kept in good thermal and electrical contact 
__ with the copper blocks. 

The thermocouple e.m.f’s and the thermoelectric e.m.f. between the two 
probes were measured on a Tinsley No. 3184 potentiometer. The thermo- 
couples were calibrated against the gas thermometer with helium gas in the 

copper can to ensure equilibrium. ; 

Experimental difficulties were encountered in attaching the crystals to the 
copper blocks and the thermojunctions to the crystals. For the former, three 
methods were used: (a) a 34 s.w.g. platinum wire was welded to the end of the 
crystal and the wire then soldered to the block, (0) the crystal was cemented 
under pressure to the block by ‘ Araldite ’ or ‘ Elargol W4 ’ conducting cement, 
(c) the ends of the crystal were copper plated and then soldered to the block. 
The 46 s.w.g. thermojunctions were welded directly to the crystal as described 
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The following tests were employed to check the effectiveness of these 
arrangements (cf. Geballe and Hull 1954). (i) When the temperature gradient 
between the ends of the sample was changed by a factor of 5, no systematic 
change was observed in the thermoelectric power Q. (ii) When O was measured. 
in helium and then under vacuum, differences were sometimes observed. If 
this difference was greater than 10%, the crystal was remounted. The final 
measurements were taken under vacuum. (iii) O did not change by more than 
a few per cent when a crystal was remounted, provided it passed tests (i) and (ii). 
In addition, a number of crystals, having the same electron density as those 
described, were measured at room temperature and found to have the same 
value of Q. 

It was estimated that the relative error of a single value of O was about 7%, 
but since the curves represent values taken over several runs, the final error in O 
will be somewhat less. 

The values of electron density quoted were obtained from Hall effect 
measurements which, as observed in I, remained approximately constant over 
the whole temperature range. 


§ 3. DiscussIon 


In a polar semiconductor the high frequency optical modes may be at least 
as important as the acoustic modes in scattering the carriers. This has been 
discussed at length by Howarth and Sondheimer (1953, to be referred to as HS). 
They point out that at low temperatures it is not possible to define a time of 
relaxation and hence the conventional expressions for thermoelectric power 
cannot be obtained. Their calculations lead directly to rather complex formulae 
covering all ranges of temperature and degeneracy. In our temperature range 
the HS theory must be used when discussing optical scattering, but one must 
still determine, if possible from the experimental results, whether optical, 
acoustic or some other form of scattering is predominant at any particular 
temperature. Considering for the moment only optical and acoustic scattering, 
at sufficiently low temperatures the acoustic waves will predominate (Ehrenberg 
1958, p. 186). Accordingly, we have fitted an ‘ acoustic ’ curve to each ot our 
experimental plots at the Jowest available temperature. 


3.1. Non-Degenerate Range. Acoustic Scattering 


If we assume a simple scattering process in which the mean free path is 
proportional to «* where « is the energy of the electrons, then (Johnson 1956) 


9=-[(2+8)- 9") see (1) 


where Y* is the reduced Fermi level. 
For acoustic scattering S=0 and the thermoelectric power is then given by 


k 
O=— : [In R722 —"In y— 5-164 5 liv mi", ee eee (2) 


This equation was fitted to the experimental curve for O shown in figure 1 at 
30°K by assuming a suitable value of the effective mass (m* [my = 0-13). Usin 
this value of the effective mass, the curve of O appropriate to acoustic nee 
was plotted from equation (2) as shown and found to deviate considerably ee 
the experimental values. 


7 a: ’ ; 

LE geley FA ee Cah, ; 

aA _ Extrinsic electron density 1-4.x 1025 cm, | 
a * cee) a sis vs ~ 


Non-Degenerate Range. HS theory of optical scattering : 


e HS expression for the thermoelectric power due to optical scattering in 


non: degenerate range gives 


Ga * [in RT%*—Inr—7-16 + 151 m* fim tt) .eeee (3) 


re ¢ varies with temperature and is presented as a plot against @/7T where 
_ © is the Debye temperature (194°K for PbS). We assumed that at fairly high 
_ temperatures optical scattering would predominate and fitted equation (3) to 
_ the experimental curve of figure 1 at 250°K (at higher temperatures this sample 
_ moves into the intrinsic range). The effective mass required at 250°K was 
_ m*/m ,=0-19. The curve then obtained from equation (3) agreed fairly well 
with the experimental values. 
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Figure 2. Extrinsic electron density 1 “Ax 10?" cm", 
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A similar process was applied to the curve shown in figure 2. This sample, 
having a higher electron concentration, had a degeneracy temperature near 60°K 
and the acoustic curve was fitted at this point while the HS curve was fitted at 
room temperature. The effective masses required were m* |my=0-16 and 0-17 
respectively. Again the acoustic curve fits poorly while the HS theory fits the 


experimental points very well. 
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3.3. Degenerate Range 


The third sample, whose Q is shown in figure 3, had a degeneracy temperature 
above room temperature. The general expression for the thermoelectric power 
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Figure 3. Extrinsic electron density 1-4 x 101® cm~, 
from which (1) is derived is (Johnson 1956) 


k (2 S)Fi4 (J*) * 
Q e (14 S) (PF) oe ] divfeveltate (4) 
where F's(Y*) is a Fermi—Dirac integral. 


Sra PF Silas 214" =e (5) 
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and Bi sane (ae) rn (6) 
Taking S=0 for acoustic scattering, and using equations (4) and (6), the acoustic 
curve was fitted at low temperatures by an effective mass ratio of 0-11. Once 
more the agreement with experiment was poor. An attempt was made to fit 
the HS high degeneracy approximation but this deviated considerably from 
the experimental points at higher temperature so the HS arbitrary degeneracy 
approximation was used instead. HS give curves of what is effectively O against 
Jf* for a few values of @/T. When this was fitted to the experimental curve at 
194°x (@/T=1 being the lowest value of this ratio calculated by HS) by an 
effective mass of 0-11, the remaining two points available from the HS paper 
fell exactly on the experimental curve. 

We conclude that, to the degree of approximation to which it has been 
developed, the HS theory gives good agreement with experiment both in 
degenerate and non-degenerate samples. 

In I we observed that in samples of low electron density the mobility below 
70°K departed considerably from the 7~*? law obtained at higher temperatures, 
indicating a change in the scattering mechanism. This might be attributed to 
either impurity band phenomena or scattering by dislocations since there is 
some evidence that low electron densities are associated with high dislocation 
densitiest. ‘This effect would not influence the results of sample 3 or of sample 2 
in the temperature range considered but we might have expected a mechanism 
which had a dominant effect on the mobility to be apparent in the O values of 
sample 1 below 70°x. The scattering mechanism affects the thermoelectric 
power formulae via the energy dependence of the mean free path. If dislocation 
scattering is independent of electron energy then the equation for O should be 
formally the same as for acoustic scattering. We might then expect the 
experimental points to fall below those of the HS theory in this region and there 


t We are grateful to Dr. R. S. Allgaier for this suggestion. 
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is some indication of this effect in figure 1, but unfortunately 
points do not extend to sufficiently low temperatures. 


3.4. Phonon Drag 
Phonon drag effects are well known in the elemental semiconductors (see, for 
example, Frederikse 1953). In a similar temperature range we find no evidence 
of phonon drag effects in lead sulphide. 
Quantitative estimates of the phonon drag contribution Qy obtained by 
Frederikse (1953), Johnson (1956), Parrott (1954, 1957) and others, can be written. 


the experimental 


where w is the velocity of sound, » the electron mobility, and /f the phonon mean. 
free path. 


The thermal conductivity can be written (Kittel 1953, p. 81) 

eee lini, We poy Ad Meee (8) 
where Cy is the specific heat per unit volume and / , the mean free path relating 
to the thermal conduction process. Parrott (1954) has shown that /¢~40J, in 
germanium and a similar calculation gives /4~ 30k; in lead sulphide. Equations 
(7) and (8) then give 100K 

Q~ oor 
The specific heat of lead sulphide is of the same order of magnitude as that of 
germanium and if we consider samples containing 10'* electrons cm? the 
mobility is also similar. Hence since no Qp contribution is observed in lead 
sulphide, this implies that the thermal conductivity is of the order of 100 times. 
less than that of germanium. We do not know of any low temperature measure- 
ments of the thermal conductivity of lead sulphide, but Joffe (1957) reports the 
thermal conductivity of lead telluride at 50°K to be nearly 200 times less than 
that of germanium at the same temperature. 


§ 4. CONCLUSION 
A simple theory, which considers scattering by acoustic modes only, fails to 
give agreement with experiment. The Howarth-Sondheimer theory of optical 
scattering fits the experimental results fairly well, suggesting that, over the 
temperature range considered, optical modes provide the dominant scattering 


mechanism. 
The absence of phonon drag effects is consistent with the low thermal 


conductivity to be expected in lead sulphide. 


REFERENCES 
DevyatKova, E. D., Mastaxovets, U. P., and Sominsku, M. S., 1941, Bull. Acad. Sct. 
WERSUS., 5; 409: 
EHRENBERG, W., 1958, Electric Conduction in Semiconductors and Metals (Oxford: 
University Press). 
Finuayson, D. M., and Greic, D., 1956, Proc. Phys. Soc. B, 69, 796. 
FRreDERIKSE, H. P. R., 1953, Phys. Rev., 92, 248. 
GepaLie, T. H., and Hutt, G. W., 1954, Phys. Rev., 94, 1134. ; 
Howartu, D. J., and SonDHEIMER, E. H., 1953, Proc. Roy. Soc. A, 219, 53. 
; ¥ Phys. Radium, 18, 209. 
oe Bee ia Progress in Semiconductors, i (London: Heywood). 
Kitte., C., 1953, Introduction to Solid State Physics (New York: Wiley). 
Parrott, J. E., 1954, Proc. Phys. Soc. B, 67, 587. 
=—— 1957, Lbid.,-70, 590. 


54 


Time Dependent Changes in Excess Carrier Concentrations 
in the Presence of Surface Recombination 


By J. D. NIXON}+ ann P. C. BANBURY 
Physics Department, University of Reading 


MS. received 24th Fuly 1958, in final form 15th September 1958 


Abstract. A system is considered in which a thin slab of semiconductor, of 
infinite bulk lifetime, is initially in equilibrium and is then subjected to a uniform 
excitation throughout the bulk. The case in which surface recombination takes 
place via Shockley-Read centres has been treated, and the time dependence of 
the transient change in carrier concentrations has been evaluated under certain 
approximations for the case of germanium, as a function of surface potential. 
The.time constants differ from the steady-state lifetime except in the case of 
low trap densities. 


§ 1. INTRODUCTION 


HE study of the decay of excess carriers in semiconductors is often carried 

out with reference to rectangular filaments. The decay of carriers at the 

surface was first treated by Shockley (1950) for an extrinsic material in 
which the rate of recombination at the surface was taken to be proportional to the 
surface excess of the minority carrier concentration, barriers on the free surface 
not being considered. It was shown that the decay of the longitudinal conductance 
of a uniformly excited specimen could be described by a number of time 
constants, of which the longest, being of chief interest, was shown to be the 
same as the steady state filament lifetime. Provided that sB/D<1, where s is 
the surface recombination velocity, B the half-thickness of a wide slab and D the 
diffusion constant for minority carriers, the longest time constant is independent 
of the diffusion constant; the same value of time constant is obtained if the 
carrier concentrations are assumed to be uniform throughout the specimen 
(Shockley 1950, p. 351). 

Subsequently Shockley and Read (1952) have discussed the statistics of 
recombination in the bulk via recombination centres; in these circumstances the 
rate may not be simply proportional to the excess carrier concentration, since the 
occupancy of the centres is also relevant. ‘They have defined lifetimes in the 
steady state as the ratio of the excess carrier concentration to the net rate of 
recombination. The transient behaviour of such a system upon the introduction 
of a disturbance has been discussed by Sandiford (1957). The time constant of 
this transient is not in general the same as the steady state lifetime. 

The analysis by Shockley and Read has been transposed by Stevenson and 
Keyes (1954) to surface recombination, in the steady state, through surface 
recombination centres. These authors have obtained a relationship between 
surface recombination velocity and surface potential. It is often more convenient 
to measure a transient time constant, and in the following analysis we have 
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considered transient conductance changes in the presence of surface recombination 
centres, similar to the centres discussed by Shockley and Read. A condition 
such as obtains in the low s approximation referred to above is assumed, in which 
the gradient of the quasi Fermi level may be neglected through the insane of 
the slab. The assumption that the quasi Fermi levels are flat throughout the 
barrier region was made by Stevenson and Keyes; we have estimated this to be 
satisfactory for a reasonably wide range of the values of surface recombination 
velocity and barrier height obtained experimentally on etched specimens. Bulk 
recombination will be neglected. The results will thus be relevant to specimens 
in the form of thin slabs. This shape is in any case experimentally desirable if the 
surface potential is to be determined from conductance measurements, as in field 
effect experiments. 


§ 2. FORMULATION OF THE PROBLEM 


In the following analysis we shall assume that recombination takes place 
through centres at a single energy ut (in units of RT ) measured from the mid-gap 
energy at the surface, this energy being taken as positive if the levels are between 
the middle of the gap and the conduction band. The notation of Shockley and 
Read and Stevenson and Keyes will be followed. The former authors have 
shown (1952, Appendix A) that for small disturbances the net capture rates for 
electrons and holes may be written 


SESETEN I Sr at Oe Ce (1) 
Ucp=Cplfopst+ (Pst Prof] eee (2) 


wheren,=njexpuy, p,=ni exp —uz,nsand pgare the equilibrium concentrations 
of electrons and holes in the surface, and dvs and dps are the disturbances in these 
quantities. The probability that the centres are occupied by electrons in the 
equilibrium condition is f. Since the specimen is a slab whose large faces are 
assumed to have symmetrical properties, the carrier concentrations within the 
specimen will be symmetrical. It is therefore sufficient to confine the argument 
to one half of the specimen. We shall suppose that the system is initially in 
equilibrium, and that carrier pairs are subsequently added at a uniform rate 
throughout the bulk. In the ensuing transient the capture rates for electrons 
and holes heed not be equal, but an overall continuity condition may be imposed, 


namely 
DPN INGOf © eee (3) 


where AP is the number of excess holes in the specimen per unit area of surface 


and AN the number of excess electrons. + is the density of surface centres 


and 6f the change in their occupancy. 
In equilibrium the number of holes in the half-specimen per square 


centimetre of surface is 


surface ‘ 
| ef | ny exp (—u)dx. 


bulk 
In the excited condition 
(surface 


Piot t AP = ny exp (—u) exp Wpdx , 
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Figure 1. Schematic energy band diagram showing notation used in text, 
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generation rate, there follows from equations (1) and (4) 
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§ 3. Discussion oF SOLUTIONS 


The assumption of transient solutions of the form Aexp —at leads to a 
quadratic equation in «, the roots of which may be evaluated. If the discriminant 
of this equation is b?—4c, it is found that 62 4c in many cases. The two 
solutions then become b and c/b, where 6 is large compared with c/b. In 
circumstances where the above inequality is not valid the equation must be 
solved in full; it has been found in almost all cases considered that one solution 
is small compared with the other. The larger root gives a much shorter time 
constant than the smaller root, and will not be considered further. The smaller 
root (longer time constant) corresponds to the transient that will be observed 
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Figure 2. The quantity rCpnj plotted as a function of ug for N¢=10 and 10™, and for 
Cp/Cn=R=10?, 1 and 10-?. (a) Continuous line: ut=—10 for the indicated 
values of Nt; broken line: ut= +10 for Nt=10 and 10%. (6) up=0. 


half-thickness of 1mm. In the calculation of these values of time constant the 
full solution has been employed where necessary. It is of interest to examine 
the behaviour of this time constant in two particular cases. 


| (i) Low Density of Centres 

In the case where N;>0 the approximate solution is clearly valid. The time 

constant is given by equation (5) which reduces to 
Cy(exp us + exp ut) + Cp(exp —us + exp — ut) 

oe ee a ee Sole (6) 
CnCpni (x fs Bx) 
As indicated in §1 the analysis has been made for low values of surface 
recombination rate, in which circumstances the surface recombination velocity s 


LAS LY 


mek ene more Peer to vari ‘aio: in os ae, of these fact 
produce departures from the time constant of equation (6). + 
In the table a numerical comparison is made between the transient 
constants for various thicknesses and recombination centre densities and t 
corresponding steady-state lifetimes. 
rae 
n-type germanium, 2,= 2 10“ cm, p,= 2:5 x 10% cme; 
uU= 0, u=— 3 : 


* 


Specimen thickness = 2 mm ; Specimen thickness = 0-2 mm 


N,=10%cm-®  Ny=10"% em- Ne=10% cm? “Nt=10cm~? 

Cp/Cn 100 1 0:01 LOO, 1910-01 100 4 0-01 100 1 0-01 

T1/Ts oy le? 1-0 Sie aS Baer 2-928 ee 56 54 9:5 
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er of theories have been proposed to explain 1/f noise 
} s. These theories may be extended to germanium devices 
periments which may be performed to give evidence of their 
‘Specially made diodes with a free surface opposite the junction were 
simultaneous field effect and noise measurements were made in an 
to correlate the noise with surface properties. A study of noise in the 
wn region of a reverse biased p-n junction was carried out. The results 
of all the experiments are discussed and a noise model suggested by one of the 


eories tentatively proposed. 


_ 


§ 1. INTRODUCTION 


a HERE are three basic types of noise which occur in germanium devices, 
= thermal, shot and 1/f noise. The first two are apparently quite well 
understood and have been discussed by Van der Ziel (1955). In contrast 
with this the mechanism producing the 1/f noise is very obscure as with all other 
_ cases of this type of noise. Recently, however, with the growth of knowledge 
of the properties of germanium several fairly detailed theories based on these 
properties have been proposed to explain 1/f noise in germanium filaments. 
These theories may evidently be extended to the devices case, and this work 
was undertaken in an attempt to find which mechanism was most likely in 
germanium devices. 
The three main theories are those of McWhorter (1955, 1956), and Morrison 
(1955), Bess (1956) and Petritz (1956). 
; McWhorter and Morrison’s theory is based on the properties of the surface 
states of the germanium which have been reviewed by Kingston (1956). The 
noise is attributed to the trapping of charge carriers in the slow states. Measure- 
ments by McWhorter on a germanium filament of the time constants of these 
states carried out in conjunction with Kingston (1956) showed that they have 
a range and distribution suitable for an explanation of the 1/f spectrum. 
~ MeWhorter has calculated the magnitude of the fluctuations of the number of 
carriers in the slow states. This will give rise to fluctuations in the surface 
barrier height so that the conductance of a filament will be modulated and noise 
produced. The magnitude of this noise is in good agreement with the measured 
values. : ; 
Z In Bess’ theory the basic noise event is the diffusion of an impurity atom 
along a dislocation pipe on to the surface of the germanium filament. In n-type 
germanium the diffusion of donor atoms is considered. While the atom is on 
the surface there is one less donor in the bulk so that the Fermi level is changed 
which modulates the conductivity. Bess calculates the probability that the 
diffusing atom is captured by the dislocation from which it emerged or a 
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neighbouring one and shows that a 1/f spectrum may be obtained under certain 
conditions. 

Petritz criticizes McWhorter’s theory on the grounds that most workers 
have found that the time constants of the slow states are very dependent on 
temperature, whereas the 1/f noise is known to show little variation with 
temperature. In addition it is difficult to see how McWhorter’s theory can 
give the very large values of noise encountered in metal-semiconductor contacts 
or point contact diodes. Petritz proposes a mechanism which involves the 
local breakdown of barriers. In the case of the diode the current from the metal 
flows through the germanium oxide layer where the high field causes breakdowns. 
They may be initiated by thermal fluctuations and healed by increases in local 
ohmic heating. The varying thickness of the oxide layer may give rise to a 1/f 
spectrum. In the case of a filament microscopic irregularities on the surface 
may cause the oxide layer to penetrate into the surface channel causing a local 
point of high resistivity where the field will be higher than average. Breakdown 
of this region will give an increase in channel current. 


§ 2. EXPERIMENTAL METHOD 


Although the above theories refer mainly to germanium filaments it is evident 
that their principles can be extended to the case when excess carriers are present 
as ‘in germanium devices. Basically we may say that McWhorter’s theory 
postulates that the noise is caused by fluctuations of the surface height. Bess’ 
theory depends on fluctuations of the Fermi level and Petritz’s theory proposes 
high fields at the surface. In order to obtain evidence for and against these 
theories a series of experiments was carried out on an arrangement using specially 
made diodes which permitted simultaneous measurements of noise and surface 
properties. The diodes were made from 2 Qcm n-type germanium with normal 
indium alloy junctions about 0-5 cm in diameter. There was a free surface 
opposite the junction and the base thickness was about 100. A ring-type base 
connection was made and the diode was fitted in a holder so that the junction 
side was hermetically sealed from the free surface and the ambients on each side 
could be changed independently. A field electrode of 0-7 cm diameter insulated 
by a thin sheet of mica was placed on the free surface opposite the junction. 

The diode was used in the forward bias condition and supplied from a constant 
current source. Holes are injected at the junction and diffuse across the base 
to recombine on the free surface. ‘Taking typical values for the parameters, 
it may be shown that under the experimental conditions the mean excess hole 
concentration is sufficiently high to enable the diffusion gradient to be neglected. 
A uniform hole concentration may therefore be assumed throughout the base 
under the junction. Further, the equilibrium hole concentration may be neglected 
in comparison with the total hole concentration. 

The voltage drop V across the diode is the sum of the voltage drops across 
the junction Vj; and that across the base resistance Vp. 

Assuming that the current J is carried entirely by holes and recombines only 


on the free surface area opposite the junction As we may write the following 
equations 
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pplication of a transverse field to the free surface. 
eriment has been reviewed by Kingston (1956). A variation of 
height occurs and providing the frequency is high enough only the fast 
e involved. This changes s in accordance with the theory of Stevenson 
and Keyes (1954). The change in s varies p so that Vj and Vy are also changed. 
or a change in s of ds the change of voltage across the diode SV is given by : 
sya — RPS , P Kolun+ pp) ds (1) 
rs em rr = (itn tees 

‘ The first term arises from Vj; and is independent of current while the second 
_ is from the modulated part of the base resistance and is proportional to 2. 
_ We see that at some value of current a change in s will produce no change in V. 
4 In the case of low currents when the first term is dominant we have 


=a __ kT Qp 


If it is assumed that p remains constant dV is directly proportional to 8s. 
Following Thomas and Rediker (1956) who used a similar arrangement with 

a reverse bias, it was found that curves resembling the (s, ¢s) barrier height curves 
of Stevenson and Keyes (1954) could be constructed. Traces were produced 
on an oscilloscope by the application of a field of about 120c/s. Varying the 
barrier height by Bardeen—Brattain ambient cycle (1953) gave different traces 


‘ and the complete curve was constructed by fitting the traces together. With 
a constant current s varies so that p does not remain constant. ‘The curves may 
be corrected by noting that 

oe kT 6 

gS ee Lf apelin ne aay (2) 
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A measurement of the change of d.c. voltage across the diode with change of 
ambient gave the relative increase in hole concentration. 

The horizontal axes of the curves traced on the oscilloscope are actually 
produced by the applied field F. In later experiments these curves will be used 
mainly as an indication of the position of the surface barrier and will not be 
corrected for variations in Pp. 

The noise voltage across the diode was measured by a harmonic wave analyser 
in conjunction with a pre-amplifier and square law detector. The harmonic 
wave analyser had a bandwidth of about 10 c/s and a frequency range 20c/s—16ke/s. 
The square law detector had a time constant of 18 seconds. 
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§ 3. SURFACE STATES AND NoIsE MEASUREMENTS 


3.1. Measurements of Field Effect and Noise for varying Current and constant Ambient 


This experiment was performed to see whether there was any correlation 
between fluctuations of s and the noise. The ambient on the free surface side 
was chosen so that the field effect measurement gave a trace on the oscilloscope 
corresponding to fairly steep slope on the (s, F) curve. The forward bias current 


a between the two curves. 
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Figure 1. Noise and (slope)? plotted against current. Specimen No. 3, aged surface. 


The interpretation of these results is that noise is associated with fluctuations 
ins. The slope of the line gives a measure of how a constant change of s affects 
the voltage across the diode over the current range. If the noise is associated 
with fluctuations of s then the mean square noise voltage should vary as the square 
of the change of the diode voltage produced by a change of s as the bias current 
is varied. 

Noise measurement on transistors used as diodes with emitter and collector 
strapped together have been made by Fonger (1956). A decrease in the noise 
level at a certain current was found and this was explained in terms of the noise 
being due to fluctuation in s. ‘The experiments described above give direct 
corroboration of this. 


3.2. Measurements of Fast States and Noise for varying Ambients and constant Current 


An attempt was made to correlate the noise level and the height of the surface 
barrier. According to McWhorter’s theory there should be a minimum at the 
top of the (s, ds) curve as in this region fluctuations of the barrier height produce 
no changes ins. Bess’ theory also predicts a minimum at this point as variations 
in the Fermi level at the surface are equivalent in their effect on s to variations 
in barrier height. 

The current was set to 0-5 ma in which case the first term in equation (1) 
is dominant. It was found that changes in ambient produced changes in noise 
level as well as altering the barrier height. Great difficulty was experienced in 


I=0:S5ma : 
* Measured noise value | 
x Corrected noise value = 


{ (2 3 
Field F (vem') 


Figure 2. Measurement of noise and barrier height. Specimen No. 1, aged surface. 
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Figure 3. Measurement of noise and barrier height. Specimen No. 1, etched surface. 


is arbitrarily taken to coincide with the top of the curve. The noise levels are 
corrected by using equation (2) and are referred to the value of p obtaining at 
_ the top of the (s, F) curve. It appears that with the aged surface the noise increases 
as the surface goes from the n-type side (wet ambients) to the p-type side (ozone). 
This was indicated by results obtained with dry nitrogen. With this ambient 
it was found that the barrier height depended on the previous ambient. After 
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Figure 4. Search for minimum. Specimen No. 1, aged surface. 


dip was found. ‘This experiment was performed on all the specimens under 
various conditions of changing ambient and in no case was any sign at a minimum 
indicated. 


3.4. Spectra Measurements 


Measurements of noise spectra were carried out for both types of surfaces 
under various conditions over a range of 20 c/s to 500 c/s. The upper frequency 
limit was determined by the 1/f noise falling below the background noise. In the 
case of the aged surface the ambient was controlled so that the barrier was kept 
at the top of the (s, #’) curve and the spectrum measured. This was repeated 
for a barrier height on the p-type side and on the n-type side. In each case the 
spectrum was of the form 1/f1! and the more p-type the barrier the greater the 
noise. 

For the etched surface wet and dry nitrogen ambients were used and similar 
results to the above obtained. The wet ambient always gave the greater noise. 
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zation or avalanche breakdown occurs. 

To see whether avalanche breakdown was a noisy process measurements 
"reverse current and noise in the reverse current were made on the collector 
_ diode of an p-n-p alloy junction transistor. The same form of noise measuring 


_ apparatus was used, the noise being measured across a 220 resistor in the 


collector circuit. The centre frequency was 85 c/s. 
The results are shown in figure 5. At low voltages the noise was immeasurably 
small but rose extremely rapidly in the breakdown region. 
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Figure 5. Reverse current and noise plotted against reverse voltage. 


4.2. Spectra Measurements 


Measurements were made to determine the form of the spectrum produced 
by the breakdown noise. At room temperature with a voltage of 77-5V a spectrum 
with a law 1/f°’® was found. At temperatures below about 0°c the form changed 
and the spectrum became composed of a 1/f component anda shot noise component. 
The shot noise component was associated with spikes which appeared on an 
oscilloscope monitoring the broad band noise. ‘These spikes only appeared 
below about 0°c. It is tempting to associate the 1/f component with breakdown 
on the surface and the shot noise component with breakdown in the bulk. 


4.3. The Law for the Breakdown Noise 
This was derived from a consideration of what fluctuating quantities can 
produce the noise. 


E 
PROC. PHYS. SOC. LXXIII, I 


ote a Sava sabiey es is a cede of temperatur 
Here the normalized reverse current is plotted a asa funetion of re 
for three different temperatures. - 


p w +> an D ~ 


Normalized reverse current or Multiplication factor 


o 


20 40 60 80 100 
Reverse voltage 


Figure 6. Normalized reverse currents for different temperatures. 


The experiment was performed by firstly measuring the variation of the 
reverse Current over a temperature range 0—50°c at a low voltage. The voltage 
was then set to give a multiplication factor of about three at 50°c. The 
temperature was then reduced by an amount which in the previous experiment 
had halved the current. The voltage was reduced until the current was halved. 
This was repeated down to about 0°c. At each value of the current a noise 
measurement at 85 c/s was made. ‘The results showed that, over the temperature 
range, the mean square noise current varied exactly as J,” 


§ 5. Discussion or RESULTS 


To sum up we may say that the following points have been brought out by 
the experiments ; 


(a) 1/f noise in devices is associated with fluctuations of the surface 
recombination velocity s. 
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It appears that a great deal more work is required to establish definitely the 
plications of the results, particularly the very critical one in (6). However, 
in an attempt to find some explanation for them the following noise model based 
on Petritz’s theory is very tentatively proposed. 
mee We consider localized regions on the surface where there is a high field. 
_ Such points may occur when an edge dislocation meets the surface where there 
may be a highly p-type region and the energy gap may be smaller (Morrison 
1956, Allen 1956). Recombination centres at these regions of area 5A will 

have hole current flowing to them gspdA. If the potential drop is comparable 
with the energy gap ionization may occur especially as the hole gives up its 
energy when captured by a recombination centre. An additional hole current 
(M—1)qsp5A will be injected into the germanium and will produce a mean 
square noise current [5//?]ayq?s*p?dA?Af. As this is proportional to p? it is 
very nearly as if fluctuations in s were occurring. 
p To explain why [6/M/?]ay has a 1/f spectrum we can invoke Petritz’s starting 
and healing processes but in this case a spread in the values of the potential drops 
and energy gaps may be used instead of the varying thicknesses of oxide layer. 
& The tendency for the noise to decrease as an aged surface becomes more 
n-type may be due to the adsorbed positive charges reducing the fields at the 
localized points. With the etched surfaces the increase in noise with the wet 
- ambients may be due to movements of the polar water vapour molecules in the 
A fringe fields of the edge dislocations at the surface. This is consistent with the 
slow state measurements which indicate that the water vapour molecules are 
nearer the germanium—germanium oxide interface with the etched surface than 
with the aged surface. In the former case the time constants with wet ambients 
are much shorter than in the latter case. 
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Abstract. The effects of nuclear deformation and shell closure upon the photo- 
disintegration giant resonances have been investigated by measuring the (y,n) 
cross sections for seven isotopes with 82<N<108 using the bremsstrahlung 
from the 33 Mev Canberra electron synchrotron. The induced radioactivities 
were measured with a NalI(T1) scintillation spectrometer. The most accurate 
results were obtained for the 1*"Ta (y,n) reaction leading to the 8-15 hour isomeric. 
level of *°Ta, the yield of which was measured to $% statistical accuracy at 
250 kev intervals over the rising part of the activation curve. The giant resonance 
for the reaction measured in this way has a width of 5-3 mev and shows no evidence 
for the splitting into two components predicted by recent calculations on the 
photodisintegration of spheroidal nuclei. In qualitative agreement with these 
calculations, it was found that the (y,n) cross sections for the other distorted 
nuclei investigated, &°Nd, Sm and 1®Gd, have widths of 5-7, 6:5 and 5-3 Mev 
respectively, while for the closed-shell nuclei 1Pr, Nd and !44Sm, the corre- 
sponding (y,n) cross sections have widths of 4-3, less than 5-0 and 4:0 mev. 
In addition, it was found that the (y,n) cross sections for closed-shell nuclei have 
substantially larger high-energy tails than do those for spheroidal nuclei. 


§ 1. INTRODUCTION 


HE hydrodynamical model (e.g. Goldhaber and Teller 1948, Jensen and. 
| Steinwedel 1950) and the single-particle shell model (Wilkinson 1956) 
have been successful in explaining many of the general features of the giant 
resonances of nuclear photodisintegration. A connection between these two 
apparently opposite points of view has been pointed out by Brink (1957) for the 
special case of oscillator wave functions, and both models are consistent with the 
general limits imposed by the sum-rule calculations of Levinger and Bethe (1950) 
for nuclear electric dipole absorption. 

According to the single-particle model, narrower giant resonances are to be 
expected for closed-shell nuclei, and this is supported by the observations of, 
for example, Nathans and Halpern (1954). Recently Okamoto (1956, 1958) 
and, independently, Danos (1958) have elaborated the hydrodynamical model 
and have suggested a detailed correlation between nuclear deformation and 
the widths of the giant resonances. In the case of highly deformed nuclei (i.e. 
those with large quadrupole moments), the giant resonance is expected to split 
into two peaks corresponding to absorption along the major and minor axes of the 
nuclear spheroid. Soga and Fujita (1957) and Wilkinson (1958) have suggested 
that this effect is not peculiar to the hydrodynamical model, and have investigated 
a single-particle model in which the nucleons move freely in a spheroidal potential 
well. Their conclusions about the splitting are similar to those of Okamoto (1958) 


and Danos (1958). 


Niece ed Sabie should Be a broadening of : ant r 
by the deformation in addition to those factors considered by Wilkinson 9% 
The largest nuclear deformations occur in the neighbourhood of the 
earth nuclei. “In the present experiments the effects of nuclear deformation and of — 
shell closure have been studied in this region with neutron numbers 82<N<108. | 


— ‘g 2. EXPERIMENTAL Menton 


Residual activity methods have been used to study the (y,n) reactions in 
141py, 142N qd, 144Sm, 15°Nd, 4Sm, 1°Gd and !8!Ta. The tantalum samples were 
in the form of 175 mg cm~? metal foils. Oxide powders of each of the rare earth 
elements were used in their natural isotopic abundance. These powders were 
contained in 120 mgcm~ aluminium cans, the thickness of the samples being 
approximately 500 mgcm~?. 

Samples were irradiated with the bremsstrahlung from the 33 Mev Canberra 
electron synchrotron and the induced gamma-ray activities were measured with 
a 12 in. diameter x 2 in. thick NaI(T1) scintillation spectrometer, the resolution 
of which was 9°% for the 662 kev line of #87Cs. The crystal was enclosed in a 
3 in. thick lead castle with a graded shield of cadmium, brass and aluminium to 
absorb the lead x-rays. The data were recorded on a multi-channel kicksorter 
of the Hutchinson—Scarrott type. The methods used to calculate the relative 
efficiency of the spectrometer for different gamma-ray energies have been described 
previously (Carver and-Turchinetz 1958). Since for most of the activities 
studied the intensities of the various rare earth x-ray lines were being measured, 
the relative yields did not depend greatly on the energy response of the spectro- 
meter. All the absolute yields reported here have been related to the Cu(y,n) 
results of Berman and Brown (1954) by measuring the annihilation radiation from 
9-8 min ®Cu induced in copper foils. The decay scheme for !°Pr is well known 
(Browne et al. 1952), and measurement of the x-rays and annihilation radiation 
for this isotope} provided a direct check of the relative efficiency of the spectro- 
meter for the rare earth x-rays and annihilation radiation. 

The (y,n) reactions studied in this work are listed in table 1. Only the more 
important gamma-ray lines are given in the table but further details of the decay 
schemes are discussed below for each particular case. The (y,n) and (y,2n) 
thresholds B(n) and B(2n) have been obtained from measured atomic masses, 
where possible, and otherwise from the semi-empirical mass tables of Cameron 
(1957). The nuclear eccentricities e=(a—b)/R (where a and 6 are the major 
and minor radii of the nuclear spheroid and R the radius of a sphere of the same 
volume) as computed by Okamoto (1958) from quadrupole moments and Coulomb 
excitation data are also given in table 1. 

By measuring the induced activities in this way, it is possible, with one excep- 
tion ("**Nd, see below) to sort out the (y,n) reactions in particular isotopes 


t Produced in the ™'Pr(y,n) reaction by irradiating praseodymium oxide below the 
‘6O(y,n) threshold (15-6 Mey). 
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‘determined from semi-empirical mass tables (Cameron 1957). ‘The other 
sare based on measured values (Johnson and Nier 1957, Wapstra 1955). 


imbiguously, without the use of separated isotopes. This was one reason for 
oosing this method in preference to a total neutron yield measurement. The 
activity method has the further advantage of being completely independent of 
the spectrum of the emitted neutrons. The (y,n) cross section ¢, will make the 
_ greatest contribution to the total absorption and, for these heavy nuclei, the 
(y,2n) cross section o, will be next inimportance.{ For the closed-shell nuclei 
{N=82) oy will not be very important since B(2n) is well above the peak in the 
absorption. | . 

In the remaining cases o, must be estimated from other data and added to 
the measured o, to obtain the total cross section. A similar complication exists 
for the total neutron yield measurements where to obtain the total cross section 
an estimated o, must be subtracted from the measured o, + 2¢,.. 


§ 3. THE ReaAcTION 181Ta (y,n) (NV =108) 


181T'a is a highly distorted nucleus with e=0-22, and according to the theory 
of Okamoto (1958) and Danos (1958) the giant resonance at 14 Mev is expected 
to split into two peaks with a separation, calculated from e, of approximately 2 Mev. 
The quadrupole moment is positive and the integrated cross section for the 
higher energy peak is expected to be twice that for the lower energy peak. ‘The 
single-particle calculations of Soga and Fujita (1957) and Wilkinson (1958) 

lead to similar conclusions. 

This cross section has been measured previously in this laboratory at 1 Mev 
intervals (Carver, Edge and Lokan 1957). The measurement of the (y,n) 
cross section has now been repeated at closer energy intervals in a search for the 
suggested double peak. The 8-15 hr '*°'T'a activity induced in tantalum foils 
(175 mg cm~) was determined by counting the 55 kev x-rays. The induced 
activity was measured with }%, statistical accuracy at 250 kev intervals over the 
rising portion of the activation curve, the bremsstrahlung being monitored with a 
Victoreen r-meter in a Perspex block. These measurements extended over 
several days and before commencing a series of runs the synchrotron was ‘ warmed 
up ’ for at least half an hour. Runs on successive days were interlaced and it 
was found that, after the initial warming-up period, there was no difficulty in 

t Other multiple reactions, e.g. (y,3n), (y;P), (7%), do not contribute significantly 
to the giant resonance region with which these remarks are chiefly concerned (see Carver 
and Turchinetz 1958). 
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Figure 1. Activation curve for 1*!Ta(y,n) leading to the 8:15 hr level of ®°T a, 
Statistical errors are smaller than experimental points. 
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Figure 2. Zero-order approximation (see text) obtained using unsmoothed points from 


the activation curve (figure 1). The horizontal bars indicate the energy intervals 
over which the activation differences were determined. 


were determined. “asset on 

erence points are consistent with the smooth curve 
| derivative A’(ky). The results were analysed by an 
| (Carver and Lokan 1957) to obtain the (yn) cross section o, 
A) which has a width of 5-3 mev and peaks at 13-5 Mev. | 
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Figure 3. A, derived cross section for '!Ta(y,n), o,; B, total cross section, o,+ 0 
P where o, has been taken from the data of Carver and Turchinetz (1958); 
, C, 04+ 20. 
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Below the (y,2n) threshold (13-8 Mev), o, represents the shape of the total 

y-ray absorption if it can be assumed that transitions to the 8-15 hr isomeric level 
of 18°T a are proportional to transitions to the 18°Ta stable ground state and hence 

- to the total (y,n) cross section.t That this assumption is probably true, apart 
from differences near the threshold, is shown by direct measurements of the 
relative photo-production of two isomers (e.g. Goldemberg and Katz 1953, Katz, 
Baker and Montalbetti 1953). 

The 8-15 hr level of 18°Ta is known to have J= 1+ (Brown et al. 1951), and the 
ground state is assumed to be the other member of the /=1,8 doublet predicted 
by the collective model (Nilsson 1955) with higher (unknown) rotational levels 
built on this basis. Near the 18!T'a (y,n) threshold the relative cross sections 
leading to the two levels may vary owing to fluctuations in the densities and 


+ The absolute cross section scale of figure 3 has been determined by the methods 
previously described (Carver and Turchinetz 1958) and refers to the total (y,n) cross 
section, not the fraction decaying via the 8-15 hr isomer. 


1937) rel poate hooded os mitt ate Oo, + 0 (fl 
is smooth anid peaks at 14-5 Mev with a width of 63 nie - Alth 
evidence for two peaks in this total absorption cross section, the pre 
imply that the cross section which would be obtained from a measurement of the od 
total neutron yield o, + 2c, shows a strong higher — peak at 16 Mev (figure Br 
‘curve C). : 
Fuller and Weiss (1958, priate communication) have wae a careful measure-_ 
ment of the total neutron yield from tantalum and find two peaks in the total — 
neutron cross section o,+20,. Previous measurements of o, and o, (Carver, 
Edge and Lokan 1957, Carver and Turchinetz 1958) were used to correct these 
data for neutron multiplicity, The absorption cross section o, +0, obtained by 
Fuller and Weiss in this way indicates a splitting of the resonance with peaks at 
12:5 and 15:5 Mev. Such a splitting was not found in the present work. The 
presence or absence of two peaks in the cross section is very sensitive to the shape 
of oj near its maximum (figure 2). Various trial cross sections with two peaks 
were assumed and compared with the observed data by calculating the activation 
‘curves and zero-order cross sections. In this way it was estimated that a splitting 
- of the magnitude found by Fuller and Weiss should just have been observed 
with the accuracy of the present experiments provided the transitions to the 8 hr 


isomeric state of 18°T'a are proportional to the total (y,n) cross section as has been 
assumed. 


$4. THE (y,n) Reactions In }°Nd, %4Sm anp 1°Gd (N=90, 92 aND 96) 


These nuclei are all highly deformed (see table 1). The (y,n) activation 
‘curves have been determined at 0-5 Mev intervals from the thresholds to 18 Mev 
and at 1 mev intervals from 18 Mev to 32 Mev. The samples were enclosed in ~ 
cadmium to minimize slow neutron reactions. Tantalum foils were irradiated 
at the same time and used to monitor} the irradiations which were for periods 
of three hours. An ionization chamber was used for continuous monitoring ~ 
of the radiation during each run. Above the !6O (y,n) threshold (15-6 Mev) the 
samples were allowed to decay for at least one hour before being counted, so that 
the 2 min ¥O activity had completely decayed. 

The rare earth (y,n) yields were determined as follows: 

PONd (y,n)°Nd. 14°Nd decays by negatron emission with a half-life of 1-8 hr. 

A complex y-ray spectrum follows the B~ decay and to date no satisfactory decay 
scheme has been proposed (Rutledge, Cork and Burson 1952). The relative 
yields at the different bremsstrahlung energies were determined by counting 


t+ The 1*"T'a(y,n) yield curve was taken from the results of Carver, Edge and Lokan 
(1957), at high energies, and the more accurate results of the present paper below 20 mev. 


: a ee ec: S OniNtss an uncertainty of ae a. in 
isesicd from the K X-ray intensity but one of 25% i in that estimated 
the i Peaa ot the 102 kev line. 


afl Peaaty of the 362 kev line picnics the decay scheme proposed by Ballini and 
_ Barloutand (1956). It is estimated that the uncertainties in this decay scheme 
contributed about 15 % to the probable error in the yield of the 4*'Gd (y,n) reaction. 
The measured ratios of the rare earth activities to the 18'T'a(y,n) monitor are 
shown in curves A of figures 4,5, and 6. The activation curves (per electron) 
and the derived cross sections are shown in curves B and C of figures 4, 5, and 6. 
The (y,2n) cross sections can be expected to contribute significantly to the 
_' total cross sections for these isotopes. The general similarity of the (y,n) cross 
_ sections for all the spheroidal nuclei suggests that the (y,2n) contribution may be 
. comparable with that for '*!Ta, so that the widths of the resonances will be 
_ increased by about 1 Mev. The broadening produced by the (y,2n) reactions is 
__ expected to be least for Sm and greatest for ©°Gd owing to the differences in 
_ the (y,2n) thresholds (table 1). Conversely, the observed (y,n) widths are greatest 
for 454Sm and least for 1°°Gd so that the (y,2n) contribution 1s expected to make 
the total widths more nearly equal. 
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A, the ratio of activation curves 1®°Nd(y,n)/!**Ta(y,n);_ B, activation curve 
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Figure 6. A, the ratio of activation curves 1®°Gd(y,n)/18!Ta(y,n); B, activation curve 
for '°Gd(y,n); C, derived cross section: 1®°Gd(y,n). 


§5. THE (y,n) REACTIONS IN 141Pr, 142Nd anp 144Sm (N= 82) 


The (y,n) cross sections for these closed-shell nuclei were measured by the 
same methods as were used for the distorted nuclei discussed above. The 
neodymium samples were irradiated for 2-hour periods and above the 16O (y,n) 
threshold the samples were allowed to decay for at least one hour before counting. 
The samarium and praseodymium samples were irradiated for periods of 10 
minutes and 5 minutes respectively and owing to the short half-lives involved 
(8:5 min and 3-4 min) it was not possible to wait for the }°O activity to decay 
completely. Above the 16O (y,n) threshold the yields of “°Pr and 43Sm were 
determined from the intensities of the x-ray lines after subtracting the contribution 


from the low-energy tail of the Compton distribution due to the combined oxygen 
and rare-earth annihilation radiation. 


€ decay of “°Nd was measured by determining the spectrum of 
ly pure &SNd produced by neutron capture in natural Nd. The 
: so obtained was in good agreement with that found by Schmid and Burson 
_ (private communication). Absolute yields were obtained from the x-ray 
_ Intensities after making the following corrections :— 
me, () K-capture/ B*: determined from the measured disintegration energy 
__ and the tables of Feenberg and Trigg (1950) for 8Sm; in the case of 141Nd see 
_ Polak et al. (1958), and for Pr Browne et al. (1952). 
_- (ii) _K-capture/total capture obtained from the work of Brysk and Rose (1955) 
and the disintegration energies W,. 

_ (iit) K shell fluorescence yield W, taken from the compilation by Bergstrom 
(1955). The pertinent data for each isotope are collected in table 2. 


a 


Table 2 
- : K-capture 

x Activity T, (min) —-W4 (mev) K/B+ ————— Wx 
Total capture 

BF 

j ad Ee 3-4 525 0-63 0-89 0-89 
_ Nc! 150 1-80 48 0-89 0-90 
. 125m 8-5 3-47 0-60 0:89 0-91 
= 


The measured ratios of the rare-earth activities to the 1*!'T'a(y,n) activity are 
shown in curves A of figures 7, 8 and 9. Activation curves and derived cross 
sections are shown in curves B and C of figures 7, 8 and 9. Owing to their high 
threshold (table 1), the (y,2n) cross sections will not, for these nuclei, have a 
significant effect on the total cross section in the region of the giant resonance. 
The 141Pr(y,2n) cross section has been measured (Carver and Turchinetz 1959) 
and, when integrated to 31 Mev, is 18% of the integrated (y,n) cross section and 
makes a large contribution to the high-energy tail but does not significantly 
increase the width. It has been assumed that the contribution of o, to the total 
cross section is similar for the other closed-shell nuclei and no corrections for o3 
have been made. ‘The situation for the 4%Nd(y,n)!4‘Nd reaction is somewhat 
more complicated owing to the production of 141Nd by means of the (y,2n) and 
(y,3n) reactions discussed above. Neither of these reactions affects the cross 
section near the peak. ‘The contribution from the (y,3n) reaction will almost 
certainly be very small (<1% of the total yield at 32 Mev). The reaction “*Nd 


+ This activity can also be produced by means of the reactions M8Nd(y,2n) and 
U4Nid(y,3n). The abundances of “Nd, Nd and “Nd are 23-1%, 12:2% and 239%, 
and the reaction thresholds (Johnson and Nier 1957) leading to “1Nd are 10-5, 17-0 and 


25-5 Mev respectively. 
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Figure 7. A, the ratio of activation curves eEr(y; n)/"*!Ta(y,n); iB: activation a 
for ™!Pr(y,n); C, derived cross section: 14Pr(y,n). 
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Figure 8. A, the ratio of activation curves ™“42Nd 
for “*Nd(y,n); C, derived cross section: WNd(y,n). 


(y, n)/**Ta(y,n) ; B, activation curve 


nergy (WoW) 
7 aS the ratio of activation curves 4Sm(y,n)/1*!Ta(y,n); B, activation curve: 

; : for “Sm(y,n); C, derived cross section: “4Sm(y,n). o 

“az § 6. Discussion 

*j ee ihe widths, peak energies and integrated cross sections for the reactions studied 

are listed in table 3. 


we 


‘Table 3. Summary of Results 


Peak energy Width | odE 
Isotope “= Ni (Mev) (Mev) (Mev barns) 

— Mipy 82 15-3 4:3 2:2+40-3 
CONT. 82 14-8 <5-0 <2:3+0°3 
14Sm 82 15-3 4-0 2-5+0-4 

60Nd 90 13-2 5-7 is 
154Sm 92 13-6 6-5 2-4+0-4 
p—inG, 96 13-5 5-3 2-2+0-4 
ie 13-5 ~ 5:3 2-4+0°8 

ue es 4145 (total) if 6:3 (total) {3 341-2 (total) 


The observed broadening of the giant resonances for the distorted nuclei is in 
qualitative agreement with the predictions of the theories of Okamoto (1958), 
Danos (1958) and Soga and Fujita (1957). However, the more distinctive 
feature of these theories—namely, the predicted splitting of the resonance into 
two components—was not observed for 1*!T'a, the most carefully investigated case. 

The absence of splitting in the #*!T'a(y,n) reaction leading to the spin 1, 8-15 hr 
level 18°T'a may possibly be explained by Wilkinson’s (1958) observation that on 
the single-particle model of photon absorption there ts a tendency for the low- 
energy component of the giant resonance doublet to be associated with higher 
angular momentum transitions than the high-energy component. The present 
results differ most markedly from the total neutron yield data of Fuller and Weiss 
(private communication) in the energy region, from threshold up to about 14 Mev, 
where the neutron yield data exhibit the lower peak which, according to Wilkinson, 
will involve high angular momentum transitions and possibly a preferential 
population of the high spin, stable state of *°Ta. 

Curves C of figures 4, 5 and 6 show that the shapes of the resonances are very 
similar for all the highlv distorted nuclei investigated in this work. The gamma- 
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ray absorption in the closed-shell nuclei (curves C of figures 7, 8 and 9) is, however, | 


very different. The giant resonances are much narrower and have a large high- 
energy tail. The presence of the high-energy tails removes an anomaly noted 
by Nathans and Yergin (1955) and others who found that the cross section 
integrated to 22 Mev was significantly less for closed-shell nuclei than for other 
neighbouring nuclei. The results of table 3 show that this is not so when the 


integration 1s extended to 31 Mev. 

The difference between the giant resonance widths for spherical and non- 
spherical nuclei as inferred from the (y,n) reactions above is increased when the 
contribution from other reactions is included. This is clear from a consideration 
of (y,2n) thresholds above (table 1) since these are so high for closed-shell nuclei 
that these reactions contribute little to the giant resonance region, as is borne out 
by the results for !!Pr (y,2n) (Carver and Turchinetz 1959). In contrast, the 
(y,2n) reactions are expected considerably to broaden the resonances for the 
distorted nuclei and for 18!',T'a add another 1 Mev to the width. 
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lfils this condition. ‘The two methods which have been tested gave absolute 
rrors in the order of a few per cent in analysing various mixtures of copper and 
kel. An important application of such techniques is in the analysis of charac- 


_ teristic x-rays having long wavelengths and low intensity, since maintenance of 
_ an adequate counting rate under these conditions is difficult if a crystal or ruled 
_ grating spectrometer is used. 
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§ 1. INTRODUCTION 


ROPORTIONAL Counters are attractive for wavelength discrimination in 

x-ray work because of their wide angle of acceptance and consequent high 

counting rate, in contrast to the inefficient use of available photons by 

crystal and ruled grating spectrometers. Owing to their intrinsically poor 

_ energy resolution, however, proportional counters have been employed hitherto 

only for harmonic elimination or, if used alone, for such tasks as determining the 
Kz intensities of elements which differ by at least three in atomic number. 

In x-ray emission microanalysis (Castaing 1951) of the low atomic numbered 
elements it becomes necessary to dispense as far as possible with crystals, gratings 
and filters, particularly when scanning techniques (Cosslett and Duncumb 1957, 
Melford and Duncumb 1958) are applied. Low beam current, low x-ray 


_ generation efficiency, absorption effects, and low spectrometer efficiency combine 


to make reasonable counting rates very difficult to obtain. While detection of 
the x-rays directly in a wide angle thin window proportional counter gives an 
adequate counting rate, it is at the expense of overlapping pulse height distri- 
butions when neighbouring elements in the periodic table are present. ; This 
difficulty is illustrated in general terms by Maeder (1958), who has derived a 
family of curves showing the count rate contamination of a desired peak by an 


adjacent undesired peak. . 
As the performance of proportional counters 1s already high relative to 


3 theoretical predictions (Bisi and Zappa 1955), attention in the present investiga- 


tion has been given to pulse analysis rather than to improvement of the detector 
itself. In particular, the height, position and shape of the composite pulse 
height distribution curve has been examined on the assumption that the com- 
ponent curves, each arising from a separate Ka line, are fully and uniquely 
represented in the composite curve. 
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As might be expected, such an investigation is a special case of a more general 

problem. For a Gaussian curve 

Teepe let 
a p 20? ti 

there are three parameters, peak amplitude, position of the mean, and standard 
deviation c. The most general problem is that of deducing all the parameters of 
each Gaussian component in a composite curve which has resulted from linear 
addition of an unspecified number of components with unspecified parameters. 
There appears to be no discussion of this case in the literature, and the lack of a 
sufficiently selective orthogonality (i.e. one which will select one Gaussian curve 
with specified parameters and reject all others) between given Gaussian comr 
ponents and convenient reference functions makes the prospect of an easy solution 
seem rather remote. This is in contrast to Fourier analysis, in which the periodic 
orthogonality of sines and cosines readily leads to a unique series of sines and 
cosines for any given function. 

Removing only one of the unknowns, however, seems to permit a practical 
solution. Anderson (1956), for example, studying the radial distribution 
functions of electron diffraction in gases, has resolved composite curves containing 
as many as six components, with exact knowledge only of the correct number of 
components. Using an iterative process in conjunction with an IBM 650 
electronic computor, Anderson was able to deduce all the parameters with three 
guesses in less than an hour. 

Many special methods have been devised to cope with problems in which 
certain parameters are known and one or more of the remainder are desired. 
In the analysis of x-ray diffraction patterns, for example, an overlapping K« 
doublet often obscures essential information. ‘The line spacing and ratio of 
intensities are known. Working from this basis, Dumond and Kirkpatrick (1931) 
obtained an infinite series which expressed ordinate points on the component 
lines in terms of a set of ordinate measurements on the experimental curve, whiie 
Rachinger (1948) employed a wholly graphical resolution procedure. Finch 
(1949), in determining the correct diameters of overlapping diffraction rings, 
derived a family of curves giving the deviation of the composite peak from the 
true position of the stronger line as a function of overall half-width. The 
literature contains many other methods and references in connection with the 
case of unresolved doublets (e.g. Anantharaman and Christian 1953, Canty and 
Franklin 1958, Richtmeyer and Barnes 1934). 

In general terms, the way in which an instrumental weighting (smearing) 
function acts upon an undistorted curve to form the observed (smeared) function 
can be described by a convolution integral. If this integral equation can be 
solved explicitly, which it usually cannot, an exact expression for the undistorted 
function is obtained. Morton (1952) pointed out that certain approximations 
can be made where a great improvement in resolution is not required, as in the 
correction of pulse height distributions due to continuous radiation. Lidén 
and Starfelt (1954) used Morton’s simplified solutions to correct scintillation 
counter pulse height distribution curves of continuous y-ray spectra but also 
solved the integral equation numerically by a series of approximations in cases. 
where more improvement in resolution was necessary. 

A particularly convenient way of handling the convolution integral uses Fourier 
analysis. ‘This technique, the Fourier transformation, was suggested by Smith 
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a characteristic line spectra, certain practical difficulties lead to 
curate results. A significant improvement in resolution is needed, and 
his situation the information requirements for a solution of the integral 
pee on. are different from that which is available: (i) accurate knowledge of 
composite curve shape is required, particularly of any small, sharp details, 
_ features in which proportional counter curves are singularly lacking; (ii) part 
_ of the data is wasted (the known positions of the constituent peaks). 

___ Nevertheless, there being no fundamental obstacle to resolving such curves, 
_ methods can be devised which utilize the available data to good advantage. The 
techniques outlined in this paper are based on and employ these main features 
of the x-ray microanalysis situation: 

(a) All parameters of the component curves are known except the amplitudes ; 
each constituent pulse height distribution can be obtained readily in pure form 
for calibration, so that its position, height, and shape can be established fully. 

(6) The given composite specimen curve is formed by linear addition of the 
component curves (neglecting space charge, dead time in the electronics, or 
other effects which can usually be avoided). 

Utilizing the above principles, the following methods for obtaining the 
component curve amplitudes are discussed : 

(i) The simultaneous equations method, which requires linearly independent 
ordinate or area measurements, equal in number to the unknowns, to be made 
on the observed composite pulse height distribution. Equations describing 
these measurements in terms of contributions from the constituent curves are 
~ established, from which the amplitudes of the constituents can be solved. 

: (ii) The peak shift method, which employs the relationship between observed 
peak position and ratio of components in a composite pulse height distribution, 
the ratio being a unique one when there are only two components. 

(iii) The waveform analysis method, which utilizes the linear independence 
between different Fourier components in a composite pulse height distribution 
to establish simultaneous equations describing these components in terms of the 
constituent Fourier components in the contributing curves. ‘The pulse height 
distribution amplitudes are obtained from the solutions of these equations. — 

The main emphasis is on techniques which seemed readily adaptable to high 
speed electronic processes rather than on those requiring detailed graphical 
procedures, although the peak shift method, in requiring reference to a graph, 
does not give an analogue output. While only the first two schemes have been 
tested, the untried waveform analysis method has been included, as it illustrates 
a strong possibility in the use of orthogonality or curve shape discrimination 
principles as a means of effecting resolution. ay nite ; 

The presence of background radiation will be neglected in the following 
discussions. ‘The effects of background near the wavelengths of interest have 
F2 
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If each component curve is represented by an eq 
independent of the others, the equations are soluble and 1 
of the form A=hk,M,+hyMy+hgMy. . 

jue | — B=k,M,+k;M,+k.Ms.--- | 
C=k,M,+k,M,+k,M; piel on 


in which the k’s are functions only of the constants in equations (1). = 

In the microanalysis—proportional counter situation, the Ka pulse height 
distribution curves of neighbouring elements in the periodic table have standard 
deviations o which are of the same order as the curve spacings (Bisi and Zappa 
1955, Hendee and Fine 1954). Then in an example, if ordinate measurements 
are made at positions corresponding to the component peaks, the separations 
of which are exactly o, equations describing a composite pulse height distribution 
~ due to three elements can be written _ 


a= A+0-607B +.0-135C 

Vp=0-607A + B+0-607C 

Vo= 90-1354 +0-607B + C 
By the usual methods, the solutions are 

A= 1:83y,—1-52y,+0-68y, 

B= —1-52y,+2:85y,—1-52y, 

C= 0-68y,—1-52y, + 1-83y, 


2.1. Practical Techniques 


For practical microanalysis, a differential pulse height analyser and ratemeter 
are required for each element whose presence is suspected in the specimen. The 
analyser channels may be centred on the peaks of the component pulse height 
distribution curves or may be arranged in any other way, using any channel 
width, which gives the required linearly independent measurements. Optimum 
channel widths and positions can be found from signal-to-noise ratio 


; 


rl 
’ 


ig to equations 


“matrix a ee 
devices for each 
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iple it should be possible to extend the technique to include 
ts as is desired, thus far separation of only the adjacent elements 
pper and copper-zinc has been attempted. The matrixing operation 
is obtained simply by connecting the terminals of each meter (Ni and Cu or Cu 
and Zn) between the two ratemeter outputs, with suitably arranged voltage 
_ dividers to establish coefficients. . 

. Calibration in the Ni-Cu case, for example, is accomplished by placing pure 
__ copper under the electron beam, the appropriate voltage divider being adjusted to 
_ give a null reading on the meter indicating nickel. Then with pure nickel 
z pulses, the nickel meter can be calibrated for 100% reading. A similar procedure 
is followed for the other meter. 


Ca a 


2.2. Specimen Synthesis 


To check the linearity of the method in separating two test wavelengths, a 
scanning x-ray microanalyser (Cosslett and Duncumb 1957) was arranged to 
_ give only a horizontal sweep, the electron beam moving in linear sawtooth fashion 
across the edge of a thin copper sheet on a nickel background. Controlling the 
relative time the beam spends on each element gives a convenient method of 
synthesizing known proportions of copper and nickel. Calibration is straight- 
forward, since time is proportional to distance on a monitor screen, the monitor 
being scanned in synchronism with the electron beam. The sweep rate was 

4 about 200 c/s, considerably faster than the ratemeter time constants. 
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Figure 1. Experimental points in separating synthesized mixture of copper and nickel 
by the simultaneous equations and peak shift methods. 


86  R. M. Dolby 


2.3. Results 


In the observations (figure 1) by the simultaneous equations method a beam 
current of 0-15 a at 25kv was used, giving a total count rate of 8000 pulses per 
second with about 800 pulses per second appearing at the output of each pulse 
height analyser. The analyser channel widths were 0:5 volt, centred on the 
pulse height distribution peaks. The mean pulse height was about 20 volts, 
this height giving a separation of nearly 1-5 volts between the component peaks 
of copper and nickel. 

Under substantially the same conditions as in the above experiment, a brass 
specimen also was analysed.. The composition was measured by the simul- 
taneous equations method and checked with a crystal spectrometer. Indicated 
concentrations were as follows: for the simultaneous equations method, 
Cu 0:58+0-04, Zn 0:-40+0-04; for the crystal method, Cu 0-60+0-01, 
Zn 0-40 + 0-01. 


§ 3. Peak Suirt METHOD 


It has long been noticed that the peak of an unresolved or partially resolved 
x-ray doublet deviates slightly from the position of the stronger component. 
This effect causes some difficulty in determining the true diameters of diffraction 
rings, but the shift can be obtained from the known doublet parameters and the 
true diameter found (Finch 1949). By similar techniques the process can 
essentially be reversed for proportional counter curves, the observed shift of a 
two component composite peak being employed to determine the amplitudes of 
the constituents. 

The shape of the curve which relates fractional concentration of the con- 
stituents to peak position is determined by several factors: x-ray generation 
efficiency of the elements in the specimen at the operating voltage; f lines; 
background radiation; transmission characteristics of the path between the 
specimen and the counter; spacing between the constituent pulse height distri- 
bution curves; standard deviation, escape peak, and other characteristics of the 
counter; and the means of pulse height discrimination itself. An empirically 
obtained curve automatically takes everything into account, but it is nevertheless 
helpful to see in a general way how overall curve shape is affected by two main 
parameters, the observed values of which result from a combination of previously 
mentioned factors. ‘These parameters are: (i) The standard deviation relative 
to the spacing of the constituent pulse height distribution peaks, (ii) The ratio 
of observed count rates of the two peaks when examined separately in pure form. 
In the following treatment these definitions will apply: «, B, peak count rates 
of the purely A and purely B curves; o, standard deviation of the two proportional 
counter curves, which may be assumed to be substantially identical (Hendee 
and Fine 1954); 6, separation between the peaks of the two distributions; 
F;, fractional concentration of element BF,;,=B/(A+B). From the definition 
of F’,, the fractional concentration of element A is (1—F,). 

Using the above definitions, the composite specimen curve SS, the constituents 


of which are assumed to be Gaussian curves having identical standard deviation 
bd 
can be expressed as 


yy=a(1—F,) exp| - za + pF, exp | “a | 
oO 
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¥ Figure 2. Graph of equation (3), showing relationship between Xp/b the shift of the 


composite peak towards the position of element B, and Fp, the fractional concen- 
tration of element B. ‘The standard deviation o of the constituent curves is expressed 
in terms of 6, the spacing between the curves. The count rate ratio of pure 
elements A and B is designated B/«. 


_ application of the peak shift method to resolution of neighbouring elements in the 


periodic table (when AZ=1, ox~b). For AZ=2, the imminence of two peaks 
gives the curve a pronounced non-linearity, seriously limiting its usefulness in 
this situation unless the standard deviation could be suitably increased. 


3.1. Practical Techniques 


Determination of the peak positions may be made graphically with a single 
channel pulse height analyser, ratemeter, and pen recorder, the pure element 
calibration peaks and the specimen trace preferably being combined on one graph. 
_ Alternatively, two single channel pulse analysers and ratemeters may be 
arranged in a null bridge fashion. With the analysers staggered on both sides 
of the peak, but arranged so that their discriminator biases are jointly controlled, 
a d.c. meter can be connected directly between the two ratemeter outputs, so that 


a null reading indicates the peak position. 
3.2. Results 


The curves in figure 2 were derived only to show the main features of the 
‘peak shift mechanism. Nevertheless, direct application of such curves to an 
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experimental situation yielded the results shown in figure 1. The null bridge 
method was employed to find the specimen peak, while other conditions, 
including the method of nickel-copper synthesis, were the same as in the 
simultaneous equations tests. The proportional counter and other equipment 
were characterized by the parameters c= 1-2b and B/«=0-8, where f is the peak 
count rate for pure Cu and «for pure Ni. Voltage readings for the peak positions 
were put in the form xp/b for use with figure 2. 

As in the experiments with the simultaneous equations method, a piece of 
brass was also analysed. The indicated fractional concentration of the con- 
stituents, copper and zinc, by the peak shift method and by a crystal spectrometer 
were in good agreement: peak shift method, Cu 0:59+0-04, Zn 0-41 + 0-04; 
crystal method, Cu 0-60+0-01, Zn 0-40.+ 0-01. 


§ 4. WaverorM ANALysiIs METHOD 


As the constituent proportions in a composite-pulse height distribution are 
varied, changes in curve shape are readily apparent; shape is directly related to 
content. Indeed, the solution of equations method, in requiring several area 
measurements, evidently takes shape and changes in shape into account, although 
the analysis was not directly concerned with these features. The following 
method, however, is based on direct consideration of overall curve shape and of 
its relationship to the components, Fourier analysis providing the mechanism 
for such a study. 

A Gaussian curve in the range —x%)<x <4, can be thought of as a synthesis 
of several integrally related frequencies, where the period of the fundamental 
is specified by the limits. As an illustration, if the peak height of a Gaussian, 
curve S is 1, and if x»=40, then in the range —x)<x <p 


Vg= 0-313 +0-461 cos mx/x_ + 0-182 cos 27x/x, 
+0-039 cos 3ax/x% + 0-004 cos 4arxfxgpt .... wees (4) 


A similar Fourier analysis can be performed in the case of two or more 
unresolved pulse height distribution curves in one composite curve, the limits, 
as in the above example, having been chosen to lie well off the tails of the curve. 
The resulting wave at each frequency will be related to its components due to 
the individual elements by the usual principles of phasor addition, the pro- 
portionality between phase shift and frequency being taken into consideration. 

The composite wave at each frequency contains two linearly independent 
facts about the composite curve: amplitude and phase angle (or the amplitudes 
of two different, but known, phases). Furthermore, information contributed 
by a composite wave at a given frequency is linearly independent of that contri- 
buted by a composite wave at any other frequency. This is evident in a simple 
way when it is appreciated that the amplitudes and phases of the various frequencies 
must vary with respect to each other to account for the observed differences in 
pulse height distribution waveform as the proportions of the various constituents 
are changed. 

In view of the above discussion, it is reasonable to expect that the fundamental 
frequency alone should in principle be able to yield information about two 
unknowns ; the fundamental and second harmonic, four unknowns, etc. Against 
this expectation, however, should be weighed the decreasing amplitudes of the 
higher harmonics. Signal-to-noise ratio considerations will probably limit 
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7 Figure 3. If the length of S and the angular relationships between A, Band S are known, 
4 then there is a unique solution for the lengths of A and B. 


Fundamental Second Harmonic 
a Figure 4. Fourier components representing elements A, B, C and D, with respect 
; to arbitrary reference axes. Angle between M,, axis and Sz is we. 


¢ To illustrate these principles in the simplest significant case, that of two 
unknowns, only the fundamental frequency is required and a graphical con- 
struction gives the unknown quantities, as in figure 3: 

In the case of a composite curve representing three or four x-ray wavelengths 
in unknown proportions, both the fundamental and second harmonic must be 
utilized. Referring to figure 4, S, and S, are the amplitudes of phasors 
representing the two selected Fourier components of the composite curve. In 


and combined with 
the directions of any t 


Mz,, Mog then representing the practical measurement of the: 
To simplify notation, axis M,, is chosen such that the angle A,M2, 
Mu = S, cos p, = A, cos«+B,cosB+C, cosy +D, cos a 
My, = S, cos (f, — 9,) = A, cos («— 9) + By cos (B—6,)+C,cos(y—8;) 
+ D, cos (6 — 6;) 


M,, = S_.cos py = aA, cos 2a +bB, cos 2B +cC, cos 2y + dD, cos 26 
Moz = S208 (if. — 02) = aA, cos (2a — 0.) + BB, cos (28 — 2) + eC, cos (2y — 85) 
. + dD, cos (26 — 4). te ee (7) 


A judicious choice of reference axes for each measurement will eliminate one 
term from each equation. % 
Since equations (7) are linear with respect to the unknowns, the answers 
appear in the form . 
A,= K,M,,+ K.M,,.+ K3M., + KiMo. 
B,=K;M,,+ K.M,.+ K,M2 + KsMy» 


where the K’s are functions only of the constants in equations (7). The 
amplitudes of the original Gaussian curves are related to Ay By Cy) ee 
spectrum equations (such as equation (4)). 


4.1. Practical Techniques 


While Fourier analysis and component resolving can be carried out 
graphically and the equations solved by determinants, these operations lend 
themselves well to electronic treatment. 

Before an electronic Fourier analysis can be performed, however, the 
incoming proportional counter pulses must be put in a convenient form for such 
an operation. If the pulses are first squared up and suitably lengthened, the 
pulse height spectrum can be scanned at a rate substantially faster than the _ 
incoming pulse rate, a technique which wastes few pulses, as in the Hutchinson- 
Scarrott (1951) pulse height analyser. In such an operation pulse height 
information appears as time or phase information in the form of short pulses 
of uniform amplitude appropriately positioned relative to the sawtooth 
controlling the sweeping operation. The pulse height distribution is then a 
time probability distribution of these pulses over the period of the sweep. 


. 
; 
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es the ordinate of the wave 
bo 1 common techniques in colour television 


tesolvers or demodulators operating on two different 

a og cy, the resulting d.c. components correspond to M,,, 

ita Mo, of equations (7). Spurious demodulation products are removed 

y low pass filters. 

2 2 se dic. components are next fed into a resistor or operational amplifier 
matrix which solves for the amplitudes of the various pulse height distribution 


“4 


} ae to energize scanning cathode-ray tubes, meters or other indicating devices. 
ae vt 


4.2. Two Wavelengths 


rick block diagram of equipment to handle the simplest case, in which one 
unknown is detected and the other is rejected by each demodulator (there thus 
being no need for a matrix), is shown in figure 5. A sweep frequency in the 
order of 100kc/s represents a compromise between pulse circuit design 
limitations and a high maximum rate of input pulses. 
Calibration of such an instrument would be as follows : The sweep width 
would be set to include the full composite pulse distribution curve of wavelengths 


‘Figure 5. Block diagram of pulse analysis method for simultaneous resolution of two 
closely spaced spectral lines. 


A and B. Then pure element A would be placed under the electron beam, the 
resulting characteristic x-rays being used to adjust the anti-A phase control for 
zero output from the B channel. Similarly, pulses from pure element B would 
establish the condition for zero output from the A channel, the indicating means 
in the B channel at the same time being set to 100%. Finally, a return to element 
A would allow calibration of the A channel indicator. 


4.3. Three or Four Wavelengths 


Extension of the two wavelength technique to resolve three adjacent wave- 
lengths follows the pattern of figure 6, which shows two demodulations being 
carried out on the fundamental and one on the second harmonic. If the 
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_ curves according to equations (8). Finally, the output, in analogue form, may be 
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Figure 6. Block diagram of pulse analysis method for simultaneous resolution of 
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closely spaced spectral lines. == . : 
a gree ae 
Setting up a four-wavelength matrix is likely to be more difficult, but with 
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the aid of approximate solutions of equations (7), empirical trimming of the K” 


coefficients of equations (8) should be possible. . 
§ 5. Discussion 
5.1. Errors 


*< 


The main sources of error in the simultaneous equations and peak shift 


experiments were drift and fluctuations in mean pulse amplitude due to 
temperature change and variations in mains voltage. The sensitivity of any of 
these methods to a spurious change in pulse height at the analyser input can 
be appreciated by noting that only a 7°% decrease in overall amplification is needed 
to switch the indicated concentration from 100% Zn to 100% Cu, mean pulse 
height being proportional to energy. In spite of h.t. regulation and a moderate 
degree of mains stabilization, it is suspected that mains voltage variations (fila- 
ments, etc.) were primarily responsible for short term (up to 20 seconds) fluctua- 
tions of +5°%% in indicated concentrations, although statistical fluctuations were 
not far below this. 

These relatively fast changes were superimposed on a jong-term drift largely 
due to temperature change of the proportional counter. Pulse height drifts 
amounting to a 30%, change in the indicated concentrations were observed in 
the space of 30 minutes. Such drifts can usually be corrected by frequent 
calibration. 

While drift was a problem in the experiments, it should be remembered that 
the main advantage of these pulse analysis methods is not at the relatively short 
wavelengths of the K lines of nickel, copper, and zinc, which were examined here 
only for test purposes. In a more appropriate region of wavelengths, up to 44 A 
for the Ke line of carbon, the effect of pulse amplification drift would be much 
less serious. A 29% decrease in mean pulse height would be required to shift 
the indicated concentration from 100%, nitrogen to 100° carbon. This 


~ 
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_ represents an improvement by a factor of four over the situation in the neighbour- 
hood of copper. Nevertheless, of course, drift should be minimized at its 
sources by proper stabilization of the significant parameters. 


5.2. System Comparisons 


While the peak shift method, although fundamentally inefficient and slow, 
has been included in these discussions as a matter of interest, the main purpose 
has been to increase the overall efficiency and speed of long wavelength x-ray 
microanalysis. Lower beam currents mean better spatial resolution and greater 
_ Hexibility in the preparation of specimens; a higher useful speed of analysis 

means better scanning pictures. In connection with these desirable characteristics, 
any complete system of analysis must be assessed from an information point of 
view. Although such an assessment is beyond the scope of the present paper, 
it may be useful to indicate the lines it should follow. 
| For purposes of comparing various systems, an arbitrary but very general 
quality factor Q can be defined from signal-to-noise ratio and bandwidth 
considerations. ‘There will be a fundamental (Q,)max which characterizes the 
information which emerges from the specimen at a given wavelength \. When 
this signal, together with other wavelengths, is fed into an imperfect system of 
analysis, information will be wasted, and the several wavelengths will interact 
in a way which makes the Q, quality factor of the emergent information 
necessarily lower than (Q,)max. 
Consider the simultaneous equations method, for example. The proportional 
- counter will not collect all of the available photons. Also, the information is 
, degraded by the additive nature of random noise even though the signals derived 
from the pulses may be combined subtractively according to the signs in 
equations (2). 


A similar situation prevails in the waveform analysis method. But anadvantage 
of the more complex scheme is that very high pulse utilization efficiency can be 
achieved; all pulses, irrespective oftheir place in the height distribution, con- 
tribute in establishing the amplitudes and phases of the Fourier components. 
Furthermore, it is likely that signal-to-noise degradation would be less than in 
the simultaneous equations method. Each pulse exerts an influence which 
is appropriate for its position in the distribution; in the simultaneous equations 
method all pulses lying within certain prescribed limits are endowed arbitrarily 
with a given influence. ’ 

It is clear that the techniques outlined in this paper, together with the classical 
methods of spectrometry, should be evaluated as complete information handling 
systems, from specimen to output, each with characteristic capacities for infor- 
mation collection and sorting under the given x-ray microanalysis conditions of 
operation. 


§ 6. CONCLUSION 


Poor energy resolution has been the chief factor limiting the usefulness of the 
proportional counter as the main agent of dispersion in the study of X-ray 
spectra. Because of the disadvantages of ancilliary means of dispersion at long 
wavelengths, several pulse analysis methods have been suggested by which the 
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it SF os ’ = ma 
ternal friction of annealed polycrystalline copper has been _ un 
nction of strain amplitude in the temperature range 20° to 300°K. ’ 
nt mplitude-dependent and the amplitude-independent contributions to 
decrement increase with increasing temperature over the whole range. 
ent theories are inadequate to account for the observed dependence of the 
tion on both strain amplitude and temperature. , 


§ 1. INTRODUCTION 


~ LTHOUGH many measurements of internal friction have been made at room 
: a. temperature and above, there is still a scarcity of information at lower 
temperatures, particularly about the behaviour of pure annealed metals. 
In previous experiments on the internal friction of polycrystalline copper 
subjected to varying degrees of cold work (Niblett and Wilks 1957), at tem- 
peratures down to 20°, the friction appeared to arise from at least two components. 
- One component gives rise to a characteristic peak (Bordoni 1949) which is 
associated with cold work, and the other is a background friction which is quite 
high in annealed specimens and which is somewhat modified by cold work. 
Although the behaviour of the Bordoni peak is now fairly well understood in 
terms of a relaxation mechanism (Seeger, Donth and Pfaff 1957), much less is 
known about the mechanism responsible for the background and we are at present 
__ investigating this friction in some detail. Measurements are being made on 
j polycrystalline copper as we find that values obtained for the friction are much 
more reproducible than is the case for single crystals, while viscous grain boundary 
j effects should be negligible at these temperatures. So far only preliminary 
____ results have been obtained but these are of interest as they are not consistent with 
; 


any of the current theories. 


§ 2. EXPERIMENTAL 


; The apparatus and method used were similar to those we have described 
| previously, the specimen being in the form of a beam vibrating transversely at a 
frequency of about 1150c/s. The 99-999°%, oxygen-free copper was kindly 
supplied by the British Non-Ferrous Metals Research Association; it was 
given a preliminary anneal in argon at 600°K and had a mean grain size of about 
0-2mm. The results are shown in figure 1; the friction, less a small correction 
term arising from thermoelastic damping, is given as a function of the maximum 
strain amplitude used in making the measurements. These results were quite 

the state of the material being not much affected by the 
For example, the first points obtained in figure 1 were those at 
after measurements at all the other temperatures had 


reproducible, 
measurements. 
90°K marked by a cross; 


th ee 
_ Maximum Strain Amplitude 


crystalline copper as a function of strain friction Ag plotted according to the the ory 
amplitude. - of Granato and Liicke. eo is the maximum 
strain amplitude. x ' 


behaviour of the friction in the present experiments is similar to that of a specimen 
reported previously (Niblett and Wilks 1957), its magnitude is considerably 
higher. This difference almost certainly arises from small differences in 
structure and impurity content, to which internal friction is very sensitive. 


§ 3. DiscussIon 


Assuming that the friction arises from the motion of dislocations, the marked 
dependence on temperature and strain amplitude suggests that under the action 
of a sufficient applied stress a dislocation suddenly moves over a potential barrier. 
As a result of such motion, the stress-strain curve exhibits hysteresis and there 
is an associated internal friction. The only extensive treatment of such behaviour 
has been given by Granato and Liicke (1956), who consider that friction arises 
from the irreversibility when dislocations are torn away from impurity atoms. 
The authors argue that for a large number of measurements at room tem- 
perature and above, the friction may be resolved into two components: one 
component A, independent of the strain amplitude and one A, that varies with 
strain amplitude. It appears from figure 1 that our results might also be discussed 
in this way. 

According to the theory of Granato and Liicke the dependence of the part A, 
on the strain amplitude ¢, is such that a plot of log eA, against 1/e, should give 
a straight line, whose slope is proportional to the concentration of impurity atoms 
on the dislocationst. None of our results give a straight line when plotted in this 


t See Granato and Liicke (1956), p. 805. 


Figure 1. The internal friction of annealed poly- Figure 2. The strain amplitude dependent 
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above discrepancy is such that the observed friction at low amplitudes is 
an the theory predicts, and this may perhaps be associated with the 
ely large component of the friction which remains at the lowest _ 
in amplitudes. This contribution is hardly understood at all. One would 7 
expect that lengths of dislocation lying between pinning points would vibrate 
_ as stretched strings and give rise to a viscous damping (Koehler 1952). Both 
és rated values and recent results on germanium at megacycle frequencies 
j _ (Granato and Truell 1956) suggest that such effects will be very small at the 
_ frequencies used in the present experiments. Moreover, damping arising in 
this way should also be proportional to the frequency of the vibrations; evidence 
on foo: is hard to obtain, but it appears likely that the frequency dependence 
is small. 
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Figure 3, The internal friction of annealed polycrystalline copper 
as a function of temperature. 


In figure 3 our values of the internal friction are shown as a function of 
temperature for different strain amplitudes. The friction is roughly proportional 
to the temperature, the slight bulge in most of the curves at the lower end being 
probably due to a small contribution from the Bordoni mechanism. Granato 
and Liicke do not discuss the temperature dependence to be expected on their 
model in any detail. Nevertheless, they remark that if the temperatures are 
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sufficiently high that the impurities reach their equilibrium values along the 
dislocations, then the lengths on the dislocation loops will vary with temperature 
in such a way that the logarithms of the slopes of the lines in figure 2 should vary 
linearly with 1/T (Liicke and Granato 1957). However, it is impossible to 
assign a definite slope to the curves obtained from our results. In any case, one 
would not expect the concentration of impurities on the dislocation lines to change 
much during the few hours when the specimen was cooled below room tem- 
perature during an experiment. 

For low amplitudes of oscillation the observed friction depends only slightly 
on the strain, so that the lowest curve in figure 3 gives approximate values for the 
strain independent friction A,. This is roughly proportional to the temperature, 
while the general form of the curves implies that the component A,, also varies. 
with temperature in a similar way. Although one might expect the friction to 
decrease steadily with falling temperature, as the motions of detects in the crystal 
become frozen up, there is no adequate theoretical account of this behaviour. 

The only theories of internal friction which lead to this type of temperature 
dependence are those in which the damping is proportional to the thermal energy 
of the crystal (which to a rough approximation varies as the temperature). 
Eshelby (1949), Leibfried (1950) and Nabarro (1951) have calculated the 
damping of vibrating lengths of dislocations by the thermal motion of the crystal. 
Their values have the right sort of temperature dependence and are independent 
of strain amplitude, but are much smaller than our values and are also proportional 
to the frequency. Other mechanisms involving the thermal energy are the 
thermo-elastic mechanisms discussed by Zener (1948) which lead to internal 
friction which is independent of strain amplitude and frequency. ‘The friction 
arising from transverse thermal currents across the width of the vibrating beam. 
may be calculated exactly; in the present experiments it was always a small 
fraction of the total, and as mentioned above has been subtracted from our 
experimental results. Intercrystalline thermal currents also give rise to friction 
which is more difficult to calculate, but from the discussion of Zener (1948) it 
will probably be less than was observed in brass by Randall, Rose and Zener 
(1939). In this case its maximum possible value at room temperature is less 
than 10% of our values for Aj. 


§4. CONCLUSION 


There is as yet no satisfactory explanation of the temperature dependence 
observed in these experiments in spite of its essentially simple nature. The 
variation with temperature of the amplitude dependent friction almost certainly 
arises because at higher temperatures a given strain, aided by thermal activation, 
is able to unpin a greater number of dislocations. Thermal energy reduces the 
activation energy required to unpin a dislocation (for example, Seeger 1954) but 
the exact dependence of the friction on temperature will be a sensitive and com- 
plicated function of the distribution of loop lengths in the crystal. It will therefore 
be difficult to extend Granato and Liicke’s treatment to include the effect of 
temperature. In this connection an earlier result is of interest; a specimen of 
polycrystalline copper, pre-strained 0-5°/, exhibited an amplitude dependent 
friction which decreased as the temperature increased in the region between 200° 
and 300°K (Niblett and Wilks 1957). These temperatures are so far distant from 
that of the Bordoni maximum that this behaviour cannot be associated with the 
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bable that the amplitude dependent friction arises in the 
1 by Granato and Liicke, it is of interest to consider why the 
e 2 are not straight lines. Granato and Liicke resolve the observed 
> two components A, and A,,, and assume that A, remains constant at 
litudes, even though the mean loop length must increase as unpinning 
eds. They justify this assumption on the grounds that only long loops 
bute much to A, and that the unpinning processes are concerned with other 
h shorter loops. However, it is possible that A, also increases with strain 
_ amplitude on account of the increase in loop lengths and that some of the rise in 
the friction-amplitude curves should be associated with A, rather than with A,.. 
_ The revised values of A, might then give a linear plot. : 
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§ 1. INTRODUCTION 


region is of particular interest. The interference effects between the 

Coulomb and the nuclear scattering enable one to learn something of the real 
and imaginary parts of the central potential. Measurements at small angles present 
many experimental problems but they have the advantage that in general the 
contamination due to inelastic scattering is small. ‘This has been shown by work 
-at lower energies in which the energy spectra of protons from various elements 
have been studied as a function of the scattering angle (Tyren and Maris 1957). 
Detailed data at the energies considered in this paper are not available, but 
preliminary results (Huq et al., to be published) suggest that the amount of 
inelastic scattering for angles less than 5° is of the order of a few per cent of the 
elastic scattering. ‘The small angle scattering of protons by carbon has been 
studied by Dickson and Salter (1957) at 95 and 135 Mev, by Gerstein, Niederer 
and Strauch (1957) at 96 Mev, and by Chamberlain et al. (1956) at 300 Mev. 
The first two sets of experiments showed a dip in the differential cross section 
at the small angles due to the interference between the Coulomb and the nuclear 
scattering. At 310 Mev the interference is not quite so marked but is never- 
theless significant. It seemed of interest to investigate this problem at a 
considerably higher energy, and this paper describes a study of the scattering of 
‘970 Mev protons from carbon at angles between 1}° and 5° (laboratory system). 
‘The results of preliminary experiments have been reported at the Rochester and 
Padua-Venice Conferences in 1957. The results presented in this paper are 
based on a set of exposures made subsequent to these experiments, using an 
improved beam normalization method. 


[ the study of the scattering of protons by complex nuclei, the small angle 


: 
j 
; 
: 


Ee PeOt po not travelling parallel to the main beam, and then through 
| in a concrete shielding wall into the experimental room. The 
ent on the second target (hereafter called the scatterer) was well 


€ d and had a total divergence in the horizontal direction of approximately 


Vacuum Box 


~~ Synchrotron 


__larget 


ES Shielding Wall 
Focusing Gres 
shims? 


Figure 1. Plan view of the experimental arrangement. 


Collimator 


Figure 2. Diagram of the geometry of the target and plate arrangement. 


0-1°. The profile of the intensity distribution in the horizontal plane was 
gaussian with a standard deviation of 0-3cm. In the vertical direction the 
beam was roughly rectangular in shape with a mean height of 44cm. The 
collimation system was aligned to the beam direction by the use of x-ray films. 

The carbon scatterer was placed in the beam at a distance of about 1 metre 
from the shielding wall, while the emulsions, to detect the scattered protons, 
were at a distance of 1 metre beyond the scatterer (see figure 2). Additional 
shielding was used to protect the emulsions from the background of protons 
originating from the machine. ‘The scatterer used was a carbon pillar 13 in. 
wide and 2in. thick. The plates used were 7 in. x 1in.x 200 G5 Ilford 
emulsions, which were held in position horizontally on a bakelite scattering 
table. ‘Two main exposures, each using eight plates. were made, one with and 


102 _C. 4. Batty, W. O. Lock and P. V. March 


one without the scatterer in position. Each exposure consisted of a run of 1000 
machine pulses, with subsidiary exposures of 100 pulses before, and after, the 
main exposure. During these subsidiary exposures, 200 pu thick G5 stripped 
emulsions were exposed at the scatterer position, normal to the beam. This was 
done for beam normalization purposes. 


§ 3. BeEaM ENERGY 


The energy of the beam circulating inside the synchrotron under the conditions 
used in this experiment was (980+10) Mev. The protons in the beam lose 
energy as they make multiple traversals of the carbon target which scatters them 
out of the machine, and they also transfer some energy to carbon nuclei when 
they scatter through 54° to be accepted by the collimation system. Therefore, 
the energy of the protons emerging from the synchrotron is (975 +10) Mev, 
where the 10 Mev uncertainty arises from the lack of precise knowledge of the 
value of the magnetic field at the mean particle orbit. ‘The energy spread in the 
beam is estimated to be of the order of +5 Mev. ‘The energy loss in the carbon 
scatterer is 16 Mev, giving a mean loss of 8 Mev. ‘This gives an effective mean 
value of 967 +10 Mev for the energy at which the experiment was carried out, 
with an energy spread for particles elastically scattered from the first target, of 
+5 Mev. In addition there is also a smaller number of particles, in the beam 
which passes down the collimators, which have lost up to 40 Mev in inelastic 
scattering processes at the first target. 


§ 4. BEaM NORMALIZATION 


The emulsions exposed at the scatterer position, for the runs before and after 
the main exposure, enabled the beam distribution over the scatterer to be deter- 
mined. ‘The beam intensity in the plates used to detect the scattered protons 
in the main exposure was simply obtained by counting the track density in the 
emulsions. ‘Thus the beam intensity at the carbon scatterer can be obtained 
provided the horizontal and vertical divergence of the beam between the scatterer 
and the detector position is known. These factors were obtained from a detailed 
analysis of the beam profile in the normal incidence emulsions exposed at the 
target, and from analysis of an emulsion exposed vertically, parallel to the beam, 
at the scatterer position, in a separate exposure. A correction was applied 
for the absorption of protons in the scatterer. The result of these measurements 
and calculations was that the total number of particles incident on the scatterer 
within +12 mm of the centre of the Gaussian for the horizontal distribution 
of the beam, was (3-58 + 0-22) x 10’ protons. 


§ 5. SCANNING PROCEDURE 


A plan of the scatterer and plate arrangement is given in figure 2, The 
incident beam is taken to be 24 mm in horizontal width, that is EF =24 mm, 
because the beam intensity was calculated for the limits of +12 mm about the 
beam centre. The emulsions were exposed with the plane of the emulsion 
horizontal. 

Protons scattered through an angle « from the scatterer (see figure 2) will 
give rise to tracks over the region AB in the plates. Protons scattered through 
an angle 6 by the edge of the iron collimator can also reach the region AB. Thus 
in searching the region AB it is necessary to measure the angle of all tracks which 
are found in order to distinguish between protons from these two sources. 
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Figure 3. Angular distribution obtained by scanning the region 42-1 to 45 mm from the 
beam centre. The figures for the target exposure are an average for four right-hand 
plates, while those for background are from one right-hand plate. 


A displacement D of 1 division then corresponds to an angle of {°. A system 
of stops was fitted to the y movement of the microscope so that the desired move- 
ment of 191. could be made quickly and accurately. All measurements were 
made to the nearest graticule division, giving a a resolution of +4°. 

Figure 3 shows an angular distribution of the tracks observed in a region of a 
plate corresponding to a mean scattering angle of 2}°. The two peaks correspond 


104 C. F. Batty, W. O. Lock and P. V. March ie 


to the tracks of protons scattered through the angles « and f and are seen to be well 
resolved. It is also clear that the background of protons scattered from the 
collimator is large, and this background increases as the angle 8 becomes smaller. 
A search of the plates exposed without any scatterer in position shows that all the 
tracks in the right-hand peak do in fact correspond to protons scattered from the 
target. 


§ 6. ANGULAR ERRORS 


Three factors contribute to a spread in the scattering angle to which observa- 
‘tions refer. First, the angular divergence of the beam in the horizontal direction 
was measured directly in the plates, and was found to be approximately #5° per cm. 
Secondly, from measurements in the central beam region on the angles of all the 
tracks in the beam, the angular spread in the beam was found to be +0-4°. 
Thirdly, the measurement technique employed only measures the projected 
angle of scatter, @ in the horizontal plane, undergone by a proton at the target. 
If this corresponds to a true angle of scatter ¢ where the angle of scatter in the 
vertical plane is 6, then 


COS. d= Cos OicoS Ow) ») A tae Fe wae ee (2) 


In fact 6 is always small, for the vertical height of the beam is only 4-4 cm, and 
the target to plate distance is 100 cm, so that cos 6=cos 8 to a good approximation. 
A consideration of these three factors gives rise to a total angular spread on the 
experimental points of +0-5°. 

Due to the method of analysis used, there may also be a systematic difference 
in the angles for the protons scattered to the left and to the right. For the present 
experiment this can be shown to be equivalent to an error in the beam angle 
determination of +0-12°. This would give rise to a systematic left-right 
asymmetry of +0-05. 


§ 7. RESULTS 


Tracks observed in the plates were accepted as being due to protons scattered 
from the carbon scatterer if they satisfied the following criteria: (i) they were 
at the correct angle « to the beam direction, (ii) they lay within the region AB 
for a given scattering angle (see figure 2). For the angles between 14° (the 
lowest angle of scatter detected) and 2}° and between 44° and 5° (the largest 
angle detected) the acceptance region for tracks from scattered protons lay 
partly outside the limit of the area searched on the plates. In these cases a 
geometrical correction factor had to be applied. 

‘The cross section for scattering through small angles is observed to be large, 
and it was therefore necessary to make a correction for the plural Coulomb 
scattering in the scatterer. ‘This correction was estimated using the multiple 
scattering theory of Bethe (1953). Corrections for plural nuclear scattering may 
be shown to be small. The plates exposed without the scatterer in position 
showed that the number of tracks which satisfied criteria (i) and (ii), but which 
did not come from the scatterer, was negligibly small. The cross sections 
given in the last column of table 1 were normalized absolutely using the beam 


intensity given in§ 4. ‘The normalization error, including the error in the beam 
intensity, is estimated to be +10%. 
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Table 2. Asymmetry Measurements 


; No. of tracks Corrected 
Left Right asymmet: 

307+18 S062 13.yee - 0-02 + ( 0-04 

310418 309+ 18 — 0-02 + 0:04 

300 +17 424421 0-15 + 0-04 

DOO Ee Ay 387 + 20 0:12 + 0-04 

23515 361+19 0:18 + 0-04 

236+15 336418 0:12 +0-04 

34 é With 13 286 +17 0-20 + 0-05 

33 S2eed 2) Deal © 0-23 + 0-05 

4 180+ 13 238415 0-11 + 0-05 

- 44 143 +12 23 Meth 0-20 + 0:05 

4) 89+9 13SEe 12 0:19 + 0-07 


Separating the results for the observations in the plates to the left, and to the 
right, of the beam centre, it is possible to calculate the asymmetry, «, as a function 
of angle, where «(0)=(R—L)/(R+L). Land R refer to the number of tracks 
scattered to the left, and to the right, respectively, at an angle 6. The results 
of this calculation are given in table 2. The estimated possible systematic error 
in the asymmetry is +0-05. The figures for the asymmetry given in the last 
column of table 2 have been corrected for a small systematic asymmetry (of the 
order of 0-02 to 0-03) which is inherent in the method of analysis used. 


§ 6. Discussion 
(a) Simple model. 

The results plotted in figure 4 show a sharp rise in the differential cross section 
at the small angles associated with the onset of Coulomb scattering. At the 
larger angles (>2}°) the scattering is predominantly nuclear scattering. The 
curves shown in the figure have been calculated on the basis of the following 
assumptions. 

The differential cross section at an angle 0, o(#), may be written as 


o(0) = (Bl, + Roly)? + (Fle+ ln) rere 
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where k is the wave number of the incident proton (in the laboratory system) R : 
is the radius of the carbon nucleus, J, is a first order Bessel function and @ is the 
scattering angle in the laboratory system. 
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Figure 4. The differential cross sections for the scattering of 970 mev protons from carbon 
as a function of laboratory angle of scatter. Curve a is calculated for ¢g= 130 mbn, 


R=2:80 x10" cm; curve 6 for ¢g=130 mbn, R=3-0 x 10-43 cm; and curve c for 
o4= 120 mbn, R=3-0 x 10-8 cm. 


ey 


The calculations of In() and thus of o(@), were carried out for various values 
of Rand oq. Some of the curves obtained are shown in figure 4. Allowing for 
the normalization error of +10°% and the statistical error in the results, the 
estimated best values of R and og are R=3-0+0-1 x 10-8 cm, og=120+415 mbn. 
The value for R is to be compared with that of 3-04 x 10-13 cm obtained by 
Fregeau (1956) for the radius of the carbon nucleus, using a uniform density 


distribution. The value of oq agrees well with those determined directly by 
other workers (see table 3). 


362-0424 231-4465 


130-6460 
374 434 | 


Daties3) | eA 20a 5 


_ Aval e of the total cross section o; can be obtained for these values of og and 
¢ by using (4) and the optical theorem 


a ath 
aes : | a= 7 FIn(8) te To ENTS, (5) 
Se Lae ; s ; 

; whe e FIy(0) is the imaginary part of the forward (@=0°) amplitude for nuclear 
_ Scattering, which is obtained from equation (4). This gives a value of 
- op= 374+ 34 mbn. This is compared in table 3 with the values obtained by 
_ direct measurements by other workers; the absorption and diffraction cross 


_ sections corresponding to each quoted total cross section are also given. 


(b) More detailed calculations. 
It is clear that the simple model described above gives a good representation of 
the small angle scattering data at 970 Mev, for angles greater than 2°. Below 2° the 
measured cross section is greater than the cross section predicted by the model we 
_haveemployed. There are at least three factors, which the model neglects, which 
_ may account for this discrepancy. Firstly, the expression (3) is not completely 
correct. It may be shown that the presence of both nuclear absorption and 
Coulomb scattering does not allow the two sets of scattering amplitudes to be 
added directly (Batty 1959) but effectively increases the amount of Coulomb 
_ scattering at small angles; in the present case this effect is very marked and accounts 
almost entirely for the discrepancy between the theoretical curves and experi- 
_ mental points at angles of less than 2°. Secondly, we have ignored the possible 
presence of a spin orbit potential, and thirdly we have assumed the real part of the 
central potential to be zero. One might expect the effects of any spin dependent 
_ potential on the shape of the differential cross section to be small, although the 
magnitude of the absolute cross sections will change. A real part to the central 
potential could also make appreciable difference to the calculated cross sections. 
A detailed analysis of the effects of these factors has been made by Batty (1959) 
for an energy of 310Mev. A potential of the form 


V(r) =Vep'(r) + Vnp(r) + oe a gs igre (6) 


a Re 


was used, where V¢ is the Coulomb and Vp the nuclear potential, p’(r) and p(r) 
the charge and density distributions and C the spin -orbit coupling parameter. 
We have used this method to make a preliminary analysis of our results at 
970 Mev, using a value for % Vp given directly by the nucleon-nucleon total cross 
sections (Brown, Ashmore and Nordhagen 1958). Inthe majority of experiments 


the beam intensity used and thus the absolute values of the differential cross 


sections, are not well determined. It is necessary, therefore, to introduce into the 


is rather high as the accuracy of the normalization of the é 
estimated to be to + 10% (i.e. we expect N to lie between 0-9: Ho 
it is possible that there may be some unknown systematic error in the me 
beam monitoring used which could have caused the beam intensity to be 


Barns Sterad™' 


Angle (deg) 


Figure 5. The differential cross sections for the scattering of 970 Mev protons from carbon 
as a function of laboratory angle of scatter. The full line is that calculated using 
A= —0-40 and C=1-0 x 10°? cm? (see text). The experimental points at the smallest 
angles have been corrected for the finite angular resolution of the apparatus. 


The fit to the experimental data is not completely unique since fits to the data 
which are not much worse can be obtained with values of N closer to 1, which 
correspond to smaller absolute values of A... However, in all of these Ais found to be 
negative. ‘To obtain more definite information about the values of A and C, it is 
necessary either to perform experiments of increased accuracy at small angles, or to 
measure other quantities which contain these two parameters. 

The present analysis shows that the real part of the central potential is of 
opposite sign to the imaginary part. This is in contrast to the situation at lower 
energies where, although the real part is small and decreasing with increasing 
incident nucleon energy, it has the same sign as the imaginary part. Our value 
for C is similar to that obtained by Booth, Hutchinson and Ledley (1958) in an 
analysis of the total cross section for 765 Mev neutrons in which they assumed the 


id G 1957, 1958) and by the co 
( , to be published) after adjustment for different 
scattering. It should be emphasized, however, that the 
d in this paper was not designed to measure small 
mmetries, and possible systematic errors may be larger than the value of — 
-05 stated in §6. Since the energy detection threshold for protons counted 
plates is only 400 Mev, the asymmetry calculated is based on observations 
both elastically and inelastically scattered protons. The asymmetry corres- 

ding to elastically scattered protons only may well be higher. It is possible, 
therefore, that the marked polarization effects found at lower energies still 
exist at energies of the order of l1cev. This statement is in agreement with the 
_ data obtained by Huq ef al. (1959) using Cerenkov counters with a high energy 
detection threshold. 
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emission in nuclear photodisintegration. Such measurements can give 

information about the relative importance of direct emission and compound 
nucleus formation. Among the heavy elements the (y, n), (y, 2n) and (y, 3n) re- 
actions in 18!Ta have been investigated previously by a combination of induced 
radioactivity and total neutron yield measurements (Carver, Edge and Lokan 
1957, Carver and Turchinetz 1958). It was found that direct interactions 
accounted for a large part of the photon absorption in the high-energy tail above the 
giant resonance. 

Praseodymium is particularly suitable for this type of measurement. It is 
monoisotopic and both the (y, n) and (y, 2n) reactions can be studied by activation 
methods. Since Pr has a closed neutron shell (N=82), it is interesting to 
compare these results with those for "Ta (V=108) which is midway between 
shells. 

Samples of praseodymium oxide were irradiated with the bremsstrahlung 
from the Canberra 33 Mev electron synchrotron and the induced activities were 
measured with a scintillation spectrometer. ‘The measurement of the 3-4 min 
140Pr produced in the (y, n) reaction is described above (Carver and Turchinetz 
1959). A similar method was used to determine the (y, 2n) cross section by 
measuring the yield of 4-5 hr Pr. 

The decay of 1*°Pr is similar to that of °Pr in that the majority of transitions 
involve 6+ emission or electron capture between ground states (Stover 1951, 
Browne et al. 1952, Handley and Olson 1954). Asa result, the relative yields can 
be estimated from the X-ray intensities with fair accuracy (~ 10% at 30 Mev), the 
major uncertainty being that in the ratio of K capture to B+ emission as discussed 
below. ‘The quantities needed to evaluate the absolute yields were as follows = 

(i) The K-shell fluorescence yield W,=0-89 in both cases (Bergstrom 
1955). (it) The ratio of K-capture to total capture equal to 0-89 in both cases 
(Brysk and Rose 1955). (iii) The ratio of K-capture to positron emission, 
K/B*: For ‘Pr this is given by Browne et al. (1952) as K/8+=0-63, which is in 
good agreement with the theoretical value obtained from the graphs of Feenberg 
and Trigg (1950) for a distintegration energy of 3-25mev. For 1°Pr Stover 
(1951) has estimated the ratio K/8*+~ 16 on the basis of absorption measurements. 
During the course of this work a comparison was made of the ratio of K x-ray 
intensity to annihilation radiation intensity from “°Pr and °Pr, It was found 
that for *°Pr K/B+=5-2, assuming the result quoted by Browne et al. (1952) of 
K/ B+=0-63 for 4° Pr. In view of the uncertainties inherent in the use of absorp- 
tion measurements with Geiger counters for the determination of intensities, the 
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sf As in the 181Ta case, 9; is still finite well beyond the (y, 2n) threshold where, if 
the statistical conditions were satisfied, 7, should be the predominant process. 
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In this higher energy region, c, must be due to direct emission and only op will 
involve the formation of a compound nucleus at some stage. The relative 
integrated cross sections for the high-energy tail are 


31 31 
{ a aE || a4 dB = 1-5 0-25; 
Zi 21 


which is even higher than the corresponding ratio (0-86 + 0-15) for *"Ta. These 
results suggest that direct emission may occur with greater probability in the case 
of closed shell nuclei. 

Other reactions are unlikely to contribute greatly to the total absorption. The 
coulomb barrier has aheight of about 12 Mev, and reactions involving proton 
emission are expected to have small yields and are most likely to follow direct 
interactions. The threshold for the (y, 3n) reaction is 29 Mev (Johnson and Nier 
1957). The total integrated cross section 


31 = 
| (o, +05) dE =2-6 + 0-4 Mev barns 
0 


agrees moderately well with the value of 2-88 obtained from the dipole sum rule 
with an exchange force parameter x =0-5 (Levinger and Bethe 1959). 
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large variety of possible nuclear form factors (Fregeau 1956), and in 
particular for the density distribution given by the form factor 


Ptr)=( yer - 5) bie (1) 


which is based on shell model considerations. The analysis has not, however, 


been performed in terms of the so-called Fermi form factor (Yennie, Ravenhall 
and Wilson 1954) 


It HE scattering of high energy electrons from !C has been analysed for a 


p\ eo 
= Tapa 2 


ee da Z0\ e008 40 ip |) gs singe 7] sia 
a | dQ a () sin? 14 ie Be Pie qr ar | : ps sad ae A(t) 
k= Eline is the wave number of the incident electron, g=2k sin 46 is the 
: itude of the momentum transfer and 4 is the scattering angle in the centre- Fi 
_ of-mass system. The integral was performed by means of a formula due to 

? Blankenbecler (1956), valid for c>z, which is the case here, 

a fF" orsin‘gr 

x 3 0 1+ exp [(r—c)/z] 


dr =7cz {= sin (qc) cosh (gz) cosech? (7qz)_ 


—cos (gc) cosech (vga) th. Gaeuie (4) 


The parameters c and ¢ in (1) were varied independently and a best fit was obtained 
with . . 
Ca B3SeVOFE, Wf t- Soa OSL 2 panans (5) 
With these parameters the Fermi distribution is almost indistinguishable when 
_ plotted on a graph, from the Fregeau distribution that gives the best fit to the 
experiments. However, past experience has shown this to be a poor criterion 
of equivalence and therefore the second and fourth moments of the respective 
_ distributions were calculated. They are found to be in excellent agreement: 


[(ype [(rty pi 
Fregeau distribution 2-40 + 0-05 f 2-66 + 0-05 f 
Fermi distribution | 2:°39+0-05f 2°68 + 0-05 f. 


The comparison has of course been made with the results obtained by Fregeau 
using the Born approximation. Exact calculations should reduce these values by 
about 0-03 f. 
Although it is not possible to give an exact meaning to the concepts of half- 
_ density radius c and skin thickness ¢ for distribution (1), a reasonable estimate can 
be made and is in complete agreement with (5) (Hofstadter 1957, table IV). 
The same table shows the skin thickness of 1*O to be equally small, while those 
of heavier nuclides lie in the neighbourhood of t~2:5f. It would be most 
interesting to see whether other light nuclides, that are not even-even, have larger 
t or whether all light nuclides have small t. The small skin thicknesses result in 
the r.m.s. radii [¢r?)]#2 of both #2C and 10 being about 10°% below the values 
obtained from the semi-empirical formula of Elton (1958), which fits the heavier 


nuclidest. 


+ There is a mistake in this paper, the correction of which slightly changes the coefficients 
The change is negligible for heavier nuclides, but leads to 
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an r.m.s. radius of 2-60f for 1#C. 
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of the semi-empirical formula. 
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now know, neither of these assumptions is valid. *. be ag 
% 7 ; 3 i= e, 
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Pair Production in the Field of the Electron 
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N a recent review article Joseph and Rohrlich (1958) have discussed the 
] theory of pair production and Bremsstrahlung in the field of free and bound 

electrons. Because of mathematical complexity, no exact calculations of the 
cross sections for these processes have been made to date, but the authors discuss 
~ the errors inherent in the approximate calculations of Borsellino and Votruba. 
In particular, they conclude that for pair production from free electrons at 
extreme relativistic energies Borsellino’s approximation gives an upper limit and 
Votruba’s a lower limit to the exact theory. The calculations of Votruba have 
been improved by Joseph and Rohrlich who give the lower limit to the total cross 


section as: 
25, 2k 100 


where & is the photon energy, p the rest energy of the electron, and ¢ = re {137 18 
the usual cross section unit. 

Measurements of the total absorption cross section of liquid hydrogen for 
94Mev photons previously made in this laboratory (Moffatt, Thresher, Weeks 
and Wilson 1958) gave a cross section of 4-7 millibarns for incoherent pair pro- 
duction, which at 94Mev should be almost equal to the pair production cross 
section for a free electron. Unfortunately, when this result was published, the 
experimental measurement was compared with an earlier calculation by Rohrlich 


t+ Now at Atomic Energy Research Establishment, Harwell, Berks, 


SEE 


ind « beam, and from the measured tr 

ents were deduced. Because of the more rapid variation 
with energy at the lower energies, the counter threshold was set 
r to the peak energy of the synchroton, and this involved a somewhat larger 
ction for pile up of pulses, but even at 42:5 Mev, the correction was only. 


: 7 


pee (1) (2) (3) Gr (3) 

ee 42-5 2-4-0 23-93 + 0-40 16-64 4:58 2-71 + 0-40 

Sy sOS-5 1-2 20-73 + 0-42 11-25 5-41 4-07 +0-42 
— 94-041-5 19-24 + 0-32 8-64 5-96 4-64 + 0-32 


(1) Energy (Mev) ; (2) total cross section (mbn) (experimental) ; (3) Compton cross 
section (mbn) (calculated) ; (4) coherent pair cross section (mbn) (calculated) ; 
(5) incoherent pair cross section (mbn). 

_ The total experimental cross sections per atom are shown in column (2) of 
the table, the errors quoted being standard deviations. Columns (3) and (4) 
_ give the calculated cross sections for Compton scattering and coherent pair 
_ production by the screened nuclear field. The screening correction for molecular 
* hydrogen was taken as one half that for atomic hydrogen. Bernstein and 
_ Panofsky (1956) have shown that at 500 Mev, the effect of molecular binding is to 
_ reduce the screening correction, and since the screening correction for atomic 
hydrogen is only about 1% at 94mev, the error due to the uncertainty in the 
__ effect of binding is not likely to exceed 0-03 mbn. Column (5) lists the values of 
- the incoherent pair production cross sections deduced by subtracting columns 


_ (3) and (4) from column (2). k 
; 6 
a = 
4 a - 
= s 
a 3 4 b 
7, 7) 

23 

oO 

2 a ae 80 100 


Photon Energy (Mev) 


a Pair production cross section in the field of the electron. Curve a is the theoretical cross 
section of Borsellino, curve b that of Votruba corrected by Joseph and Rohrlich. 


The effect of screening on incoherent pair production in atomic hydrogen has 
been calculated by Wheeler and Lamb (1939) and at energies below 100 Mev 
the correction is extremely small. As the correction for molecular hydrogen is 
- likely to be equally small the data of column (5) may be taken as pair cross sections 
fora free electron. . Wheeler and Lamb took no account of exchange effects, but 
é Ha 


/ 


~~ very. ow energies and is 
assessing the experimental data it m 
(4) of the table no account has been - 


: re eS 


taken of small effects 

corrections and double Compton processes. There is some evidence ( 
et al. 1958) that the coherent pair cross sections of Bethe and Heitler may 
small at 94 Mev by approximately 1%, and the corrections to Compton sca 
are probably of about the same magnitude. The effect of such correction, 
would be to decrease our estimates of the pair cross section for a free electrons _ ; 
bringing them closer to the lower curve of the figure. “ 


z 
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The g-value of S-state Ions 
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the crystal field theory of the g-value of S-state ions predicts that their g’s 

will always be less than the free electron value, a number of cases are known 
in which the observed values are greater than the free electron value. The 
purpose of this note is to point out that the effects of covalent bonding can give 
positive contributions to g. 

There is only one sextet, ®S, in the d® configuration, and the spin-orbit 
coupling only has matrix elements between this and the 4P term. Thus in the 
usual perturbation method for calculating g (Pryce 1950) there is no second 
order contribution, and in third order the spin-orbit coupling occurs squared, 
which allows the sign of the contribution to be determined unambiguously. A 
relevant observation in this connection is that d® can be regarded either as five 
electrons in the d-shell or as five holes, and the sign of the spin-orbit coupling is 
reversed for the two cases. ‘The perturbation result is changed significantly if 
there are other sextets to which the spin-orbit coupling has matrix elements, for 
there is then a second order contribution to g, the sign of which depends on 


whether the excited state is obtained by promoting an electron or a hole from the 
ground state. 


I: a recent letter (Watkins 1958) attention is drawn to the fact that, whereas 


: 
: 


7 


t University of Palermo, Sicily. 
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Pie. oe KY) Haid.) 
pe A pe sle et) orl). | 
may either contain no electrons or two. In the former case excited sextets 
. be obtained by promoting an electron from the ground configuration into 
: of these states. In the latter case a hole can be similarly excited, which is 

same as exciting an electron into the ground configuration from one of the 
ed levels. The spin-orbit coupling will only have matrix elements from the 
‘ground term with such an excited sextet if it has symmetry type °T,,. Such 
_ sextets are readily constructed by operating on the ground configuration with 
_L,. For example, a state of one such sextet (having S,=5/2) is obtained from 
_ the particular ground state 


+ ++ + ~ 
xY, YZ, 2x, x*—y?, 322-7? 


__ by promoting the electron (or hole) in xy into X?— Y?, giving 


+ + + + ~ 
ee, "Ve ake nye 337-72 | 
: A quantitative calculation shows that this sextet gives a contribution to g of 
approximately 


2¢ 5 aes 
tz x xr|e|X 2 ete 


_ where ¢ is the one-electron spin-orbit coupling constant, approximately equal 
~ to +400cm-! in Mn?+, and A is the promotion energy.  |«xy|/,|X?— Y?)) 
- depends on overlap integrals and the detailed properties of |$) and |), and is 
4 non-zero provided that g and s do not vanish. The positive sign is for the 
Es promotion of holes and the negative sign for the promotion of electrons. 

7 It may be noticed that the introduction of covalence tends to bring electrons 
on to the central ion if the |XY), |X?— Y?) etc. orbits are filled, and remove 
electrons if they are unfilled. It would seem plausible in the case of Mn** to 
suppose that the covalence will tend to reduce the positive charge on the ion, and 
give a positive contribution tog. The effect may be more pronounced with Fe? 
ions, and may be strongly dependent on the environment of the ion. 

This type of contribution to g is not confined to S-state ions, but may be 
small compared with other contributions in the general cases and thus less easily 
recognized. 
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gas it in Tee caediee ie bar ts es 
not strong enough to have bound states in 
solution can of course be found by eae she’ si ‘pa e 
the potential, subject to the conventional periodic ee conditions, and 
forming a determinantal wave function of the appropriate number. It is clear Ls 
that the single-particle wave functions exhibit no peculiarities near the arbitrarily — 
chosen Fermi surface. ‘The total energy of the system is the sum of a 
values of the occupied states. 

Suppose now we tackle the problem along the lines currently used with two- 
body forces. In lowest order perturbation theory the energy shift is the 
expectation value of the scattering potential in the unperturbed state: 

AE= )> <kjz|k). ~~ 
Ikl<kp 
A group of higher order terms is included when v is here replaced by the reaction 
matrix ¢ given by 


(k"|t|k) = Ck folle) + Ek foley SEP ; <k’ t]he) 


where O(k)=0 for k<k,, and ee unity, BS; , E=k?/2m, E’ =k [2a 
The resulting expression can be written 


AE= > (4 vy) 


Ikl <hyp 
where in momentum space the one particle wave function x, is given by 


, / k’ , u“ u” 
alk’) =io(ke) + ¥ LED (deelk” yal) 
and Pe (K) = 8k 
Consider for simplicity a separate potential, and take it to be attractive : 


(k’Jolk") = —g(R')g*(R")/V 


where V is the quantization volume. The solution is then 


Walk) =hn(ke) + Fe 


ee ne 


with 


Ra tee I 


oe 
oe te REFERENCES : 
R, A., Morrerson, B. R., and Prnes, D., 1958, Phys. Rev., 110, 936. 
eR, L. N., 1956, Phys. Rev., 104, 1189. 


p_tm oe ON “4 Se ‘ f =S5 
en. ‘ 


~~ = 


ie By Y. P. VARSHNI 
Department of Physics, Allahabad University, Allahabad, India 


MS. received 25th August 1958 


§ 1. INTRODUCTION 


UITE a large number of potential energy functions have been suggested 
for diatomic molecules. Recently Varshni (1957) has made a com- 
parative study of the various functions. 

In the present note we investigate the consequences of certain 
__ assumptions regarding the constants in the function proposed by Wu and Yang 
__ (1944) who have suggested the following: 


b 
ee piimmrsiy oi) > O10L ment (1) 


\ 


where a, 6, mand n are constants. Except for the region near r=0, it gives the 
conventional potential energy curve. This satisfies the first and second criteria 
_ of a suitable function given in Varshni (1957). This does not satisfy the third 
criteria and gives U= — » at r=0. 
© It may be added that a similar function with negative exponential term and 
positive inverse power term has been investigated by Linnett (1940, 1942). 
Conditions (8a, b, c) of Varshni (1957) provide 
ORAL. aa ee (2) 
Rere®ti= —bn(nt+ 1)/retbmm. = snaeee (3) 
For different values of 7, Wu and Yang plotted kere”*! against 1/r, for 
different states (ground as well as excited) of various diatomic molecules of a 
molecular period (e.g. KK, KL, LL etc). They obtained a straight line for a 
certain value of n, whence they concluded that n, m and 6 are constant in each 
period. On numerical calculation they obtained not unsatisfactory values of the 
force constant Re. 
Ifthe conclusion that 2, mand are constant in each period is correct, we should 


be able to deduce the values of % and weXe. 


an Ses) eee 


inaccurate. Tt may be pele out that s 
here (taken from Herzberg 1950) are 
by Wu and Yang. However, the-differe e ir 

For KK period, Wu and ae sive the ee hee of the cons 


n=4, m=3-0303 x 108. 


Molecule 
is 


BeF 


We 
(cm~') 
269-69 

255-45 

351-43 
1370-82 
1144-24 
1487-3 
1788-2 
1608-3 
1641-3 
1172-6 
1265-6 
1280-3 
1260-7 
1885-4 
2164-1 
2068-7 
1515-6 
1460-4 
2359-6 
2373-6 


1904-0 | 


700°36 
1AB2 7 
1580-4 
1139-8 


‘Table 1 


(10-8 cm) 
2-936 
3-108 
2-672 
1-362 
1-463 
1-331 
1-266 
1-318 
1-312 
1-394 
1-361 

(1-311) 
1-352 
1-205 
1-151 
1-172 
1-235 
1-293 
1-094 
1-066 
1-151 
1-604 
1-227 
1-207 
1-282 . 


1-080 


Fat? 
Ot 
—3-4 

+178 


Average (regardless of sign) 12-1 
$$ $e eee eee eee 


‘ 
5 


0-01648 


: CN 0-02215 
vs : 0-01735 
Ase CO 0-02229 f 
es N, 0-013 0-0299 13-891 30-07 
= 0-0187 0-0286 14-456 27°45 
ee NO 0-0182 0-0268 15-85 25°85 
; 0-0178 0-0268 13:97 PAE TES: 
O, 0-011 0-0818 8-002 287-03 
= 0-01817 0-0263 13-950 24-79 
0-0158 0-0248 12-07 24°52 
F, 0-014 0-0212 9-7 21:88 


§ 2. Discussion 
It will be noticed from table 2 that the calculated values, both of we and wexe, 


: are usually much larger than the experimental ones. A plot of calculated 
against observed values shows that there isno connection between the observed 


a 


SN eS ee 


and the calculated values. Results for force constant are also not very inspiring, 
the average percentage error for these states being 12-1. Similar results for ae 
and wexe can be expected for other molecular groups. 

From their failure to derive correct dissociation energies, it was realized by 
Wu and Yang themselves that their assumptions did not apply in regions far from 
r=re. Our investigations clearly show that even at r=r, the assumption that 
the values of the constants remain the same for the various states of different 
diatomic molecules of a molecular period is not true. 
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ee ce icra fa ed fhe We of most peneral use ob rained 
impact methods would be on diatomic molecules. . 

There is a great lack of experimental data on the diatomic mole 
and Clp, because of the experimental difficulties arising from the 
these molecules into the mass spectrometer. The results given in this 
constitute the first complete study of the appearance potentials of both positive — 
and negative ions formed in F;, HF, Cl, and HCl by electron impact. 

The processes which lead to the formation of positive and negative ions when a 
diatomic molecule XY is bombarded by electrons are: 


XY+e>XY++2e Se NS (1) 
XY+e>X++Y¥+2e Ship, Selig ee (2) 
. XY+e>XY-*+=X+Y- “ee (3) 
AY PES KI €. cues a eee (4) 
The energy balances for these reactions are, respectively : 

10.0 4.3 010.9 @ rn a nh RTO Bo (i) 
A(X*)=1(X)+DK-Y)aK+E (5 Oe eee (ii) 
A(Y¥-)=D(X= Y)= EA), Ka Ea. See (iii) 
A(Y~-)=A(X*)=1(X)+ D(X-—Y)—EA(Y)+K+E ...... (iv) 


where A(XY*), A(X*) and A(Y~-) denote the appearance potentials of XY+, 
X+ and Y~ ions; and D(X—Y), (XY), J(X) and EA(Y) denote the dissociation 
energy of XY, the ionization potential of XY and X, and the electron affinity of Y, 
respectively. The terms K and E represent the kinetic and excitation energies 
of the fragments formed in each of the processes. If K and E are zero for any 
particular process, the sum of the quantities on the right-hand side of the appro- 


priate energy aes represents the minimum energy required for the reaction, 
and is denoted by A 


. 
; 
| 


§ 2. APPARATUS AND EXPERIMENTAL ‘TECHNIQUES 


The mass spectrometer used was a Metropolitan-Vickers M.S.2 modified 


for corrosive gas analysis, with a high-pressure nickel inlet system and a stainless- 
steel source. 


+t Now at Birkenhead Technical College, Cheshire. 
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§ 3. REsuLTs AND Discussion 
pr) 3.1. Fluorine 
____ The appearance potentials of the positive and negative ions formed in F, 
given in table 1. The values D(F,)=1-6ev (Cottrell 1954), I(F)=17-42 ev 
Moore 1949) and EA(F) =3-62 ev (Pritchard 1953) have been used to determine 


~ the values of A, for the various processes suggested. 


= _ Table 1. Appearance Potentials of Ions Formed in F, x 
Ion Appearance potential (ev) Process of formation A,(ev) 7 
F,* 16:6+0-2 ; Byte, + 2e I(F3) 
ES 15-5-0-2 P,+e+Ft+F-+e iss 40) 
19-2 4-0-3 Poe! +e 19-02 
a cfd F,+e2Fo+F 0 
15-72 0:3 Tie ete te 150) 


The value of J(F,)=16-6+0-2ev is in favourable agreement with that of 

16-5ev measured by Burns (1954). The occurrence of ion-pair formation 

_ F++F- is shown by the equality of the appearance potentials for F*+ and F-. 

The ratio of the ion currents due to F+ and F~ for 18-volt electrons was about 1:3. 

- Because of the source design, no electrons with energies less than 2ev reached 

the trap. At this energy F~ ions were observed, but since only the high-energy 

side of the resonance capture peak could be measured, the appearance potentials 

of the F~ in this process could not be determined. Burns (1954) has shown that 

some F~ ions are formed by electrons with zero energy, and this is consistent with 
the minimum energy value for such a process. 


3.2. Hydrogen Fluoride 


Previous studies of the ions formed in HF by electron impact have been made 
by Burns (1954), who measured the appearance potentials of HF* and F-, and by 
Coope, Frost and McDowell (1957), who measured the appearance potential 
of the HF+ ions. The appearance potentials of both positive and negative 
ions were measured in this work and the values are given in table 2. The A 
values are calculated by using D(HF)=5-8 ev (Cottrell 1954) and J (H) = 13-6ev 
(Moore 1949) in conjunction with the values of EA (F) and I(F) given in §3.1. 

The ionization potential of HF determined in this work is 16-0 +0-2ev. 
The values given in the literature for /(HF) are 16-38 + 0-05 ev (Burns 1954) and 
15-77 ev and 16-97 ev (Coope, Frost and McDowell 1957). ‘The value of 15°77ev. 
refers to formation of HF*+ ions in their 7I]; state, and that of 16:97 ev to the 


eee Sts certainty Hoe of the cleeton energy spread i 
ion source used. 

_ The appearance parents for F- ions differ by about 0- ev. “The = 
obtained by Burns (1954) were 8-85 ev and 9-55 ev,.a difference of 0-7ev. Bu 
suggests that the lower value corresponds with the formation of F~ and H-i ; 
simultaneously. This is an unsatisfactory explanation, and the ‘processes 
producing F- ions in the low-energy capture processes can still not be explained. 
The values obtained in the present work cannot be reconciled with those obtained 
by Burns. As the electron energy scales were carefully calibrated in both cases, _ 
the difference between the two sets of appearance potential values cannot be due 
to a difference in experimental techniques. 


3.3. Chlorine 


Apart from the measurement of J(Cl,) by electron impact methods (Morrison 
and Nicholson 1952) no complete studies of the ions formed by electron impact 
in Cl, have been reported. Table 3 gives the appearance potentials for positive 
and negative ions, and the A, values are calculated using D(Cl,) = 2-48 ev (Cottrell 
1954), EA(Cl) =3-82ev (Pritchard 1953) and J(Cl) = 13-01 ev (Moore 1949). 


Table 3. Appearance Potentials of lons Formed in Cl, 


Ton Appearance potential (ev) Process of formation A,(ev) 
Cia 11-8401 Cl, +e+Cl,*++ 2e I(Cl,) 
Cl+ 11:9+0:2 Cl, +e+Cl*++Cl-+e 11-67 
15:7+0:3 Cl, +e+Cl* + Cl 2e 15-49 
Cle a) Cl, +e>Cl-+ Cl 0 
4440-2 
12:0+0:2 Cl, +e+Cl*++Cl-+e 15-49 


The value of J(Cl,)=11-8 + 0-Lev agrees with the value of 11-8 ev measured 
by Morrison and Nicholson (1952). Recently Watanabe (1957) has obtained a 
value of 11-48 +0-01 by photoionization measurements. As in the case of F,, 
lon-pair formation Cl++Cl- occurs. The process producing Cl- ions at 
4-4 + 0-2 ev is not easily understood without postulating the existence either of an 
excited state of the neutral fragment Cl or of the negative ion Cl-. 


3.4. Hydrogen Chloride 
Of the four gases F,, HF, Cl, and HCl, the largest amount of electron i impact 
work has been done with HCl. Data on the formation of both positive and 
negative ions have been given by Nier and Hanson (1936), Morrison and Nicholson 
(1952), Gutbier and Neuert (1954), Reese, Dibeler and Mohler (1956) and Fox 


; 
‘ 
: 
a 
5 
.* 


pAZesO1 “ODL(HGh« 
36-0408 HCIt +e+HCl* + 2¢ 
17-6 + 0-2 HCl+ e>H+Cl* + 2e 17-44 
20:8 40-3 re 
ee yas) 502, 
LS 18-4+0-3 HCl+e+H++Cl+2e 18-03 
; 28-2+40°5 
s¢ CPs HCl+e>H+Cl- 0-61 


__ The ionization potential measured for HCl is in agreement with the value of 


Ss 


_ 12-78ev obtained by Morrison and Nicholson (1952) using the electron impact 


method. Watanabe (1957) has obtained the value of J(HCl)=12-74+0-01 ev 
by photoionization methods, while the spectroscopic value is 12-85 ev. 

No Cl- ions were found for electron energies above 3ev. This agrees with 
the results of Reese, Dibeler and Mohler (1956), but disagrees with those of 
Gutbier and Neuert (1954) and of Fox (1957) who found evidence for ion-pair 
formation H*++Cl-. The values of A(Cl-) given by these authors are 


4 0-8+0-3ev, 4+1lev and 13-6+0-5ev; and 0:66+0-02ev and 14:5+0-lev, 


respectively. 
§ 4. CONCLUSIONS 


_ The positive and negative ions formed by electron impact in F,, HF, Cl, 
and HCl have been studied. Only in F, and Cl, was evidence found for a 
continuous pair-formation process. ‘The results for positive ions are in agreement 
with those in the literature where such data are available. 
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Polarization of Light from the Cathode Glow = rahe 
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Communicated by K. G. Emeléus ; MS. received 22nd September 1958 


from the cathode glow (‘ Erste Kathodenschicht ’) in a number of gases 
containing mercury vapour as a contaminant was partially polarized with 
the electric vector perpendicular to the cathode. ‘This result appeared to be in 
accord with the facts that the light from the cathode glow is excited either by 


S EELIGER and Handt (1929) reported that the Hgr line 4347A emitted 


slow electrons coming from the cathode surface, or by positive rays moving in — 


the opposing direction, and that both kinds of particles have a marked directed 
component of velocity parallel to the axis of the discharge. The present note 
describes briefly some experiments done with more modern optical techniques 
applied to the study of a line emitted by the main gas present in the tube. 


A discharge through hydrogen has been used, and the Balmer line Hg, which is 


prominent in the spectrum of the cathode glow (Emeléus and Hall 1931), 
investigated. ‘The line was isolated by an interference filter, and polarization 
searched for with polaroid discs and a photomultiplier. 

Preliminary experiments showed, as would be expected, that spurious 
polarization resulted unless great care was taken to avoid reflection from the 
cathode and tube walls and oblique transmission through windows. ‘The main 
part of the apparatus finally used is shown in the figure. 

The anode of the discharge A was a fixed disc 2-5 cm in diameter. The 
cathode C was a second disc tilted away from the line of observation (vertical 
in the figure) at 2°, to prevent light being reflected from it into the viewing 
system. It could be moved axially in the discharge tube without turning by 
rotating the glass tube B, and was connected by a flexible lead to a terminal fused 
through the main tube wall. A side arm level with the cathode (below in the 
figure) had a B29 ground glass socket, whose mating cone extended for several 
centimetres before widening into 60 mm bore tubing M which carried the entire 
viewing system. ‘The neck had fused to its inner wall one end of a narrower 
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Discharge tube for studying polarization. Some details are omitted (see text). The tilt 
of the cathode, actually 2°, is exaggerated for clarity. 


The rim of the cathode was shaped to accommodate K. ‘The cross section 
of the beam of light from the discharge to the photomultiplier was defined by a 


_ metal tube S, 20 mm in diameter and 150 mm long, closed at both ends by plates 


with 1 mm x 15 mm parallel slits perpendicular to the axis of the discharge tube. 
Directly opposite the side-arm carrying the viewing apparatus there was a 


light-trap, consisting of a horn-shaped side-arm painted dead-black on the 


outside. To prevent the discharge from distorting into this two glass half- 
cylinders XX (not shown in detail) were spot-fused on to the inside wall of the 
discharge tube in such a way as to block most of the entrance to the horn, leaving 
only a slit in the line of sight of the viewing system which was too narrow to 
allow the discharge to enter the horn, but sufficiently wide to prevent reflection 
from the half cylinders to the photomultiplier. 

The discharge was moved past K by moving the cathode. Since the latter 
had only to be changed in position by about 5 mm to scan the whole of the 
cathode glow, and the inter-electrode distance was about 150 mm, the discharge 
was not appreciably affected by the alteration in its total length. For each 
position of the cathode, the photomultiplier current was measured for various 
orientations of the polaroid. 

The results were entirely negative. Employing cathode falls of up to 1500 v, 
with currents of order of 1 ma and pressures of order of 0-1 mm Hg, no polariza- 
tion of H, was found from any part of the cathode glow. It is estimated from 
calibration of the viewing system as a unit that a ratio of 0-05, for (J; —J,)/(J + J) 
could have been detected, where J, and J, denote the intensity of the light with 
electric vector perpendicular and parallel to the tube axis. Seeliger and Handt 
(1929) obtained ratios as large as 0-25 for the mercury line studied by them. 
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Electrical Conduction | in a InSb benrers 100° and 2°k . 


By E. H. PUTLEY 
Royal Radar Establishment, Malvern, Worcs. 


MS. received 18th August 1958 


InSb from about 100°k down to 2°K has indicated a number of 
features not previously reported. 

Metallurgical evidence indicated that in the majority of the material the 
dominant impurities were zinc or cadmium (Hulme and Mullin 1957) and when 
steps were taken to remove these impurities n-type material was produced, the 
residual impurity being so far unidentified. If this n-type material were 
subjected to a treatment consisting of heating in a vacuum at two or three hundred 
degrees centigrade for a few hours and then quenching to room or liquid air 
temperatures it became p-type. Hulme has found that by carefully controlling 
the conditions, n-type material containing electron concentrations in the region 
of 5 x 1044cm~* could be converted to p-type with hole concentrations ranging 


M ASUREMENT of the Hall coefficient R and conductivity o of p-type 


between 1-5 x 10'* and 1-2 x 10'®cm~? and that the process was a reproducible | 


one. The nature of the impurity responsible has not yet been identified. 

Figures 1 and 2 show respectively the Hall coefficient and conductivity of a 
number of specimens between 20°K and 100°K. It is seen that two types of 
behaviour are present. The group of specimens with the shallower activation 
energy is that in which it is believed that the residual impurity is zinc or cadmium, 
while the specimens (the C58 group) with the deeper energy levels were those 
from which the group II impurities had been removed and which had then 
been re-converted to p-type by the heat treatment. 

The value obtained for the shallower level was about 0-0075 ev while that for 
the deeper one was about 0-018 ev. Values corresponding to the shallower level 
have been reported by Hrostowski et al. (1955) and Fritzsche and Lark-Horovitz 
(1955). ‘The extrinsic carrier concentration in the purest material was about 
5 x 1013 cm~? and while in this material the shallower level was the dominant one, 
analysis of the variation of carrier concentration with temperature indicated that 
some of the deeper lying impurities were also present, This analysis (made in 
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Figure 1. Hall coefficient for p-type InSb. Figure 2. Conductivity of p-type InSb. 


a similar way to that for silicon by Putley and Mitchell 1958) indicated that the 
total impurity concentration was about 2 x 10%cm~3, 


Above about 30°K the Hall mebility Ro decreased as the temperature rose. 
From these results an empirical expression was derived for the lattice mobility 


pepe 40 te = em" sec, 


This expression is based upon experimental data up to 100°x, and it predicts a 
room temperature mobility of about 1400, which is higher than the usually 
accepted value (~ 800). It is possible that other scattering mechanisms, such as 
electron-hole scattering, play a part at room temperature, but are not important 
at or below 100°K. 

Below 30°K the mobility falls as the temperature is lowered. While it is 
thought that ionized impurity scattering is responsible for this, it is difficult to 
estimate its effect because below 20°K impurity band conduction becomes 
important, which also causes the mobility to fall. Assuming that at 20°K ionized 
impurity scattering is the dominant mechanism and calculating the concentration 
of scattering centres from the Brooks—Herring expression gives a concentration 
for the best material of about 5x 10'4cm~*. This is somewhat smaller than the 


concentration of impurity centres (~2 x 104° cm~*) obtained from the analysis of 
If the structure of the acceptor centre is similar 


the hole concentration data. 
I 
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to that found in silicon then the value obtained from the analysis of the concentra- 
tion data will be too high (Kohn 1957, Putley 1958) but the reliability of the 
estimate from the mobility data is somewhat dubious. 
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Figure 3. p-type InSb Hall coefficient and conductivity. 


Figure 3 shows the behaviour of R and o down to 2°K. For the majority of 
specimens R passes through a maximum value of 10° to 10®cm*coulomb7 
at about 10°K and then falls rapidly as the temperature is reduced while below 
10°K the conductivity is practically independent of temperature. This type of 
behaviour has been described earlier (Fritzsche and Lark-Horovitz 1955) and 
has been cttributed to impurity band conduction. It was found that the results 
obtained depended upon the nature of the surface. Measurements were made 
with lightly ground surfaces and with surfaces etched with a CP4 etch. In the 
majority of cases etching reduced the value of the maximum in R by about a factor 
of ten and produced a corresponding increaseino. The value of Ro (~10cm?v—! 
at 4°K) was not very dependent upon the surface treatment. When the purest 
specimen (C19/2) was etched, however, R continued to rise steadily as the 
temperature fell and o fell at a similar rate. At 2°k, R had reached about 
10cm? coulomb~ and the corresponding value of o was about 10-§Q-1cm—, 
The resistance of the specimen was about 2000 megohms, necessitating the use 
of a cryostat designed for measurement of high resistivity material (Mitchell 
and Putley 1959). These values for R and o indicate a mobility of about 
1000 cm? v-!sec-1 which is of the order expected for holes in the valence band. 
Thus it appears that in the purest material (extrinsic hole concentration 
~5x10%cm-*) impurity band conduction is not observed. The behaviour 
below 10°K can be accounted for by conduction in the valence band and the 
presence of an acceptor level at about 0-001 ev above the band. 
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| BSERVATIONS on a number of specimens of n-type InSb having electron 

d concentrations between 5x10" and 5x10'*cm-* have shown in the 

helium temperature range evidence of an oscillatory transverse magneto- 

resistance effect of a character different from that associated with the de Hass— 
van Alphen effect. 

A negative magnetoresistance effect at low induction B has previously been 

__ observed (Fritzsche and Lark-Horovitz 1955, Frederikse and Hosler 1956, 1957). 

Broom (1958) has recently shown that this is a ‘size effect’ dependent on the 


- dislocation density in the specimen. 


10* 


= 


T =1-7k 
a 7 =225°« 
a 7 =4-12°K 
x 7 =4-25°K 
— Positive 
———Negative 


oo "¥ Ne % 


B (gauss) 


0-1 1-0 


0-0001 000i 7 ae 
Transverse magnetoresistance effect in n-type InSb C19/3. 
: : , A ; ie 

The figure shows results obtained in a typical specimen with 5 x 10'cm 
electron concentration at a number of temperatures. The measurements were 


made using a reversing procedure to eliminate any contribution from the Hall 


effect. The results were recorded using a Kipp Micrograph Recording Potentio- 
meter. The results show that below 4-25°K this negative magnetoresistance 1s 
12 
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preceded at very low fields by a small positive magnetoresistance. Thus these 
results suggest a single period of an oscillation which is very rapidly damped. 
Now such behaviour can be produced by the de Haas—van Alphen effect (Davydov 
and Pomeranchuk 1940) and for this material the first minimum should occur at 
an induction of about 4000 gauss, but this oscillation is periodic in 1/B and we 
should expect to see about twenty periods between 1000 and 100 gauss. Since 
only one is observed it is concluded that this behaviour cannot be accounted for 
by the de Haas—van Alphen effect of the main group of carriers. The similarity 
of the behaviour at higher temperatures with that found by Broom (1958) and 
the fact that this effect is not observed in all specimens of similar electron con- 
centration, suggest rather that it is a structure sensitive effect. ; 

Sondheimer (1950) has shown that’an oscillatory effect periodic in B can 
occur in thin metal films of thickness comparable with the mean free path. 
This effect has recently been observed in sodium wires (Babiskin and Siebenmann 
1957). It has been pointed out (see for example MacDonald and Sarginson 
1952) that an internal size effect is possible where dislocations form a regular 
pattern of layers. Since this type of pattern is found in InSb it is of interest to 
see whether Sondheimer’s theory can account for this effect. In the specimen 
studied here the electron gas is degenerate below 4°K so that it is valid to apply 
a theory developed for metals. 

It is rather difficult to determine the precise period of the oscillation since 
the non-oscillatory component is very large. It is seen that at about 4000 gauss 
the resistance is roughly double the value at zero field and that above 4000 gauss 
the increase of resistance varies as B? and is practically independent of 
temperature. If this behaviour is used to subtract empirically the B? dependence 
from the behaviour at the lower inductions, it is found that the first maximum 
occurs at about 100 gauss while the minimum is at about 1900 gauss. Hence 
if the effect is periodic in B, the period would be about 3600 gauss. Sondheimer’s 
theory relates the period to a length a characteristic of the structure responsible 
(such as the thickness of a film). If the period has the value B, then 

B=6(2m*¢)'?/ea 

where m* is the effective mass and ¢ the Fermi level. If B=3600 gauss, this 
leads to a value for a of 4x 10-*cm, or about one third of the mean free path. 
Since the theory assumes that the characteristic dimension is comparable with 
the mean free path, this result is not unreasonable, but it is difficult to see what 
physical feature this length could correspond to. The observed density of 
dislocations in material of the type used here would indicate a value of a of the 
order of 10-cm, or of the order of 100 mean free paths. This is much too large 
a value for the Sondheimer model to be applicable. Hence it is concluded that 
if this apparent oscillation is associated with the presence of dislocations an 
explanation of the mechanism responsible has yet to be found. 
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Eddy Current Losses in 65/35 Nickel-Iron 
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Communicated by L. F. Bates; MS. received 5th June 1958 


material possessing large domains and few domain walls the effective 

_ permeability associated with a domain wall must be very high since it is 
unity within the domain itself. They showed that in consequence the extremely 
non-uniform permeability associated with a domain-and-wall structure would 
give rise to eddy-current losses far greater than those calculated assuming the 
material to be characterized by a uniform permeability. It may be shown (Lee 
1959) that in a material in which the domain structure is that depicted in figure 1 


[' 1950 Williams, Shockley and Kittel pointed out that in a ferromagnetic 


Figure 1. Model of domain structure in magnetically annealed Perminvar 
and 65/35 nickel-iron. 


the ratio 7 of the eddy current losses calculated taking the domain structure into 
account to that calculated from the classical uniform permeability model is 

n= 3L|pd sp ek sch os (1) 
in which 2L is the width of the specimen, d its thickness and p the number of 
domain walls. This fact is now believed to be the basic explanation of the well- 
known eddy-current anomaly in electrical sheet steels. 

In a recent paper (Lee and Troughton 1958) we sought to observe eddy 
current effects arising from the large local permeability associated with movement 
of a single domain wall in magnetically annealed Perminvar. The observed 
loss ratio was about 12 and this fell far short of the value to be expected from 
equation (1), which for a single wall in a specimen of the dimensions used should 
have been about 60. It was concluded that although the specimen contained 
one circular wall, this was not sufficiently mobile to contribute significantly to 
the total loss. 
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For reasons which have not yet been elucidated, although the domain 
structure in magnetically annealed 65/35 nickel-iron is precisely similar to that in 
Perminvar, the walls are held much more loosely and, consequently, we were 
able to observe loss ratios much nearer the anticipated values. An apparatus 
for investigating domain structure in materials of this type has recently been 
developed (Lee, Callaby and Lynch 1958) thus enabling us to find the number 
of domain walls in each specimen. 

The specimens of 65/35 nickel-iron were stamped rings, lin. external and 
11/16in. internal diameter, prepared by powder metallurgy and magnetically 
annealed bythe Post Office Research Station. They were available in five 
different thicknesses, nominally, 8, 10, 15, 30 and 100 microns. Measurements 
were made on a stack of specimens, as received, using an a.c. bridge as described 
previously, care being taken to ensure that the exciting field was sufficiently low 
to avoid hysteresis loss and errors due to non-linearity. In practice the maximum 
r.m.s. exciting field was 3 milli-oersteds, and in all cases the final results were 
obtained by extrapolating to zero field. The results are shown in the table. — 


d (microns) n pb p p/p 
99 12-2 524 5 105 

57 21 398 5 80 

32 60 432 3 140 

16 52 660 Zz 93 

10 40 1050 15 70 

8 64 881 12 re) 


The loss ratios are, as far as we know, the highest yet observed although 
Buckley, Jackson and Thomas (1953) found 7 to be as large as 46 in a 50 micron 
thick specimen of the same composition as that used here. Also shown in the 
table are values of p, the average number of domain walls calculated from 


ae =a 0 100 
Temperature (°c) 


Figure 2, Permeability and loss ratio for specimen of thickness 50 microns as a function 
of temperature. A change in domain structure appears to take place between 0°c 
and 20°c. 


equation (1), and the permeability per wall; there are signs that p varies system- 
atically with specimen thickness; in addition, measurements at different 
temperatures indicated quite clearly that the number of walls changes, often 
abruptly, with temperature. Figure 2 shows a characteristic result, In the 
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Figure 4. Observed loss ratio 7 as a function of (pd)-1. The horizontal lines give an 
indication of the uncertainty in p. 


To investigate the above-mentioned variation of p with thickness, the domain 
structure in these specimens was observed using the Kerr-effect technique 


q described previously. It was established that the domain walls were essentially 


circular and the number of domain walls per specimen was measured. The 
results obtained for the specimens of various thicknesses are shown in figure 3, 
from which J, the mean value of p, was obtained. The observed loss ratio 7 is 
plotted in figure 4 against the quantity (fd)~*. Apart from two values for the 32 
and 57 micron specimens the experimental points lie in a straight line, as anti- 
cipated. The line does not appear to pass through the origin and, moreover, 
its slope is considerably less than that given by equation (1). This indicates, as 
with Perminvar, that a considerable contribution to the permeability arises from 
processes other than movement of the circular domain walls. Nevertheless the 
slope of the experimental line is sufficiently great to be regarded as confirmation 
of the domain-and-wall eddy current calculations. 
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1951, 1955) it is considered that movements of domain walls and dis- 

continuous jumps in domain directions are inhibited by potential barriers 
which can be overcome by the activation energy of thermal agitation. Neéel 
(1955) described this process in terms of a fluctuating (viscosity) field which was 
caused by the agitation of spontaneous magnetization, but he was not certain 
whether to consider that this field supplied the force to overcome the barriers or 
simply caused fluctuations in the heights of the barriers. ‘The energy of thermal 
agitation is fundamental, the fluctuating field being only a consequence, and the 
barriers are potential, not field, barriers being proportional to the square of 
spontaneous magnetization. ‘This applies both to the barriers inhibiting domain. 
rotations, which are due to magnetocrystalline and shape anisotropies and to 
barriers inhibiting domain wall movements. When the latter are due to crystal 
defects or internal strains they appear as distortions of the patterns of spontaneous 
magnetization o which may be considered as the superposition of distortion fields 
on undistorted patterns. The distortion fields interact with o, the interaction 
energy being proportional to o?.. Therefore the second alternative, in which 
fluctuations of energy rather than field are considered, should be regarded as 
more correct. 

This is equivalent to the approach of Street and Woolley (1949, 1950) who 


considered the probability P of energy E being available to overcome a potential 
barrier to be given by 


I N the theory of magnetic viscosity (Street and Woolley 1949, 1950, Néel 1950, 


Rk being Boltzmann’s constant and T the absolute temperature. The factor C 
in equation (1) is a characteristic frequency of the fluctuation and has been 
regarded as a constant, independent of temperature; the purpose of this note is 
to derive a numerical value of C which is shown to be proportional to T. 


P=Care (1) 
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_ The argument is similar to that of Nyquist (1928), who made a thermo- 
_ dynamic analysis of electrical noise due to thermal agitation of electrons in 
resistances. Consider two identical volumes, I and II, of any ferromagnetic 
material at the same temperature 7, to be connected in a common magnetic 
circuit by means of a material of infinite permeability. Then the spontaneous 
fluctuating field of I causes a flux in this circuit, imparting magnetic energy to 
II in which there is also a fluctuating field but quite uncorrelated with that in I. 
The probability that I will be ina state in which the instantaneous value of its 
_. fluctuating field gives a flux, of magnetic energy E, in the circuit is e-/#7, and 
__ by continuity of the flux and similarity of the two volumes considered this energy 
is shared equally by I and II. Thus the mean magnetic energy of II due to the 
field of I is RT/2 and in thermal equilibrium this is balanced by the mean energy 
of I due to the field of II. This state of thermodynamic balance cannot be 
disturbed if a non-dissipative filter is included in the magnetic circuit, as could 
in principle be arranged with a system of ideal search coils and condensers; 
therefore the inclusion of a filter which blocks all frequencies except those in a 
range v to v+ dv, which are perfectly transmitted, reduces the flux in the circuit to 
an oscillation of frequency v and a changing envelope such that its energy has a 
probability e—#/*? of having a value E. (The fluctuating field of I, being pro- 
portional to 1/E has a Gaussian probability distribution.) ‘The mean energy of 
the flux is RT, independently of v or the range of frequency of the filter, which 
therefore implies an equipartition of energy, which is uniformly spread over the 
frequency spectrum. 

The equipartition is valid only at low frequencies and for a general con- 
sideration of all frequencies it must be replaced by the Planck expression for the 
energy of the oscillation at any frequency v, which is 

hy 


ehi/kT _ ] , 


where h is Planck’s constant. This spectrum is not continuous but cuts off at 
hv/kT~1. Although the cut-off is not sharp and the spectrum extends to 
indefinitely high frequencies with an exponential decrease, an effective cut-off 
frequency f may be found by taking the area of the spectral curve of energy 
plotted against frequency, which is 


i, 


o ehukt —] h 6’ 
so that ws 
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We may therefore consider the fluctuating magnetic viscosity field to have a 
spectrum of frequencies from zero to f, as given by equation (2). ; 

Use is now made of the mathematical analysis of random fluctuations which 
has been given by Rice (1944, 1945), who showed that if electrical noise current 
has a frequency range from zero to f then the number of current peaks per second 
which exceed a value J is 


J, _ PIL? 
aye PS T?/I*), 


where J, is the r.m.s. value of noise current. Iand I, could express equally 
.m.S. ind J ie 
well the instantaneous and r.m.s. values of the viscosity field 77. Thus the 
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probability of a fluctuating field peak of amplitude H or greater occurring in one 
second is 
. - exp (af HAl= Sem, eer 

where E is the energy of field H. Just as Nyquist (1928) showed that electrical 
noise power is independent of the resistance and its physical size and shape 
(assuming no reactance), so equation (3) applies to any volume of a ferromagnetic 
which we care to consider, including any selected region of a domain or domain 
wall. It expresses the probability that, in one second, a domain or domain wall 
will acquire thermally a peak value of the viscosity field in the required direction 
with sufficient energy to overcome a potential barrier of energy E. Equations 
(1) and (3) may therefore be identified and, as f is given by equation (2), we have 

a RT 
This result is independent of the nature of the barrier. 

At room temperature C~6x10"sec-1. This is the reciprocal of the 
‘reorganization time’ of the fluctuating field which Néel (1951, 1955) roughly 
estimated to be about 10-!°second. ‘The absolute difference is not important 
because only the logarithm of C affects magnetic viscosity, but the proportionality 
of C to T appears to be significant. It is possible that the variation of magnetic 
viscosity with temperature could be measured with sufficient accuracy to test 
this dependence of C upon T, which may help to resolve the theoretical doubt 
(Lawson and Uhlenbeck 1950, p. 78) about the upper frequency limit which is 
experimentally inaccessible in the case of electrical noise. 
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Spin of *%Ru by Deuteron Stripping 


By P. MASONf, F. C. FLACK+ anp G, PARRYf 
+ Washington Singer Laboratories, University of Exeter 
t Nuclear Physics Research Laboratory, University of Liverpool 


MS. received 3rd October 1958 


HE ground state of the B-emitter!Ru is predicted by the shell model to have 

| a spin of 7/2 or 5/2 with even parity. Investigators of the daughter nucleus 
*8Rh (see for example Flack and Mason 1958) have accordingly been left 

with several spin possibilities in assigning excited states at 538 kev and 650 kev. 
A direct measurement of the spin of Ru seemed desirable and deuteron stripping 
with the even-even 1°Ru nucleus as target appeared feasible. Because of the 
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variety of isotopes in natural Ru it was necessary to use enriched 1°?Ru (97:2%) 


_ which was obtained from Oak Ridge National Laboratory, U.S.A. 


‘Targets of both natural and enriched black oxides of ruthenium were prepared 
by allowing a slurry of fine powder and water to dry on thin gold foils. Targets 


__ were bombarded in the Liverpool 37-inch cyclotron by deuterons of about 8-9 Mev, 


r 


using the magnetic spectrograph and target chamber described previously (Green 


_ and Middleton 1956, Dalton, Hinds and Parry 1957). The photographic plates 


were covered with thin Al foil of sufficient thickness to absorb deuterons from the 


_ target. Angular distributions were measured only for proton groups from the 


a 


separated isotope. 

The spectrum of protons emitted by an enriched target at an angle of observa- 
tion of 30° to the incident deuterons is shown in figure 1. The peak of main 
interest is marked Py and is attributed to !°°Ru formed in its ground state for the 
following reasons. ‘The measured Q-value of 4-11 + 0-06 Mev is in good agreement 
with that of 4-06 + 0-7 Mev obtained from the masses of !°2Ru, 1°?Rh (Duckworth 
1957) and the known -endpoint of !°8Ru (de Raad et al. 1954). The recent semi- 
empirical mass formula of Cameron (1957), which had to be used to compute 
Q-values for other Ru isotopes, predicts 4-1 Mev for this reaction. Also a compari- 
son was made between the relative intensities of groups on the 30° spectra obtained 
from the natural and enriched targets. The relative abundances of the isotopes 
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Figure 1. Proton energy spectrum at an angle of observation of 30° resulting from the 
deuteron bombardment of a gold leaf supported target of enriched 1°Ru. 


inthe twotargets wereknown. Agreement was obtained between the experimental 
and computed variation of intensities if P) was due to the transition to the ground 
state in °%Ru and if the other groups were identified as shown in figure 1. Thus 
P, changed in intensity by the same factor as P) between the two targets and is 
identified as corresponding to an excited state of 1*Ru at 220 + 60 kev. Similarly 
peaks marked 1°?Ru(0) and ?*Ru(1-94) correspond to Ru (d, p)??Ru transitions 
to the ground and 1-:94Mev states. A gamma ray of energy 1:98 Mev following 
B-decay of 1°?Tc has been reported (Seelmann-Eggebert, private cornmunication 
to Nuclear Data Sheets, National Research Council, Washington). The expected 
Q-value for 7*Ru (d, p)1°?Ru, from Cameron’s tables, iS 68 Mev, the measured 
value being 6-22 + 0-06 Mev. Other Ru isotopes in the enriched material, poe 
calculated Q-values lay within 1 Mev of that measured, existed only to 0-03 % or 
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less, compared with !°4Ru which was 1-8% abundant. The peaks at lower energies 
than P,, being broad and probably compound, were not analysed. 

Angular distributions of the groups P, and 1?Ru(0) are shown in figure 2. 
The experimental distribution for the group Py peaks at about 29°. To fit this 
with theoretical stripping curves there are several possibilities depending on the 
radius chosen. The Gamow Critchfield radius is 7-4 fermis. Using this radius 
and Butler theory the curve for J,=2 peaks below 29° while the curves for , >2 
peak above. A theoretical curve peaking at 29° requires for J, =2, R=5-3 fermis; 
for 1,=3, R=8-0 fermis and for 1,=4, R=10-6 fermis. Similar curves are 
obtained using the theory of Bhatia et al. (1952) with higher values of the radius. 
The Coulomb effect displaces the peak of the experimental distribution to larger 
angles, and if this effect only were present the results would undoubtedly be 
attributed to an ],=2 transition. However, nuclear scattering of the incident 
deuterons and outgoing protons tends to counteract the angular shift due to the 
Coulomb effect (Tobocman and Kelos 1955). Thus while the possibility of the 
transition being /,=4 seems very unlikely, it is not possible to decide between 
1,=2 and /, =3 on the goodness of fit to simple stripping curves. The ordering 
of states in the shell model suggests that the chance of the 55th neutron going into 
an f shell (/,=3 transition) is remote and, taking this into account, a strong 
indication is given that the angular distribution corresponds to an /, = 2 transition. 
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Figure 2. Angular distribution of the proton groups from the reactions 1°?Ru (d, p) Ru 


and 1°'Ru (d, p) Ru. The theoretical curves were computed using the th 
of Bhatia et al. (1952). . Ri 


The angular distribution corresponding to the formation of *2Ru(0) is complex. 
The forward peak indicates the presence of an J, =0 component, while the experi- 
mental curve at larger angles could include a contribution from J,=4. The 
angular distribution for P, was found to be almost isotropic while that for 1°2Ru 
(1:94) suggests J, values of 2 or more. 

If the ground state of 1Ru is formed by an J,=2 transition from an even— 
even nucleus ((+ state) it follows that Ru must have spin and parity 3/2+ or 
5/2*, while an J, =3 transition gives corresponding values 5/2>and) 7/2. ane 
value 5/2* is to be preferred from the point of view of the shell model. Additional 


i anly =2transition. The complex nature of the: corresponding 
stribution suggests the presence of low-lying excited levels giving 
Breapa not resolved from the ground state group. vaca 
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LETTERS TO THE EDITOR 
A Simple Method of Calculating Moiré Patterns 


The use of moiré patterns between two grids is becoming more and more 
important in modern technology and it is therefore valuable to develop a simple 
treatment. Guild (1956) has grasped clearly that moiré patterns are essentially 
diffractive effects, but it is by no means clear how he arrives at the often complex 
formulae in his book. A simple derivation of the main formulae which brings 
out the essential physical processes behind them may not be out of place. 

It has long been known to crystallographers (Ewald 1913) that problems in 
three-dimensional diffraction can be solved by the use of reciprocal space. 
Diffraction by a single plane grating is normally so simple that use of reciprocal 
space is an unnecessary complication, but successive diffraction by two plane 
gratings, as in the formation of moiré patterns, often justifies its use. Moreover, 
the technically important case where the planes of the two gratings are parallel 
and relatively close together can be solved with great simplicity. It is readily 
seen, either by reference to the original geometrical definition of reciprocation or 
by use of the modern vector definition, that a system of parallel equidistant 
straight lines ruled on a plane will give rise in reciprocal space to a system of 
parallel equidistant straight lines in a plane perpendicular to the physical rulings. 
The lines in reciprocal space are perpendicular to the plane of the grating. ‘The 
spacings of the two systems of lines are, of course, reciprocal. The lines in 
reciprocal space should be ‘weighted’ with the complex Fourier coefficients of 
the waveform of the plane grating ruling. Since the reciprocal lines extend 
indefinitely, they will always cut the ‘sphere of reflection’ of any incident wave- 
length short enough to be diffracted, and hence a plane grating always gives spectra 
for any angle of incidence when A<d. The angle of diffraction is easily derived 
by the usual Ewald construction. Consider next a system of two gratings sub- 
stantially in contact. ‘To obtain a two-dimensional diagram in reciprocal space, 
take the two rulings parallel but of slightly different spacings. Let OA (figure 1) 
represent the common plane of the gratings, and let P,Q, be the first reciprocal 
line from the first grating, situated a distance a* from O. Let a collimated beam 
fall normally on the gratings along 'T,C,O, then the first order diffraction spectrum 
from the first grating will travel out along C,P, by the Ewald construction. 

Let T,C,0 represent this first diffracted ray falling on the second grating. 
Let P,Q, represent the reciprocal line of the grating, distance —b* from O. 
Then the ray 'T’,C,O will give a diffracted beam along the line C,P,. Since a* 
and 6* are very nearly equal CP, is not far from the original ray T,C,O, and 
generates the moiré pattern by interfering with it. The spacing of the moiré 
pattern is inversely proportional to the angle between C,P, and T,C,O. It will 
be seen that there will be a reciprocal line P;Q, due to the first grating and 
at a distance — a* from O, which passes very close to the reciprocal line P,Q, and 
cuts the Ewald sphere in a point P; so close to P, that the sphere may be regarded 
as plane in this region. The diffracting angle of the moiré pattern is P,C,P, and 
may be calculated by projecting a* and 5* on to the sphere of reflection, regarded 
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Figure 1. Figure 2. 


If one of the gratings, say the second, is rotated in its own plane, the Ewald 
diagram can no longer be drawn in two dimensions as the reciprocal line P,Q, is 
not now in the plane of the paper but is parallel to the plane of the paper and above 
or below it. All the essential features of the diffraction can be inferred from 
another two-dimensional diagram obtained by projecting P,Q, and P,Q; on to 


_ the plane of the gratings. In figure 2 (a) are shown the original gratings and in 


figure 2 (5) the equivalent diagram in what may be called the ‘reciprocal plane’. 
It is readily shown that if a* and b* are the reciprocal vectors corresponding 
to the gratings of spacings a and b respectively, then d* is reciprocal to the moiré 
spacing d and gives it in magnitude and direction. 
Thus in the triangle ABC 2xarea=AB.a=AC.b=BC.d, whence 
AB=K.a*; AC=K.b*; BC=K.d*. Moreover BAC=@ is the angle between 


_ the gratings and RPQ, the angle between the reciprocal vectors, is equal to the 
angle between the gratings, ie. 8. Hence the triangles PQR and ABC are 


similar and d may be inferred in magnitude and direction from d*. 

This type of calculation may obviously be extended to more complex line 
gratings (such as half-tone screens) and gratings with imperfections or irregu- 
larities (Menter 1957). It is clearly related to the Abbe theory of microscopic 
vision (Rogers 1954). For gratings not in parallel planes, the full three- 
dimensional Ewald construction must be used. 
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By the use of Ewald’s reciprocal space any particular problem in moiré 
production may be solved. In the case of gratings lying in parallel planes, the 
reciprocal space may be condensed into a reciprocal plane and the moire patterns 
developed as difference vectors in this reciprocal plane. 
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Gosta Green, 
Birmingham, 4. 
22nd September 1958. 
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Quantized Growth of Turbulence in He II 


Two years ago one of us, together with D. F. Brewer and D. O. Edwards 
(Brewer, Edwards and Mendelssohn 1956) reported the observation of a sudden 
onset of friction in heat conductivity experiments with He II. The same 
experimental arrangement was used in the present work, i.e. a thermally insulated 
tube, open at one end to a constant temperature helium bath, and carrying a 
heater atthe otherend. ‘The measured quantities are the temperature differences 
between two thermometers at the ends of the tube and a third one, roughly in the 
middle. Most of the results were obtained on a tube of 0-1 cm internal diameter 
and 150cm length. ‘Tubes of 0-05 and 0-17cm diameter yielded similar data. 
The main features of the observations can be summarized as follows: 

(i) At low rates of heat input O the thermal resistance AT/O has a value W,, 
essentially independent of O (figure 1). ‘This state of the liquid can be identified 
with the viscous outflow of the normal fluid, since its viscosity derived from these 
data agrees with other measurements (cf. Brewer and Edwards 1958). 

(ii) At a critical rate of heat input Q,’ this state of flow becomes unstable and 
changes discontinuously into another with higher thermal resistance W’. This 
onset is subject to velocity hysteresis and may only occur at higher heating rates 
Qc", Qe", etc., leading to W”, W", etc. The hysteresis is more pronounced at 
lower temperatures but can be decreased by mechanical shock (e.g. tapping the 
cryostat). 

(iii) ‘The rise of thermal resistance at a fixed value of Q¢ requires time (up to 
twenty minutes) and is slowest near Q,’.. AT always changed linearly with time 
and this behaviour was interpreted as a steady progress of the state of high thermal 
resistance through the tube. That this is actually the case could be demonstrated 
by readings of the centre thermometer. It seems reasonable to assume that the 
state of high thermal resistance is connected with turbulence in the superfluid. 

(iv) The growth of turbulence was found to proceed in various ways. The 
simplest is a gradual filling of the tube with the turbulent state, starting from the 
cold end only (figure 2(@)), which is the most common pattern close to Qc’. 
At higher heat currents, turbulence may start simultaneously at both ends 
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Figure 2. Progression of the turbulent front with time through the length of the tube. 
T,, T, and T; indicate the positions of the three thermometers. 


(v) The various speeds of the turbulent front (within the experimental error 
of 5-15°%) seem to be always simple multiples of the lowest speed. ‘T’he quantal 
aspect of the speeds could further be demonstrated by slightly reducing the heat 
current for part of a transition, such as shown in figure 2(a). It was found that 
the speed of the front was unaffected by this. 

(vi) Once turbulence had progressed through the whole tube no further 
time effects occurred. For instance, if, after W’ had been reached, the heat 
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damental research in mass spectroscopy and in the applicati 
but also to others who would like to acquire a general knowledge 
ting branch of physics which is becoming increasingly important as a 
que in many fields of study. 
ncise descriptive accounts are given of positive ion optics and methods of 
oducing positive ion beams. Mathematical formulae relevant to such funda- 
mental properties as focussing conditions, mass resolution and dispersion are 
_ given without encumbering the text with derivations. The performance and 
_ special design considerations of particular instruments are then discussed 
with reference to these formulae. 

Applications of mass spectroscopy to pure physics are described under the 
headings isotope abundance and atomic mass determinations, nuclear physics 
and molecules under electron impact. In the final chapter on geological 
_ applications, the emphasis is on age determination and studies of isotope 
_ fractionation in geophysical processes. 

The book concludes with a useful table of isotope abundances and atomic 
_ masses, and a very comprehensive bibliography which will lead the inquiring 


reader to full details of the topics surveyed so admirably by Professor Duckworth. 
D. H. TOMLIN. 


~ 


Handbuch der Physik, Vol. XVI, Electric Fields and Waves, edited by S. FLUGGE. 
Pp. vii+ 753. (Berlin: Springer, 1958.) DM 158. 

The sixteenth volume of the monumental Encyclopedia of Physics edited by 
S. Fliigge and published by Springer is entitled Electric Fields and Waves, and 
although this title may seem at first sight a little vague, perusal of the volume 
shows that it is accurate enough. The editing of a work of this kind must be 
a difficult matter ; the various contributions must be written simultaneously 
by specialists who can have little opportunity of knowing what line is being 
followed in parts other than their own, and Dr. Fliigge has done well to get 
together in this volume five well balanced monographs which together form a 
very useful survey of the principles of electromagnetic fields and waves as applied 
in modern techniques of telecommunication and the like. The first four sections 
are almost entirely mathematical though their authors have obviously kept in 
mind the problems arising in practical applications. The last article, being mainly 
experimental, seems a little out of character with the others but it is comple- 
mentary to them and makes the whole volume fairly representative of the physics 
of that portion of the spectrum that can be loosely described as radio. 
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The sections are arranged systematically in an order that to the expert- 
mentalist is one of increasing frequency. Dr. G. Wendt develops the theory of 
static fields and stationary currents. The mathematical evaluation of typical 
field-systems in both two and three dimensions is presented in considerable 
detail and this is followed by a brief review of numerical, graphical and experi- 
mental methods such as the electrolytic tank, rubber sheet etc. (This article is 
in German and the others in English). Dr. Ronold W. P. King follows with the 
principles of quasi-stationary and non-stationary currents in electric circuits 
and carries the reader in a manner well known from his books as far as the region 
of the transmission line and the radiating antenna. Professor F. E. Borgnis 
and Dr. C. H. Papas deal with the theory of waveguides and cavity-resonators 
and Dr. H. Bremmer with the propagation of electromagnetic waves through 
free space. In each case there is a detailed mathematical discussion of a selection 
of typical problems chosen so as to cover the field of present day practice. In 
the last section Dr. L. Hartshorn and Dr. J. A. Saxton discuss the experimental 
techniques for determining the dispersion and absorption of electromagnetic 
waves in the frequency ranges associated with the other sections. This article 
amounts to a broad survey of the methods of measuring the complex permit- 
tivity or dielectric constant and absorption coefficients of materials with a brief 
discussion of the significance of the results so far available. One might perhaps 
have expected this article to appear in a volume which included a detailed 
discussion of the theory of dielectric behaviour but this merely emphasizes 
the difficulties of editing previously mentioned. The present volume constitutes 
a convenient and authoritative survey of modern knowledge in the field which 
it covers and as such it is a most useful contribution to the literature of physics. 

Ea 


Handbuch der Physik, Vol. XXXIV, Corpuscles and Radiation in Matter II, 
edited by S. FLuccs. Pp. viiit+316. (Berlin : Springer, 1958.) DM 78. 


This volume cannot be regarded as a more or less self-contained entity 
since much of the complete topic is considered in another volume of this series. 
We have six topics brought together here, viz. The Passage of Slow Electrons 
and Ions in Gases (in German) by R. Kollath, pp. 1-52 ; The Passage of Fast 
Electrons through Matter (English) by R. D. Birkhoff, pp. 53-138 ; 
Positronium (German) by L. Simons, pp. 139-165 ; X-ray Production by 
Heavy Charged Particles (English) by E. Merzbacher, pp. 166-192; The 
Energy Loss of Charged Particles in Matter (English) by W. Whaling, pp. 
193-217 ; Compton Effect (English), by R. D. Evans, pp. 218-298, together 
with the Subject Index in both languages. 

As can be seen at a glance, the separate topics do not link closely together 
but as separate contributions to the field they are one and all of an exceedingly 
high standard. In every case the contributions show clearly the fact that a real 
expert on the topic is at work on a subject in which he is thoroughly well versed. 
The reader is brought up to date in his knowledge after a smooth sweep 
through the field. ‘There is nowhere a feeling of being enmeshed in detail as 
can so easily be the case in exhaustive authoritative works. Expert summarizing 


and ready reference to earlier review articles on more detailed aspects makes 
for a well-rounded treatment in all cases. 


————— 
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The total of 213 figures, many of them packed with useful information in 
readily appreciated form, helps to make the volume one which can be read 
with pleasure and yet one which will become a reference book in many ways. 
It may not be out of place, even where all have done a very good job indeed, 
to single out for special mention the article on The Compton Effect by R. D. 
_ Evans. This contribution is properly the longest of the present volume and 
_ it fills a real gap in the literature. It is packed with many curves and much 
useful data, sometimes derived with the help of the I.B.M. computer at M.I.T. 
- It is a pleasure to welcome this article and indeed the complete volume. It 
will prove a most valuable source book for many years to come. 

The standard of work of the publishers is first class. The volume can be 
warmly commended to the attention of all physicists. S. C. CURRAN. 


Numerical Analysis, by D. R. Hartree. 2nd Edn. Pp. xvi+302. (London : 
Clarendon Press, 1958.) 42s. 


This is the second edition of a very successful book, by the late Professor 
-D. R. Hartree, first published in 1952. It was stated in the original preface 
that the purpose of the book was to give an introduction to numerical analysis 
to workers in various fields of pure or applied science who may have to carry 
out calculations of a non-trivial magnitude. The main changes in the new 
edition are in the chapter on the numerical integration of ordinary differential 
equations which has been largely rearranged and somewhat extended, 
particularly as regards the treatment of equations with two-point boundary 
conditions. There is also a new section on Whittaker’s cardinal function and 

* various changes in the sections on the solution of linear equations and quadrature. 
The chapter on the organization of calculations for an automatic digital computer 
has been slightly shortened by omitting the sections concerned with details of 
programming ; these no longer seemed necessary in view of the fact that so 
much more has now been published on this subject. 

The book carries evidence on every page of the author’s long experience 
and feeling for the practical aspects of the subject. It is, in my opinion, the 
best available introductory handbook for anyone who is primarily interested in 


getting results and only secondarily interested in the formal aspects of the 


subject M. V. WILKES. 


A Treastise on Photo-elasticity, by E.G. Coker and L. N. G. Firon. 2nd Edn, 
revised with an introduction and bibliography by H. T. Jessop. Pp. xxxii+ 
720. (Cambridge : University Press, 1957.) 70s. 

Photo-elasticity, discovered by Brewster in 1816 and studied by the great 
classical physicists Biot, Fresnel, Neumann, Maxwell, Mach and many others, 
was turned to practical use by Coker from 1909 onward in the Engineering 
Laboratories of University College, London, to which many research workers, 
including some from American industry, were attracted during the second and 
third decades of the century. By 1931 when Coker and Filon published their 
Treatise on Photo-elasticity which was in effect a complete manual of theory 
and practice, there were centres of active work in France, prea 
Germany and Japan as well as in the U.S.A. Since then ei has aoe 
continuous stream, interrupted only by the second world war, of origina 
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publications dealing for the most part with developments in technique, but 
although thirteen textbooks have appeared, including one by Jessop and Harris 
in 1949, Colonel Jessop himself says that none can replace that of Coker and 
Filon which remains the most comprehensive and authoritative work on the 
theory of the subject and on the principles of its application to stress analysis. 
Jessop and Harris dedicated their book to the memory of Filon and this act of 
grateful piety is now supplemented by the issue of a revised edition of the 
Treatise by Coker and Filon, substantially unchanged, but augmented by a 
valuable introduction by the reviser Colonel Jessop, Senior Lecturer in Photo- 
elasticity in the Department of Civil and Municipal Engineering in University 
College, London. He reviews the developments of the subject since 1931, 
which are numerous, the most important being the application of the methods 
of frozen-stress and of observations in scattered light to explore stress 
distribution in three dimensions. Papers on both these methods have been 
published by him, and are listed in the complete bibliography of 97 original 
papers which concludes the additional matter of this new edition. It is 
regrettable that the beautiful colour plates of the first edition have had to be 
omitted but doubtless the cost was prohibitive. At seventy shillings the second 
edition will be welcome indeed to those workers who have had no access to the 
original save from the shelves of a library not their own, while those possessing 
the original will be glad to bring their knowledge and their bibliography up to 
date. A, M. TAYLOR. 


An Introduction to Fourier Analysis and Generalised Functions, by M. J. 
LIGHTHILL. Pp. viii+79. (Cambridge: University Press, 1958.) 17s. 6d. 


Dirac’s delta function was first introduced into mathematical physics as a 
purely heuristic device. A proper mathematical interpretation of it was first 
provided by Schwartz’s theory of distributions, and then by Temple’s theory 
of generalized functions. | Schwartz’s theory lies closer to the original con- 
ception, but rests on some rather abstract mathematical notions. Temple’s 
theory, on the other hand, involves only the commonplaces of mathematical 
analysis ; it is therefore the natural approach for this book, which grew out of a 
course on Fourier series given to undergraduates in their third year. The 
climax of the book is the theorem that every generalized function is uniquely 
represented by its Fourier series. A theory which can, without loss of rigour, 
be so excitingly simple should surely be a part of the equipment of every 
mathematical physicist. 

Besides the main topic the book also treats of Fourier transforms, and of 
their asymptotic behaviour. It is intended as a collection of proofs rather than 
of results, and the intention is beautifully carried out. The theorems are 
straightforward and memorable, the proofs are clear and concise ; there are a 
fair number of examples and exercises ; and there is just the right amount of 
explanation of what is being done. R. O. GANDY. 


Mikrowellen-Messtechnik, by F. J. Tiscuer. Pp. x1+ 310. (Berlin, Gottingen, 
Heidelberg : Springer, 1958.) DM 54, 


This book deals entirely with the art of microwave measurements, the 
reader being assumed familiar with microwave theory and techniques. Emphasis 


2 ment ters, thermisters, 
sidered, and also methods involving radiation pressure. 
urements of pulsed power are also discussed, and estimates are given of 
accuracy possible with the various methods. 

atching devices and impedance measurements are discussed very compre- 
ively, the author having made significant contributions in this field. Two 
nov 1 methods mentioned are the use of a rotating inductive probe in a waveguide, 
and a vibrating capacitive probe for impedance measurements. A discussion 
of waveguide components follows, including ferrite devices. : 

. Methods for measuring the Q of cavity resonators are presented in detail, 
_and also measurements on the electric properties of materials, including tensor 
permeabilities. Finally, there are useful chapters on antenna measurements, 
and on noise in microwave receivers. 

The book is to be recommended for the many novel and interesting ideas 
it contains, and for its accent on the accuracy of microwave measurements. In 
_ general the coverage of the various topics is good, though in some instances it 

could be improved. ‘This is so in the chapters on microwave power measure- 
ments, and on cavity Q measurements, where some consideration of coupling 
: losses would be beneficial. Also some consideration of the use of optical 
Z 
4 


St atomic n, and ALG Avid 
irements with calorimeters, bolometers 


techniques, such as interferometers, could with advantage have been included, 
- both for microwave measurements and for the shorter wavelengths. 
However, within its 300 pages the book contains a wealth of information on 
microwave measurements, and this coupled with a very extensive bibliography 
makes the book a valuable addition to the literature on the subject. 
W. CULSHAW. 


Atmospheric Electricity, by A. J. CHALMERS. Pp. vii+327. (London : 
q Pergamon Press, 1957.) 63s. 

The ground covered is that conventionally associated with the words atmos- 
pheric electricity—the earth’s potential gradient in fine weather, the ionization 
of the lower atmosphere, the electrification of clouds and precipitation, corona 
discharge in the earth’s field, and the lightning discharge. It expands and brings 
up to date (mid 1956) the same author's text published in 1948. The treatment 
is elementary and didactic—a sixth form student will find few difficulties. 

One tenth part of the printed matter is given over to a list of references, 
each of which has been mentioned at least once, and some many times, in the 
text. Very few of them are the subject of any critical comment, and many of 
them cover only very trivial points. ‘These citations clog the text, sometimes 
to the extent of obscuring the argument, often to the extent of hiding the essential 
interest in a mass of detail, Atmospheric electricity was a favoured study of 
such men as Franklin and Kelvin ; in this century it has been advanced by the 
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beautiful observations of Schonland and the fertile speculations of Simpson. 
It is not one of the duller corners of physics, but this book makes it appear so. 
It is a useful compendium for the specialist, but will make no converts to the 
subject. 

The arrangement is convenient for quick reference and the book is pleasant 


to look at and to handle, but there are far too many printer’s (or proof-reader’s) 
errors. G. D. ROBINSON. 


Effects of Radiation on Materials, edited by J. J. Harwoopn, H. H. HAusNer, 
J. J. Morsg, and W. G. Raucn. (Report of a Colloquium Sponsored by 
the U.S. Office of Naval Research and the Martin Company of America, 
March 1957.) Pp. v+355. (New York: Reinhold Publishing Corpora- 
tion, 1958.) 84s. 

Eleven papers delivered at a three-day colloquium at the Johns Hopkins 
University, Baltimore (March 1957) are here published as separate chapters of 
a book. 

Most of the book consists of studies of the electrical, magnetic, mechanical 
and optical changes induced in solids by irradiation. The book opens with 
a chapter which describes the current theoretical concepts used in connection 
with the effects of radiation in solids. ‘There are chapters on the irradiation 
of semiconductors, of surfaces and of metals and alloys. Considerable space 
is given to the study of irradiation in organic substances, particularly in regard 
to polymer chemistry. Because of its importance in producing a high yield 
of atomic displacements, the effect of neutron irradiation is chiefly considered, 
although radiation from charged particle accelerators and y-ray sources are 
also treated in some detail. Randomly spaced amongst these papers is a group 
of chapters dealing with reactor technology. These concern reactor design, 
dose measurement, auxiliary reactor equipment and the problems associated 
with shielding. The chapters seem somewhat out of place in this book especially 
as no corresponding detail concerning particle accelerators is given. The 
information is unlikley to be sufficient for those concerned with reactor design, 
but it should be of considerable use both for those planning reactor experiments 
and those indirectly concerned with reactor operation. Extensive lists of 
references are given at the end of every chapter and the book ends with a 
bibliography containing nearly eight hundred references. 

The scope of the book is too wide for it to be either comprehensive, or of use 
to specialists in their own particular field. However, when, as often happens, 
technical or research workers require information about closely allied subjects, 
this book should prove of considerable use. Although it contains rather too 
much technical jargon, the book is, in the main, well written. J. A. BASTIN. 
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Figure 1. Strain pattern on approximate (110) surface of manganese ferrite (x 67). 
Figure 2. 109° domain walls and fir tree patterns on approximate (110) surface of 


manganese ferrite (x 193). 
Figure 3. Intricate system of fir trees on approximate (110) manganese ferrite surface, 


small horizontal field ( x 333). 

Figure 4. Fir tree patterns on 180° wall on approximate (110) manganese ferrite surface 
(x 333). 

Figure 5. Spikes arising from pits in (110) manganese ferrite surface. 
Arrows give directions of magnetization (63353) 

Figure 6. Echelon-type closure at crack parallel to [110] direction in (110) manganese 


ferrite surface ( x 333). 


Néel spike ringed. 
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Figure 7. Fine structure on cleaved (100) surface of MnZn ferrite ( x 667). 

8. Electron micrograph of fine structure, as figure 7 

Figure 9. Electron micrograph of fine structure near a crack (arrowed). 

Figure 10. Coarse structure on cleaved (100) surface (x 333). 

Figure 11. Branching pattern observed on (110) surface of MnZn ferrite (x 333). 


Figure 12. Electron micrograph of structure on approximate basal plane of cobalt, cf. 
figure 11. 
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Fig. 14 (a) Fig. 14 (0) Fig. 15 
Figure 13. Pattern observed on a natural (111) facet of Ni ferrite (x 100). 
Figure 14 (a) and (6). Part of pattern of figure 12, showing effect of the reversal of a 
normally applied field (x 333). 
Figure 15. Closure domains on (110) faces of Ni ferrite (x 267). 
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Figure 16. Composite print of patterns on three contiguous faces, i.e. (111), (110) and 
(111), of Ni ferrite. Néel spike ringed. ( x 187.) 

Figure 17. Pattern obtained on natural facet of Cu ferrite (<x 333). 

Figure 18. Electron micrograph of apparent domain walls on Cu ferrite facet. 

Figure 19. Electron micrograph of lozenge-type pattern on Cu ferrite facet. 
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Figure 20. Electron micrograph of undulatory wall structure on cleaved basal plane of 
barium ferrite. 

Figure 21. Intricate pattern on cleaved basal plane of barium ferrite ( x 267). 

Figure 22. Electron micrograph of structure of figure 21. 

Figure 23. Electron micrograph of pattern on cleaved basal plane of barium ferrite, with 
1» spacing. 
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Fig. 26 (a) Fig. 26 (6) 
Figure 24. Pattern on axial planes of barium ferrite crystals ( x 107). 


Figure 25. Patterns showing interaction of domains at boundaries on axial planes of 
barium ferrite crystals ( x 107). 


Figure 26 (a) and (6). Effect of reversal of normally applied field on axial planes of barium 
ferrite crystal ( x 333), 
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Figure 1. Typical pattern on 59% Co alloy; ——— approximate grain boundaries; 
H=0 (weak vertical field). 

Figure 2. 59% Co alloy, H=200 Oe along arrow. Specimen saturated. 

Figure 3. 59° Co alloy, H=30 Oe along arrow. 

Figure 4. 599% Co alloy, H=5 Oe along arrow. 

Figure 5. 59% Co alloy, H=1 Oe along arrow. 

Figure 6. 59°% Co alloy, H, reversed, =3 Oe at arrow. Note reversal of bands. 
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Figure 2. Typical dark field electron micro- 
graph of crystals of poly-L-proline II. 
- (Printed negatively.) 


Figure 1. Typical bright field electron 


micrograph of crystals of poly-L- 
proline II. 
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(a) (0) (c) 
Figure 3. Electron micrographs of single crystal spines. Spines (a) and (6) are shown 


at lower magnification in the centre of figure 1, Spine (c) grew from a similar 
main fibre to that shown in figure 1. 
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Viscosity of Normal Paraffins 


By Y. P. VARSHNI anp S. N. SRIVASTAVA 
Department of Physics, Allahabad University, Allahabad, India 


MS. received 28th Fuly 1958, in revised form 30th September 1958 


' Abstract. It is shown that the Andrade—Guzman relation 9 = Ae’l” for the varia- 
tion of viscosity with temperature is adequate for normal paraffins. Andrade’s 
improved equation nv1/= Bel gives less satisfactory results. 


§ 1. INTRODUCTION 


; NE of the well-known equations for the variation of the viscosity with 
C) temperature is the Andrade-Guzman (Andrade 1930, Guzman 1913, 
1914) relation ae 
7=Aellt peareecl eb 

where A and b are constants. Reference may be made to Varshni and Srivastava 
(1958) for other references in the field. 

The above relation (1) was later modified by Andrade (1934) to take account 
of the change in volume which accompanies change of temperature: 


puleeapeneT: es | Pe oes (2) 


where v is specific volume and B and ¢ are constants. 

Andrade—Guzman (AG) relation (1) is known to be satisfactory for many 
of the non-associated liquids. Usually the accuracy of results from equations 
(1) and (2) is of the same order (Srinivasan and Prasad 1942). However, 
Andrade (1952, 1954) has shown from the behaviour of 6 and ¢ for liquid alkali 
metals that equation (2) is theoretically more satisfactory (see also Andrade and 
Dobbs 1952). Associated liquids do not conform to either equation (1) or (2) 
(references in Varshni and Srivastava 1958). 

Normal paraffins are known to be non-associated liquids. However, Doolittle 
(1951) finds that the AG equation is not fully satisfactory for them. Doolittle 
and Peterson (1951) and Doolittle (1951) have drawn (In 9, 1/T) diagrams showing 
the departure from linearity. But detailed calculations have been reported only 
for heptadecane by Doolittle (1951). This abnormal behaviour of normal 
paraffins is contrary to expectations. The present investigation was undertaken 
with two fold purpose: firstly, to examine how far the AG equation (1) can or 
cannot represent the (y, 7) relation for normal paraffins; and secondly, to 
examine if the Andrade relation (2), which is theoretically sounder, gives better 
results than equation (1). 

Fortunately, accurate data on viscosity and specific-volume at the same 
temperatures for normal paraffins are available from the studies of Doolittle and 
Peterson (1951) and Doolittle (1951). Making use of these data we have 
evaluated the constants in equations (1) and ( 2) by the method of least squares 
for seven normal paraffins (for which more than four points are available.) ‘These 
are given in table 1 for 7 in poises and TJ in degrees Kelvin. 
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Figure 1 shows the variation of A and B and figure 2 that of b and c with the 
number of carbon atoms. The behaviour of A and B is somewhat similar : 
both show an initial decrease followed by an approximately linear increase. 
Values of 6 and c are very close to each other (table 1) and the corresponding 
behaviour is shown in figure 2. To avoid overlapping the two curves have been 
displaced by 100 units. 

For liquid alkali metals, Andrade (1952) has shown that c varies regularly 
with increase in atomic weight, but 6 shows erratic behaviour. This indicates 
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Cas ee 373-2 17-85 17-07 —4-4 17-06 —4-4 
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Pe 473-2 3-757 3-883 +3-4 3-900 +3-8 

523-2 2-292 2-290 —0-1 2289 —0-1 

573-2 1-525 1-480 —2:9 1-470 —3-6 


that c is of greater theoretical importance. However, in the present case the values 
of 6 and c are quite close to each other and their variation with the number of 


carbon atoms (figure 2) does not show any sharp difference. 
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It will be noticed that most of the paraffins considered here have high molecular 
weights. These higher paraffins are rarely pure, usually some of the neighbouring 
paraffins being also present. Doolittle and Peterson (1951) etre the folares 
possible percentages of impurities: CypHyg 0°2%, CosHss 5%» Cy,He 3% 
CuFiny 10%, ; 

‘ The ah ee of this paper are subject to this important limitation. Values 
of the constants change with the number of carbon atoms, and impurities may 
affect them to a noticeable extent. 

Next we. discuss the applicability of the two equations separately. 
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Figure 2. 


Andrade equation. 

It may be emphasized that the lesser success of Andrade equation (2) does not 
indicate its shortcoming. Andrade’s equation was derived from a consideration 
of spherical or approximately spherical molecules.. The structure of the paraffins 
under consideration is very far from this picture. 

As is well known, as the number of carbon atoms increases, the physical 
constants of the normal paraffins show increasing deviation from the values 
expected from the law of corresponding states. It seems reasonable to consider 
that the deviation of this kind mainly originates in the change of molecular shape 
from the sphere torod. Itis plausible that these molecules might be represented 
as chains of segments which interact as point centres of force. The use of the 
lattice model, in which the molecules occupy groups of consecutive lattice sites, 
was first suggested by Fowler and Rushbrooke (1937) ; it has been used widely in 
connection with the theory of high polymer solutions. In this model there are 
non-ideal entropy effects even in the absence of interactions, due to interference 
between different chain molecules. 

Kurata and Isida (1955) have employed a modified lattice model of the hole 
theory of liquids for normal paraffins and discussed effects which arise as a result 
of the deviation from the sphere in the shape of the molecule. Simha and Hadden 
(1956, 1957) have also discussed the theory of liquid hydrocarbon in relation to 
their structure. 

It is very reasonable to consider that the viscosity will depend on the type of the 
intermolecular force. With metals, the particles are spherical with an isotropic 
intermolecular force falling off slowly with distance, whereas the n-hydrocarbons 
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_ have intermolecular forces falling off perpendicular to the chain axis as the sixth 
__ power of the distance (Wake 1947). Roki 


The relation of viscosity to the length of the molecule and branching has been ; 


treated by Nederbragt and Boelhouwer (1947). 

On the whole the fit of the Andrade equation is satisfactory, “‘the maximum 
percentage error depending in general as would be expected on the range of 
viscosity, defined as the ratio of the viscosity at the lowest temperature of the 
_ experimental range to that at the highest temperature ’’ (Andrade 1934). For 
example in the case of C,,H;, the range is 7 and the maximum error 2%, while 
in case of C,,Hg, the range is 21 and the maximum error 7%.» It may be noted 
that the fit for C,,H3. can be improved (see below). 

It may be added that Andrade (1934) found his equation very satisfactory 
for some of the lower paraffins, viz. pentane, hexane, heptane and octane. 
Andrade—Guzman equation. 

The average percentage errors in the case of the Andrade~Guzman equation 
are of the order of 1-8 (except heptadecane). This is of the same order as the errors 
- found for many other liquids (e.g. Srinivasan and Prasad 1942, Prasad 1933). 
Hence it is as adequate for normal paraffins as for other non-associated liquids. 

The case of heptadecane needs special mention. If we omit the point for 
293-2°K (which is an extrapolated point) and recalculate A and b from the 
remaining points, better results are obtained as shown in table 4. 


Wable4. deptadecane -A=0-099132; b6=1737-23 


Temperature (°K) S23-7 SW 423-2 473-2 B23 5732 
7 calc (10-? Pp) 2-140 1-042 0-6010 03895 0-2743 0-2053 
% error — 1-38 + 2°36 +0-43 — 1-45 Silos +1-13 


Average error 1-38 


It appears probable that the reported value of 7 at 293-2°K is in error. 

The new value of A also makes the A curve (figure 1) smoother. In later 
discussion we shall use these new values of A and b. 

The exponent b/T is often written as Eyis/RT, where Evis is called ‘energy of 
activation for viscous flow’. 

A number of workers (Ewell and Eyring 1937, Kierstead and Turkevich 
1944, Waring and Becher 1947, Wake 1947) have investigated the applicability 
of the AG equation to normal paraffin liquids and attempted to interpret the 
values of A and b on theoretical grounds. 

The trend of our values of Eyis with those determined by earlier workers has 
been compared in table 5. 

Our results are somewhat lower than the previous values. 

A number of attempts have been made to connect Eyis with other properties 

f liquids. 
: Ewell and Eyring (1937) have suggested that the ratio of Evap/ Evis can be 
taken as an index of the size and the shape of the molecule, or more precisely, of 
the unit of flow in the liquid (see also Eyring and Hirschfelder 1937). 
Hirschfelder, Stevenson and Eyring (1937) have pictured the process of flow in 
a liquid as involving the rotation of a pair of molecules about a common centre 
of mass and movement into a hole in the liquid. The energy of activation of 
viscosity is therefore related to the energy of hole formation which is related to 


the energy of vaporization. 


EE= Ewell and Eyring; KT = Kierstead and Turkevich: VS= ee work. 


‘It is not possible to test the relation for higher paraffins, as boiling points are 
known only up to nonadecane; n-paraffins with n> 19 break up before boiling. 
It may be considered that the energy of activation of viscous flow of a normal 
paraffin is proportional to the number of carbon atoms, if the chain moves tigidly 
as a whole, since the volume of the hole to receive it and any work function 
involved in entering the hole will vary directly as the number of carbon atoms. 
But it is found that this linearity does not hold. We can interpret the departure 
from linearity in either of two ways: (i) that only part of the molecule moves 
(Kauzmann and Eyring 1940) or (ii) that the number of segments is not equal to 
n (here the term ‘segment’ means an element of the hydrocarbon chain, the 

size of which is equal to that of a cell). ~ 
Instead, Wake (1947) finds that E,,, is linear with log m, The relation is 
shown in figure 3 for the paraffins under consideration. It is seen that the 
relation is well obeyed. res 
While the workers have paid considerable attention to the constant b, the 
other constant A has received much less attention. Kierstead and Turkevich 
(1944) found that 1/A increases linearly with n up to n= 18 (note their equation 
is for fluidity; thus their A is our 1/A). However, their point for C3,H¢g was 
abnormal, being much lower than the expected value from the linear relation. 
Our results (figure 1) show that A does not decrease uniformly but there appears 
to be a minimum at about m=17. Later on there is uniform increase. Waring 
and Becher (1947) found that for similar substances log A is linear with Eyis. 
However, in our case (figure 4) this is not true for the whole range, but beyond 
n=17 it is well followed. The regular variation of A and b with n makes it 
possible to estimate their values for the paraffins for which no data is available. 
_ It may. be added that Gutmann and Simmons (1952, 1953) have found 


Vogel’s (1921) equation, viz. logy =A+B/(T+C) ‘Satisfactory for five lower 
paraffins. 


—— 


Ai) fe Ee Ye 
ce A fa Rai os 
Myiite- 2 gens Asya Cre 


E vis 
x . er, 


Figure 4. 


Agi cy ge ACKNOWLEDGMENT — : 

oa - The authors are grateful to Prof. K. Banerjee for his kind interest in the work. 
Aan) ‘ : . : . : ; ae : co. = Z 
Jz fi REFERENCES 


Anprabe, E. N. pa C., 1930, Nature, Lond., 125, 309, 582. 
-—— +1934, Phil. Mag., 17, 497, 698. oo i ha 
@ wo 1952, Proc. Roy. Soc. A, 215, 40. 
—— 1954, Endeavour, 13, 117. 
AnprabE, E. N. pa C., and Doss, 
i DoouittLe, A. K., 1951, ¥. Appl. Phys.; 22,1031. 2 
. ~ Doo.itt1e, A. K., and PETERSON, R. H., 1951, F. Amer. Chem. Soc., 73, 2145. 
Ewe Lt, R. H., and Eyrine, H., 1937, ¥. Chem. Phys., 5, 726. 
-Eyrinc, H., and HirscHFELDER, J., 1937, F. Phys. Chem., 41, 249. 
- Fowter, R. H., and RusHBROOKE, G. S., 1937, Trans. Faraday Soc., 33, 1272. 
F., and Smumons, L. M., 1952, ¥. Appl. Phys., IBY, Dill'c 


E. R., 1952, Proc. Roy. Soc. A, 211, 12. 


= . GUTMANN, 
ae 1953, Ibid., 24,1067. 
. pe GUZMAN, J., 1913, An. Soc. Esp. Fis. Quim., 11, 353; 1914, Ibid., 12, 432. . 
2 HrscHFELpER, J., STEVENSON, D., and Eyrinc, H., 1937, #. Chem. Phys., 5, 896. 
a Kauzmann, W., and EyRINc, H., 1940, ¥. Amer. Chem. Soc., 62, 3113. Fu 
= Kuersteap, H. A., and TURKEVICH, J., 1944, F. Chem. Phys., 12, 24. 
~ Kurata, M., and Isipa, S., 1955, 7. Chem. Phys., 23, 1126. 
4 NEDERBRAGT, G. W., and BortHouwer, J. W. M., 1947, Physica, 13, 305. 
_ Prasap, B., 1933, ¥. Indian Chem. Soc., 10, 143. . 
 : Smma, R., and Happen, S. T., 1956, F. Chem. Phys., 25, 702. 
a 1957, Ibid., 26, 425. 
bs Simons, J., and Witson, W. H., 1955, 7. Chem. Phys., 23, 613. 
fe Srinivasan, M. K., and PrasaD, B., 1942, Phil. Mag., Ajo, PAH 
4 VarsHNI, Y. P., and Srivastava, S. N., 1958, ¥. Phys. Chem., 62, 706. 
G Vocer, H., 1921, Phys. Z., 22, 645. 
raday Soc., 43, 708. 


Wake, W. C., 1947, Trans. Fa 


a Wanrinc, C. E., and BECHER, P., 1947, 7. Chem. Phys., 15, 488 - 


eee SNS 


white re 


160 


Low Energy Elastic Scattering of Neutrons by Deuterons with Yukawa 
Interaction 
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Abstract. Five phase shifts are determined for scattering of neutrons by 
deuterons in the energy range 0-10mev. The central type interaction assumed 
has Yukawa radial dependence, the range and depth of this well being consistent 
with two-body data. Representation of the deuteron ground state is achieved 
by means of the Hulthén wave function. The resonating group structure method 
as applied by Buckingham and Massey (1941) is used to obtain the scattering 
integro-differential equation which is solved exactly. 


§ 1. INTRODUCTION 
INCE at low energies the non-central force between nucleons can be 
S adequately represented by an equivalent central component, previous 
workers have shown justifiable interest in determining the relative merits 
of differently shaped central interactions with their various associated ranges and 
depths. The present work may be regarded as a continuance of this trend. 

Buckingham and Massey (1941) formulated the n—-d problem upon the basis 
of resonating group structure assuming charge-independent two-body forces 
with an internucleonic interaction energy of the form 

V(r)=Vi(r)(mM+hH+bMH+w), — ...... (1) 
where M and H are the Majorana and Heisenberg operators respectively. They 
adopted an exponential shape for the radial dependence V(r) and solved the 
scattering integro-differential equation by exact methods. These calculations 
were subsequently extended to neutron energies of 16 Mev (Buckingham, Hubbard 
and Massey 1952), 

Christian and Gammel (1953) derived n—d phase shifts in Born approximation 
for orbital angular momenta />1 assuming gaussian and Yukawa shaped radial 
wells. Using the Yukawa shape, zero-order phase shifts in the low-energy limit 
were evaluated by accurate solution of the integro-differential equations. For 
higher energies the zero-order phase shifts were evaluated using the less accurate 
“zero-range’’ approximation. The well parameters used and the results obtained 
in the above computations have been conveniently summarized by de Borde and 
Massey (1955). 

The original formulation of Buckingham and Massey has recently been 
revised by Burke and Robertson (1957) and calculations carried through for 
five different ranges of gaussian shape. The latter workers solved the scattering 
integro-differential equation using both exact and variational methods. 


In this paper the formulation of Burke and Robertson is adopted and their 
work extended to the Yukawa interaction 


V(r)= por ,» V y= —68-01mMev, A=1-18 x 10-33 cm, 
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Figure 1. Comparison of ‘ observed’ and calculated zero-order phase shifts for |n-d 
scattering. O ‘Observed’ (Christian and Gammel 1953). C G Calculated by 
Christian and Gammel (1953). BHM Calculated by Buckingham, Hubbard and 
Massey (1952). BR Calculated by Burke and Robertson (1957). These curves are 
for Serber forces for the five potential ranges =0:2, 0:3, 0-4, 0:5, 0-6 x 10° cm. 


§ 2. THEORY AND METHOD OF SOLUTION 
If the internucleonic interaction is assumed to be purely central and of the 
form (1) then, according to Buckingham and Massey (1941), the elastic scattering 
is described by the integro-differential equation: 
(V2.4 A2)F(") 
=a(r)Fee) + f (Olen) + [Plesr)+(1 + Bal Ba) N(ee VEO) a 


where typ) — UE | 2(R)V(lr-+ aR) aR 
3 34M 
o(ree’)= (3) ape xOVOXC) Neeor')= (F) sya Boxxle) 


and according to Burke and Robertson (1957) 
; 4\34M 
Poevr')= (3) gp Lx Pw) VO)ixO) 


; jp UaVid 
i (3) [ xmvexe) + (0) Va2x(u) + x (¥)x (0) = Hee: (4) 


and 6,4 being the quartet and doublet phases respectively. 

If the potential well (2) and the Hulthén wave function for the deuteron 
ground state, that is y(r) = [exp (—a«r)—exp (—r)]/nr, where » the normaliza- 
tion constant is given by »=[{27(8— ot)? } {oeB(oe + f)}}1 are adopted then the 
potential function U(r) can be expressed in the form 

Pray oo = 7 {eri (a+ 1/A)r) — 2Ei* (20+ 28 +1)R)r)__ 
4 i! 
+ Ei*((48 + 1/A)r)] + e7[ — Ei* ((4a0—1/A)r) + 2Ei* ((20 + 28 — 1/A)r) 
d 2a +268 + 1/A)?(4a—1/A)(4B —1/A) } 
— Ei*((48 — —entla ( ae 
CSA SEL Tag Rae fase teen Ty tf’ 


_ where Ri*(y) = ie Ss dt 
y t 


Again, using the chosen explicit forms for y(r) and V(r) the kernels a ri), 
n(r,r’) and p(r,r’) can be appropriately rewritten. Thus 


aer)=Z (3) See (Blea) B(x) ~ Bl, A) +EB BY, wees (8) 
where E(a, Ao 7 


Za (72 +47’? + 4rr’ PG" +4924 477 ee + 7a 2rr’ aie 
x P(x) dx, 


« being such that x=r.r'/rr’ and r, r’ are measured in units of 10-13 cm. 
Similarly, 


mr)=5(3) Ft Fe LTTE 1) FG, 81,1) + P08, 81,1}, 


: SS Oen) 5) a 

safe we fsa sin dO) P(r’); +0002 (6) 
< NN e)S = yl ae 

The required solution is such a f(0)=0 and f(r) ~sin (kr — $l +84), 5 


” ‘AN 5 Fe ie = ' ‘ 
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oe a GPs, 3,2)-+ (2 + BPYF(2 P11) + 2 G(s £,3,3)+4BG(a, P,2,2) 
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where 


“G(a,b,n,m)=r7' | exp [—3a(r?-+4r'2 + 4rr’x)¥2— 3b(r'2 +47? + 4rr'x)1?] 


é (72 +412 + 417 x)" 2(r'? + 49? + Arr’ yn 
x (2r’? + 27? + 5rr'x) P(x) dx. 


The way in which these integrals were numerically tabulated is indicated in the 


next paragraph. 
Robertson. (1956) has described the solution of integro-differential equations 


of the general form 
ae ue (#- el = ue) fiir)= ik Rr, r' f(r’) dr'=2,(r), say, 
reese (12) 
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Z by a simultaneous equation method. Ifthe kernel function dies off with sufficient 
rapidity then the upper limit may be replaced by a suitable finite value R’. The 
range of integration is now split by a convenient number of points 79, 1 

Be ty. _R'=Nh, all equally spaced. Equation (12) can now be written 

a a, af,(r) ‘ R’ ; f 1 : 1 

oj pak + u(r fir) = . Bit Tae ey, Sebelt G (13) 

G _and the right-hand side reduces to 
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where the coefficients T,, are the integrating factors appropriate to the method 
of integration. Replacing’ the derivative by its central difference iepreseanay 
EAN arEn Oe) becomes . 


Paros nee * Tshanfin-+ Co co 


where C,, = (56*— . fn: Following Fox and Goodwin (1949) we can 
reduce the order e aie difference Mareecnon C,, by operating Ste (14) with 
(1+46?) obtaining 
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% a s is Weare + 10m +Rnatin) Tmbm Ci. . bee (15) 
5 m=0 
where C,,=(—51;5+...)f,- Equation (15) can be written in the alternative 
form . 
N on 
> Bore NE y Geko et (16) 
m=0 


Thus by this method, assuming the boundary conditions f(0)=/)>=0 and 
f(h) =f,=1, it is possible to determine some multiple of the desired solution of 
the original integro-differential equation. 


§ 3. NUMERICAL WoORK 


The kernel integrals given in the previous paragraph have been evaluated 
numerically and owing to the magnitude of this task, work has been confined to 
the S-state. For the parameters « and £ occurring in the Hulthén wave function, 
the values «= + 0:22315 x 1013 cm-1, B=1-615 x 104% cm-! were taken which 
Burke (1956) has justified by a minimization of the deuteron binding energy. 

The electronic computer DEUCE has been extensively used throughout and 
this required the construction of a programme and suitable sub-routines to enable 
the x integration at each of a selected number of points in a grid of r versus 7’. 
The integration formula used was that of Gauss and it was necessary to tabulate 
at the points r’ =0, h, 2h...29h for r=0, h;... 29h (900 points) in order to comply 
with the simultaneous equations programme. 

Trial runs for the intervals h=4, 4, 1-0 showed a wide difference in the rates 
at which the integrals died away. Referring to figure 2, we see that q,(r,r’) is 
a short-range, rapidly varying kernel, whereas m)(r,r’) and p)(r,r’) vary more 
slowly and have significant values for larger r and r’._ We can split up the total 
kernel into a long-range and a short-range part, viz. 


| RG.) f(reyar = | RO (r, 1’) f(r’) dr’ + | ROU ir yas eee (17) 
or 
alr)weM (regen. 

The programme we use to solve the integro-differential equation has a fixed 
number of 30 points in the range of integration. Upon examination, it becomes 
evident that an interval h=0-4 is required to represent k® adequately because 
of its rapid variation in the range. On the other hand, k™ does not become 
negligibly small until r’ exceeds 20, thus requiring an interval of about h=0:8 
to cover the range in 30 points. However, the problem can be solved by making 
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use of the properties of g(r) and f(r). It turns out that g(r) and f(r) are smooth 
functions at interval h=0-8. Hence it is possible to interpolate in a table of f(r) 
at interval 2h to obtain the values at interval h. That is to say, the function 
at interval h can be written as a linear combination of the function values at 
interval 2h. ‘Thus, the integral g®(r) is obtained by integrating k®(r,7r’)f(r’) 
at interval fA and writing f{(2h+1)h} in terms of f(2nh), and se the integro- 
differential equation can be solved at interval 2h. With the notation of (13) 


g®(r)= | . RO(r, 7’ )f(r’) dr’ = T(mh)kO(2nh, mh)f(mh), 6.0 (18) 


where r= 2nh. 
We now write f(mh) in terms of f(2mh) by means of the interpolation formula, 


flonh)= ¥ Baof CP) 


and obtain 


g®(2nh) = % > T(mh)K®(2nh, mh) f(2Dh). se vee (19) 


The matrix of coefficients £,,, was calculated using a four-point Lagrangian 
interpolation formula. The equation (19) can be written entirely in matrix 
notation and the process of finding g®(2nh) can be given as a set of matrix 
operations on the kernel k(wh, mh). This is, of course, the method which was 
used in the machine computations. 

It may be thought that equation (12) could be solved more easily by an 
iterative method, which would give successive approximations to f(r) by using 
previous approximations on the right-hand side of the equation. 

For example, we might find approximations f™, f, ...f@to f, where 


a2fo . (#- — ss bee ue) fOH=MO I R®(r, 7’) fX(") dr’ 


dr* 
+ {ke RO (r, r')fO(r') dr’. 
0 


An interval of 2 would be used to find f from this equation by a method 
similar to that described earlier; the first integral on the right-hand side would 
be evaluated at an interval h, the values of f¢—» having been interpolated to halves. 

d The XY is merely a scaling factor, chosen to equalize the amplitudes of f® 
and f¢-» for a value of r at which the corresponding integrals are reasonably 
large; it should clearly tend to unity as ¢ increases. 

In practice, however, this method is unsatisfactory. The sequence of 
approximations f® is not convergent. ‘The reason for this is not difficult to 
find and the problem is similar to that considered by Biickner (1948), of 
successive approximations for Fredholm integral equations. The simpler case 
of iterative solution of matrix equations has been investigated by Plunkett (1950). 

In order to economize on DEUCE time, all integrals were tabulated as 
triangular matrices and advantage taken of the symmetry of the complete kernel 
to form the final square matrix. Even so, about 55 DEUCE hours were spent 
in tabulating and assembling the kernel integrals. 

All integrands become infinite along the lines as and 1’ =2r at the lower 
limit of integration and in addition F(a, >) shows similar behaviour along ee 
at the upper limit of integration. For these particular lines the correct finite 


10 
Np (7,7) 

F igure 2. Contour plots of Yukawa kernels (in units of 10°® cm-%). (7 and 7’ in units of 
10-*'em): 


--values of the integrals were interpolated from neighbouring lines to an accuracy 
of 1% using a four-point formula. 


§ 4. RESULTS AND Discussion 


Phase determinations have been restricted to the MHWB type exchange 
force. Using the methods already described, the phases obtained for both the 
quartet and doublet spin states are given in table 2. The Blatt—Jackson curves 


Table 2. S-phases Evaluated with Kernels Tabulated at Both 0:4 
and 0-8 x 10-8 cm 


kx 108(cm-) Quartet Doublet 
0-4 +75:868° — 60:038° 
0-2 — 63-173° —28:-594° 
0:12 —43-206° —13:596° 
0-075 — 28-498° — 6:467° 
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Figure 3. Comparison of ‘ observed’ and calculated zero-order phase shifts. 
O ‘ Observed’ (Christian and Gammel 1953) 
CG Calculated by Christian and Gammel (1953) 
(0-4) Calculated using an interval h=0-4 
(0-8) Calculated using an interval h=0-8 


tail is amply demonstrated by the phases of table 3, obtained by solution at 
interval h=0-4 and with the upper limit of integration taken to be 1i-6n"T he 
appropriate Blatt-Jackson curves are shown in figure 3, from which the following 
estimates are obtained: 
dg=2-6 x 10-* cm, ag=42x10-%cm. ......-- (21) 
It is a coincidence that these are in some agreement with the experimental 
set I, equation (3). The largest discrepancy between the values of tables 2 and 3 
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Table 3. S-phases evaluated with all Kernels tabulated at 0-4x 10-3 cm 


k x 1013(cm7*) Quartet Doublet 
‘a 0-4 + 87-953° —75:591° 
¢ 0:2 —38-371° —47-250° 
0:12 —19-220° — 30-341° 
0-075 —10-741° —19-427° 
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ization of electrons from the decay of unpolarized positive 
i has been detected by the method of transmission of bremss- 
ung through magnetized iron. It is shown that the positrons have positive 
ity and the negatrons negative helicity, thus providing a clear demonstration 
olation of invariance under charge conjugation. It follows on the basis 
of the two component neutrino theory that the neutrino associated with the 
_ decay of the pion has negative helicity and the anti-neutrino positive helicity. 
The agreement of this with recent results for the neutrino in B-decay lends 
_ support to this theory and confirms the law of conservation of leptons. 


§ 1. INTRODUCTION 


HE two component neutrino theory (Lee and Yang 1957a, Salam 1957, 
Landau 1957) has, up to the present, been very successful in accounting 
for experimental data concerning the weak interactions between fermions. 

‘At the basis of this theory are the ideas that the neutrino and anti-neutrino are 

fully polarized parallel or anti-parallel with respect to their direction of motion 
and that in all reactions the number of leptons minus the number of anti-leptons 
remains constant (‘law of conservation of leptons’). 

The actual sign of the helicity of the neutrino or anti-neutrino, which is +1 

for the parallel case and —1 for the anti-parallel case, has to be decided experi- 

mentally and the leptonic assignment of the particles e*, 1, v and @ by definition 
and experiment. 

The lepton conservation law requires that the processes of positive and 
negative B-decay should be associated uniquely with neutrinos of opposite kind. 
© The processes are then p>nt+e?t+vorp+e >nty and n+>p+e—+y7, where 
in the first two cases the particle is defined to be a neutrino and in the last case an 
anti-neutrino. ‘The negatron is by definition a lepton, so it follows that the 
neutrino also is a lepton and the positron and anti-neutrino are anti-leptons. 

The experiments described below are concerned with the fixing of the neutrino 
and anti-neutrino helicities and with the applicability of the lepton conservation 
law to the decay processes of the pion and muon. 

We have shown that the positrons from the decay of unpolarized positive 
muons have positive helicity and that the negatrons from the decay of negative 
muons have negative helicity. The result for positive muons has already been 
published in brief form (Culligan et al. 1957) and we have recently learned that 
similar results for both particles have been obtained elsewhere (Crowe, private 


communication). The following argument is based on the two component 


theory. 
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_ helicity of the neutrinos or anti-neutrinos emitted in the p1 ) 
the electrons emitted in the subsequent muon decay. Figure 1 illustrates 
argument; the pion may be either positive or negative and the electron helici 
has been arbitrarily taken to be positive. ’ 
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Cancel 
Figure 1. To illustrate the connection between the helicities of the electron, muon and 
first neutrino in the 7, 4, e decay chain. The electron helicity has been taken to be 
positive but otherwise the diagram applies equally to positively charged and negatively 
charged particles. 


The two particles emitted in the pion decay must spin in opposite directions to. 
conserve angular momentum since the pion has zero spin; they move in opposite 
directions and thus have the same helicity. In the subsequent decay of the muon, 
since the electron energy spectrum is peaked towards the upper limit, most of the 
electrons are associated with neutrinos moving into the opposite hemisphere. As 
these neutrinos, of opposite kind, have opposite helicities, their spins will tend to. 
cancel and the electrons and muons will spin in the same sense. The latter two. 
are known to move in opposite directions so they must have opposite helicities. 
Thus we conclude that the electrons associated with the muon decay and the 
neutrinos associated with the pion decay have opposite helicities. 

On the basis of the two component theory the results of our experiment thus 
fix the helicities of the muons of both signs (negative for positive muons and 
positive for negative muons) and show that the neutral particle emitted in positive 
pion decay has negative helicity while that emitted in negative pion decay has 
positive helicity. Applying lepton conservation to the decay processes of the 
muon and pion it can be seen that the positive muon is an anti-lepton and the 
particle emitted with it in the positive pion decay is a lepton, i.e. a neutrino 
rather than an anti-neutrino. So we conclude that the neutrino has negative 
helicity. | 

Recent work on nuclear B-decay (Goldhaber ez a/. 1958) has led to the same 
conclusion regarding the neutrino involved in this process. Since both con- 
clusions are dependent on the law of conservation of leptons their agreement 
provides confirmation of this law as applied to the processes of B-decay, pion 
decay and muon decay and also supports the two component theory. 


Polarization of Electrons from Muon Decay 17t 
xz The sign of the neutrino helicity together with that of the positrons emitted 
with them in f-decay, which is known to be positive (Rehovoth’ Conference 
Proceedings 1958) enables the type of angular correlation between the directions 
of emission of the two particles in this process to be determined. Thus in a 
eg 0 allowed transition the particles must be emitted predominantly in the same 
_ direction to conserve angular momentum, whereas in a AJ = + 1 allowed transition 
_ they must be emitted predominantly in opposite directions. These correlations. 
_ are characteristic of the vector V and axial vector A types of coupling respectively. 
This argument provides an important part of the evidence for the V and A types. 
_ of coupling in B-decay as opposed to the scalar S and tensor T types which were 
_ favoured until recently (Culligan et a/. 1957, Sudarshan and Marshak 1958). 

z Calculations of the electron polarization in muon decay have been carried out 
_ by Lee and Yang (1957 b), by Uberall (1957) and by Kinoshita and Sirlin (1957). 
These show on the basis of the two component theory, that electrons of all energies. 
from the decay of unpolarized muons have the same polarization. ‘The value of the 
_ polarization is proportional to the parameter € of the theory, which depends on the 
type of coupling between the particles and can take a value between —1 and + iP 
The extreme values correspond to 100%, polarization of the electrons. The 
magnitude of can be determined also from measurements of the asymmetry of 
electron emission from polarized muons, a combination of earlier results leading to 
a value of 0-87+0-12 (Wilkinson 1957) and a recent experiment to the value 
0-91 +0-14 (Swanson 1958). Our measurements of the polarization are con- 
siderably less accurate than these, but certainly require a value greater than 0-6. 
Finally, the result that the electrons from the decay of unpolarized positive 
* and negative muons at rest have opposite polarization provides a clear demon- 
stration of the violation of invariance under charge conjugation. 


§ 2. APPARATUS 


To detect longitudinal polarization of the electrons from muon decay we have 
made use of the fact that such polarization persists in the bremsstrahlung quanta 
produced by them (McVoy and Dyson 1957). The polarization of the quanta 
can be detected by comparing their transmission through iron magnetized either 
parallel or anti-parallel to their direction of motion. There is a difference due to 
the Compton cross section being dependent on the relative directions of the spins 
of quantum and scattering electron (Gunst and Page 1953). . 

Above 0-6 Mev the total Compton cross section 1s greater when the spins are 
anti-parallel. ‘The difference between the cross sections for the anti-parallel and 
parallel cases increases from a negative value at low energies through zero at 0-6 
Mev to a broad maximum at about 3 Mev and then decreases slowly at higher 
energies. Over the energy region with which we are concerned (10 Mev to 50 MeV) 
the difference in transmission through the 16cm thickness of iron used in the 
experiment, when the direction of magnetization is reversed, is expected to be 
about 5%, if the y-radiation is fully polarized. ws ie ne 

The experimental details were different in the work with positive and negative 
muons. In the first case the pion beam was brought to rest in a carbon target im 
which the muons were produced by decay. — In the second it was bie ears _ tee 
the muons present as a 3%, contamination of the negative pion beam. 
experiment was the more difficult of the two because the muon intensity was 


I se of a 12% inati 200 Mev 
smaller by a factor of 4 and also because of a 12% contamination of 
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Figure 3. Details of polarization analyser and counters used in the positive pion beam. 


Muons decay in the carbon target C, 5cm thick, and decay electrons are 
-detected by plastic scintillation counters 3 and 4 each 10cm square. The electrons 
produce bremsstrahlung in the lead radiator Pb, 5 mm thick, and this then passes 
through the 16 cm long cylindrical core of the magnet M to be detected in the 
5inch diameter Nal(T1) crystal. ~ 

In order to select the required pulses from the crystal a fast coincidence was 
arranged between the electron counters 3, 4 and pulses greater than about 2 Mev 
from the crystal. ‘This coincidence pulse operated a gate through which the 
linear pulses from the crystal passed to a pulse height analyser. 

The main sources of background were random coincidences between single 
pulses from the crystal and double coincidences 3, 4 and in the case of the negative 
muon experiment, real triple coincidences produced by the high energy electron 
‘contamination of the beam. 

The double coincidence rate 3, 4 was reduced by placing counter number 2, 
20 cm in diameter, in anti-coincidence. In the positive beam the main function of 
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the negative beam, the 
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f Heid _ § 3. ELECTRONICS 
ee. block diagram of the electronics used with the negative muon experiment is 
- showninfigure4. The difference in the case of positive muons was the absence of 
moe nter number 1 and the different monitoring arrangement. The coincidence 
~ units were of the Garwin type, the resolving time being 40 mpsec. Scintillators. 
q ‘number 2, 3 and-4 were mounted on EMI 6260B photo-electron multipliers 
followed by simple EFP 60 head amplifiers. Number 1, which counted at a 
mean rate of about 2 x 10° per second, was used with an EMI 6097B feeding a 
130 ohm cable directly. The sodium iodide crystal was mounted on an EMI 6099 
5inch multiplier. 
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q Scaler Pulse Height Analyser 

4 Figure 4. Block diagram of the electronics used in the negative pion beam. 


Pulses from the crystal to operate the coincidence circuit were taken from 

_ dynode number 9 of the multiplier and after passing through a line amplifier 

: clipped to a total width of about 30 mpsec. They were then used to operate a 

: trigger circuit which fed pulses of standard size, 40 msec wide, to the coincidence 
= circuit. 

| The linear p 

amplification passed through t 


ulses from the crystal were taken from dynode number 7 and after 
he gate to a 50 channel pulse height analyser. 


counters and examining the gated spectrum of the bremss ‘rahlung oe 
electron contamination. When the magnetic field was reversed there was 1 


s 
change in the number of pulses greater than 5 Mev within the statistical accuracy: 
+0:25% and no change above 12 Mev within an accuracy of +1%. The above — 
tests were carried out at the beginning of every run with the cyclotron. chess 

The arrangement was checked as an analyser by using the bremsstrahlung — 
from the 9°Y -radiation, which is known to be highly polarized (Goldhaber oa 
et al. 1957). A 150mc source enclosed in a silver capsule was placed in the 
position of the carbon target and the electron counters removed. ‘Spectra of © 
pulses from the sodium iodide crystal were recorded for the two directions of 
magnetization. he difference of these is plotted in figure 5 and shows the 
expected increase in analysing power with energy. 
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Figure 5. ‘Test of analyser with bremsstrahlung from °°Y £-radiation. 


The procedure at the start of each run with the cyclotron was as follows. All 
the counters were mounted in position, but the magnet was absent. A beam of 
positrons was provided by placing a lead radiator in the vacuum pipe between the 
cyclotron and bending magnet to convert some of the electrons in the negative 
pion beam. The field direction in the magnet was such as to focus the positrons 
and not the negative particles. The energy of the positrons at the focus could be 
varied by altering the strength of the magnetic field. 

The pulses from the ‘events’ coincidence unit (figure +) were taken directly 
to the pulse height analyser. Then the delays in the cables from counters 3 and 4 


t 


Finally, in the case of the negative beam, the gated linear spectrum from the 
_ crystal was examined both with optimum absorber thickness and with a sufficiently 
increased thickness that no muons could reach the carbon target. The number of 
} beam contamination electrons reaching the lead radiator was practically the same 
En both cases and the spectrum in the second case then revealed any residual effect 

due to them. This effect was difficult to measure because of the small counting 
rate, but was less than 10°% of the pulses greater than 12 Mev due to the muon 
_ decay electrons. : 


§ 5. MEASUREMENTS AND RESULTS 


The spectrum of pulses from the sodium iodide detector was recorded for a 

certain number of monitor counts with the magnetic field alternately in one 

direction and the other. There was an interval of about 1 hour between reversals 

- inthe experiment with the positive beam and about 3 hour in that with the negative 

beam. The total number of reversals during several periods on the cyclotron 
in each case was 110 for the first and 220 for the second. 

, At regular intervals the spectrum of random coincidences between double 
4 counts 3, 4 and single counts in the sodium iodide detector was measured by 
4 putting a delay of one r.f. period in the cable from the latter. This spectrum had 
____ the same shape as that of single pulses from the sodium iodide and increased very 
4 rapidly below 10 Mev. 

5 The upper limit of the electron spectrum from muon decay is at about 53 Mev. 
As the energy spectrum of the bremsstrahlung shows a roughly logarithmic 
increase with decreasing energy and is very weak above 30Mev the saturation 
level of the gate was arranged to be at about 40 Mev. The amplification was 
. linear up to this level. The lower energy limit was set by the trigger circuit 
(figure 4) at about 2 Mev. 

The following are the chief counting rates for the two experiments : 

In the case of positive muons the electron rate 534 was about 300 per second. 
The rate in the gated spectrum between 12 Mev and 30 Mev was 5 per minute. 
The random coincidence rate was about 3°, of this, but the proportion increased 
to about 20% at 6 Mev. 

In the case of negative muons the electro 
The rate in the gated spectrum between 12 Mev and 30 Mev w 
the random rate accounting for half this. 

The results for both cases are displayed in figure 6, in which the difference 
between the total spectra for the two directions of magnetization is plotted as a 
percentage of the mean. The errors shown are the statistical standard deviations. 


n rate 1934 was about 80 per second. 
as 4 per minute with 
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Figure 6. Difference in counting rates for the two directions of magnetization with 
positive muons (above) and negative muons (below). The broken curves represent 
attempts to fit the measurements on the assumption of 100° electron polarization. 


The broken curves in figure 6 represent an attempt to set limits between which 
the experimental points should lie assuming the electrons to be fully polarized. 
The curves showing the greater effect tor both positive and negative muons were 
calculated on the assumption that the bremsstrahlung radiation also was fully 
polarized. ‘The formula of Gunst and Page (1953) for the spin dependence of the 
Compton cross section as a function of energy was used, putting in the thickness of 
the iron and its degree of saturation. 

The curves showing the smaller effect were calculated by considering 50 Mey 
fully polarized electrons to be incident on the lead radiator and carrying through a 
Monte Carlo calculation on the showers produced, using the formulae given by 
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) a degree of polarization between 60 and 
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§ 1 INTRODUCTION 


STUDY of the interaction ar the jz.-meson with electrons is important in 
FEN that it can give information about the nature of the u-meson. Some 

information on the properties of very slow p-mesons has been found 
from experiments on p-mesic atoms but it is possible that the fast u-meson 
behaves in a somewhat different manner from the slow »-meson. ~_ 

Probably the direct .-meson—electron interaction can best be investigated by 
measuring the energy spectrum of the electrons knocked-on in a gas by x«-mesons 
as a function of the momentum and sign of the u-meson. It is, however, 
difficult to determine the absolute ranges of the slow knock-on electrons (8-rays) 
in the region of a few tens of kev, and at higher energies, in the region of a few 
Mev, the cross section for interaction is too low for results of any statistical 
accuracy to be obtained. In the experiment reported here the production of 
low energy 6-rays in the gas and higher energy electrons (>1Mev) in metal 
plates has been investigated. In neither case has an absolute cross section been 
measured. 


; 
7 
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§ 2. THE EXPERIMENTAL ARRANGEMENTS 


A large cloud chamber of illuminated volume 60cm x 60cm x 11cm was 
operated under the Manchester Cosmic Ray Spectrograph. ‘The chamber 
contained argon (80% by volume) and oxygen with a 50-50°% water—alcohol 
condensant, at a total pressure of about 110cmHg. Two arrangements were 
used : 

(a) The chamber contained one plate of iron and one of lead of thickness 54-7 
and 50-9gcm™ respectively. The spectrograph was operated with Geiger 
counters as detecting elements (Hyams e¢ al. 1950) and the maximum detectable 
momentum of the instrument was about 20 Gev/c. 

(6) The chamber contained nine 1 cm lead plates, each of mass 11-47 gemma: 
the spectrograph being operated with flat cloud chambers (Holmes et al. 1956), 
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_ The differential range spectrum of 5-rays for all primaries is shown in figure 1. 
Mpisancien has been made between positive and negative primaries for each range 
_ group. It is clear that there is no significant difference between the production 
. of d-rays ey positive and negative primary particles. 

The ,2-test has been applied to the results to search for any deviation from 
_ the expected number with variation in the momentum and sign of the pramary, 
for a number of §-ray ranges. No x? is unusually high and the distribution in y? 


e Positive primaries 
o Negative » 


-rays per cm Range Interval per metre of Meson Track: 


Number of 6 


ange of 6-ray (cm) 


Figure 1. The number of 6-rays per metre of «-meson cloud-chamber track, as a 
function of S-ray range. The histogram shows the mean rate for both positive 
and negative mesons. The deficiency of 5-rays of lowest energy is due to a somewhat 

variable acceptance criterion based upon visual estimation of the range. The 


experimental points have been separated laterally. 
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is as expected for a good fit. The overall value would be exceeded by chance 
once in. three occasions. : 


3.2. The Production of Knock-on Electrons from Metal Plates 


(a) Production from iron. 

In arrangement (a), §2, a study was made of the number of single knock-on 
electrons emerging from the iron plate, a knock-on electron being defined as one 
producing a track in the cloud chamber leaving the plate within one radiation 
length of the primary. Since the statistical accuracy of the second arrangement, 
with many lead plates, was so much higher only the frequency of knock-on 
electrons in iron was measured here. 

The result for iron is 9-0+0-4% for the whole of the incident primary 
spectrum of u-mesons of both signs. No significant variation with momentum 
of primary was detected. 

(b) Production from lead. 

Knock-on electrons from the 1cm lead plates in arrangement (0), §2, were: 
examined in detail. A strict criterion of visibility of the u-meson track was 
applied to minimize any loss of particles, the criterion for acceptance of knock-on 
electron tracks being identical with that for the arrangement (a) mentioned 
above. The number of cases of single and multiple knock-on electrons was 
noted. Some nineteen thousand traversals were observed. Personal bias 
towards a particular momentum or sign was avoided by scanning for electron 
tracks before the spectrograph records were examined. 


3.3. Single Knock-on Electrons 


The probability of a u-meson emerging from a 1 cm lead plate accompanied 
by a single electronic secondary is found to be 5-80+0-15%. It is possible that 
a significant fraction of the electrons arise from photons, which are themselves. 
secondary to p-meson-electron collisions. If this were the case one would 
expect the single knock-on rate to be of the form 


A+ B[1—exp (—-x/A)] 


where x is the thickness of lead traversed and A the mean free path for electron 
production by photons. 4 is sensibly constant in the important energy region 
1-10 Mev. It is found that the knock-on rate is independent of plate number 
showing that the electrons observed are mostly directly produced. 

Figure 2 shows the single knock-on rate as a function of primary momentum 
and sign. It is clear that there is no significant variation with the sign of the 
meson. 

An attempt has been made to calculate the expected rate of knock-on electrons 
in the following way: 

The number of electrons produced with energy W within dW in 1cm lead 
is 0-684 W~*(1—W/W,) dW where W is measured in Mev. W, isthe maximum 
transferable energy, given by W)=(pc)?/(pce+ 1-1 x 104 Mev). Neglecting the 
effect of the ejection angle of the electron, the lead thickness which is effective 


in producing electrons which will be seen is the mean range R of electrons of 
energy W. 
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The range-energy relation has been determined as follows. Katz and 


_ Penfold (1952) have given a formula for the practical range Rp in aluminium and 


Hereford and Swann (1950) have published absorption curves from which the 
relation between Rp and R in aluminium has been determined. These results 
have been taken over to the case of lead using the effect of Z upon R given by 
Husain and Putman (1957). Finally the theory (modified because this is a 
first passage problem) and Monte Carlo results of Wilson (1951, 1952) have 
been used. The resulting relation is R=6-6 x 10--W!"cm, W<25mev. In 


view of the uncertainties in the derivation it is estimated that the relation is only 
accurate to about 20%. 


The resulting knock-on rate is 
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There is no sharp cut-off in range but an effective upper limit is found by 
writing Rmax=0-0066Wmaxt'*!=1cem, from which Wmax=22:5Mev. The 
justification for this value is that although secondaries will be formed within a 
1cm plate with W> 22-5 Mev their number will be small because (a) the produc- 
tion rate decreases rapidly with increasing W and there is no compensating increase 
in R, and (6) multiplication becomes important. 
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Figure 2. The rate of single knock-on electrons emerging from a 1 cm lead plate as a 
function of the momentum of the primary particle. The curve is a rough estimate 
of the expected rate. 


It will be seen from figure 2 that theory and experiment fit as well as can be 
expected without normalization. Clearly no anomaly of any appreciable magni- 
tude exists. 

3.4. Knock-on Showers 

The total number of electrons accompanying each je-meson in lead depends 
more strongly upon momentum than does the number of single electrons because 
of the rapid increase in maximum transferable energy and the consequent afiect 
of energetic showers. ‘Ihe presence or absence of high-energy showers pha 
large statistical fluctuations in the number of electron tracks, making it desirable 
to exclude these events by some cut-off procedure when counting. 

The total number of electron tracks per plate and per -mesun produced by 
collisions in the chamber is plotted in figure 3 against the meson momentum. 
Four showers initiated by electrons of energy estimated to be above 500 Me\ 
were excluded from the analysis. ‘The smooth curve is a rough estimate of the 


ee expected It has been derived by adding to the thecretical number of 
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Figure 3. The rate of total number of knock-on electrons from a 1 cm lead plate. The 
curve is a rough estimate of the expected rate. The errors indicated are under- 
estimates for reasons given in the text. 


§ 4. DiIscUssION AND CONCLUSIONS 
4.1. 6-Rays 


Cloud chamber experiments on 8-rays have been carried out by Seren (1942), 
Lovati, Mura and Succi (1954) and Brown, McKay and Palmatier (1949). In 
each case the observed number of 6-rays was of the order of 100. In no case 
was there any real discrepancy with theory. Small differences are easily explain- 
able by the difficulty in measuring the ranges of the short S-rays. Tidman, 
George and Herz (1953) have made a careful theoretical and experimental study 
of 6-ray production in nuclear emulsions. 6-ray counts were made on stopping 
protons and stopping p-mesons (mainly positive) with B<0-4. Counts were 
also made on tracks of fast particles, with plateau grain density. The results, 
with a low energy cut-off of about 20 kev, are in excellent agreement with theory. 

These experiments do not overlap the present work. They show that there 
is good agreement with theory with respect to absolute number of d-rays, distri- 
bution in energy of d-rays and to the velocity of the primary particle except for 
very high velocities. At high velocities there had been no measurements on the 
dependence upon momentum and charge of primary. The present experiment 
has tested this dependence and found none. 


4.2. Knock-on Electrons 


A number of experiments have been made on j-meson-electron interactions 
of higher energy. 

Earlier workers with cloud chambers have usually given little more than the 
knock-on rate for the total meson spectrum. Their results vary widely, from the 
3-6% of Johnson, Shutt and Barry (1940) to 17% found by Trumpy (1938). 
It seems likely that the spread in values arises from poor track visibility in some 
experiments and the inclusion of occasional dense knock-on showers in others. 
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Wilson (1938) has carried out a magnet cloud chamber experiment using a 
gold plate and finds the rate of knock-on production to be 4-8% and 0-8% for 
#-mesons of momenta above and below 3 cev/c respectively. Above 3 cev/c 
Wilson’s results are not inconsistent with the results presented here: below 
3 Gev/c there is an unexplained discrepancy. ; 

The use of nuclear emulsion permits a study of the dynamics of the p-meson— 
electron interaction, in so far as the angle of ejection and energy of the knock-on. 
electron can be determined for a wide range of electron energies. Kannangara 
and Zivkovic (1953) have studied the cross section for production of knock- 
on electrons in nuclear emulsion underground. Above 100Mev the ratio of 
experimental to theoretical rate is 1-1+0-2 and the distribution of energies and 
angles of ejection are as expected. No measurements of the momenta of the 
primary -mesons were made in this experiment. 

Walker et al. (1951) and Walker (1953), using successively a multiplate cloud 
chamber and a magnet cloud chamber, also find agreement between experiment 
‘ and theory. 

It is clear from these experiments that the number and energy spectrum of 
knock-on electrons, of energy in the range 50-500 Mev at least, is as given by 
theory. ‘The present experiment shows that the dependence on sign and 
momentum of primary is also consistent with theory. 

The variation of the knock-on rate with atomic number for thick plates depends 
on the variation of range, scattering angle etc. with atomic number and will not 
be discussed in great detail. Some comment will, however, be made here on 
a counter experiment by Caglioti, Sciuti and Gigli (1955) on the production of 

- secondary electrons by high energy u-mesons. These authors used counter 
arrangements to study knock-on production in lead and aluminium. From the 
measured rates of discharge of two counters in one detecting tray Caglioti, Scuiti 
and Gigli found a ratio 1-21+0-03 for the probabilities of recorded knock-on 
production in aluminium and lead. ‘This ratio is in agreement with that of 
Z|A for the two elements and may indicate that the numbers of gcm~* effective 
in the production of measured knock-on electrons is the same in both cases. 
It must be pointed out however that this result is not of general application since 
the total number of electronic secondaries emerging from a plate varies quite 
rapidly with Z and primary momentum, and the number recorded by a counter 
array depends critically on the geometrical arrangement of the counters and the 
energy of the knock-on electrons. He 

In the experiment reported here the ratio of knock-on electron probabilities 
for iron and lead is 1:55 compared with a ratio 1:17 for Z|A for the two 
elements. ; 

Some information on the variation of knock-on electron probability with 
primary energy at high energies, = 10Gev, can, in principle, be derived ee 
study of the variation of knock-on rate or the ratio of soft to hard re wit ; 
depth underground. That there is an increase with depth is clear but the rate o 
increase is uncertain on account of the differing experimental arrangements used. 
As yet no experiment has been performed with the same well designed arrange- 
ment at a wide range of depths underground. ' 

In conclusion it appears that there is no significant anomaly in the production 
of knock-on electrons with energies between about 20 kev and a few hundred 


: ‘ Samael 
Mev by primaries having momentum below 200 Gev/c. 
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my ared with those obtained by other analyses in this energy region. 
odification of the Coulomb scattering by the absorption of protons in the 
us is also considered in some detail. : 


is 


§ 1. INTRODUCTION 
CENTLY several analyses have appeared of the scattering of high energy 
nucleons by complex nuclei (Bethe 1958, Bjorklund, Blandford and 
Fernbach 1957) in terms of the optical model. However the situation is still 
unsatisfactory in that widely varying values for the various parameters have been 
obtained. Bethe’s analysis concentrated on the small angle points, where inelastic 
scattering is small and spin-dependent effects are relatively unimportant. 
However, he obtained the various terms in the scattering amplitude coming from 
_ interference between the Coulomb and nuclear scattering separately, and did not 
allow for renormalization of the experimental points, the absolute magnitude of 
which is quoted as accurate only to + 20%. 
We have therefore recalculated the problem in a unified way, evaluating all 
_ amplitudes in the semi-classical approximation (Shapiro 1955) which is accurate 
for small angle scattering. In the course of this, we have found that the way 
in which the Coulomb scattering amplitude is usually obtained, by multiplying 
the point nucleus amplitude by a form factor to allow for the finite size of the 
nucleus, gives an extremely bad approximation. The absorption of protons in the 
¢ nucleus actually leads to an enhancement of the Coulomb amplitude at small 
__ angles, rather than a diminution. 
A We therefore evaluate all of the amplitudes arising trom the nuclear scattering, 
oe 
if 


Coulomb scattering and interference between the two, directly. We can then 
determine both the real part of the nuclear potential and the normalization of 
the experimental results (Chamberlain et a/. 1956). Later the introduction of 
spin-dependent effects shows that the determination of the real part of the nuclear 
potential is relatively insensitive to specific assumptions about the spin-orbit 
force. Comparison of theoretical results for the polarization with the experi- 
ments gives a best fit for a value of the spin-orbit coupling parameter somewhat 


higher than that obtained by Bethe (1958). 
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‘ § 2. METHOD 

- 2.1. The Optical Model 

; The optical model as a description of the interaction between a nucleon and a 
nucleus at high energies has been extensively used in the analysis of scattering 
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experiments. In this model the nucleus is replaced by a complex spin-dependent 
potential of the form me AT as ae | 
Vir)=Va(r)+Vs(r)o-b wen en (1) 


where V,(r) is the central and V(r) the spin-orbit potential at a point distant r 
from the centre of the nucleus. is the spin of the incident nucleon and L its 
angular momentum. It can be shown (Fernbach, Heckrotte and Lepore 19555 
Brown 1957) that V,(r) is related to Vy(r) by the equation 


Vs(r)c—— meer ee 


Alternatively if p(r) is the density distribution of nucleons in the nucleus then. 
we can write the equation in the form 
VOI eo (3) 
r dr 
where C is the spin-orbit coupling constant which may be complex (C=ce"), 
The expression of the optical model potential in the above form has involved an 
expansion in which the range of the nucleon-nucleon force has been taken to be 
small compared with the radius of the nucleus. 

In the case where protons are the incident particles then we must add a 
further term Vcp’(r) to allow for the Coulomb forces. Here p’(r) is the charge 
density in the nucleus. In recent analyses (Bethe 1958) the tendency has been to. 
assume that p(r) is given by the charge distribution for the nucleus as determined. 
by electron scattering experiments. his is equivalent to assuming that the 
density of protons and neutrons throughout the nucleus is the same and for light 
nuclei such as carbon this would seem to be justified. In this case p(r) and p’(r) 
are identical. In the present case slightly different forms have been taken for 
these two functions; this was merely to give convenient forms for various terms. 
in the analysis and the difference should not be important numerically. 

In an analysis of the scattering of 350Mev neutrons Ashmore, Mather and 
Sen (1958) and Brown, Ashmore and Nordhagen (1958) show that the real part 
ef Vy is small. Bethe (1958) and Bjorklund, Blandford and Fernbach (1957) 
also obtain small values for this parameter and in the subsequent analysis we shall 
assume that this is so. 

Brown, Ashmore and Nordhagen (1958) further show how the imaginary 
part of Vy can be related to the nucleon-nucleon forward scattering amplitudes 
and hence to the total cross sections for nucleon-nucleon scattering. In the 


following analysis we shall use the value given for the imaginary part of Vy by 
their method. 


2.2. The Semi-Classical Approximation 
ie he amplitude for the scattering of a nucleon through an angle @ by the 
potential given in (1) is 
f(@)=A(@)+ B(@)o.n 
where n is a unit vector perpendicular to the scattering plane. 
Simple expressions for A(@) and B(@) can be obtained in terms of the semi- 


classical approximation (Shapiro 1955). The final expressions obtained f 
A(@) and B(@) are then Pp ned for 


= / iy 29(A*B) 1 
atoms PO= eee te 


§3. ANaLysis 
- PS 3.1. No Spin—Orbit Force . 
We shall first perform the analysis neglecting spin-dependent forces. In 


the case where protons are incident equation (3) then becomes 


a VO)=Vep'()+ Vn) ste (8) 
4 eon “ xX1(b) = xe(b) + xn(2) 
where xe(6)=-F]_ Velr ae, xnlb)= -£ i * Vale) de. 


=a 


If we now assume that the nucleus has a radius R, then for 7> R, 
p(r)=p'(r) =0, 
Vn=0, yn(b)=0, Ve(r)=Volr) 


anid - xe(6)=x0(0)= — F | he Tir iegpeaanectet (9) 


__where V,(r) is the potential at a distance r from a point charge. ; 
The scattering amplitude A() is next split into three parts as follows. (a) A 

term An depending purely on the nuclear potential Vy; and hence a function of 
xn only. (6) A term Ay, the point charge scattering amplitude, a function of 
> xponly. (c)Atermdd depending on yn, xc and yp. In the absence of Coulomb: 
scattering this term is zero. In the absence of nuclear scattering it acts purely as. 
-_ acorrection to Ap to give the correct distribution from a nucleus of finite size. 


Then Viger Ag 8d, |) ee (10) 
4 R . . 
- where An= *| Jo(kb sin 9){ exp (¢xn) — 1} db. 

One : 


4 | Ay= 5 [ ” Joltbsin8) {exp (hxo)— 136d 
sA= . ie J,(Rb sin @) [exp (ixn {exp (txe) — 1}— (exp (ixp)—1)]. 
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Now xp and y¢ can be directly calculated for a nucleus of given shape and charge _ 
whilst y,, is a function of the imaginary part of the central potential. This can 


be calculated from the total cross sections for nucleon-nucleon scattering 
following the treatment of Brown, Ashmore and Nordhagen (1958). 

In calculating x,(r) the charge distribution p’(r)=7~ a exp{—(r/a)*}, 
with a=1-965 fermi was used. This distribution has the advantage that the 
Coulomb potential in the nucleus (charge Z«) has the simple form. 


Z 
Velr)= “ert (:). mis (15) - 
In calculating y,; the distribution of nucleons in the nucleus was taken as 
1 er). r 
p(r)= saa (1+ 7a) exp (= 5) OF Ciamigce (16) 


with a, = 1-635 fermis. 


The distributions for p(r) and p’(r) both give a good fit to the electron scattering 
data of Fregeau (1956). 


3.2. Including Spin—Orbit Force 


If we now introduce the term V;(r) into equation (8) then the effect is to 
modify A(6) in (4) and to introduce the further term B(#). Taking A() in the 
form given by equation (12) the terms affected are Ay’, 84,',5A," and Ay’. 
The corrections to the first three terms are small and can be neglected. The 
term An’, which is effectively the nuclear scattering amplitude for neutrons by 
an imaginary potential will be changed. However Brown, Ashmore and 
Nordhagen (1958) have shown that the spin-orbit potential does not alter the 
shape of the curve of An’ as a function of angle markedly, but increases its value. 
By normalizing Ay’ at zero angle to the value given by the optical theorem and 


the value of the total cross section, the effect of spin-orbit forces on A(@) is allowed 
for automatically. 
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an B(@) can be calculated for a given value of C using (5). In these calculations. 
it was assumed that the nuclear potential V(r) was purely imaginary. It can be 
shown that to a good approximation B(@) 00 C so that the effect of various values. 
for C is easily calculated. 

The procedure therefore was to evaluate equation (12), treating A as an 
unknown, as described in the previous section. B(#) was also evaluated for 
various values of C. 

Hence by fitting the calculated to the observed cross sections a value could be 
obtained for A. Since in the data of Chamberlain et al. (1956) the absolute values. 
of the cross section are only known to + 20% it is necessary to introduce a nor- 
malization constant N. This is the number by which the observed values of the 
cross section must be multiplied in order to give a good fit to the theoretical 
curves. We expect N to lie between 0-8 and 1-2. N was usually determined by 
fitting the data at 7° where the term depending on A in (12) is small. 


§ 4. RESULTS 


The analysis was first performed using a real value of the coupling parameter 
C=2-0x10-2"cm2. A good fit to the data was obtained with A=0-23 and 
N=1-07 and the curve obtained is plotted in figure 1 together with the experi- 
mental data. In order to determine the sensitivity of the value of A to the value 
chosen for C, the calculations were next repeated using C=1-4 x 10-*" cm’. 
Using N=1-00 gave A=0-30. Changing N to 1-05 keeping C at the same value 
gave A=0-24. Hence we seen that A is relatively insensitive to the values chosen. 
for C and N. In all cases there is good agreement between the theoretical and 
experimental curves. In the subsequent calculations we have taken A=0-23. 

The polarization was calculated using (8) and the predicted curves tor. Ge 2: 
and 1-4 (in units of 10-2’ cm?) are plotted in figure 2 together with the experi- 
mental points of Chamberlain et al. (1956). The agreement is seen to be best 
for the value C=2-0 x 10-7’ cm?. 

The effect of a complex value for C was next investigated and in figure 2 
polarization curves with C=2-0 and C=2-0—0:-5i are plotted. Because of 
possible systematic errors in the polarization results of Chamberlain et al. (1956) 
of the order of +0-04, it is not possible to distinguish experimentally between 
these two curves. However, larger imaginary parts to C would probably not fit 
the data. 

We have neglected spin-dependent potentials arising from Coulomb forces. 
The effect of these has been considered by Heckrotte (1956) and Eriksson(1956). 
These results show that the value for P(#) should be increased slightly. How- 
ever, the correction is not large and we have neglected such effects in our 
calculations. 

§ 5. COMPARISON WITH OTHER RESULTS 
5.1. Central Potential 

The imaginary part of the central potential at the centre of the nucleus, Vn, 
in equation (3), can be calculated directly from the nucleon-nucleon cross 
sections. Using opp=24mbn, onp=35 mbn and the radial distribution of (16) 
gives a value of 31-5 Mev for %V,(0). Hence the real part corresponds toa 
potential of 7-25 Mev at the origin. It is difficult to compare these values with 
those of other workers who may have used different density distributions and 
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Figure 1. Comparison of the ‘theoretical’ Figure 2. ‘Theoretical curves for the’ 


curve obtained using C= 2-0 x 10-*’cm?, polarization calculated with -? 
A=0:23 and N=1-07 with the cross A, C=20x 10" ani, ae 
section data of Chamberlain et al. (1956). . B CG=t-4¥ 20 en 


GC, C=(2-0-0-51) x 10-** an? 
The experimental points are those of 
Chamberlain et al. (1956). 


The present results, together with those of Bethe (1958) and Bjorklund, 


Blandford and Fernbach (1957) have been obtained by an analysis of nucleon— 
nucleus scattering data using realistic density distributions for the nucleus. 
However, Riesenfeld and Watson (1956) calculated the optical model potentials 
‘directly from the nucleon-nucleon phase-shift data of Feshbach and Lomon 
(1956). The two sets of results (A and B) refer to the two sets of phase-shifts. 
More recently Ohnuma (1958) has performed a similar analysis using the phase- 
shift data of Signell and Marshak (1957, 1958) (SM) and of Gammel and Thaler 
(1957) (GT). These sets of phase-shifts have given good fits to the available 
nucleon-nucleon scattering data. 


Table 1. Values of the Real and Imaginary Parts of the Central Potential 


Reference Energy .£V,(0) AV,(0) rA= a 10° 0.9), 10° Oger. 
n 

Present work 310 31°5 eee or 0:23 ce, ASS 0:54 
Bethe (1958) 310 46 12— 0-26 2:30 0-60 
Bjorklund, Blandford 

and Fernbach 

(1957) 300 16 0) 0 2°37 0 
Riesenfeld and 274 A 15-9 223 0-14 2:24 0-31 

Watson (1956) B 15:9 —8-19 —0-52 2:24 —1:16 
‘Ohnuma (1958) 300 (GT) 20-41 8:56 | 0-42 ~ 2-43 02 

(SM) 20-23 7-06 0:35: 2-41 - 0-84 


Values in Mev; last two columns Mev cm?. 
It is seen from table 1 that although the absolute magnitudes of #Vp and 
JL Vy vary considerably, the values of the volume potentials and A are much more 
constant. ‘'here is also qualitative agreement between the sets of parameters 
obtained from the nucleon-nucleon and nucleon-nucleus scattering data. 
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Ohnuma (1958) 300(SM) —-2-02 
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Our value of C agrees with that obtained by Ohnuma (1958) Aube the Seuell 
, d Marshak (1957) phase-shifts. It is rather larger than that obtained by 
Bethe (1958). ‘ 


: a w § 6. CouLomB ScaTTERING 

3 In figure 3 we have plotted the cross sections for the Coulomb scattering 
from a point charge, also that from a distributed charge of the form given by (14). 
If we next consider equation (10), then 


where the symbols have been defined previously. In the absence of nuclear 
scattering An=0 and 6A acts purely as a correction to Ap to give the correct 
‘scattering from a nucleus of finite size. If now the nucleus absorbs some of the 
incident protons, that is we introduce an imaginary part to Vy in (8), then not 
only does An become finite but SA is changed considerably. In the present 
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Figure 3. Coulomb scattering calcula 
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by absorption in the nucleus. Henc cross sectio 
and Coulomb scattering cannot patcheaiied ie direc 
topeLket, but must be calculated exactly. 


: § 7. CONCLUSIONS Sader 


“Using the semi-classical approximation the data of Chamberlain et al. (1956) 
ae been analysed to give a ratio of the real to imaginary parts of the central 
potential equal to 0-23 at an incident energy of 310Mev. The spin-orbit 
coupling parameter is found to be real and equal to 2-0 x 10-?’cm? although a 
negative imaginary part of 0-5 x 10-*’ cm? could not be excluded. 

The Coulomb scattering from an extended nucleus has been calculated and 
it is shown that absorption of the incident protons by the Buel actually 
increases the amount of Coulomb scattering at small angles. . 
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c scattering of neutrons of up to 1-6 mev energy by natu ral 

been studied using the millimicrosecond time of 

technique. Scattering has been observed to levels in Th at ~0-05, 
0-015, (0-: 0+0-02), 0-79 (two levels) and 1:09+0-02mev. The data 

tained for ?°5U are in agreement with previous work. Differential cross sections. 
sured at 90° are also reported. . 
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§ 1. INTRODUCTION 


_ JPNELASTIC neutron scattering is well known to be a useful technique for 
: ] investigating the level structure of heavy nuclei. Using a *He neutron 
spectrometer, Batchelor (1956) has studied inelastic scattering by 78U. 
_ The observed spectrum was consistent with #8°U having levels forming a ground- 
state rotational band, though individual levels could not be resolved. There 
_ was evidence also for a level or group of levels at about 700kev. Scattering to. 
levels of excitation higher than 1 Mev cannot be studied with this spectrometer. 
- R. C. Allen (1957) has observed inelastic scattering to levels in ?°U at 50 +20 
and 140+ 25kev, using a hydrogen-filled recoil counter. The resolving power 
_ of this instrument is very limited since the recoil spectrum is a continuous one,, 
and information on scattering to higher levels could not easily be obtained. 
Considerable progress has recently been made by the development of the 
millimicrosecond (mysec) time of flight spectrometer, which is capable of much. 
better resolution than preceding neutron spectrometers, and can be used over 
a wider range of energy. Using the time of flight technique in conjunction with the. 
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large Van de Graaff accelerator at Los Alamos, Cranberg and Levin (1956, 1958) 
have followed up their general survey of inelastic scattering at 2-45 Mev with a. 
more detailed study of scattering by 7°°U at lower energies. In this latter work} 
levels in 2°8U were located at 0-044 + 0-004, 0-146 + 0-006, 0-30 + 0-03, 0-73 + 0-03, 
0:98 + 0-02, 1:06+0-03 and 1:26+0-04Mev, the first three of which together 
__with the ground state form a rotational band. ; 
4 We report here results on the inelastic scattering of neutrons by **'Th obtained. 
at Aldermaston using apparatus similar to that at Los Alamos. The interest 
in 28°'Th was stimulated by its close similarity to **U, both being heavy even-even 
i _ + Dr. Cranberg has kindly informed us of the following correction to his paper. The 


- level reported at 0-73 Mev, should now be at 0°70 + 0-02 Mev, owing to a recent change in 
the accepted position of a level in niobium used for calibration purposes. This value is. 
in better agreement with our measurement of 0-71 +0-92 mev (§3-2). 
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nuclei, and well removed from closed shells. In consequence similar level schemes 
ight reasonably be expected. 

¥ te Cn a the levels of these nuclei is available from Coulomb 
excitation studies. Davis et al. (1956) identified the first levels at 45 +3 and 
50 +5kev in 28U and 2h respectively. Moore et al. (1957) report a level in 
thorium at 719kev excitation, and McGowan and Stelson (1957) observed 
y-rays of 790, 740 and 613 kev energy from thorium which they showed to be 
‘consistent with a direct excitation of a 2+ state at 790kev decaying by E2 
transitions to the J = 0+, 2+ and possibly 4+ members of the ground state rotational 
band. 


§ 2. TIME oF FLIGHT APPARATUS 


Although the technique has been previously described in detail by Cranberg 
{1955), a brief description of the Aldermaston apparatus will be made since 
‘this is the first reported work using it. A schematic diagram of the apparatus 
is shown in figure 1. 
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Figure 1. Schematic diagram of time of flight apparatus; 1, slow head amplifier; 2, fast 
head amplifier; 3, slow amplifier; 4, slow coincidence unit; 5, scaler; 6, 100 channel 
kicksorter; 7, line amplifier; 8, pulse shaping unit; 9, variable delay unit; 10, line 
amplifier; 11, time to pulse height converter; 12, gate. 


The analysed proton beam from the 6 Mev Van de Graaff accelerator is pulsed 
by deflecting it at a high frequency across an aperture D. A sinusoidal potential 
of frequency 2:5 Mc/s and amplitude variable up to 10kv is applied to the 
deflector plates B. ‘These plates are 60 cm long, spaced 1 cm apart, and form 
part of a tuned circuit of an r.f. power amplifier which is driven by a crystal 
controlled oscillator. The plates are water-cooled to avoid drifts in tuning 
due to heating by bombardment with the deflected beam. The beam passes 
next through another set of deflector plates C, at right angles to B, to which a 
d.c. potential is automatically applied in the event of a failure of the rf. voltage. 
This protects the target from a continuous beam of up to 50ua. Such a safety 
system is very important in the case of a gaseous tritrum target using a thin 
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entrance foil. _The magnetic lenses A are used to obtain a well-focused beam 
at the slit position before the r.f. voltage is applied. Focusing of the pulsed 
beam, which is normally between 1 and 2% of the unpulsed beam, is accomplished 
with another set of lenses E. ‘ 

An interesting effect which has been noticed is that the focused beam at the 
target produces two spots spaced a few millimetres apart. The effect is due to 
the finite transit time of the beam through the deflector plates and to the fact 
that in one r.f. cycle the beam is swept across the slit in two directions. The 
spacing depends on the geometry of the system, the r.f. voltage and the beam 
energy. The relative intensity of the two spots depends critically on the beam 
tube alignment and the focusing conditions, and in general it has not been 
possible to reproduce the conditions from one run to another. 
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Figure 2. Complete time spectrum for thorium at 1:58 Mev incident neutron energy. 


The general scheme of the electronics is the same as that used at Los Alamos, 
but the individual units differ in detail. The line amplifiers are those developed 
commercially by Rhode and Schwartz and have a bandwidth of 280 Mc/s and 
a gain variable up to 10. The time to pulse height converter (time-sorter) has 
been developed at Aldermaston by Mr. W. Gore from an original design by 
Dr. P. Orman of Atomic Energy Research Establishment, Harwell, and will 
be described elsewhere. When checked with a pulse generator the output was 
found to be linear with delay. In these experiments the output was adjusted 
to correspond to 2 mpsec per channel of a 100-channel kicksorter. Two kick- 
sorters were used to obtain a complete representation of one r.f. cycle which 
lasts for 400 musec. As seen in figure 2 there are two presentations of the neutron 
spectrum since there are two neutron bursts, but only one timing pulse, per r.f. 
cycle. The relative intensity of the two presentations is directly proportional 
to that of the two beam spots at the target. 

The neutron detector consisted of a lin. t Or 
by two R.C.A. 6342 photomultipliers with the outputs connected in coincidence. 
With this arrangement neutrons down to about 250 kev energy could be detected 


with a background coincidence rate of 2 per second. 
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These will be discussed under three headings correspondi: 

neutron energies used, i.e. 1:58, 1-35 and ras ee 


3.1. 1-58 mev Incident Neutrons 


Figure 2 shows the time spectrum for thorium with a flight path of 130 om_ 
and a tritium gas pressure of 141bin~®. From the width of the y-ray peak it~ 
can be seen that the time resolution is about 6mpsec. Factors which affect — 
the time resolution are the duration of the neutron burst, the sizes of the sample 
and detector, and the response of the detector and associated electronics. 
A neutron peak will be wider than the y-ray peak because of the spread in energy 
of the incident neutrons. This spread arises from the target thickness and the 
finite angle subtended by the sample at the target. 
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Figure 3. Time spectra with background subtracted for 1:58 MeV incident neutron energy. 


In figure 3 the time snbeirs are presented for iron, thorium and uranium, 
after subtraction of the background obtained with no sample present. The 
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errors in (90°) arise mainly from uncertainties in the effect of multiple scattering 
and are estimated to be about +20%. 


3.2. 1-35 mev Incident Neutrons 


At this energy and with the tritium pressure reduced to 7 lb in (thereby 
_ reducing the energy spread of the incident neutrons), it was possible to examine 
~ the levels in the region 0-7 to 1 Mev with improved resolution. The time spectra 
- for thorium, uranium and iron, after subtraction of background, are shown in 
figure 4. A comparison of the inelastic peaks of iron and thorium shows that the 
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thorium peak corresponding to a level of excitation at 0-79 Mev is much broader 
than that expected for scattering from a single level. An analysis of the peak 
shows that if there are two levels present, approximately equally excited (this 
is a reasonable assumption since the composite peak is fairly symmetrical) then 
the levels are separated by approximately 60kev. Thus we tentatively suggest 
that there are levels at 0-76+0-03 and 0-82+0-03 Mev in Th. In table 1, 
these levels are referred to collectively as ‘0-79’ Mev. It may be noted that 
within the resolution the first inelastic group from 7°*U corresponds to one level 
at 0-71 + 0-02 Mev. 

Where possible the energies of the inelastic groups have been calculated by 
two methods which have yielded the same answers within the experimental 
error. In the first method the y-ray peak is used to establish time zero, and the 
neutron energies are calculated from the known calibration of the time-sorter. 
In the second method the reference time is obtained from the peak due to elastic 
neutrons, the energy of which is calculated from the bombarding proton energy, 
the thickness of the entrance foil of the tritium cell, and the tritium pressure. 
A value of 0-85 + 0-01 Mev is obtained for the excitation of the first level in **Fe. 


3.3. 0-74 mev Incident Neutrons 


These measurements were made to ascertain if scattering to a ground state 
rotational band as reported by Cranberg for ?3°U could be observed with 782Th. 
Figure 5 shows the time spectra, after subtraction of background, obtained with 
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Figure 5. ‘Time spectra with background subtracted for 0-74 mev incident neutron energy. 


a tritium pressure of 41bin~ and flight paths of 180 and 130 cm. Spectra 
obtained with a lead sample are also included for comparison since lead shows 
only elastic scattering in this energy region. The curves show that S27 hes 
levels at ~0-05, 0-150+0-015 and 0-30+0-02mev. There is however some 
uncertainty about the small peak corresponding to 0-30 Mev excitation in the 
spectrum for 180 cm flight path, since the y-ray peak of the next presentation, 
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Se § 4. Discussion e 
We conclude from this work that the miucler 22 heand 88 have similar 
evel schemes at low excitation (figure 6), and show similar behaviour in the: 


/ scattering of fast neutrons at 90°. 
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Figure 6. Level schemes. 


It is possible that one of the levels we have observed at approximately 790 kev 
in 282Th corresponds to the 2* level at 790 kev reported by McGowan and Stelson 
(1957), and it would be of interest to see if Coulomb excitation studies can reveal 
a similar level in 2°8U. A 2+ vibrational level is expected in this region of 
excitation (Alder et al. 1956). 

There is also evidence for the systematic occurrence of 1~ levels in heavy 
even—even nuclei (A > 222), which have been interpreted as being the lowest 
members of K=0- rotational bands (Stephens, Asaro and Perlman 1955). 
Levels we have observed in ?32Th and ?8°U may fall into this category. 

It is of interest to note that the location and properties of the excited states. 
in these nuclei have a bearing on their neutron capture cross sections, owing to. 
the competition of this process with inelastic scattering. Lane and Lynn (1957) 
have calculated the (n, y) cross sections of °°U and 82Th as a function of neutron. 
energy. Reasonable agreement with the experimental results was obtained by 
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used to calculate the cross se electron capture by 
n. The o-o transition from ground state to ground state is is 
ed. A one-body formulation is used in which the captured electron + 
> itially in the combined field of the other electron, the helium nucleus 
dthe incident proton, os TN at 
The presence of the passive electron is allowed for by using as the initial 
ave function before the collision, an approximation to that calculated from the 
a consistent field for the helium atom. During the collision this initial wave 
- function is modified by, the introduction of a variational parameter which is 
_ determined by a minimization condition for the energy. : 

The possibility of using the one-body formulation for more complex systems 

is demonstrated by calculations of the electron-capture cross section for protons 
in argon and neon. 


2 $1. INTRODUCTION 
ry B RN and OPPENHEIMER (1927) have shown that the energy levels of a 


molecule may be found by considering the nuclei as fixed or slowly 
vibrating centres of force. The error involved is of the order of (m/M)!? 

where m, M are the electron and nuclear masses respectively. Thus it should 
be justifiable to treat a slow collision of a positive ion with an atom in a similar 
way. We can either consider it as a one-body problem in which the electron is in 
the combined field of a nucleus and a moving centre of force, or as a two-body 
problem in which both the proton and electron move in the field of the nucleus. 
Mott (1931) has shown that the two methods formally give the same result if 
(m|M)"2 be neglected. Similarly Frame (1931) has considered the special case 
of excitation of an atom by a fast «-particle. This problem had been considered 
a as a one-body problem by Gaunt (1927) and Bethe (1930). If the velocity of 
the a-particle is greater than the orbital velocities of the electrons in the atom, 
the well-known Born approximation may be made in the two-body formulation. 
e The two methods give formally very different formulae for the excitation 
__ probabilities but Frame shows that they are in fact identical, provided once 
again that (m/M)'2 may be neglected. Thus it would appear that the restriction 
of the one-body method to slow impacts is not necessary. No general solution 
of the two-body problem has been given but the one-body problem can be 


solved for both fast and slow collisions. 
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§ 2. THe CapTuRE Cross SECTION FORMULAE 


Bates, Massey and Stewart (1953) have deduced a formula which may be 
used to compute the cross section for electron capture by protons in helium 
| which includes the effect of ‘ distortion ’. Distortion refers to the deviation of 
: PROC. PHYS. SOC. LXXIil, 2 ra) 


~ helium nucle 


“the atomic functions then the Born approximation is obtained. The cross. 


distance RUS Sh : Aaher wt teed aa 3 ests iad Cina an a 
‘A is the initial impact parameter for the collision and is related 
coordinate Z in the direction of the initial proton approach by R?= 
My (R) = Sta* CV 122 ya dr : 
e ri pu leonaetc Hisitag . 
,(R) is the mean of the relative velocity before and after the collision 
the particles are a distance R apart and yp, , are the initial and final elect 
wave functions. V is the potential energy of the electron in the proton field. 
If the distortion is neglected, and we imagine the proton to move in a straight 
line past the helium nucleus with a velocity v: — = 


SEy,(R’) > W,( 00) — Wo( 2) 


and Ho,(R’) > v. 
Substitution in equation (1) then gives 
; +0 s ; ~~ ‘a 
eae | M,,(Z) exp| W,,(0)— Wal oe))z ] Cece (2) 
with hs : 


*(OV/dZ)hy dt 
Mg (Ry = [eat (QV IZ ode 
onl) = (00) = Wa( 20) 
This formula was first deduced by Mott (1931). If % and y,, are replaced by 


section QO for electron capture is then obtained by integrating over all impact 
parameters : 
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Q=2n |a,,(00) 2A dA. ok ee 


It is a less drastic simplification however if we regard W, still as a function of 
R while taking the simple form for W,,(co). In the deduction of equation (ly | 
although only the initial and final states occur explicitly, the effect of the 
intervening states is still partially included, because the general wave function is. 
expanded in terms of the perturbed stationary state wave functions and the 
perturbations need not be small. As the simplifying assumption is made that 
ay is much greater than a,, a,,(00) ceases to be bounded at +1 and in fact it will 
be shown that it greatly exceeds unity in some cases. 

The direction in which inclusion of distortion effects will affect the value of 
the capture cross section has been considered by Bates, Massey and Stewart. 
If W,(R)—W,(R) is effectively greater numerically than W,,(co)—W,(o), 
inclusion of distortion effects will result in a smaller value of the cross section,, 
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and vice versa. The same will be true but to a lesser extent, if W,,(R)— W,(R) is. 
‘greater than W,(00)—W,(R) which we use in the computation that follows. 
These considerations are important as they enable a theoretical upper limit to be 
assigned to the cross section. It will be shown that this upper limit is below the 
experimental values. 

The present method consists of regarding the electron which is eventually 
captured, as moving in the combined field of the helium nucleus, incident proton 
and the other uncaptured electron. As a zero order approximation, the presence 
of the second electron could be ignored, this corresponding to the case of electron 
capture from ionized helium. In this case the initial wave function of the 
target electron may be taken as the product of two hydrogen-like wave functions, 
with the introduction of a variational parameter : 


Z bo(7, R)=Aexp(—2,r)exp(—fa.p) ...... (4) 
where 4 is a normalizing factor, 2, is the atomic number of the helium nucleus,, 
%2 is the atomic number of the hydrogen nucleus and f is the variational 
parameter. Both A and f are functions of the separation R of the proton and 
- helium nucleus, r and p being the distances of the electron from the helium 
nucleus and proton respectively, in atomic units. 

In order to take into account the presence of the second electron, z, may be 
replaced by g, the ‘effective’ helium nuclear charge, allowing for the shielding 
effect of the second electron. More properly the entire term e~#" should be 
replaced by the electron wave function for the helium atom as calculated by the. 
self-consistent field method of Hartree (1927). The extent to which a constant 
value of approximates to this is discussed below. This is still an approximation 
because the presence of the proton modifies the field in which the ‘shielding ” 
electron moves. ‘The true wave function for the target electron could only be 
obtained by a method of successive approximation, in effect a self-consistent field 
calculation for the helium—proton complex. If however z is a function of r which. 
is not known inanalytical form, the problemcan only be solved by extremely lengthy 
numerical quadratures. The main difficulty lies in the determination of the 
variational parameter f. However, in view of the success of the variational treat- 
ment of the normal helium atom (Hylleraas 1929) in which even a simple treatment 
gives good agreement with experiment for the ionization potential for a constant 
value of z equal to about 1-69, it may be expected that the appropriate z would 
be aslowly varying function of r. It is therefore of interest to solve the problem for 
= constant to see if the capture cross section is sensitive to the value chosen. 
The use of a constant value of z has the great advantage that the problem can be 
solved analytically to a large extent and can in fact be then applied to any impact 
system provided that a proper choice of 2 can be made. 

The identity of the two electrons in the helium atom must of course be con- 


sidered but this may be done at a later stage. 


§ 3. CHOICE OF THE EFFECTIVE HELIUM NUCLEAR CHARGE (z) 
The self-consistent field wave function for a 1s electron of the configuration 
1s? for helium has been calculated by Wilson and Lindsay (1935). Writing 
rime ace.) AR | = auisesers (5) 
hich give a good fit to the wave function and which 


-e require values of 2 and a w 
Pa. It is found that z=1-6 gives a reasonably 


satisfy the normalization condition. 
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When the separation R of the helium nucleus and the proton tends to ‘core 
the electron wave function is of the form given by equation (5). In general the 
form will be as given by equation (4). 


As R tends to zero, f tends to unity and p tends to r. Equation (4) then 


becomes : ’ 
o(r, 0) = A(0) eto, 2. See 
‘This corresponds to the case of ionized lithium, for which the self-consistent 
field has been calculated by Fock and Petrashen (1935). This wave function 
together with the approximation given by equation (6) for z = 1-6 is also included 


= 


_infigure 1. The agreement remains good therefore at each end of the range of R ~ 


and will be presumed to be reasonable for intermediate values. 


§ 4. ANALYSIS OF THE CAPTURE CROoss SECTION FORMULAE 


We regard the helium nucleus has having a constant effective charge z which 
will be set equal to 2, 1-69 and 1-6 to give cross sections to the various degrees 
of approximation already considered. 

The Mott formula has been used by Frame (1937) to calculate the cross- 
section for excitation of lithium by «-particles. 


4.1. The Initial Wave Function (7, R) 

The initial wave function (7, R) is given by equation (4). The parameter f 
is found from the condition that the energy shall be stationary. We write fF fox 
the arbitrary value of f and yy’ for the corresponding value of yj». Thus for a 
given value of D, the modulus of R, we need to find the value of f’ which makes the 
energy stationary. ‘The value so found is then f(D). The notation is such 
‘that 


E(D, f') > W,(D) = W,(R) as f’>f. 


| 
} 
< 
: 


: “We'botdr= 1. 
#: ie is eliminated eeclietly from equation (7) by dividing: eer by 
equation (8) and the resulting expression may be now reduced to a function of — 
- D and f’ by the method adopted by Frame (1937). The result, expressed i i, 
~ continued fraction form, convenient for numerical computation is ak 


Cyr ee 2 £/2) Aff’ 
ee )= : 3(2' KS) i= _ O[fyexp2De-f ye T/z_ cece ahene (9) 
ee 2 (exp [2D(z—f’)]—1) : 
Deh) 


Direct location of the turning points involves a prohibitive number of computa- 
tions as the energy minima are relatively ‘flat’ and so it is necessary to resort to 
direct differentiation of equation (9). 


We require the condition that & ) =( and obtain: 
ee Daf? (OEY — 5r4. 1 op iy_f 
reo #), 2f’ exp [-2D(z—f’)] 
| (¢ of’ — ale +De) - *(1- -1')| 


+4Df'(e- :) + (20+ 7)(25+ 2De) 
+exp [-2D(z-f' nf - Fe-7(E + | 


« 


where a=2?— f”, b=1—exp [2D(z— f')), c=1/a+ exp (2D(z-f’)I/f'. 
‘Lhe Penalizing factor A(D) is found from the condition that 
foo? dr=1. 
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variational parameter and B(D) i sa nor 
the simple form is discussed later. 
Frame (1937) we obtain: 
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where ‘ 
g(r, p)=r exp (—2r)(D?+p?—7?); a=f+1 and A=cos (Z/D). 

‘The inner integrations with respect to 7 are straightforward, and so are 7 of the 

resulting outer integrals. After considerable manipulation we obtain, writing 

J=3+4+32D+27D?, K= 3-—32D+4+22D?, 


D*Moy 
— 2p (29) (exp [—(e +2)D]—exp [+ (2-2) 
esl. cra ee ae 
oe iat) (1 +2D)| == sa (2 — exp (—aD)(z—a)exp (—2D) 2 
: + (+2) exp (+2D)}) | 
4 2&xp ee [J exp (— —zD)-— Kexp(+2zD)] 


~ iV exp (~2)—Kexp(+20)] {I expl—(e+2)e] dp 
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+2a(3—32D +2*D*) exp (@2D){-Bi[-(+)D} } ret (15) 
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y Tf x>2, the term Ei[(z—«)D] must be replaced by Ei[(z—«)D]. We write for 
_ convenience 
vs J A(z)"? cos A 
M' on = apa ee (a eD)F(D), = ns tee (16) 
Now for small x, Ei(x) ~ Ei(—x)~—In (1/yx). Where y=exp (c)=1-781072, 
 ¢ being Euler’s constant. Thus as D0, «>2 and F (D) + 0. 


; 4.3. The Probability Amplitude a,,( ©) 
From equation (2) we have, using the result of equation (16), 


+ A()2 cos A exp (—3D) E ] 
= F(D — {W,,-W(R)}Z |dZ. 
a, ( 00) (hes DAW, — W,(R)} ( ) exp hv { of )} 
Now when the proton is at the point of closest approach to the helium nucleus, 
cosA=0. A, W,(R) and the function F (D) are only functions of D and as Z 
goes through zero from negative to positive values cos A changes sign. ‘Thus a 
graph of M,,,(Z) against Z has a centre of symmetry at the origin. On the other 


hand, cos [(27/hv){W,, - W,(R)}] has the line Z=0 as a line of symmetry and 


consequently this term vanishes on integration from — 2 to +0. We are 


fs left with 

4 Sad ; 

& a,,( 90) =2 M,,,(Z) sin [ (2a/ho)i W,, — W(R)3Z1 VA 
z <3 
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Denoting the electrons by I and II, the probability lan ( oo) |? is the ro 
that one particular electron will be See at a given impact parameter 
the other one is not captured. If this probability is denoted by P a if Pis 
the probability that the proton will capture the other electron after prea already | 
captured a particular one, then the expression 


fy Pos 


2P—P(1+P’? ee ee (19) 
is the probability that only one unspecified electron will be captured. ie 
expression must be used to calculate the cross section. x 


5.1. The Calculations 


The variational parameter f (D) is found from equation (10). The method 
adopted in solving this equation numerically was to compute the values of — 
(dE/of’), for a given value of D and for trial values of f’ until it changed sign. 

~The value of f’ to make (dE/df’), equal to zero was then found by a Lagrangian 
interpolation. 

The functions W)(D), A(D) and M,,’(D) were then computed directly 
from equations (9), (11) and (15) respectively. The probability amplitudes 
are given by equation (17) which may be written 


an(vo)=i{ M(D) sin (“es =!) aD 


1 
where | 
2M),(D) 
M D ae On { 
(D) cos A 
¢(D, A)={W,, — Wo(D)}(D? — A?)1?, | 
These integrals were computed for a range of values of A for different proton 
energies, on a mechanical differential analyser. 
The results obtained for a,(0o) are given in figures 2 and 3 and illustrate 
graphically the variation of a,(0o) with impact parameter and energy for s=2 


and z= 1-69 respectively. The results for x= 1-6 are not plotted as the general 
form of the results is similar to that for z= 1-69. 
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a= ee The Cross Section O(v) 


It is customary to express these cross sections in units of 7a)”, the area of the 
first Bohr orbit in hydrogen. We have therefore to evaluate the integral 


O(v)=2 | * lay( 20)? a 


The final results obtained are shown graphically in figures 4 and 5. In figure 5 
20(v) is plotted against impact energy and the experimental results of Hasted. 
and Stedeford (1955) are also shown for comparison. The cross sections refer 
to the capture of the ‘target ’ electron by the proton, the other electron remaining 
in the ground state of the ionized helium atom. This cross section will now be 
referred to as Q,(v). In order to obtain the cross section for the capture of either, 
but only one electron the expression (19) must be used. Numerical results. 
taking this into account were not obtained for reasons to be given in the next 


section. 
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§ 6. DiscussIon 


The probability that the proton will capture either of the two helium electrons, 
in the terms of P, which is equal to |a,(0o)[* is given by the expression (19). 
As all the probabilities are positive, this is less than 2P. The results shown in 
‘figure 5 are the cross sections 20, obtained by using the first term in the above 
‘expression for z= 1:69 and 1:6. The agreement with experiment is not good, 
either as regards magnitude or energy for maximum cross section. ‘The shapes 
of the curves however are similar. If the second term in the above expression 
is included, the cross sections become negative in some cases and inclusion 
of the third term increases this effect. The cross section Q, however can have 
no physical significance because many of the probabilities are greater than unity, 
as was anticipated. However when the a,(t) are small, the neglect of the effect 
of intermediate states becomes less important. This is true for large values 
of the impact parameter A. Under these conditions the effects of distortion 
also become less. Thus the probabilities here calculated should become more 
exact the larger the value of A. Due to the effect of distortion they will always 
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exceed the exact values because {W,,— W,(R)}<{W,,(R)—W,(R)}. Denoting 


by A* the impact parameter for which the probability using the Mott formula 
becomes unity, 


Ja,,( 00)? = =1. 
It follows that if we take e 
P= 0<A<A* 


P= |a,(o)P, A*<A<o, 


_ then these values are all too high, and a cross section obtained from these values 


will be too large. This modified cross section ‘ per electron’ we denote by O°. 
The cross section 20,* thus gives from these considerations an upper limit 
to the cross section obtained from the method of perturbed stationary states. 
Inclusion of the second term in expression (19) in no way affects the subsequent 
argument. The results, for z=1-69 and z=1-6, are shown together with 
experimental results of Hasted and Stedeford (1955) in figure 6. The calcu- 
lated upper limits are now much smaller than the experimental cross section 
and remain very sensitive to the value of z chosen. Hasted and Stedeford 
consider that their results represent a lower limit to the true cross section. It 
should be noted that all cross section curves approach each other as the proton 
energy decreases and that the position of the maximum not only agrees very 
well but is zmsensitive to the value of z chosen. 

The effect of having taken the unperturbed form for the final state wave function 
must now be considered. The perturbed form would multiply the integrand 
in the expression for M,,’ (equation (12)) by exp (—/(D)r) and in addition 
would multiply the complete expression by (7)"?B(D). Now as D tends to 
zero 1(D) tends to unity and (7)"?B(D) tends to (z+1)%# which for z= 1-69 
equals 4-4. As D tends to infinity /(D) tends to zero and (7)!?B(D) tends to 
unity. The inclusion of /(D) is thus equivalent to taking a larger value of z 
(now as a function of D). This reduces the resulting cross section. Inclusion 
of the term B(D) would result in a larger cross section. As explained however, 
the calculated transfer probabilities break down for impact parameters less than 
A*, Furthermore the probability amplitudes involve an integration over D 
(equation (17)). Consequently, inclusion of the perturbed form for the final 
state wave function may increase the cross section by a factor which must be 
less than 4-4. A very rough estimate, by considering the forms of the functions 
involved, would indicate a factor of not more than two. This by itself would 
bring the calculated values more into line with experiment. This however is not 
necessarily significant as all the other approximations tend to give values too 
high. Work is proceeding to establish the extent to which the various approxima- 
tions affect the cross sections. ae 

It is not established that the cross section—energy curves approach the origin 
monotonically outside the range investigated. In view of the subsidiary maximum 
at low energies for the ionized helium case (z=2) it is possible that a similar 
effect will occur. Pi 

From figure 2 it will be observed that there are certain impact parameters 
at which a,(0o) changes sign. ‘Thus at some impact parameters there gn 
probability of capture. At larger distances the Pepe becomes fini : 
again although the contribution to the cross section from this a Boe 
small. The magnitude of the contribution is however greater than the order o 
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inaccuracy of the computations, so cannot be accounted for in that way. Phere 
would seem to be little physical significance in the effect. 

Bransden, Dalgarno and King (1954) have calculated the capture cross 
section for protons in helium using a modified Born approximation. — Their 
results are also shown in figure 6. A rough extrapolation would seem to indicate 
agreement at high energies with the results obtained here. ey” 

The possibility of using the one-body formulation for the determination 
of capture cross section for more complicated atoms has been mentioned. We 
still assume that the initial wave function for the target electron in the atom 1s 
obtained from the self-consistent field and furthermore that a reasonably accurate 
approximation is obtained with a constant value of the effective nuclear charge 2. 
In order to obtain an upper limit to the value of the cross section it is only necessary 


to approximate at large r. The energy at which the maximum cross section. 


occurs, being insensitive to z, will therefore be expected to agree with experiment. 
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Figure 6. 


Consider now the magnitude of the maximum cross section. Hasted and 
Stedeford (1955) have measured the capture cross section for protons in neon, 
argon, krypton and xenon. ‘The radial wave functions, calculated by the Hartree 
self-consistent field method are known for neon (Brown 1933) and argon (Hartree 
and Hartree 1938). ‘The maximum cross section Q,*,,,, given by the three 
values of z chosen for helium may be plotted against z. If now approximations 
for the effective nuclear charge for neon and argon are made, they may be plotted 
on the same graph against the experimental maximum cross sections. The 
approximations are to be made at large r and the observed cross sections are to be 
divided by the atomic number in each case to give the maximum cross section 
‘per electron’, Q,,,,,. It is assumed that the experiments measure o-o transi- 
tions. It is found that z=1-58 gives a reasonably good approximation to the 
3s-electron wave function for argon and z=1-77 gives a good approximation 
to the 2s-electron wave function for neon. The graph is shown in figure 7. 
The full line is the theoretical plot obtained from the values of s=2, 1-69 
and 1:6. ‘The points marked by small circles, refer to the above approximation 
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Figure 7. 


In calculating the initial wave function who(r, R) it has been tacitly assumed 
that the presence of the proton at RK does not affect the ‘shielding’ electron. 
The polarization due to the presence of the proton has not been considered but 
it is not necessarily small. It seems likely however that the effect would be less 
for a many-electron system than for the more ‘open’ structure of the helium 
atom. 

In order to obtain precise cross secti 


and final wave functions which are acc 
distortion should be taken into account and all the intermediate states should be 


considered specifically. However the results shown in figure 7 indicate the 
consistency of the theoretical argument and a reasonable agreement with experi- 
ment and demonstrate the possibility of using the one-body formulation of the 
method of perturbed stationary states, for many-electron systems. 


ons it would be necessary to use initial 
urate over the whole collision region, 
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_ exam ned. No trend was apparent for the (n, x) cross sections measured, which 
_ were all of the order of 0-3 to 3-0 mbn. . : 
4 __ The (n, p) cross sections are in good agreement with the predictions of the 

__ direct interaction theory of Brown and Muirhead. 


§ 1. INTRODUCTION 


HE Statistical theory of the compound nucleus has failed in recent years to. 
explain some of the features of nuclear reactions at low and medium 
energies. In the field of fast neutron reactions Paul and Clarke (1953) 
showed that, whereas the magnitude of (n,2n) cross sections for 14-5mev 
* neutrons was in agreement with the predictions of the statistical theory, the 
4 i magnitude of (n,p) and (n,«) cross sections was much greater than that 
calculated from this theory. Most of their measurements were restricted to 
target nuclides with mass numbers less than 100. Over this range the 
experimental values increased with increasing mass number from about 1 to 100 
times the calculated cross sections. The few cross sections measured for heavy 
target nuclides were as high as four orders of magnitude greater than the 
theoretical predictions. 
; Brown and Muirhead (1957) have shown that the (n,p) cross sections of 
Paul and Clarke can be explained if, in addition to the emission of protons from 
g the compound nucleus, protons can also be emitted by direct interaction. In 
their theory of this direct interaction component the neutrons and protons in 
ee the nucleus are represented as two independent F ermi gases. The incident 
neutron interacts with a proton which may be in the body of the nucleus. This 
is in contrast to the surface reactions described by Austern, Butler and 
~ McManus (1953). 
S The energy spectrum of the emitted protons, unlike that from a compound 
nucleus, consists of a high-energy peak with a maximum energy of Ey + Q where 
Ey is the energy of the incident neutron and © is the energy released in the 
To calculate the direct (n,p) activation cross sections observed, a 
—q must be imposed, where q is the binding 
et nucleus. This ensures that the residual 
left with sufficient excitation to emit a 
pound nucleus if formed. 


-_ reaction. 
low energy cut-off to magnitude En 
energy of the last proton in the targ 
nucleus after proton emission is not 
further neutron either directly or later on from a com 
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For target elements with mass numbers greater than 100 the increasing height 
of the Coulomb barrier has relatively little effect on the emission of the high 
energy protons from direct interactions with 14-5 Mev neutrons. 

The emission of protons from compound nucleus reactions will, however, 
be strongly inhibited by the Coulomb barrier and any contribution that these 
reactions will make to the total (n,p) cross section will be insignificant. We 
have chosen this target mass region, therefore, to make a survey of (n, p) cross 
sections at 14-5mev and to compare the results obtained with the predictions 
of Brown and Muirhead’s direct interaction theory. 

A similar. survey of (n,«) cross sections was also made but as yet no direct 
interaction theory for this reaction is available which will predict precise values 
for the cross sections. 


§ 2. GENERAL METHOD 


Only a brief outline of the experimental methods will be given here as most 
of the procedures used have been described in greater detail in a previous paper 
concerning radiative capture cross sections for 14-5meyv neutrons (Perkin, 
O’Connor and Coleman 1958). 


2.1. Neutron Irradiation 


Fast neutrons were obtained.by bombarding a tritiated titanium target with 
500 kev deuterons. Neutron emission from the target was maintained at about 
101° per second during the course of the experiments. Samples for irradiation 
were sandwiched between two thin aluminium discs and were placed close to the 
back of the tritium target. 

The ?’Al (n,«) ?4Na reaction was used to monitor the neutron flux in this 
close position. In order to calibrate the 4Na activity of the aluminium discs in 
terms of neutron flux, a separate experiment was performed in which aluminium 
discs were irradiated in positions of known geometry with respect to a tritium 
target. The neutron output from this target was found by counting the 
associated « particles from the (D,'l’) reaction in a known geometry and at an 
angle of 135° to the beam. The accuracy of the flux determined in this way was 
estimated to be about +3%. 


2.2. Chemical Separations 


Because of the variety of other reactions possible, it was essential to separate 
chemically every (n, p) and (n, «) product. 

In general about 100 mg of spectroscopically pure material was used for each 
irradiation, After irradiation this was dissolved in a suitable solvent and 1 mg 
of an inactive carrier was added. The desired reaction product was isolated in a 
pure state using ion exchange, solvent extraction and precipitation reactions. 
‘The final solution containing the separated reaction product was divided into 
two portions, one for the measurement of activity and the other for the 
determination of the chemical yield of the process. This yield was determined 
by a suitable colorimetric or microtitration method. In a few cases where no 
stable carrier was available, tracer amounts of an «-emitting isotope were added. 
‘T’he chemical yield was then determined by measuring the «-activity at the 
beginning and end of the separation scheme. , 
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2.3. Counting Techniques 

Counting was usually carried out by mounting the separated reaction product 
ona 20 wg cm~ foil and placing in a 47 proportional counter. Since the source 
weighed only about 0-5 mg the correction for the self-absorption of f particles 
was in all the cases examined negligible. 

In the five cases where «-particle emitting tracers were employed, the 47 
proportional counter was not used because of spurious counts caused by the 
overloading of the counter amplifier by «-particle pulses. An end-window 
geiger counter with an aluminium foil to prevent the counting of «-particles was 
used instead. The efficiency of the geiger counter was found with 6-particle 
sources of various energies which had previously been standardized by counting 
in a 47 proportional counter. . 

§ 3. PossIBLE Errors 


3.1. Low Energy Neutrons 

Errors in the observed cross sections for 14-5 Mev neutrons due to activation 
by low energy neutrons present during the irraidation will depend on the 
- intensity of these neutrons and the magnitude of the cross sections at this lower 
energy. In an earlier paper (Perkin, O’Connor and Coleman 1958) it was 
concluded that low-energy neutrons of approximately 2 Mev, i.e. (D,D) and 
lineastically scattered (D,T) neutrons, were present to the extent of approximately 
1% of the 14-5Mmev flux. This figure is also valid for the present work as the 
same irradiation geometry was used. Because of the thresholds of the (n, p) 
reactions examined (~2 Mev; see O values in the table), and the height of the 
Coulomb barrier for heavy elements, it can be concluded that the cross sections 
measured at 14-5 Mev will be of the same order or greater than the corresponding 
cross sections in the region of 2 Mev. ‘Thus the correction required to the 
measured (n,p) cross sections at 14-5mev to account for low-energy neutron 
activation will be approximately 1°%, i.e. negligible compared with the other 
experimental errors. 

The same reasoning concerning the low energy neutron corrections for the 
(n, p) cross sections can be applied-to the (n,«) cross sections measured, due 
account being taken of the increased barrier height for «-particles. 


3.2. (n, pn) Reactions 
The residual activity from an (n,p) reaction with a nuclide (A,Z) can also 
be produced by an (n, pn) reaction with a nuclide (A +1, Z) if this nuclide is 
present. This was the case in some 30% of the (n, p) cross sections measured. 
In order to estimate the possible errors incurred in the (n,p) cross sections, 
theoretical calculations were made of the magnitude of (n, pn) cross sections for 
heavy target nuclides. This was done by calculating the number of protons 
emitted from a nucleus with energies less than E,—g, the low energy cut-off 
mentioned in the Introduction. Values of the order oft of the corresponding 
(n, p) cross section were obtained. ‘This was confirmed experimentally in one case. 
In view of these results it was assumed generally that the activity resulting 
from (n, pn) reactions was too small to cause any significant errors in the (n, p) 
cross sections measured. 
3.3. (n, pp) Reactions ; 
In some 60%, of the (n,«) cross section experiments rs 33 target nuclide 
(A, Z) the residual activity measured could also have resulted from (n, pp) 
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Figure 1. (n,p) cross sections for 14-5 Mev neutrons. The arrows indicate the positions 
for closed neutron shells. C et al., present work; PC, Paul and Clarke (1953); 
F, Forbes (1952); M, Martin (1954); BR, Battat and Ribe (1953); L, Levkovskii 


(1957). 


We have calculated for each experimentally observed (n,p) reaction the 
cross section predicted by the direct interaction theory of Brown and Muirhead. 
The result of these calculations are given in the table. The observed and 
calculated cross sections agree to within a factor of two for most of the reactions 
examined. In addition there does not appear to be any systematic change in 
the agreement over the mass range measured. ‘These facts can be considered as 
good evidence for the type of direct mechanism that Brown and Muirhead. 
envisage. 

4.2. (n,«) Cross Sections 

The results obtained are shown in the table and figure 2. Practically all the 
(n,«) sections measured lie between the limits 0-3 to 3-Ombn. No obvious 
trend in the values is apparent, nor is it possible to state definitely whether or 
not shell structure has any effect on the cross sections. 

The evidence of Paul and Clarke for the failure of the statistical theory of 
the compound nucleus to account for the (n,«) cross sections observed for 
14:5 ev neutrons and heavy elemients implies that these reactions proceed via 
a direct process. The exact nature of this mechanism is at the moment unknown. 

As the mean free path of a fast «-particle in nuclear matter is smaller than that 
of a proton, the (n,«) reactions observed will originate in the nuclear surface. 

P2 


Neutron Number me Target Nuclide 


Figure 2. (n, «) cross sections for 14-5 Mev neutrons. si 
for closed neutron shells. C et al., present work; 
B et al., Blosser et al., (1955, 1958); BR, Battat ant Ribe (1953 
D et al., yaaa et ae (1957). 


Butler (1956) has had some success in fitting the angular distab dene of _ 
particles presumed to be emitted from reactions of this type. However, very — 
few experimental data concerning the angular distributions of a-particles — 
emitted from (n,«) reactions are available and none of these apply to 7 
elements. — en 
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cr ction obtained with retardation differ only sligh 
n which it is neglected. Final results for the cross section give a ‘ 
slightly smaller than the experimental one, but do not seem to indicate -.. 
a modification in the radiative interaction is necessary. . as x 
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§ 1. INTRODUCTION 


iid ROM 20 to 150 Mev the photodisintegration of the deuteron proceeds mainly 

F through electric dipole transitions. Electric quadrupole transitions cause 
4 a marked interference in the angular distributions but their contributions. 
to the total cross section should be small, and the effects of other transitions 
should be negligible (Schiff 1950, Marshall and Guth 1950). If the observed. 
angular distribution is folded about 90° in the centre-of-mass system, the cross 


section takes the form 


do(@) _ a 
| 70 =a+bsin Cie tt” Pay eat (1) 
so that 
neg te p= A+B eae Ba (2) 


It is well known that A would vanish if the forces acting between neutron 
and proton were purely central. Experimentally, A is found to be nearly constant 
at about 50 bn from 20 Mev to 250 Mev, while B decreases from about 500 bn 
for 20 Mev photons to 10 zbn at 150 Mev and remains near that value to 250 Mev. 
Above 60 Mev, A is dominant (Keck and Tollestrup 1956, Whalin, Schriever and 
Hanson 1956). Earlier attempts to account for this behaviour (e.g. Austern 1952, 
Fujimura 1953, Yamaguchi and Yamaguchi 1954, 1955, Zachariasen 1956, 
Bernstein 1957) were not very successful and led Wilson (1952, 1956) to suggest 
a specific model in which part of the photodisintegration goes by way of production 
and annihilation of virtual s-wave mesons. Austern (1957) argued that such a 
model is necessary and that the Siegert theorem is inapplicable above 20 Mev. 

It is, however, clear that in the static limit, the process required by these 
authors is taken completely into account by the renormalized mass and static 
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interaction between the proton and neutron,t since it is part of the self-interaction — 
of the two-particle system. Work of Gammel and Thaler (1957a, b) indicated 
that the nucleon-nucleon scattering could be fitted up to 300 Mev by a static 
potential plus spin-orbit interaction. Since previous qualitative arguments 
from the Born expansion indicated that the final state interaction between neutron 
and proton was of great importance, and calculations with simple forces by 
one of us (A. F. N.) bore out this conclusion, we decided to calculate the photo- 
disintegration of the deuteron using wave functions for both initial and final 
states which are solutions in the Gammel—Thaler potentials. 

We carried out calculations of do(#)/dQ for a centre-of-mass energy of 
120Mmev, which corresponds to a photon energy of 130 Mev in the laboratory 
system, and to nucleon-nucleon scattering with a laboratory energy of 248 Mev 
(240 Mev if the transformation is made non-relativistically). 

While this work was in process, we received results obtained by de Swart 
and Marshak (1958), who have been able to fit the experimental photo- 
disintegration data very nicely within the above framework for photon energies 
of 22, 54 and 80Mev, employing the potentials of Signell and Marshak (1957, 
1958). Further results obtained by de Swart (private communication) indicate 
that calculations at an energy of 150 Mev give too low a cross section. 


§2. METHOD OF CALCULATION 
The triplet even-parity potential for the initial state was taken to be 


SU (9) = 00 Fister, Ce Eee ee 5) eee (3) 
EN x” ane ~ ae Ss 
Veo = et) sohepe Vy = Mr au r> rot, 
orr br’? 
where 

rot =0-4f, 
V.+=100-7 Mev, a= 1-2308 
Vt =257 Mev, pares 1-203 F—*, 


and Sj. is the tensor force operator. This potential is No. 4 of a set of possible 
ground-state potentials given by Gammel, Christian and Thaler (1957), and 
was chosen from that set for the present calculations because of its consistency 
with the results of the later analyses by Gammel and Thaler (1957 a, b) of 
nucleon-nucleon scattering up to 310Mev. However, the high-energy analyses 
led to the inclusion of spin-orbit forces in all states. The presence of such a 
strong short-range spin-orbit interaction in even T=0 states does not, however, 
seem to be clearly indicated (de Swart, Signell and Marshak 1957) and, in any 
case, would have little influence, since it acts only in the d-statet and even here 
would be partially masked by the centrifugal barrier. 

With the potential of equation (3) the deuteron wave function has the form 


N 
bp= 7a (An) (air) + dtr Sie) eens (4) 


} Recently, L. D. Pearlstein and A. Klein (private communication) have shown that 
in a consistent formulation of the problem in field theory, another process, not considered 
by Wilson and Austern, just cancels the contribution they consider, in the static limit. 

t To avoid confusion we employ small letters (s and d) when referring to the initial 
state, and capital ones (P and F) when referring to the final state. 
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»» 2P, and coupled P, and °F, waves, for which the radial wave functions 
ultiplied by kr) are asymptoticall . ie a 
vy, 1(r) =sin (er- ay ; ; 


Up,(7) = cose sin (# ~_ is + 5.) 


nee (ir = +3.) Were 


x3 


Vo_(r) = — sine sin (ir 5 +,) 


Upg(7) = Cos e sin (#r- = +3,) 


where 5, and 6, are the eigenphase shifts and « is the mixing parameter for the 
3P, and *F, waves (Blatt and Biedenharn 1952). 
The cross section parameters A and B are given by the expressions (Czyz 


and Sawicki, to be published): 
ARC(R) Rly? + FLA +S 24S P+ 2 Tp 008 (84-8) + Z24Z 
+2Z,Z, C08 (8,—5,) + V/6Ly|F cos (8, —5,) +J,cos (8; —94)] 
+ 24/6L,[Z, cos (54-54) +2, Cos Canes | a nn ii tT (7) 
BaC(R ALE + HT A+ I f+ 2 ad g008 (8,8) + 22+ Ze ' 
5o74.4.c08 (0, o,)— 4/6L, [J ,, cos (8; —5,,) +79 608 (81 — 53) 
— 24/6Ly[Z 608 (89 — 8.) + Zp 608 (89 — AT Sha te Ste a Goo ieee oa (8) 
where 


a 


Es ee ERIE CO Ee Ne 


1e kE, 
es RAE gery, ie Sana 9 
72 hic (E,- Es) () 


C(k) = 


E, being the photon energy and k, the relative final-state momentum, both in 
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where the function f(pr) describes the effect of recaiianaen in electric conte 


Using the general formulae for electric transitions given by Austern and Sachst 
(ay) one easily finds that the appropriate form of f is 


t(pr)= i dy jo(ypr) oneten hae 


where jy is the spherical Bessel Rnceon Although pr is rather small over the 
region of the main contribution in equation (11), it is not clear that one can 
expand f(pr) in a power series in pr, keeping only the first terms, without 
substantial errors because of contributions from large distances. We have 
evaluated the integrals, equation (11), for two cases, taking f(pr)=1 and 
f (pr) =jo(pr), 1.e. for the two end points of the integration, equation (11.1). 
_The former choice corresponds to neglect of retardation; the values coming 
from the latter will be referred to as ‘retarded’ in inverted commas, because 
to obtain the true retarded values, one should evaluate the integrals for several 
values of y lying between 0 and 1 and then average over these. Since, however, 
with the extreme value of y the results differed only little from the unretarded 


ones, we have not bothered to do this, since it is clear that the effect of retardation 
is not important. 


§ 3. RESULTs AND Discussion 


The wave functions were found by numerical integration of the wave equations. 
The ground state was found to contain 6-6 %, of d-state, and the phase shifts were 
found to check with those of Gammel and Thaler. 

The table displays the values of the transition amplitudes which were obtained 
using these wave functions in equations (10) and (11). The amplitudes are 
shown split into their s- and d-parts, which arise from the u and w functions, 
respectively, in the definitions (11). 


t See Sachs (1953), p. 239, for a simple discussion of this. 
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reas if retardation is ignored the results are only slightly different, viz. — 
=39-8ubn, B=5-0ubn. These figures should be compared with the — 
rimental values of about A=44yubn, B=13 ubn (Whalin, Schriever and 
Tanson 1956, Keck and Tollestrup 1956). 

_ It can be seen that the predicted cross section at 120 Mev is somewhat smaller 
_ than the experimental value. This is not surprising, since effects from virtual 
| p-wave meson production, although small, are not negligible at this energy 
_ (Zachariasen 1956) and should be included before comparison with experiment 
eis made. Our cross section is, however, more than double that obtained by 
Marshall and Guth (1950) and Schiff (1950) and we obtain a large isotropic 
term, indicating that the neutron—proton interaction in the final state is of primary 
importance in determining the form and magnitude of the cross section. It is 
also clear that it is not necessary to modify the dipole radiative interaction, at 
least not as drastically as proposed by Austern and Wilson. 

The importance of including all_of the electric dipole transitions has been 
stressed by de Swart and Marshak (1958). We can illustrate this in our case 
by giving results which would be obtained in two special cases if certain 


transitions were left out: 
(1) Transitions to F-states omitted: A=13-0jubn, B=10-9ubn. 


oe (2) Transitions from the d-state omitted: A=5-1ubn, B=11-1pbn. 


We note, finally, that our calculations have shown the effect of retardation 


to be relatively unimportant, even at this high energy. 
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/ ~ § 1. INTRODUCTION 

T was originally hoped that collisions between atoms and ions at low and 
moderate energies could in principle be satisfactorily treated by means of 

A the perturbed stationary state approximation in which the complete wave 

function of the colliding systems is expanded in terms of the electronic 


_ wave functions these systems would have if the nuclei were held fixed in 
position. (Mott and Massey 1949, Bates, Massey and Stewart 1953). Recent 


work (Bates 1957, 1958) has, however, revealed that the perturbed stationary 


"state approximation has very serious defects which make the realization of the 


original hopes impossible. At present there is no alternative general approxi- 
mation designed for low and moderate energies. Consequently, it is desirable 


| _ to attempt to refine the standard high energy approximation of Born so as to 
extend its range of validity. With this aim in view the introduction of allowance 


for distortion will be examined. 


§ 2. THEORYT 


The impact energy below which Born’s approximation is unreliable 
naturally depends on the particular collision process concerned and. cannot be 
specified simply, but its value is likely to be of the order of 100 kev in the case of 
excitation or ionization of atoms by incident protons (and proportionally larger 
if the incident particles are more massive). It might be thought at first that the 
distortion arising from an interaction potential of perhaps only about 10 ev could 
not have an appreciable effect at the impact energy mentioned, and therefore 
that the failure must be due to some other cause. However, the effect of distortion 
cannot be dismissed so readily. In Born’s approximation the integrand of the 
transition matrix element contains a term of the form exp [@R. (Kini — Krns)] 
where R is the relative position vector of the nuclei, Kj and Ky are the magnitudes 
of the wave numbers of the relative motion before and after the transition and 
n; and ny are unit vectors in the directions of incidence and of scattering 


+ Atomic units are used except where otherwise stated. 
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in which r denotes the position eee of the active electron and ¢ the time, aa 
in which ¢,(r) and ¢, are the unperturbed eigenfunctions and eigenenergies of 
the target system in the state indicated by the subscript, so that 


H b,(r)=6,6,(0) oes 


where % is the Hamiltonian. Reminders of the dependence of the coefficients 
a,(t) on p and v are omitted. If (r, R) is the instantaneous interaction potential 
when the position vector of the incident system is R then 


a7? pgs BE IS cs ateteces. Gys 


Proceeding in the customary manner by substituting (1) in (3) and using (2) and 
the orthonormal ban lage of the Me s it may be shown that 


i a,(Z)=- “4, (ZV, sexp'| 2) > See (4) 
ia Vale f aA RBM aaa (5) 
Ken =(e, —€,)/v sy't's! Susie (6) 
and with the zero of time Ghose so that 
2501. wie Gite eee (7) 
If the initial conditions in (4) are-taken to be | 
aj(—<o)y=1, @,(=5)=0 (52 0) eee (8) 1 
the cross section describing excitation from state 0 to state m is (Mott 1931) | 
Qon=2m | Jan(coPodp (apt). eves (0) 
A first approximation to the required solution of (4) may be obtained by 
assuming that a)(Z) is unity and that the other coefficients a,(Z) (s#0) are so 


small that terms involving them may be neglected. This yields 


ia, (co) = © | wy exp [ein ee (10) 
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‘Detailed balancing is, of course, satisfied. This distortion approximation differs 
_ appreciably from the Born approximation unless fp, is much less than a radian. 
If the mass M and energy @ of the incident particle are in units of the mass of the 
_ proton and in kev respectively, then i 
BS 1jv=4-997(M/Ey, nae ees (16) 

Noting that the integral in (15) is likely to be of the order of unity, it is apparent 
that distortion must in general remain important up to quite high impact energies, 
as suggested at the beginning of this section. 


§ 3. CALCULATIONS AND RESULTS 
To illustrate the effect of distortion detailed calculations have been carried 


out on 
Piper Hite) Tt A H(2s))0 les eo ALE (17) 
and on 
esas (is erie H (2s). end Wks LG (18) 
Elementary algebra gives that 
~ Vog, p= Z (2/2/27) (2 + 3R) exp (EY 5 ane cee (19) 
and that 
Vas tn Von oo A(t +R) exp (—2R)— 48+ OR+2R*+ RE) exp (—R)} 
RS a ares (20) 
in which © R=(p?+Z?)!? rant) 


and & is the nuclear charge on the incident particle. Substituting these 
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Figure 1. Asymptotic coefficients a ,(00) (vertical scale) plotted against impact 
parameter p (horizontal scale). Curve B of each set of three gives the Born 
approximation for H* impact and for He*+ impact ; one of the two curves D gives 
the distortion approximation for H* impact and the other the distortion approxima- 
tion for He?+ impact. In each case the inner vertical scale is for H* impact and 
the outer for He** impact. The energy @ of the incident H+ or He2+ ion is 
indicated. : 


In figure 2 the corresponding (log Q,, .., log &) curves are compared with the 
curves based on the Born approximation (Bates and Griffing 1953). Distortion 
is seen to lead to a marked diminution in Q,, ,, except when €& is high. It even 
causes (18) to be /ess effective than (17) at equal low velocities of relative motion, 
though the fact that the charge on the alpha particle is twice that on the proton 
makes (18) four times more effective than (17) at equal high velocities of relative 
motion. 

The distortion approximation cannot be valid in the early part of the impact 
energy range covered in figure 2. Various corrections are likely to be needed. 
For example, coupling due to transitions to the 2p state doubtless has to be taken 
into account. Further, in the case of (17) allowance must be made for the effect 
of the resonance capture processes 

H++H(1s)—+H(1s)+H+ nes 4 
and 
H*+H(2s)>H(2s)+ H+ osesee (23) 
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and distortion approximations to cross sections for 
++ H(1s)+He?+ + H(2s). 


H*+ +H(1s)+H*++H(2s) and for He? 
pact and right-hand and top scales 


‘ (Left-hand and bottom scales refer to H* im 
to He?+ impact.) 
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+ Incidentally, the distortion approximation to 
more from the true cross section for this process t 
(24) (again at the same velocity of relative motion). 
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§ 1. INTRODUCTION 


“HE problem of the detailed structure of natural diamonds has been 
| approached in a variety of ways, including ultra-violet and infra-red 
4 absorption measurements, conduction counting of ionizing particles and 
_ radiation, photo-current measurements and ultra-violet stimulated fluorescence. 
In the work to be described below a new approach has been developed using 
single diamonds as scintillation counters of alpha particles. It is well known 
that although chemically pure materials such as zinc sulphide do give scintillations 
_ when bombarded with ionizing particles, their efficiency is often greatly 
increased by certain chemical impurities known as activators—for instance, 
manganese in zinc sulphide. It seemed possible therefore that the study of 
~ scintillation properties of diamond might yield useful information about the 
_ impurities and structural defects responsible for the scintillations. However, 
recently Bunting and Von Valkenburg (1958) have shown from examination of 
over a thousand diamonds that chemical impurity content and spectral type are 
largely uncorrelated although certain structural defects have already been shown 
to be responsible for many characteristics of diamonds (Benny and Champion 

@ 1956). 
___ The only work reported on diamond scintillations is by Wright and Garlick 
4 (1954) who selected a single diamond because of its relatively high scintillation 
efficiency, and included it in an examination of several different materials. It 


was concluded that the diamond and anthracene crystals used gave pulse height 
stical considerations for 


. 
? 

y) 
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2 dispersions greater than that expected from Stati 

bombardment with mono-energetic alpha particles. It was also found that 
diamond and thallium activated potassium iodide were the only two materials 


examined which gave small after-pulses following each main pulse. Belcher (1950) 


has also reported these after-pulses in thallium activated potassium iodide using 


gamma-ray excitation. 

e § 2. EXPERIMENTAL 

rm of a conventional scintillation spectro- 
m alpha-particle source were contained in 
ontact with a glass window. The 
e in contact with the other side of 


Q 


5, The apparatus used was in the fo 
_ meter. The diamond and the poloniu 
an evacuated chamber with the crystal in ¢ 


photomultiplier (E.M.I. 6094) had its cathod 
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this window to give a light collection solid angle of a little less than 27. The 
output of the photomultiplier was fed through a cathode follower to a wide-band 
amplifier and the output of this was passed to a pulse-height analyser and a 
scaler. Facilities were provided for varying the alpha-particle energy, a series of 
aluminium foils being used as absorbers. A moving collimating hole was. 


arranged to allow bombardment of limited regions of the crystal surface. Sharp-— 


cut-off filters were used to estimate the wavelength range of the emitted light. A 
neon lamp pulsed by a flip-flop circuit replaced the alpha source in the 
determination of the pulse height disperson due to the photomultiplier. 

Specimens of both type I and II were examined in a preliminary experiment. 
Pulse height spectra were obtained for each specimen, those shown in figure 1 
being representative of good and poor resolution crystals. Considerable: 
variations in response were observed from one part of the crystal surfaces to. 
another and a holder was designed to enable the crystal position to be exactly 
repeated. 

Three larger specimens were included in the above examination and one of 
these, S;, was used for the more specific experiments described later. Thirty-five 
diamonds were examined under the same conditions. For each a pulse height 
distribution curve was obtained and the mean pulse height V, and the pulse 
height dispersion 7 were found from this. The large variation found for 7 the 
intrinsic pulse height dispersion (Wright and Garlick 1954) is shown in figure 2. 
The type I and II classification has been determined for these crystals by ultra- 
violet absorption and conduction counting by other workers, and no correlation 
was found between this and the magnitude of Vy or 7. 

Pulse height distribution curves were also obtained for a range of different 
irradiated areas on the surface of S; and on some smaller crystals... Little change 
was observed for S; except at the edges, but large variations were found for the 
smaller ones. ‘These may have been due to changes in the light collection 
efficiency with the region in which the light was produced. Pulse height spectra 
were obtained before and after several days of alpha bombardment and also 
before and after thirty minutes of neutron irradiation in a nuclear reactor. No 
change was observed in either case, but this treatment was only carried out for 
one crystal. ‘The neutron dosage was insufficient to produce the green 
coloration which results from large doses. 

Using S; the values of V, for a range of alpha-particle energies between 
0 and 5-3 Mev were found and the intrinsic pulse height dispersion 7) was obtained 
for each energy. 

An examination of the nature of the variation of the after-pulse spectrum 
with alpha-particle energy was also carried out. The after-pulses were amplified 
to cover the range of the pulse height analyser and a pulse height spectrum 
obtained for each of several values of energy. From these a series of graphs 
were obtained by plotting the counting rate in fixed analyser channels against 
particle energy and this was repeated for several values of channel height. A set 
of divergent straight lines was obtained which when extrapolated cut the energy 
axis at 1-5 Mev. ; 

To determine the wavelength range of the emitted light the mean photo- 
multiplier current was measured for each of the set of sharp-cut-off filters and 
this was repeated for each of a range of particle energies. The photomultiplier 
current was plotted against energy for each filter as shown in figure 4. 
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Approximate limits of range of pulse height distribution curves for 
scintillations from diamond. 


those from an anthracene crystal of approximately the same dimensions and 
under the same conditions. A large number of after-pulses were observed 
- following each main pulse for all specimens, although for some it was difficult to 
distinguish between the main and after-pulses as indicated by figure 1. The 
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2. Values of the square of the pulse height dispersion plotted against 1/V, for 
several diamonds, together with the line 7?= K/V, for the photomultiplier. 


_ Figure 


duration of the after-pulses was about 50 msec. The pulse height dispersion was 
frequently greater than 50% although for one or two diamonds it was as low as 
Q2 


ESE ERR 


Ae EMC RA 
Since after-pulses and mai 
the mechanism or defects r 


however, that in the present experiments no simple separation of the 
from the after-pulses was always possible and since the mechanisms of each < 
probably considerably different it is difficult to draw unambiguous conclusi 

No attempt has yet been made to examine the after-pulses with regard to c 
type classification. Dy . 
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Figure 3. After-pulse counting rate in fixed channels plotted against alpha-particle energy | 
for several values of channel height. 


The variation of the mean pulse height of the main pulses V, with ~ 
alpha-particle energy was found to be linear, in agreement with Wright © 
and Garlick (1954), and the intrinsic pulse height dispersion 7) was found to — 
increase rapidly with decreasing particle energy. The explanation suggested by { 
these workers for the existence of 4) was that particles striking different parts of | 
the surface passed through different numbers of regions of high conversion 
efficiency of alpha-particle energy into radiation. Thus as this energy is reduced 
the number of events making up each pulse decreases and so the dispersion 
would increase. his explanation also indicates that no correlation would be 
expected between 7) and type I or type II. The effect on the after-pulses of 
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Figure 4. Mean photomultiplier current plotted against alpha particle energy for various. 
values of sharp-cut-off filters placed between the crystal and the multiplier cathode. 


zero at zero energy. ‘Two values of energy below 1:5mev were used but the 
corresponding values of current were small and the range of these for each filter 
is shown in figure 4. The linearity of these curves for different sharp-cut-off 
Glters indicates that the wavelength distribution of the emitted light does not 
vary appreciably with particle energy. 

Champion (1953) has shown from conduction counting experiments that 
often electron trap density increases towards the natural growth surface of 
diamonds and this behaviour may arise from gross defects which would be more 
common near the surface. These may simply give rise to optical inefficiency due 
to light scattering or they may be associated with deep traps which could be 
responsible for a much longer, lower intensity after-pulse system for low energies.. 
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‘This per embodies the results of the investigation of ultrasonic 


ariation with concentration. Measurements of ultrasonic velocity were made 
y a precision double crystal interferometer method. Molar sound velocity of 
he three solutes obtained by extrapolating the R against molar concentration 
graphs were interpreted in terms of the method of bond and atomic velocity 
increments given by Lagemann and Rao respectively. a 


§ 1. INTRODUCTION 


ARLIER investigations (Nomoto 1952) on the variation of ultrasonic 
velocity, density and adiabatic compressibility versus concentration in 
- several organic liquid mixtures revealed significant deviations from ideal 
’ linear behaviour. ‘The interesting feature was observed that whatever the 
_ deviation of these properties the variation of molar sound velocity R and the 
molar compressibility B with concentration is always linear. It is mainly with 
a view to studying the behaviour of these physical properties that the investigation 
of ultrasonic velocity in solutions of organic substances in organic solvents is 
taken up, as very little work has been done on the variation of ultrasonic velocities 
in organic solutions. Schaaffs (1937) and later Sibaiya and Narasimhaiya (1941) 
took up the investigation and determined ultrasonic velocities and adiabatic 
- compressibilities of solutions of naphthalene in different organic liquids. In 
- every one of these solutions they observed a definite increase of velocity and a 
decrease of adiabatic compressibility with concentration. More recently Lal 
(1950, 1951) has investigated the effect of dissolving benzoic acid in different 
organic liquids on the ultrasonic velocity and adiabatic compressibility and 
concluded that in every case there is a definite decrease in the velocity and 
increase in the compressibility of the solvent. This unusual observation of Lal 
in the case of benzoic acid solutions is contrary to the results of the earlier 
investigations. Using the diffraction method for determining ultrasonic 
velocities at ordinary frequencies, it is surprising that Lal could establish a 


definite decrease in velocity though the observed decrease in most of the 


solutions is as small as 10m sec~ for the highest concentration. As the results 


obtained by Lal appeared to be rather inaccurate, this investigation has been 
- taken up afresh using the more accurate method of determining ultrasonic 
velocities recently developed by Rao and Rao (1957) which enables velocity 


. / 
measurements with an accuracy to 0-1°%, to be made. 


diabatic compressibility and molar sound velocity R in solutions of 
enzoic acid, phthalic acid and salicylic acid in some organic liquids and its 
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§ 2. RESULTS 


Ultrasonic velocities are thus determined in different concentrations of 
solutions obtained by dissolving known quantities of the solute weighed accurately 
‘in a precision balance in known volumes of the solvent. The density of each 
solution is determined with an accuracy to 0-1% by using a specific gravity — 
bottle. The average molecular weight of the solution M is calculated for each 
concentration by using the relation M=(n,M,+n,M,)/(n,+m,) where M, and 
M, are the molecular weights of the solute and solvent, and m, and n, are the 
number of gramme molecules of the solute and solvent. The molar fraction of 
the solute is given by the relation C=n,/(n, +m.) and is expressed as a percentage. 
The molar sound velocity R is calculated for each concentration by Rao’s 
formula R= Mv3/p, where p is the density and v is the ultrasonic velocity in the 
solution. The molar sound compressibility values are also obtained by using the 
relation B= MB"/p, where B =1/v2p is the adiabatic compressibility. 

Solutions of benzoic acid in chloroform, benzene and ethyl alcohol, phthalic 
acid in methyl alcohol, ethyl alcohol and. acetone, and salicylic acid in methyl 
alcohol were investigated. The variation of all these physical properties with 
concentration expressed as molar fraction for all the solutions are studied and 
the results are presented in graphical form in figures 1 to5. Of these only the 
benzoic-ethyl alcohol solution has already been studied by Lal but a fresh 
investigation of this has been undertaken with a view to verifying the decrease in 
velocity with concentration reported by him. 

Figures 1, 2 and 3 show the variation of v, p and 8 for benzoic acid solutions. 
In all the cases, the curves show a progressive increase of velocity and decrease of 
compressibility with concentration. For this particular combination, Lal has 
observed a decrease of velocity 56 m sec~! for a concentration of 0-2 mole per 
litre while for the same concentration, which is equivalent to 1-13 molar fraction, 
we find a definite increase of velocity by 8m sec~t. It is interesting to note that 
even for the highest concentration possible the increase in velocity observed is 
only 28m sec1. There are slight departures from strict linearity in almost all 
the curves showing variation of v, p and 8 with concentration. An interesting 
case is that of benzoic acid—chloroform solution wherein we observed a decrease 
of density with increase of concentration. In spite of this decrease in density 
the compressibility showed only a decrease with increase of concentration. The 
variation of R and B with molar fraction is found to be strictly linear in all three 
cases and the data given in table 1 show the linear variation of R with 
concentration in three solutions. 

Figure 4 shows the variation of v and 8 for solutions of phthalic acid in three 
different solvents. ‘The curves are found to be accurately linear for solutions in 
ethyl alcohol and acetone. In all cases an increase of velocity and a decrease of 
compressibility are noticed with increase of concentration. The variation of R 
and B with concentration is again found to be strictly linear. The linear 
variation of R with concentration for the phthalic acid solutions can be judged 
from the data given in table 1. 

Another substance which belongs to the same series as benzoic and phthalic 
acids is salicylic acid and solutions of this in methyl alcohol are studied. The 
variations of v, p and 6 with concentration presented in figure 5 show very slight 
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_ Figure 3. Variation of ultrasonic velocity, density and adiabatic compressibility with: 
molar concentration in benzoic acid-ethy] alcohol solution. 
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a Figure 4. Variation of ultrasonic Figure 5. Variation of ultrasonic 
velocity and adiabatic compres- velocity, density and adiabatic com- 


~ sibility in pressibility with molar concentration. 
1. phthalicacid—methyl alcohol solution. in salicylic acid—methyl alcohol 
2. phthalic acid—ethyl alcohol solution. solution. 
3. phthalic acid—acetone solution. 
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Phthalicacid- \conc. 0 = 0-909 = 1806 2-681 
ethylalcohol [R 597-3 603-6 = 610-2 616-5 


Phthalicacid- \conc. 0 1458 2869 — 
acetone R 773-6 780-7 788-0 — 


Salicylicacid— | cone. 0 ©4158 2-288 3-394 ad 
methyl alcohol { R 4165 425-5 433-0 440-9 _ 


§ 3. EstimaTION OF MoLar SOUND VELOCITY OF THE SOLUTE 
An interesting result of this investigation is the remarkable linear variation - 
of R and B with molar fraction. It is possible to obtain the value of R for the 
pure solute by extrapolating the readings in table 1 up to a molar fraction of 100. 
In the case of the three benzoic acid solutions, it is found, by extrapolating the 
results to 100 molar fraction, that the final value is approximately the same. 
‘The values thus obtained are given in table 2. 


Table 2. Values of R 


Solution Extrapolated Average ‘Theoretical 
Ny R 

Benzoic acid—chloroform S12 
Benzoic acid—benzene 1261 1174 1198-8 1213 
Benzoic acid—ethyl alcohol 1154 
Phthalic acid—methy]1 alcohol 1284 
Phthalic acid—ethyl alcohol 1313 1291 1426 1481 
Phthalic acid—acetone 1275> 
Salicylic acid—methyl alcohol 1435 i335 1236 1287 
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L=Lagemann; R=Rao. 


It will be interesting to compare this value of R with the theoretical value 
that can be deduced for this solute by following the methods given by Lagemann 
and Rao for calculating the value of R of any organic molecule whose chemical 
formula is known. Rao considered that R for any organic molecule can be 
estimated by taking into consideration the contributions due to atoms and bonds. 
Lagemann has followed an entirely different method of estimating R by taking 


. 


’ 


into account only the contribution due to various types of bonds. The final 
values of R for benzoic acid calculated by both methods are shown in table 2 
and are found to be nearly the same. Comparing these values with the average 
experimental value for benzoic acid, it is found that there is fairly good agreement 
with the theoretical values calculated by Lagemann’s method, the deviation 
being only 2%. Following a similar procedure the experimental values of R 
for phthalic acid and salicylic acid as deduced from the extrapolation of R are 
also given in table 2 along with the theoretically calculated values. The agree- 
ment between the theoretical and experimental values is not quite so good for 
these substances, the deviation which is about 10% being particularly high in 
phthalic acid, but such deviations are a normal feature even in the calculations of 
atomic or bond increments from a homologous series of organic compounds. 
In general, it may be said that the agreement is satisfactory when we consider 
the fact that R values for the solutes are obtained by a large extrapolation of the 
: experimental results which could be obtained only up to a mole fraction of 3/10 
because of the low solubility of the solutes investigated. 

It is interesting to see what value for the velocity is obtained for each solute 
by extrapolating to 100 molar fraction those velocity against molar fraction graphs 
which are fairly linear. The graphs for each solute dissolved in different solutions 
are found to intersect at nearly the same point for 100°% concentration, thus 
giving an average characteristic velocity for each solute in the liquid condition. 
The average values thus obtained for benzoic, phthalic and salicylic acid are 
1657, 2278 and 1778 m sec-1. It must be noted that these velocities do not 
correspond to the velocity of the solutes in the solid state but that they give the 

- characteristic velocity for the hypothetical case of the solute in liquid form at 
100°%, concentration. 


§ 4. CONCLUSIONS 


The following are the main conclusions drawn from the ultrasonic studies 
of some of the physical properties of solutions of organic substances in organic 
solvents. (i) Contrary to some of the previous observations by Lal, it is found 
that the effect of an addition of the organic solute is invariably to increase the 
velocity and decrease the compressibility of the solvent. (ii) In most cases, the 
variations of ultrasonic velocity and compressibility with molar fraction are 
found to be linear. (iii) The variation of R and B with concentration is found to 
be strictly linear for all the solutions used in this study. (iv) The extrapolation 
of molar sound velocity R to 100°% concentration is found to yield fixed values 
of R characteristic of the particular solute and those values are found to agree 
fairly well with those calculated from bond velocities by Lagemann’s method. 
(v) When velocity against concentration curves are extrapolated to 100% a 
characteristic velocity is obtained for each solute which is independent of the 
nature of the solvent. 


REFERENCES 


Lat, K. C., 1950, Indian F. Phys., 24, 461. 

1951, Ibid, 25, 73. 

Nomoto, O., 1952, Bull. Kobayasi Inst. Phys. Res., 2, 137. 

Rao, B. R., and Rao, K. S., 1957, ¥. Sci. Industr. Res., 16-B, 483. 
Scuaarrs, W., 1937, Z. Phys. 105, 658. 

Srparya, L., and Narasimuarya, R. L., 1941, ¥. Mvsore University, 1-B, 133. 


_ Investigation of Ultrasonic Velocities in Organic Solutions 243 


244 


Band Spectra of Magnesium Oxide and Hydroxide between 4000 
| and 3600 A 


By D. PESIC} anp A. G. GAYDON 
Chemical Engineering Department, Imperial College, London 


Abstract. Band systems in the extreme violet have been excited in ‘vacuum Z 
arcs in oxygen, ordinary water vapour and heavy-water vapour, and also in a 
flame. Wavelengths of MgOH and MgOD bands are listed. An oxide system 
in the same region has been studied under large dispersion but is too complicated 
to analyse; it is attributed to a polyatomic emitter, possibly Mg,O.. 
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§ 1. INTRODUCTION 
Wi magnesium is excited in an arc or flame, a complex band structure 


is observed in the extreme violet, between 4000 and 3600 A, in addition 

to the well-known MgO bands at 52114. These extreme violet 
bands have been known for a long time. Eder (1903) obtained them when Mg 
salts were introduced into a flame, and he and other early workers (see Kayser 
1910) suggested MgO as the emitter. Verhaeghe (1935) attempted to analyse 
the bands and formed two Deslandres arrays with (0, 0) bands at 3799 and 37664. 
However, Barrow and Crawford (1954) found that the structure of the system 
obtained from burning Mg ribbon was very complex and concluded that the 
carrier was doubtful; they also obtained the bands in absorption and gave new 
data. Brewer and Porter (1954) used very large dispersion (0-67 A mm) to 
study the bands; they attributed them to MgO on grounds of variation of intensity 
with temperature and composition and gave some fragmentary vibrational 
analysis, but were unable fully to resolve the rotational structure and appear to 
think that several electronic states of triplet multiplicity might be involved. 
Recently, Gaydon and Guénebaut (see Gaydon 1957) obtained bands in an oxy- 
hydrogen flame and in a vacuum arc in ordinary and heavy-water vapour (H,O 
and D,O) and suggested the possibility of overlapping bands of MgOH and 
perhaps a polyatomic oxide. 

The assignment of the bands is important in connection with the determination 
of the species present in the gas in contact with magnesium oxide and the deter- 
mination of the dissociation energy of MgO and of other thermochemical data. 
In the present investigation, the bands have been studied using sources developed 
in this laboratory for investigations of other alkaline earth oxides and hydroxide 
spectra (Gaydon 1955, Charton and Gaydon 1956). 


§ 2, EXPERIMENTAL 
‘I'wo sources were used, a vacuum arc and an oxyhydrogen flame. The 
vacuum arc was the same as that described by Gaydon (1955). Magnesium 
metal electrodes were used and the arc was run in oxgyen and in an atmosphere 
t Usual address, Institute of Nuclear Science, Bikidrich, Belgrade. 


nately stoichiometric 
mined, using the burner described by C 
. A solution of. ewasused. §§ «| 
inary work and for the flame spectrum, medium quartz and glass 
pectrographs were used. ‘The main part of the work has been undertaken with 
10 ft concave grating (disper. 2-7A mm in 2nd order) and a 30 000 lines 
per inch 21 ft concave grating (disper. 1:28A mm~ in Ist and 059A mm in 
_ 2nd order). An iron arc comparison spectrum was used. The spectra were 
_ taken on Ilford Astra III, Zenith, HP3 and R.P. Panchromatic plates. The 
_ exposure times, depending on the spectrograph, varied from 10 seconds to 
_ several hours. 


* 


r. 
§ 3. COMPLEX SPECTRUM OF AN OXIDE OF MAGNESIUM 


The spectrum of the vacuum arc in oxygen (see Plate, strip (b)) consists 
of four main groups which are different in appearance and contain bands degraded 
in different directions. ‘The first group centred at 3640A is very weak and 

___- consists of bands degraded to the red. It starts with one very weak band showing 
open rotational structure, and finishes with a group of bands, the successive 
stronger heads of which are separated by about 3A. ‘The second group is the 
most intense feature of the whole spectrum and consists of the shorter wavelength 
side of very diffuse bands which are followed by very fine rotational structure. 
In the central part, the bands either degrade to the violet or have only a maximum. 
‘Toward the red, the structure of the group becomes more definite, and it finally 
shows fine rotational structure. This part of the spectrum is shown in strip (f). 
The bands of the third group (3766-38404, strip (c)) are degraded to the red. 
They have a very regular appearance and show clear regularly spaced heads. A 
few bands start with a single head, while the majority are double headed. On 
plates taken with the 21 ft grating, all these bands show fine rotational structure. 
However, although the dispersion was 0:-59A mm‘! (strip (g)), none of these 
bands is completely resolved. The end of this group is undefined due to the 
presence of the strong magnesium triplet. This third group merges into the 
weaker fourth group which extends to 3989 A. Some of these bands are degraded 
e- to longer wavelengths, while some are not clearly degraded either way. 
Attempts at vibrational analysis have had little success. There are two 
strong sequences of red-degraded bands commencing at 3766 and 37994, these 
being the (0, 0) sequences of Verhaeghe’s systems ITand II. Most of the bands 
of Verhaeghe’s four other sequences are observed, but they are weak and our 
wavelengths differ rather from his, so that the reality of the complete arrays is not 
convincing. Most of the strong diffuse bands of our second main group are not 


included in these arrays. | 
Even with the largest dispersion, the rotational structure appears too complex 


i to enable the analysis of any single band. ; 
. For purposes of identification, we list the most prominent features which we 


feel are certainly attributable to an oxide of magnesium in table 1. Many less 
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Spectrum with the oxy-hydrogen flame. 


strip (a) of the Plate. 
definite heads. 


$4. Banps or MgOH anp MgOD 


This has only been photographed 
with the medium-quartz instrument ; the general appearance is shown in 
There are two main groups of diffuse bands, but no 


and the limited dispersion wavelengths are only accurate to +24. 


The main features are listed in table 2, but owing to diffuseness 


Table 2. Wavelengths of Outstanding Bands of Magnesium in Oxy-hydrogen 
Flame 
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Spectrum of the arc in H,O. 'The emission covers the same region of the 
spectrum as the arc in oxygen, but the positions of individual bands are quite 
different. This is shown in the enlargement of a portion of the spectrum in 
strip (d) of the Plate. A few of the strongest oxide heads occur on some plates. 
The bands of the arc in H,O are mostly diffuse, but show a number of heads 
Some of these band heads are separated by about 70 cm—, 
but no vibrational scheme has been obtained. The lines, grouped around the 
maxima, are separated by between 4 and 6 cm~, this spacing being presumably 
The strongest of these arc bands are 
listed in table 3, from measurements of large dispersion. Many weak features 
and some of the moderately strong features from the central regions are omitted. 


degraded to the violet. 


connected with the rotational structure. 
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The arc in D,O. The spectrum of the vacuum arc in heavy water vapour 


__ has a similar general appearance (see strip (e)) to the arc in H,O, but the bands 


are displaced. The isotope shift is so large that it is not, unfortunately, possible 


y to relate the bands of the arcs in D,O andin H,O. A selection of the outstanding 
heads is given in table 4. 
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as I Deg. Xr I Deg. \ I Deg. r I Deg. 
BO50°23 3 M 3701-1 3 V 3756-21 4 Vv 3970308 8 M 
3 Vv 11:05 4 AY 82-84 3 Vv 19-38 5 M 
6525295 V 13-51° 4 V 94-5 2 Wi Ou Oars M 
—«68-44 4 Vv 33 3 M SISSY 88) M PH 6) Vv 
ab Out Vv 36:60 4 V 97:79 3 R 3903-90 5 M 
(oP Vv 37-81. 3 V 99:92 4 V 09:3 8 M 
79-64 4 V 38-5 3 R 3807-46 3 M 11:3 4 V 
82°85 4 V 40-6 3 M 52°38 4 V 15:20 4 R 
98-3 6 V 41-3 3 M 70-1 8 M 20:04 3 AWE 
3700:08 6 V 46:2 4 Vv 1832 5 M 


Table 4. Wavelengths of Outstanding Bands of MgOD 
‘ : 


The undoubted isotope shift clearly shows the presence of hydrogen in the 
emitter, but the structure is not sufficiently open for a hydride. Assignment of 
the bands to the triatomic hydroxides MgOH and MgOD seems fairly safe. 


? 


§ 5. COMPARISON WITH Previous WorK 


Verhaeghe shows a microphotometer trace of his spectrum, but lists only 
the bands which he has analysed into Systems I and IH, and Sequence A. All 
the strong bands in this list appear to be due to the oxide. The sequences 
formed by the weak bands are, however, rather uncertain. 

Barrow and Crawford stress the complexity of the system and express doubt 
about the emitter. Their photograph shows bands of MgH, indicating that 
hydrogen was present. Comparison of their wavelengths shows that both the 
oxide bands and the MgOH bands occurred under these conditions. Con- 
sidering the diffuse nature of the bands, the agreement with our wavelengths 


is very good. 


! 
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Of the 27 heads recorded by Brewer and Porter, eight seem to be due to the 


oxide alone, 12 can definitely be identified with our MgOH and four coincide 
with both oxide and MgOH;; the remaining three are unobserved by us. Since 
their attempt at analysis includes both oxide and hydroxide heads, it can have 
little meaning, and their conclusions about the dissociation energy may be 
affected by the undoubted presence of the hydroxide. Indirect determination 
of the dissociation energy of the oxide by observation of the Mg lines in flames 
(e.g. Veits and Gurvich 1956) may also be affected by existence of the hydroxide. 


§ 6. DiscussIon 


The flame bands, and those in the arc in water vapour, have a very similar 
general appearance to bands of the analogous hydroxide of calctum (Gaydon 
1955). The slight difference between the flame and arc spectra is difficult to 
account for, but it is possible that the higher temperature of the arc modifies the 
rotational intensity distribution and favours heads of bands formed from lines 
of high rotational quantum number. The general halation around the strong, 
wide Mg lines at 3829, 3832 and 3838A and the Rowland Ghosts of these lines 
modify the appearance of the arc spectrum. The flame shows less continuous 
background and is better for observation of weaker groups of bands, but because 
of the low light intensity is not suitable for work at high dispersion. 

The bands of the arc in oxygen are only just detectable in the arc in water 
vapour, and disappear in an arc in hydrogen. ‘This appears to rule out Mg, 
as emitter. Since no vibrational scheme can be obtained for the whole mass of 
bands, these must either be due to a polyatomic emitter, or must consist of a 
number of overlapping systems. Brewer (1953), Brewer and Porter (1954) 
and Gaydon (1955) have discussed the possibility of a polyatomic emitter and of 
systems of MgO of triplet multiplicity. Even if triplet states were involved, a 
rotational analysis for a molecule as light as MgO should be possible; even 
heavier molecules, such as TiO and ZrO, give systems amenable to analysis. 
Triplet systems of molecules of comparable weight, such as N, and CO, would 
appear to have quite open structure under this dispersion of 0-59A mm-!. We 
must therefore conclude that a polyatomic emitter is responsible, at any rate for 
the main second group of bands. The species which can be expected are MgO,, 
Mg,0 and Mg,O,. Although occurrence of these molecules in an are at high 
temperature might appear unlikely (Brewer and Mastick 1951), similar molecules 
of the alkaline earth metals were found by a mass spectrometric method by 
Aldrich (1951) and Inghram and Chupka (1955). 

The sharp-headed red-degraded bands of our third group (3766-3840) 
look simpler than those of the second group. It is unlikely, but just possible, 
that these bands could belong to a diatomic emitter. We think it more probable, 
however, that they form part of the main system. If the emitter is Mg,0,, 
Mg,O or MgO,, it is likely to possess some symmetry (unlike MzOH) and could 
then form perpendicular-type and parallel-type bands; in this case, the second 
group may be perpendicular-type and the third group could be simpler parallel- 
type bands. The occurrence of some heads shaded to the red and some to the 
violet frequently takes place in polyatomic spectra. 

James and Sugden (1955) pointed out that the hydroxides and fluorides of 
Ca, Sr and Ba lay in similar spectral regions, and Gaydon (1957) and Charton 
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§ 1. INTRODUCTION 


vacancy diffusion in ordered binary alloys in terms of certain unit processes, 

each of which consists of a highly correlated series of vacancy jumps. It was 
shown that, in the low temperature limit, all unit processes other than what was 
called the six-jump process may be ignored, when it is possible to obtain numerical 
values for the upper and lower bounds for the ratio of the self-diffusion coefficients 
G for the two components of the ordered alloy. It is the aim of the present paper 
to obtain an expression for G valid over a range of temperature and, in particular, 
_at temperatures at which measurements of self-diffusion coefficients become a 
practicable possibility. s 

It will be assumed that (1) the lattice of the alloy is simple cubic, the state of 
perfect order of the AB alloy being such that if a site on the lattice is occupied 
by an atom of one kind, the nearest neighbour sites of this site are all occupied 
by atoms of the other kind; (2) the configuration energy of the alloy may be 
written in terms of nearest neighbour pair interaction energies EF, ,, Epp and Ey; 
(3) the only mechanism for atom interchange is by vacancy jumps from a site to 
a nearest neighbour site; (4) correlated motion of vacancy pairs may be ignored; 
(5) in a vacancy jump Peay a change in configuration energy AF of the local 
environment of the vacancy, the local environment passes through an energy 
barrier AE+ U for AE>0 and U for AE<0. It is assumed that differences in 
U for different vacancy jumps are small compared with the ordering energy 


| has been shown (Elcock and McCombie 1958) that it is possible to discuss 


Ex,+ Epp —2E,p=e Say. 


Consider a vacancy supposed initially to be at an a site in the otherwise 
perfectly ordered AB crystal. A jump of the vacancy into one of the nearest 
neighbour b sites disorders a B atom with consequent increase in configuration 


cy 
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energy and, for temperatures low compared with the critical temperature, will 


_ almost always be followed by a jump of the vacancy back to its original position. 


Two Successive jumps of the vacancy away from its initial position, involving 
the disordering of two atoms and consequently a greater increase in configuration 
energy, will occur much less frequently and such jumps also will tend to be 
immediately retraced: the vacancy is strongly bound to its initial position. 
It follows that a configuration in which a vacancy has a perfectly ordered local. 
environment is, at sufficiently low temperatures, very stable. 

Eventually the vacancy will, in some series of jumps, either return to its. 
initial stable position by a process not depending on retracing of jumps, or escape 
to a different stable position. Either process will result, in general, in net displace- 
ments of the atoms of the alloy; such processes will be called ‘unit processes’. 
In fact, at sufficiently low temperatures, the escape to a different stable position 
is the more probable unit process. Starting with the local environment of the 
vacancy perfectly ordered, the vacancy will be in a position to escape if it makes 
three successive jumps round a square of four nearest neighbour sites in a (100) 
plane: the vacancy then lies on a (011) mirror plane of symmetry and is just as. 


likely to make a further forward jump round the square as to retrace the last 


jump. Ifthe vacancy makes the forward jump, however, it will then be bound toa 
new stable position at the site on the square diagonally opposite to the initial site 
of the vacancy. In going from the initial to the final stable configuration the 
vacancy makes six jumps round the square. ‘The net result so far as self diffusion 
is concerned is that if the initial stable vacancy site was an a(b) site, two B(A) 
atoms will have interchanged places, so that each has been displaced a distance 
equal to the diagonal of the square, and one A(B) atom will have moved the same 
distance. No net disordering occurs. 

In order to execute any other non-trivial series of jumps starting and ending 
in a stable state, the vacancy and its local environment must pass through a 
configuration of higher energy than any occurring in the six-jump process 
described. Moreover, the increase in the number of equivalent processes will 
not compensate for this increase in configurational energy at sufficiently low 
temperatures. At sufficiently low temperatures then, we may regard diffusion 
as taking place solely by the six jump unit process described. As the tempera- 
ture increases, more and more complicated unit processes come into play until 
finally a temperature is reached at which correlations between successive vacancy 
jumps become relatively unimportant and the present point of view ceases to be 
useful. The present paper will not be concerned with this ‘ high.” temperature 
range. Inthe low temperature range then, it is necessary to classify and estimate 
the relative contributions to self-diffusion of the different possible unit processes. 
In the following sections this problem will be discussed for the stoichiometric 
AB alloy: before going on to the actual details of the calculation, however, it is 
useful to consider, in quite general terms, the form that the calculation will take. 

In principle the self-diffusion in the alloy could be examined in the following 
way. Suppose that at a given temperature and a given time, t= 0, all the atoms 
of an equilibrium configuration of the alloy are labelled : A) examination of the 
positions of the labelled atoms at a later time f, where t is very large compared 
with the mean jump time of a vacancy, the self-diffusion could be evaluated. 
Suppose that the jump history of every vacancy (and so of every atom) in the 
time interval ¢ has been followed in detail. Suppose also that the density of 
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~ vacancies and any other relevant factors are such that correlated motions of 
groups of vacancies play a negligible part in the process of atomic rearrangement. 
Fix attention for the moment on just one of the vacancies. In general, and in a 
way already discussed, two successive jumps of the vacancy will be highly correlated. 
The jump history of the vacancy in the time ¢ will break up naturally into a sum of 
shorter histories in each of which the vacancy makes a passage between successive 
stable states. In a single short history successive vacancy jumps will be highly 
correlated: successive short histories, on the other hand, will be largely 
independent of one another, ie. a short history is independent of the—at least 
immediate—past history of the vacancy. These short histories are the unit 
processes already mentioned: each may be characterized by the nature of the atom 
displacements to which it gives rise, and-the frequency with which unit processes 
of this kind occur in the complete jump history of the vacancy in the time f. 

It must be remembered that, although it is convenient to fix attention on 
the vacancy jump process, what is really of interest is the displacements of the 
atoms. Ina vacancy jump process atoms along the track of the vacancy are moved. 
For clarity and simplicity in this general description, it will now be assumed 
that each successive unit process, in the complete history of each vacancy in the 
time ¢, moves a fresh set of atoms, i.e. correlations in the successive displacements 
of a particular atom other than those occurring in a single unit process will be 
ignored. (The slight modification necessary when this assumption is not made 
is examined in the detailed calculations to follow.) Let the unit processes be 
classified into their various groups 7, such that a unit process of group 7 gives 
rise to net atom displacements Xd,?=d, 7, Udp?=d, 7 say, and unit processes 
of group 7 occur with frequency v; in the complete history of a vacancy, now taken 
as typical of all the vacancies. With these suppositions then, the sum of the 
squares of the displacements of A and B atoms in the time interval t may be 
written as 


Daas ra (3 dy. ? “) Ny 
da," = (3 dy, #) 
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where my is the equilibrium number of vacancies in the alloy at the given 
temperature. 

It is now apparent from (1) that =d,? and Xd,? may be calculated by (a) 
considering the various possible unit processes that can take place in an alloy 
of the given composition and lattice ; (6) assessing the net displacements to which 
each of these unit processes, considered in isolation, gives rise; (c) assigning 
appropriate frequencies to each of these processes. The required ratio G of 
the self-diffusion coefficients may then be obtained by taking the ratio of Ud,? 
to Xd,”: it should be noted that, for the calculation of G, all that is required is the 
estimation of frequency ratios. In the detailed calculations which follow it is 
convenient to begin, after some preliminary definitions, with the discussion 
of the method of assigning frequency ratios since these frequency ratios determine 
which unit processes need detailed examination: this is done in $3. In §4 the 
required unit processes are classified and the atom displacements to which each 
gives rise are evaluated. Finally, in §5, the ratio of the self-diffusion coefficients 
is calculated and the result discussed in relation to available experimental data. 


W. ] ) f rrect. 7 i 
f the rest of the crystal, (1) any six-jump unit process of the 
‘displaces only atoms of the original local environment of the vacancy; 
ossible six-jump unit processes of the vacancy are équally probable. 
xr the simple cubic lattice this definition makes the local environment of a 
cy on a particular lattice site consist of the first to the fifth nearest neigh- 
_ bour shells of atoms of the site. 
These definitions have the consequence that successive unit processes are. 
_ largely independent of one another, with the result that correlations between. 
unit processes will not play an important part in the analysis: this is the property 
required of the ‘short histories’ in the general discussion at the end of §1, where 
the present definition of unit processes was anticipated. 
Finally, it is useful to define the ‘neighbourhood’ of the local environment 

of a given vacancy, with respect to a particular unit process for the vacancy. 
This is defined as that region surrounding the local environment of the vacancy 
such that, at every stage of the unit process, the local environment of the 
~ yacancy lies within the region defined by the initial local environment of the 


vacancy and its neighbourhood. 


§ 3. FREQUENCY RATIOS FOR Unit PROCESSES 


During a particular unit process the region of the crystal lying within the outer 
boundary of the neighbourhood of the initial local environment of the vacancy 
will pass through a configuration of maximum energy: the difference AE between 
this maximum configuration energy and the energy of the initial configuration is. 
characteristic of the particular unit process and will in part determine the energy 
barrier to be surmounted in the course of the unit process. Suppose that unit 
processes 7 and j, say, are characterized by energy barriers AE;+ U; and AE, + U; 
with associated entropy factors n; and n; respectively. ‘The entropy factors are: 
just the number of distinct configurations of the characteristic maximum energy 
2 available to the vacancy at the start of the given unit process. It will be assumed. 
that the relative probability of unit processes i and j, i.e. the frequency factor 


y;[v;, is given by 


z, %, _ Pmexp[-(AR+U)RT] (3.1) 
z »,  Pynjexp [— (AE; + U;)/RT] 


4 where P, is the probability of finding the perfectly ordered local environment 
of the given vacancy in a neighbourhood appropriate to the ith unit process. 
Remembering | U;— U;|<e, to a good approximation 
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It remains to evaluate P,/P;. A good approximation to P,/P; may be obtained 
by methods similar to those used by Bethe (cf. Fowler and Guggenheim 1939) 
in evaluating the partition function for a binary alloy. In the temperature range 
of immediate interest, 0< T/Te<0-5 where T- is the critical temperature of long 
range ordering, the equilibrium configuration of the crystal is essentially perfectly 
ordered (1—s<Oece~® where s is the usual long range order parameter) and the 
application of the Bethe method becomes trivial, giving 


Pre oes eA Pe ETE eee 3.3 
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where (1) A@;, is the difference between the configuration energy of the crystal 
with the neighbourhood of the perfectly ordered local environment of the vacancy 
appropriate to the ith unit process, and the configuration energy of the crystal 
with this neighbourhood perfectly ordered; and (2) N; is the associated entropy 
factor. From (3.2) and (3.3) : 

veo aN exp [—{(AZ;+A&,)— (AE, +A@,)}/RT].  ...... (J) 

v;  mjN; 

From (3.4) it is seen that it will be convenient to classify the various unit 
processes into groups, each group being characterizied by a particular value of 
(AE+A@). Inthe next section these groups will be discussed in detail in order 
of increasing (AE +A@), i.e. in order of decreasing frequency. 

It is necessary, for this discussion, to distinguish between vacancies which 
initially occupy an a site (a vacancies) and a b site (b vacancies) respectively. 
In order to make the classification of the groups of unit processes easier, and to 
ensure that a and b vacancies executing geometrically the same kind of unit 
process belong to the same group in the classification, it is convenient to assume 
that | Ey, —Egp|<|£—E,p|=« where 2E=EF,,+E,,: the main body of the 
results to be obtained, however, will be seen to be largely independent of this 
assumption. 


§ 4. Unit PROCEsSES 


We begin by classifying those unit processes for which the neighbourhood 
of the initial local environment of the vacancy is perfectly ordered. It will be 
taken, unless explicitly stated otherwise, that all the unit processes discussed in 
this section have this characteristic. 


4.1. Unit Processes for which AE ~ 12¢€ 


The only processes in this group are the six-jump processes already discussed 
in which the vacancy makes six successive jumps round a square of four nearest 
neighbour sites in a (100) plane: an a(b) vacancy moves to the a(b) site of the 
square diagonally opposite its initial site; two B(A) atoms and one A(B) atom 
each move a distance ay/2 where a is the lattice parameter. The values of AE 
for the two kinds of vacancy are given by 


AE, = 8Eppt+ 4x, —12E yp 
AE = 8E,, +4Epp—12E,p 


and, for a given vacancy, twenty-four distinct configurations of maximum energy 
may be reached in three successive vacancy jumps. 
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ure 1. (a) The labelling of the sites of the unit cell. (6) The labelling of the sites in a 
(100) plane. 
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_ labelling the vacancy. Any configuration of the labelled atoms can be written 
asa permutation operator of the kind, symbolized by a Roman capital, 
gi Z Jone rete 
Sie My %y Xz Xz Xq Xs Xe x, ]” 
where x,;#x; for all i and j and 0<x;<7 for all 7. This operator is to be read 
as ‘‘the atom which was on site 0 is now on site xo; the atom which was on site 1 
is now on site x,’’ etc. The operator may also be regarded as representing the 
vacancy jump process or processes by which the final configuration is obtained 
from the initial configuration. In all operators, columns of the same number 
will be omitted. It is also convenient to have permutation operators acting on 
the sites themselves: these will be represented by bold face capitals. In particular, 
the symmetry operators which take the cube into itselt and leave the site 0 
invariant will be needed: they are, the rotation operators about the line 0—5 
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a 
where the seven operators in (4.4) are to be read from right to left, and disordered _ 
atoms are indicated by columns in the final configuration operator containing _ 
an odd and an even number, zero for this purpose being counted as even. This 
is a metastable configuration in which the vacancy is on site 5 with its nearest 
and next nearest neighbours ordered but the site 0 occupied by a wrong atom. 
The vacancy is in some degree bound to the site 5. The process so far, however, 
is not a complete unit process in that the local environment of the vacancy 
(site 0) is not perfectly ordered. 

Before going on to discuss ‘completion’ processes, however, it is convenient 
to enumerate those jump processes which, starting from the metastable configura- 
tion, return to the metastable position leaving some of the atoms of the cube 
interchanged in position, i.e. those processes which generate different metastable 
configurations of the same type as P;. Such processes must not pass through 
a configuration for which AE>16e. If AE>16e for some configuration of the 
process, the process belongs to another group. If AH= 16¢e for some configuration 
then the process is either a completion process, which will be discussed below, or 
it is effectively two unit processes taking place one after the other: this last point 
will become clearer in what follows. 'T'wo processes satisfying these conditions 
are the six-jump processses 
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It is to be noted that L,/=L,-1=L,%._ Either of the operators L, or L,~ acting 
on the configuration P, generate new configurations L,P,, L,—1P, of the same kind. 
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The set of operators (4.5), (4.6) and (4.7) together with the identity operator form 
a group, Y, say: it follows that no new operators of this kind can be formed from 
products of the operators of “ among themselves. Further, the group # is 
invariant under operations of the group % : i.e. no new operators can be generated 
by subjecting the operators of ¥ to the operations of Y. 

We have the result then that if L is any operator of %, the configurations 
LP, have the following properties : (1) LP, represents a metastable configuration 
in which the vacancy is at site 5; a single disordered atom is at site 0 and all other 
atoms are ordered; (2) the configuration is capable of being generated by a 
vacancy jump process starting with the vacancy jumping from site 9 to site lien 
(3) all the configurations LP, are distinct. 

So far we have considered only processes starting with the vacancy jump 
from site 0 to site 1. To each of these processes there will correspond two other 


processes, one starting with the vacancy jump from site 0 to site 3 and the other 
0 to site 7. "These processes will be 


generated by the totality of operators of the form G(LP,)G"1 where G=R, 
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and the operators Q and Q™, which onl involve ev 
the operators of the group Y, which only e oc 
(4.8) and (4.9) that we may write the operat neratir 1 
0 to 3 or 0 to 7 as their initial jumps and giving rise to the metastable p 
in the general form Q*LP, where «= +1 and L is any operator of Y. It 
follows immediately from (4.8) that no new operators of this kind may be obt 
by operating again on Q*LP, with any of the operators of ZY. rte 

We are now in a position to discuss completion processes, i.e. those processes | 
which, starting from the metastable configuration, complete a unit process of 
which the first vacancy jump was from site 0 to site 1. Such processes are 
certainly given by the reverse of any of the processes leading to the metastable 
position. It follows that the operators representing unit processes starting with 
a first vacancy jump from site 0 to site 1 have the general form [Q*L’P,]—'LP, 
where «=0, +1 and L’ and L are operators of ¥%. Now Q* commutes with 
L’ and so = 


[Q2L’P,]“LP, =P,1L’1Q-*LP, =P, Q-—-LLP, 
=P SQ 7p. ee BO area (4.10) 


Now, from (4.4), we can write 


P,=( een )( ant )=uv ay, eee (4.11) 


where V is self-reciprocal and commutes with U and L, and U commutes 
with Q*. It follows that 


P,Q*LP|=V"U7Q=LUV=(VO=V)(U4LU). a! (4:12) 
But from (4.9) and (4.11), 


VOR = Oto a a ee ees (4.13) 
Substituting from (4.13) in (4.12): 

PIO =LP| =O(U=LU i) arene (4514) 
For «=0, L the identity operator, the unit processes represented by the 
operator (4.14) are the trivial ones involving a process giving rise to the metastable 
configuration followed by what is effectively the retracing of the same process. 
In all other cases the operators (4.14) represent distinct sets of unit processes 
giving rise to distinct end configurations involving net displacements of the 
atoms of the cube. By comparison of (4.10) and (4.14) it is seen that the number 
of distinct unit processes leading to the same end configuration, represented by a | 


2: 8 sets of processes 
- a 3 sets of processes: Lde2=0;  Zdo?=8a2;  ...... (4.15) 
bee ly Class 4: 16 sets of processes: Udo? =6a?; Ldo? =6a?; 

Class’ 5::) 6 sets of processes : nde = 6a eds = sa"; 
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re Ld.” and Xd,” are the sums of the squares of the displacements of odd and 
atoms respectively, and it is to be remembered that these processes are 
- appropriate to a vacancy initially on an even site. sities 

___ As already mentioned, each of these sets of processes is to be given an equal 
weight: it follows that the mean displacements per unit even vacancy process 
of this kind taking place in the cube are 
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The question now arises as to whether these processes discussed above con- 
stitute the only unit processes taking place in the unit cell, ‘The answer is ‘no’ in 
- the sense that we have so far restricted ourselves to unit processes beginning with 
the vacancy jump 0 to 1. We can generate new unit processes in the same unit 
- cell by operating on any of the unit-processes above with R, and R,: these will 
correspond to unit processes beginning with the jumps Oto: 3-and! 071027 
y respectively. Similarly, we can generate unit processes in the other unit cells 
sharing the site 0 by operating on the unit processes already obtained with the 
3 symmetry operators which take the original unit cell into one of these other unit 
cells. However, none of the sets of unit processes obtained in these ways need 
be considered explicitly since it is clear that their inclusion would not affect the 
result embodied in (4.16). Apart from these processes then, are there still 
others? Careful examination of the various possibilities for the next vacancy 
jump at each stage of the “prototype ’ process P, shows that there are no unit 
processes in the cube still uncounted. It is undesirable to go through this 
examination in detail here: a single example of the kind of analysis necessary will 
have to suffice. For example, after the fifth jump of P,, a possible sixth jump of 
the vacancy is to site 0 giving rise to the configuration 
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unchanged, we merely have a unit p 
counted. It is also by similar pater ations to the | d 
tioned can be clarified, that if AE=16e for a second time in some jump P 
- then that process is either a completion process or is effectively “ac anit 

processes taking place one after the ether: ’ 


4.2.2. Unit processes taking place in one (100) plane. 


It is convenient now to label the sites and initial configuration of atoms in a — 
(100) plane as in figure 1(b). Consider first those unit processes in this (100) 
plane for which the configuration of maximum energy is reached by the four 
successive vacancy jumps 0 tol to4to5to2. The vacancy is now equally likely 
to make a further forward jump to site 1 as to retrace the lastjump. Ifthe vacancy 
makes the forward jump, two further forward jumps, in each of which the 
configuration energy is decreased, first to site 4 and then to site 5, give the process. 


Boole 4 Ca a) 2 1) eee emer) em Ath ae 
-(5 : : es AEE Sei) 


giving rise to a metastable state with the vacancy on site 5 and a single disordered. 
atom on site 0. As before, it is convenient now to enumerate those processes. 
which start and finish with the metastable configuration, and which satisfy similar 
conditions to those imposed on the corresponding processes in theprevious section. 
- Examination shows that all these processes are restricted to the (100) plane 
itself and, in particular, that none of the processes discussed in the preceding 
section play a part here. By similar methods to those already discussed, it is 
found that the only two processes satisfying the appropriate conditions are 


C3 2 )2 Mla os o C3 2)(E 2) 


and 5;’=S,?=S,"1. Either of the operators S, or S,—! acting on the configura- 
tion P,’ generate a new configuration of the same ad: Since these are the 
only operators of this kind, it follows that we can write down immediately the 
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of the sets of processes has to be given an equal weight: it follows that we 
write the mean displacement per unit even vacancy process of this kind 
g Place in the (100) plane as ae Meine 
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; __ Finally, we can generate other unit processes by operating on the unit processes 


ready obtained with those symmetry operators of the cubic lattice which leave 
esiteQ unchanged. These processes need not be considered explicitly, however, 


q ‘since their inclusion would not affect the result (4.21). There are no other unit 


processes in this group taking place in a (100) plane. Further, the unit processes 
considered in this and the preceding section exhaust this group completely. 


4.3. Unit Processes for which AE ~ 18 


This group of unit processes comprises, amongst others, processes in which, 


_ by a six jump process, the vacancy escapes from one or other of the metastable 


configurations of the processes discussed in the preceding section, leaving behind 


a semi-permanent region of local disorder. As will be seen in the next section, 


the frequencies of unit processes in this, and groups with higher values of AE, 
are sufficiently low in the temperature range of immediate interest to allow the 
contribution to the ratio of the self-diffusion coefficients from such unit processes 
to be ignored. ‘This then completes the discussion of unit processes with the 
characteristics, (1) the neighbourhood of the initial local environment of the 
vacancy is perfectly ordered and (2) the frequency is sufficiently high for the 
process to be included in the present approximation. 

For the same reason, all unit processes for which the neighbourhood of the 
initial local environment of the vacancy is disordered may beignored. Examina- 
tion shows that there are no such processes for which AE'+ Aé < 18e. 


§5. THE RaTIO OF THE SELF-DIFFUSION COEFFICIENTS 


Ignoring for the moment then, (a) unit processes for which AE+Aé@ = 18e, 
and (b) all correlations in successive displacements of a particular atom except 
those occurring in a single unit process, the results of the preceding sections make 
possible the calculation of the ratio G of the self-diffusion coefficients of the two 
components of the alloy. We introduce frequencies V,;, Mp» Yaz and »,, for the 
unit processes for a and b vacancies respectively: subscript 1 refers to the group 
AE~12e; subscript 2 to the group AE~ l6«, and to save notational complexity 
we have anticipated the result that the frequencies for ‘plane’ and ‘cube’ unit 


erly 
‘sfoa a4 


Oy = oy? = exp [—4(Eay — Egy)(kT]=6" saysot oye 
where és $i nine 
B = (Exa— Eps)/(Eaa + Epp —2E gp) = (Exa — Epp)/2e. -.---- (5.4) 
Finally, using the value for kT; given by the quasi-chemical approximation, 
e=kT, In (3/2) =0-4055RT ¢. creas (6.5) 
Substituting from (5.3), (5.4) and (5.5) in (5.2): = a 
C= (2 + 4168) +26(4 + 11-376*) ee ; 
(4 + 27678) + 20(11-3 + 4768) 
where 06=exp (—1-6227,/T). ' 
In general it is to be expected that r will be a function of the temperature, its 
precise form depending on the formation energies for the two different kinds of 
vacancy. For given 6(7/T;) and 8, however, G is a monotonically increasing 


function of r: it follows, that, for given @ and 8, and independenily of any 
temperature variation of r, 


1+40 2+11-361-8 
——— £62 2 re 5.7 
2+11-30 Pa-4ei=8 Oe 
or, for 6<1, |B|<1, | 
$—0:836< G<24 3:38; Mowoal) a eee (5.8) 


where the constant terms represent the effects of processes of group 1 (the six- 
jump processes), and the terms in @ represent the effects of processes of group2. @ 

The extension of the discussion to include unit processes involving higher 
values of AE would lead to the appearance of terms in higher powers of 0 in _ 
(5.7) and (5.8). For 0< 7/T,.<0:5, however, 0<0@<0-04 and it is likely that 
(5.8) gives a good approximation to upper and lower bounds for G in this reduced 
temperature range. ‘The value T/T,~0-5 may be taken as being the reduced __ 
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temperature at. which, under favourable circumstances, diffusion measurements 
_ just become practicable. Itis seen from (5.6) that although group 2 processes may, 

particularly for r>1 orr<1, make an appreciable contribution to the temperature 
variation of G'in the higher part of this reduced temperature range, the upper and 


: lower bounds for G are, by (5.8), substantially unaffected by these processes. 
4 | § 6. Discusston 
= The calculation of G in the preceding section was made with the neglect of 


all correlations in successive displacements of a particular atom except those 
occurring in a single unit process. The definition of a unit process (§2), however, 
was framed in such a way as to make correlations between successive unit processes. 
small. The only residual correlations are, in fact, a property solely of the geometry 
of the lattice, and are of essentially the same nature as the Bardeen—Herring 
correlations for vacancy diffusion in a pure metal. 
A detailed calculation of the effect of these residual correlations on the ratio G 
would be very difficult and has not been done. The order of magnitude of the 
~ effect, however, may be estimated by a step by step examination of the effects of 
residual correlation between two, three, four ... successive six-jump unit processes. 
(the processes giving the dominant contribution to G) of a particular vacancy. 
Such a calculation indicates that, in fact, the correlation correction to G will be 
negligible. Certainly the inclusion of the effects of these residual correlations 
will leave unaffected the main conclusion of §5, namely that in the temperature 
range 0< T/T. <0-5, 1/a<G<a where a~2 and is only slightly temperature 
dependent. 
: The calculations of the present paper have also been concerned solely with 
the stoichiometric simple cubic binary alloy. This is because unit processes 
for this alloy are geometrically relatively simple to visualize and analyse. ‘The 
available results of experimental measurements of self-diffusion are for the body- 
centred cubic alloy Cu-Zn with a composition slightly away from exact stoichio- 
metry. A corresponding analysis for the body-centred cubic alloy to that given 
in the preceding sections would, however, be considerably more tedious owing to 
the greater diversity and complexity of the unit processes other than those of 
group 1. In view of the meagreness of the experimental data available, it has not 
seemed worth while to carry this analysis through in detail. The processes of 
group 1 (the six-jump unit processes, but now round the sides of a rhombus or 
folded rhombus of nearest neighbour sites rather than a square as in the simple 
cubic lattice) are again simple, however, and it is readily shown that, ignoring 
all unit processes other than these (the low temperature limit), 2/3 < G<3/2. 
Further, there is little doubt that a more detailed analysis would lead to a similar 
result to that for the simple cubic lattice, namely that in the temperature range 
0<T/T.<0-5, 1fa<G<a where a~3/2 and is only slightly temperature 
dependent. Such experimental evidence as there is (Kuper et al. 1956) is in 
agreement with this simple and yet very striking result. 

In conclusion, it is perhaps noteworthy that if, as has been. assumed in the 
preceding discussion, the only mechanism of atom interchange in these alloys is 
by vacancy jumps from a site to a nearest neighbour site, then it would be expected 
that self-diffusion in face-centred cubic alloys would be markedly different in 
character from that for simple and body-centred cubic alloys discussed above. 
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§ 1. INTRODUCTION ; ‘ 
HE lattice absorption bands of silicon, which extend from about $40.6 be 
| toat least 301, have been investigated by a number of workers in the past, 
notably by Collins and Fan (1954). They showed that these bands were 
characteristic of the bulk material, largely independent of impurities or disloca- 
tions, and had a temperature dependence which suggested that they were connected 
_ with thermal vibrations. ‘They were not able, however, to suggest any satisfactory 
+ explanation for the presence of these bands. fet 
__ Lax and Burstein (1955) showed theoretically that although there could be 
no interaction between a single phonon and infra-red radiation in a homopolar 
crystal, the simultaneous interaction of two phonons would produce an electric 
~ moment with which the radiation could interact. ‘T'wo distinct types of inter- 
action. are possible, firstly the absorption of a photon and the emission of two 
- phonons (summation bands), and secondly the absorption of a photon and a low- 
energy phonon and the emission of a high-energy phonon (difference bands). 
These two mechanisms are readily distinguished by the different temperature 
_ dependences. Summation bands involving the emission of two phonons of 
‘ wave number »v, and v, will have a temperature dependence of the form 
(1 +F,)(1+F,)—F,F,, where F= 1/[(exp (hev/RT)—1], and difference bands 
involving the absorption of a phonon of wave number 1 and the emission of 
7 a phonon of wave number v2 will have a temperature dependence of the form 
2 F,(1+F,)— F(1 + F;)- In each case the first term is proportional to the 
probability of absorption of a photon and the second term is proportional to 
the probability of induced emission of a photon; thus the difference is proportional 
to the nett absorption. Since F is approximately unity when hev/kT=0-6, 
and decreases exponentially with decreasing temperature, summation bands 
only would be observed at the lowest temperatures, and these would not become 
markedly temperature dependent until the thermal energy became comparable 
with the energy of one of the phonons involved in the summation band. 
The position of any absorption band is determined by the energy transferred 
to the lattice by the two phonons, and to conserve momentum the two phonons 
¢ must have equal but opposite wave vectors. Lax and Burstein (1955) also 
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investigated the selection rules for the diamond lattice and showed that the two 


phonons must come from distinct branches of the vibration spectrum. Now the 
absorption due to the interaction of radiation with phonons from a particular 
pair of distinct branches of the vibration spectrum must spread over an appreciable 
energy range since the vibration spectrum is not a line spectrum, but the maxima 
in the absorption must be closely associated with the maxima in the density of 
states for the two branches: sharply defined maxima in the density of states will 
result in sharper absorption peaks, and conversely less sharply defined maxima 
will result in boarder peaks. It must also follow that the more sharply defined 
the maxima in the density of states becomes, the more nearly the energies of the 
phonons producing the peak absorption become characteristic of the two 
branchest and consequently the temperature dependent factors F also become 
characteristic of the branches. 

In general, the maxima in the density of states tend to occur for wave vectors 
nearer the edge of the reduced zone and consequently the characteristic energies 
of the phonons associated with lattice absorption peaks will tend to be close to 
the energies of phonons at the edge of the reduced zone. On this basis there 
should be a close correlation between the lattice absorption bands and the 
vibration spectrum. 

Previous data on the lattice absorption bands in silicon are insufficiently 
detailed to form the basis of an unambiguous interpretation in terms of a vibration 
spectrum and are further complicated by the presence of a strong band at 9 
and a weaker band at 19 due to oxygen impurities. More recent techniques 
have resulted in the preparation of silicon crystals which have much smaller 
concentrations of dissolved oxygen, and it therefore seemed desirable to undertake 
a careful redetermination of the positions and temperature dependence of the 
lattice bands in silicon using the purer material now available. 


§ 2, EXPERIMENTAL 


Three silicon specimens of thickness approximately 18, 4 and 1 mm were cut 
from pure high quality single crystals grown in vacuo. ‘These were mechanically 
polished and their transmissions were measured as a function of wavelength over 
the range 2 to 30. 

The optical system used consisted of a Nernst filament lamp as a source, a 
Leiss double monochromator and two mirror systems, one for focusing the radi- 
ation from the monochromator on to the specimen, and the other for focusing the 
radiation transmitted by the specimen on to a Golay detector. In addition a 
mask that could be moved into or-out of the beam of radiation as required was 
incorporated for checking the zero response of the detector. The output from 
the Golay detector was fed into a narrow band Barr and Stroud amplifier via a 
calibrated attenuator. ‘The amplified signal was rectified by an electromechanical 
phase sensitive rectifier and, after passing through a simple low pass filter having 
a time constant of 5 seconds,-was measured in a Honeywell Brown recording 
potentiometer. 

The cryostat was essentially the same as that described by Roberts (1954) but 
incorporating the improved window seals described by Roberts (1958). 


+ In the hypothetical limit of a line vibration spectrum, the density of states is infinite 
and the phonon energies are characteristic of the branches being of course the line energies 


ced by setting e valu 
ain was reduced by a | of the 
or were then adjusted by a servo loop to give an approximately 
output signal. The servo loop was disconnected and measurements 
made in the order shown in table 1. The intervals between measurements 
ere to allow the amplifier transients to decay. The purpose of using the 
brated attenuator was to make the recorder deflection with and without the 
_ specimen comparable. This greatly reduces the dependence of the transmission 
_ measurements on the linearity of the amplifier and increases the accuracy of the 

_ measurements particularly for small transmissions. ach 


Table 1 
Measured Attenuator Specimen Mask Time 
i Quantity Gain Position Position Interval (sec) 

Detector signal G Out Out 36 

’ — Maximum In Out 367 
~ Detector signal Maximum In Out 72: 

“a oe G Out Out 36); 
‘ Detector signal G Out Out. 36 
* : a G Out Tne 36 
_ Detector signal G Out In 18 
— i Maximum Out In 18 
Detector signal Maximum Out In a 


4 Thermocouple e.m.f. — “ 
eee ee ee 
, ~ The entire measuring sequence was carried out automatically. A uniselector 
_was used to control the various stages of the experiment and readings of the 
recorder deflection were made at regular intervals by a Hilger and Watts digitizer 
during the time periods shown in table 1 and automatically punched out on tape by 
a standard Creed high speed punch. After each complete set of readings had been 
taken, the prisms of the monochromator were rotated through an angle of 30 
seconds to select a new wavelength for the next set. This process was continued 
until the whole useful wavelength range of the particular prisms had been 


covered, 
The absorption coefficient « 


equation 


at each wavelength was computed from the 


A we Ee ae. (1) 
PES 9 Se 1)* exp (—2ad) 
men thickness in millimetres and n is the refractive index. 


where d is the speci 
‘The refractive index of silicon has been measured by Briggs (1950) and the 
| irical equation 


results can be represented by the emp! 
n2?=1+A/[1—(¥/%)*] gee. (2) 
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‘The absorption coefficient was plotted against wave number for the fo es 
temperatures and the results are shown in the figure. The 20° and ioe > curves — 
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§ 3. RESULTS 
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: the weak band at 38 mm, all the bands are evidently 
mation bands. ‘The key to the identification of this spectrum in terms of 
cteristic phonon energies is to be found in the three well-defined high energy 
ds. The shapes of these bands are very definite, and consequently the tempera- 
re dependence can be measured with a much greater certainty than is possible 
_ for the more complex bands below100mm~. Further, these high energy bands 
~ must clearly be due to combinations of optical modes. 'The analysis of these bands 
— in terms of two-phonon summation bands proved to be impossible: no correlation 
between the observed position and temperature dependence could be established. 
However, a logical extension of Lax and Burstein’s theory suggests the possibility 
of interactions between the infra-red radiation and three or more phonons. It 
would be expected that for such higher order interactions the matrix elements 
_ for the transitions would be considerably smaller than the matrix elements for two- 
_ phonon processes, and further that the simple selection rule for the two-phonon 

* processes would not be applicable to the three-phonon case. It would thus be 
_ reasonable to attribute the very weak absorption tail running from 150 to 190 mm™ 
to four-phonon summation bands, the weak bands between 100 and 150mm- 
to three-phonon summation bands, and the main bands below 100mm to two- 
4 phonon summation bands. The evidence for this general interpretation will 
, 


now be discussed in detail. 


§ 4. DiscussIon 


~ One would expect the highest energy band to be a summation band of three 
transverse optic phonons. This would require the characteristic temperature 
_ for each phonon to be 695°k, and the characteristic temperature dependence of 
the band to be (1+ F,)?—F,\3, where F,=[exp (695/ T)—1]-. The relevant 
information is set out in the first row of table 2 and it will be seen that the 
characteristic temperature dependence calculated as described above agrees well 
with the observed temperature dependence. | 
The next band is presumably due to a combination of two transverse optic 
phonons and one longitudinal optic phonon. This would require a characteristic 
temperature for the longitudinal phonon of 595°K, and the characteristic 
temperature dependence of the band to be (1+F,)?(1+F,)—Pi2F2, where 
F,= [exp (595/T) — 1]. _ It will be seen from the second row of table 2 that the 


calculated temperature dependence agrees well with the observed temperature 


dependence. oe ' 
; The third band may be either a combination of one transverse optic phonon 


and two longitudinal optic phonons or a combination of two transverse optic 
phonons and one longitudinal acoustic phonon, provided a characteristic 


695 +485 


76-6 1103 . TOs TAs TA ; na 
6954+ 204+ 204 ' er: 

74-0 1065.<0mtead TOT Sree? oFOnr a =p! > peries 
okt 595 +470 1 2. 144s 

68-9 992 2 Osa A a itl 

595+198+198 

61-0 880 1 = 4-4,.2:05 552-69 TO STA 
695 +185 1 4:10) 2-25. 2-72 

or 680+ 200 or 1 1:08 2:21 2-56 

56-6 815 fictt 20> 26. LOATA ~ ee 
595 +220 1 1:06 2:02 2-46 


or 575+ 200 or 1° © 1-08 2-28" 2-63 


(1) Position ; (2) relative intensity (observed) ; (3) suggested assignment and 
characteristic temperatures ; (4) corresponding relative intensity (calculated). 
T=transverse, L=longitudinal, O=optic, A =acoustic. 
Three-phonon cut-off 2200°K = 3 x 733°K } two-phonon cut-off 1470°K = 2 x 735°K. 


temperature of 485°K is assigned to the longitudinal acoustic phonon. Again it 
will be seen that in either case the calculated temperature dependence agrees 
well with the observed temperature dependence. 

The region between 124 and 104mm is largely obscured by the residual 
oxygen band, but in the case of the 20°K curve the oxygen band is fairly narrow 
and an examination of the shape of the absorption curve in this region indicates 
that there are probably unresolved absorption bands at 123, 116, 108 and 
103 mm~ corresponding to equivalent temperatures of 1780, 1670, 1555 and 
1480°K respectively. These bands could well be due to three phonon summation 
bands. 

The probable assignment of the main bands below 100 mm is shown in 
table 2 and the agreement between the calculated and observed temperature 
dependences is reasonably good. There is some uncertainty in the figures 
quoted for the observed temperature dependence for these bands due to the 
difficulty in estimating the background absorption in each case. The values 
assigned to the characteristic temperature dependence for the transverse acoustic 
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ed by the selection rules for two-phonon processes which, it will be 
led, require the two phonons to come from distinct branches. Thus the 
following combinations of two phonons would be forbidden: two longitudinal 
_ optic or acoustic phonons in all directions; two transverse optic phonons in 7 
_ the 100 and 111 directions; and a longitudinal optic and longitudinal acoustic 
phonon near the zone boundary in the 100 direction. The forbidden combinations 
5 of two longitudinal optic or acoustic phonons would be expected to produce 
_ minima in the absorption curves at about 83 mm! and 67 mm respectively, 
and it will be seen from figure 1 that there is a pronounced minimum at 84 mm-! 
and a large gap in the curves between 70 and 64mm~!. Further it would be 
__ expected that the band at 96-4 mm™ attributed to two transverse optic phonons 
_ would be markedly weaker than the other two phonon bands since this 
combination is forbidden in two symmetry directions, and again it will be seen 
from figure 1 that this is the case. The minimum at 80 mm on the high energy 
side of the band at 74 mm attributed to longitudinal optic and acoustic phonons 
may be due to the fact that this combination is forbidden near the zone boundary 
in the 100 direction. 

The summation band of phonons from the longitudinal acoustic and transverse 
acoustic branches which would be expected to appear somewhere between 
47-5 mm— and 50-5 mm! is evidently unresolved. It is possible that the small 
hump appearing at 49-3 mm in the two higher temperature curves may be due 
to this combination. The weak band at 68-9 mm is presumably a combination 
of a longitudinal optic and two transverse acoustic phonons. This assignment 
would suggest a characteristic temperature of 198°K for the transverse acoustic 
phonons, in good agreement with previous estimates. Further it would be 
expected that the combination of a transverse optic and two transverse acoustic 
phonons would produce an absorption peak at approximately 76mm and the 
very small hump in the absorption curves at 76-6mm—! may be due to this 
combination. The very weak band at 37-2 mm would appear to be a difference 
band, possibly due to the absorption of a transverse acoustic phonon and the 
emission of a longitudinal and a transverse acoustic phonon. 

The estimated position for the cut-off for the three-phonon processes 1s 
153 mm-! and for the two-phonon processes is 102 mm~*. These two figures 

suggest that the equivalent temperature of the fundamental Raman. frequency 
is 734°K. External evidence for the general correctness of this value is provided 
by the known values of the Debye temperatures. The high temperature On 
values have been measured for diamond, silicon, germanium, and grey tin, and 
are 1960, 660, 390 and 240°K respectively (Hill and Parkinson 1952). “The 0) 
values should provide a reasonable indication of the order of magnitude of the 
Raman equivalent temperature which, in the case of diamond, has been measured 
directly, and has a value of 1920°x. Recently the Raman equivalent tempera- 
ture has been measured for germanium by Brockhouse and Iyengar (1958) and 
has a value of 435°K. Thus the value of 734°K assigned to the Raman equivalent 
temperature for silicon is evidently of the right order. 


~~ 


out the computations and graph plotting. 
This paper is published by permission of the Sales H. M. Saaonees 
Office. 
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§ 1. INTRODUCTION 
| HE most commonly used method for finding the relaxation time for a thermal 
relaxation process in a gas is to plot the velocity of sound or the excess 
absorption per wavelength over that due to viscosity and heat conduction, | 


- against the logarithm of the ratio of frequency to pressure. Both of these graphs 
should be symmetrical curves. From the peak in the absorption graph or the 
point of inflection of the velocity graph, the relaxation time can be calculated. 
~ Quite often neither of these points can be reached experimentally and the points 
have to be fixed by extrapolation. As neither of the curves has a simple shape such 


as a straight line or circle, it becomes necessary to use templates, or some such 
device to find the wanted point. It is the aim of this paper to show that, by 
making use of both velocity and absorption measurements, it is possible to reduce 
the problem to one of fitting circles and straight lines. As a consequence of this 


method of presenting the data it becomes possible to decide, not only the amount of 


the relaxing specific heat and the relaxation time, for a single time constant 


fr 
- 


process, but also the nature of the relaxation processes if there is more than one 
time constant. A further advantage of the method is that not only is use made of all 
the experimental data, but also it is possible to obtain information on the visco- 
thermal absorption, provided that this can be satisfactorily represented by the 
Stokes—Kirchhoff equation. ‘The method is related to that used in the analysis of 
dielectric constant measurements by Cole and Cole (1941). 


§ 2. EQUATIONS FOR A SINGLE RELAXATION PROCESS 
which the usual expressions for the velocity dispersion 
btained by writing (Kneser 1931) 
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The basic equation from 
and excess absorption are derived is 0 
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where w = 2nf, 7 is the relaxation time, Cy the effective specific heat, C., its value at 
infinite frequency, and Cj is the specific heat contribution of the mode of oscillation 
that is relaxing. ; 
Making use of the relations Cp — Cy = R, and Cp/Cy =y and putting Cy = Cit Ss 
we find 
~ ClCo+ RF OP Colla tR)  tirRC ee (2) 
coal Gk F752 ok: WEP oa 5.08 
“W A4+ dB te ee eee 1 eS. ace (3) 
Eliminating wr from these equations and writing 
Yo=(Co+R)/Coy Yo= (Ca + R)/Cx 
we find * 
B24 A®2?-Alyotyoltyveyo=9 —— aeeeee (4) 


This is the equation of a circle with centre at B=0, A=yo+3y~ and diameter 
Yo-Yo: It now remains to determine the quantities A and B and show how the 
relaxation time can be found from the circle. 

The propagation constant in an absorbing medium can be written as k +1 
where k=2z7/A and « is the absorption coefficient per unit length. From this we 
find the velocity c=w/(k +i«) ~ w/k—ia/k? provided that«<k. (Ina typical gas 
a/k is about 0-01). Now y=c?M/RT. Hence y= (c?—iaAc?/7)M/RT, putting 
w/k=c as «/k? is small. Comparing this with the equation above we see that 

A=CM/RT, and B= —ad\c?M/RTxr 
where «A is equal to the measured «A less the contribution calculated from the 
Stokes—Kirchhoff relation. This is the procedure normally followed. As these 
quantities differ from c? and «Ac?/7 by a factor which is normally constant a plot of 
c* against c?aA/m should give a semicircle (« is always a positive quantity). The 
points of intersection of this circle with the axis of c? give the values of the squares 
of the low and high frequency velocities. 


2.1. Determination of the Relaxation Time 

The equations above have been worked out in terms of wz, i.e. w is the inde- 
pendent variable. In most experiments however this is not the case. The 
relaxation time is usually controlled by some collision process and is therefore 
inversely proportional to the pressure, so it is usual to use the pressure as the 
independent variable. Making use of this information we can write wK/P in 
place of wz where K is the quantity to be determined. 

If m is the slope of the line joining any experimentally determined point to the 
point of intersection of the semicircle and the axis of A (or c?) nearest the origin, it 
can be shown that 

Lim=ta(C../Cy UATE) ee ee (5) 
A graph of 1/m against 1/P should therefore be a straight line through the origin 
from whose slope the value of K can be found. Some experiments have been 


done in which the frequency was variable and in this case the corresponding graph 
is one of 1/m against frequency. 


2.2. Application to Published Results 


Although many papers exist in which either velocity or absorption measure- 
ments can be found, there are very few in which a combined homogeneous set of 
results is given in a form suitable for the present analysis. 
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Figure 2 (a). Semicircular plot for methane 
(units for ordinate and abscissa m* sec-2 x 10-4). 
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ination of the relaxation time in 
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Figure 2 (b). Straight line graph for the determ 
methane. 

The methane results (figure 2) are taken from a paper by Kelly (1957). ‘The 

absorption values are the ones in his table II and the velocities were found by 

plotting the values given in his table I, drawing a smooth curve through the points, 

and finding from this curve the velocities at the pressures at which the absorption 
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Petralia (1953), are obviously not in agreement with the hypothesis of a single 
relaxation time, nor are the results in hydrogen (figure +). These latter however 
are a mixed set, in that the velocities used are those obtained by Rhodes (1946) and 
the absorption coefficients were measuredin this laboratory by Parbrook and 
Tempest (1958). 


constant is of exactly the same form as the equation for the specific heat used above. 
It can be shown that this equation leads to the conclusion that a plot of the real and 
complex parts of the dielectric constant against each other should be a circle 
(see for example Smyth 1955, p.56). When these plots are made it is quite often 
found that the points do not lie on the expected circle but on one with its centre 
below the real axis. From such graphs Cole and Cole (1941), developed an 
empirical relation for the distribution of relaxation times necessary to give the 
observed results. This distribution is 


Figure 3. Arc plot for ammonia ( 
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Figure 4. Arc plot for hydrogen (units for ordinate and abscissa m? sec~? x 10-5). 


The results in ammonia (figure 3) which are taken from some measurements by 


§ 3. MULTIPLE RELAXATION PROCESSES 
3.1. Distribution of Relaxation Times with Independent Processes 
In the study of losses in dielectrics the equation giving the effective dielectric 
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A= BY+ Ya) B= —(Ye—yo) tan bo. 7 
ircle intersects the A axis at y) and y,, as before. It can also be shown that 
ingle between the A axis and the diameter through yo is given by ¢= 3B7. —_ 
= - The determination of the relaxation time in this case is more difficult than in 
_ the previous one. If, as before, we let m be the slope of the line joining any 
experimental point to the point of intersection of the circle and the axis of A nearest 
the origin, the following equation can be found: 


1 Gh Ne Coll, 
—=t taf | ea SoS 
eo fa ( P ) cos 
In order to find the constant K it is therefore necessary to plot a graph of 
log (1/m—tan ¢) against log (1/P). 

From the intercept of this line on the axis of log (1/m—tan d) the value K can be 
found. The intercept is given by 


Zz T= (1—B) log (wK) + log (C.,/Cy) — log (cos). 


As the value of ¢ and hence f can be found from the graph of A against B as shown 
above, and as C.,/C, is usually known, all the quantities in the equation for J are 
known except K which can therefore be found. In the case of NH, quoted above 
this log graph is not a good line which suggests that a more detailed experimental 
investigation is needed to find the actual relaxation mechanism acting. ‘The 
method of analysing results in this way, however, may have applications in some 
other cases of multiple relaxation. A distribution of relaxation times similar to 
that used in dielectric experiments has been found to give reasonably good agree- 
ment in the case of the propagation of compressional waves in liquid glycerol 
___ (Piccirelli and Litovitz 1957). 


Wj 


3.2. Independent Relaxation Processes 


If a significant contribution to the specific heat is made by excited states other 
than the lowest, it is reasonable to suppose that there may be more than one time 
constant for the relaxation process. Experimental evidence that this is the case is 
Z provided in several cases. There are now two ways in which the molecules may 
f be de-excited. Either they may go from each excited state directly to the ground 
state, or they may go from the highest excited state to the next lower and so to 
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the ground state. In the first case the equation for the specific heat, corresponding 
to equation (1) becomes (Buschmann and Schafer 1941) 
Cy C, = 
Crake Tae fe oS ee ee (8) 
where C, and C, are the contributions to the specific heat of the states 1 and 2 which 
relax with times 7, and 7). In the second case the equation for the specific heat is 
not readily modified (Beyer 1957). 

It is obvious from equation (8) that the quantities A and B for the two modes 
cannot simply be added to find the total A and B values. However this case can 
be dealt with by calculating the real and complex parts of the specific heat from the 
experimental results. If A and B have the same meanings as before, then the 
real and complex parts of the specific heat are given by (A—1)R/{(A—1)? + B*} 
and BR/{(A —1)?+.B?} respectively. 

In the special case of a single relaxation time, plotting these functions against 
each other will again give a semicircle. In general however this is not the case and 
the shape of the graph enables some further deductions to be made. If the 
processes are such that equation (8) is obeyed, then whatever the relative relaxation 
times, the resultant curve should lie inside a semicircle with a diameter equal to the 
total specific heat that is affected by the relaxation process. If the experimental 
points are found to lie outside this semicircle then the possibilities are that inter- 
acting modes of decay exist, or that the observed propagation constants are due to 
some other mechanism. 

The results in hydrogen (figure 4) are of interest in that they lie, over part of 
their range, outside the semicircle, which suggests that coupled modes of decay 
may exist. However as the results are a mixed set a further analysis awaits a 
complete homogeneous set of results. It may be of interest to note that if the fact 
that the curve lies outside the semicircle is disregarded as being an error (it is more 
difficult to make accurate measurements in this region) it turns out that the ratio 
of the relaxation times for the two modes making the largest contribution to the 
specific heat is about 10, the mode making the larger contribution having the shorter 
relaxation time. This may be compared with the results obtained in SO, by 
Lambert and Salter (1957) for a vibrational relaxation where the mode making the 
larger contribution also has the shorter relaxation time. 


§ 4. SINGLE RELAXATION PROCESS WHERE THE STOKES—KIRCHHOFF 
ABSORPTION IS NOT KNOWN 
It may happen that measurements are made in a gas for which the Stokes— 
Kirchhoff absorption is not known. In this case the following method may be 
helpful. 


By rearrangement of the equations (2) and (3) for A and B in terms of wr and 
by writing, as before, r= K/P it can be shown that 


PC,B=eKAC,—oK(C.+£R)s 9). | eee (9) 
On substituting the values of A and B this becomes: 
[P(aA)p/]PCyo= —wKEC,+wK(C.+R)RT/M  —_........ (10) 


where (A), is written to indicate that this part is due to relaxation. Now the 
Stokes—Kirchhoff absorption equation can be rearranged to give the relation 


Ca 


T Pe} 


ely Ss 2 es Soc. SP 29, 243. 
son F., and Scurer, K., 1941, Z. Phys. Chem. B, 50, 8% 
KS. and Coreg, R. H., 1941, ¥. Chem. Phys., 9, 341. 

B. J., 1957, #. Acoust. Soc. Amer., 29, 1005. 


_ Kneser, H. O., 1931, Ann. Phys., Lpz., [V], 11, 761. 
/AMBERT, J D., and hoes R., 1957, Proc. ey, Soc. A, 243, 78. 


BP ccooK, H. D., and Tobe W., 1958, ¥ eas Bee Amer., 30, 985. 

‘Perratia, S., 1953, Nuovo Cim., Ber 9, 10, 817. 

- PIccIRELLI, R., and Lrrovirz, T. A., 1957, ¥. Acoust. Soc. Amer., 29, 1009. 

Ruopes, J. E., 1946, Phys. Rev., 70, "932, 

—Smytu, C. P., 1955, Dielectric bagi. and Structure (New York: McGraw-Hill). 
_ 'TRUESDELL, C., 1953, ¥. Rat. Mech. and Analysis, 2, 643. 

F _ VIGOUREUX, P., 1950, Ultrasonics (London: Chapman and Hall). 


activation energy even in the purest material. At 4° 
behaviour were observed for fields above 0-1 vem}. 


§ 1. INTRODUCTION 


HE electrical conductivity and the Hall coefficient have been measured 


between 2°K and 300°K of single crystals of n-type InSb in which the 
extrinsic carrier concentration ranged from 5 x 1043cm~? upto 1018 cm-3. 
From the results obtained between 300°kK and 180°K the intrinsic carrier 
concentration has been calculated. ; ; 
The behaviour of the mobility between 20°K and 100°k was compared with 
that expected from a combination of acoustic lattice scattering and ionized 
impurity scattering. From this comparison the concentration of scattering 
centres may be estimated. For the best material this concentration is comparable 
with the carrier concentration. . ; 
Measurements below 20°k showed no evidence of a donor ionization energy 
even in the purest specimens. The mobility at 4°k was smaller than the value 
expected from the concentration of scattering centres estimated from measure- 
ments at higher temperatures. 
Deviations from ohmic behaviour at 4°K were observed for electric fields 


above 0-1 vcm™, but these could be accounted for by the change in mobility with 
effective electron temperature. 


§ 2. EXPERIMENTAL DeTAILs 


‘The measurements were made on single crystal specimens of dimension 
about 1-5 x 0-2 x 0-1cm cut from plates perpendicularly to the direction of crystal 
growth. Unless otherwise stated, the surfaces were lightly ground to true up the 
dimensions. ‘This grinding was done with the specimen stuck to a glass plate. 
Current and potential leads were attached using indium solder. ‘Temperatures 
above 20°K were measured by means of platinum resistance thermometers, and 
below 20°k by carbon resistance thermometers, The conductivity and Hall 
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Figure 1. (a) Intrinsic Hall coefficient; (b) intrinsic conductivity. 
Abscissae should read 10°/7. 


coefficient were measured using the standard potentiometric procedures, but 
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above 20°K the majority of measurements were made using a digital recording 


technique (Carter, Howarth and Putley 1958). The magnetic induction used 
for measuring the Hall coefficient was about 2000 gauss. 


§ 3. INTRINSIC CONDUCTIVITY 


Paine 1 shows the results for log o and log R in the intrinsic range for a 
number of the purer specimens. ‘The intrinsic carrier concentration 1 was 
calculated by two methods. First it was assumed that because of the high mobility 
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Figure 2. InSb intrinsic carrier concentration log njT-*? plotted against 108/T. 


The results of these two calculations were consistent with themselves and. 
with each other to within +10°% over the temperature range 300°K to 180°. 
They are shown plotted in figure 2 as log njT'-3? against 1/T. nj; 
sented by the expression 


mi = 5-70 x 1014 T3?2 exp (—0-125/kT). oe eae to) 
Values of mj calculated from this expression agree, within the experimental error, 
with those given by the formula found by Hrostowski et al. (1955), 
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Figure 3. Hall coefficient of n-type indium antimonide. 
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Figure 4. Conductivity of n-type indium antimonide. 


passing through a maximum at about 50°K and then falling as 

None of the specimens showed any evidence 

The largest variation of Hall coefficient at 
2 


temperature falls, 
the temperature is lowered further. 


of an impurity ionization energy. 
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Figure 5. Behaviour of Hall coefficient and conductivity of InSb C19/15 below 4°K. — nae 
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Figure 6. Hall mobility of electrons in InSb. ; 
Figure 6 shows the behaviour of the Hall mobility Ro for a number of : 
specimens in which the electron concentration ranged between 10!8cm-3 down 


to 5x 10%cm~* and for temperatures from below 2°K up to 300°K. In an 


conductivity of a degenerate electron ga | 
impurity scattering are important is given by the expression 


a. . i o= erpexpay Tm) Pec) 
_ where 7 is the reduced chemical potential and «=0,/0,. o, is the conductivity 
_ which would be observed if impurity scattering were the only scattering 
mechanism. a, is the lattice conductivity for a degenerate semiconductor. 
= By means of a procedure outlined in the Appendix, the impurity scattering 
- conductivity and hence the concentration of scattering centres N, was calcu- 
lated using (6) and (7). This calculation was made over the range 20 °K to 100°K.. 
In addition to the experimental results, figure 6 shows the extrapolated lines for 
pz, and an impurity mobility defined as uy=9,R. The table gives the values 
found for Nj. 

If this calculation is valid, N, should be constant for each specimen. It is. 
seen that for specimens with 10" or more carriers this is reasonably true. For the 
purer specimens JN, is fairly constant above 50°x. but increases rapidly at lower 
temperatures. At 20°K lattice scattering is small compared with impurity 
scattering. A further check was therefore made on the validity of the theory of 
impurity scattering by taking the values of ‘Vy estimated at 20°K and using them 

to calculate the mobility down to 2°x. The curves obtained are included in 
figure 6. It is seen that the calculated results tend roughly to double the observed 
5: values. 

The values obtained for N, near 100° would indicate that the better speci- 
mens such as 20/3 and C48/4 are virtually uncompensated. This deduction is. 
supported by metallurgical evidence (Hulme and Mullin 1957). 

In specimens with carrier concentrations greater than 10'*cm~* impurity 
scattering is important at 300°K and at low temperatures the conductivity is 
independent of temperature. This is in agreement with the metallic approxi- 
mation obtained for o, in the limit 7>+ ©. 

Calculating N, for the two very degenerate specimens (with carrier con- 
centrations of 1-72 x 102” and 1-15 x 10” respectively) taking the value 1:50ct0= 
for the effective mass ratio, gave a concentration of impurity centres of about twice 
that of the free carriers. In these very impure specimens it is thought unlikely 
that the concentration of ionized impurity centres should greatly exceed the free 
carrier concentration, but it has been suggested that the value of the effective 
mass should increase at energies above the bottom of the band. If we assume 
that the number of scattering centres equals the number of free carriers, then 
values are obtained for the effective mass ratio between 2 and 25x 10-*. Since 
the carrier concentration in these very degenerate specimens is more than an 
order of magnitude greater than that in the most impure of the specimens 
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considered in the table, the assumption of m*/m=1-5 x 10-2 for those specimens 
does not seem unreasonable. 

In conclusion, it appears that the combination of acoustic lattice scattering 
and ionized impurity scattering gives a fair description of the behaviour of the 
conductivity in the neighbourhood of the conductivity maximum (40°K to 100°k) 
and indicates that the best specimens are only slightly compensated. There is a 
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serious discrepancy between the predictions of this model and the observed 
results at lower temperatures. The reasons for this have not yet been clarified 
but two possibilities must be considered. First, there may be additional 
scattering mechanisms operating at low temperatures. If so, these scattering 
mechanisms must increase in importance as the temperature falls. If they were 
independent of temperature as, for example, neutral impurity scattering, then 
they would be most important where the mobility is a maximum and not at the 
lowest temperatures. The recent work of Sladek (1958) has shown the existence 


- of impurity band conduction in n-type InSb at 4°x. It is possible that even at 


zero magnetic fields the electrons are mainly in impurity states at the foot of the 
conduction band and therefore their mobility is considerably reduced. The 
behaviour of the Hall coefficient of specimen C19/15 (figure 5) measured at 
2300 gauss is consistent with this picture. The second possibility is that the 
theory of impurity scattering is seriously in error at low temperatures. Both 
Blatt (1957) and Sclar (1956) have recently pointed out this possibility, but their 
work indicates that the theory used here predicts too low a mobility, not too high 


_avalue, as we have found. Again this difficulty may be resolved by using a more 


exact band model. This has been done by Ehrenreich (1957) in considering 
lattice scattering. Ehrenreich’s work suggests that our use of a formula based 
on acoustic lattice scattering is incorrect. What is required is a combination of 
polar scattering with impurity scattering, but this has not yet been developed. 
It will be of great interest to see if such a combination gives better agreement 
in the 40°K to 100°K range than the combination we have used here. 


§ 5. THe DEPENDENCE OF THE HALL EFFECT AND CONDUCTIVITY ON 
ELEcTRIC FreLps aT HELIUM 'TEMPERATURES 


In carrying out these measurements routine checks were made to ensure 
that the electric fields applied were not excessively high. In one case the results 
obtained were of sufficient interest to warrant discussion. 

Measurements at 4:2°K and 1-7°K on specimen C19/15 indicated ohmic 
behaviour for fields up to about 0-1 vcm~ and a very rapid fall in resistance for 
fields between 0:2 and 0-3 vcm~— (figure 7). As the field was increased, the 
Hall effect increased slightly at first and then tended to fall, but in the range of 
fields used the maximum change was not more than 50%. The Hall mobility 
increased with the field. At these temperatures impurity scattering is dominant, 
therefore if the effective electron temperature is raised by the field, the mobility 
would be expected to rise. Gunn (1957) has obtained an approximate expression 
for the variation of mobility with field 


where x is given by Aare 
3H) Be — x2 (x? — 1) (ax ats ) 
8c? (3iax7*+1) 

where a=3,, /,,. Here c is the velocity of sound (2:25 x 10®°cmsec} at 
O°K (Potter 1956)) and p, is the impurity mobility at zero field. To apply 
these expressions to the results one needs to know a value for Ly,: Py, can be 
taken as the measured mobility at low fields. If the empirical formula (6) for 
pz, is extrapolated to 4°x it yields a value py, = 10%cm2v-!sec-!. This value 
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Figure 7. Variation of electric field with Figure 8. Variation of mobility 
current density for n-type sample . with field squared for 
C19/15. InSb C19/15. 


The maximum field which can be applied is limited by Joule heating. While 
it is believed that the fields applied were not too large to introduce serious 
errors here, that may be the reason for the big discrepancy at 1-7°K. On the 
other hand, the theory used assumes a non-degenerate and mono-energetic 
electron gas, both doubtful assumptions in this case. It does appear, however, — 
that the order of magnitude of the changes in conductivity can be accounted for 
by the expected change in electron mobility with effective electron temperature. 


§ 6. CONCLUSION 


A considerable amount of detailed investigation is needed to elucidate the 
behaviour of InSb below 10°x. The preparation of specimens containing known 
impurities in concentrations of less than 10%cm~% is required, together with 
further study of surface effects and the effects of dislocations. It will then 
become worthwhile to make detailed studies of the dependence of the galvano- 
magnetic effects upon induction. Further work on the dependence of the 
conductivity upon electric fields would be well worthwhile, using pulsed 
techniques. 
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_ which has been tabulated by Howarth (private communication). 

Furthermore, the impurity conductivity o, is related to the concentration of 
scattering centres N, by the expression 

32K? m* (RT)? F,(n) 
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a ; (assuming for InSb the dielectric constant K=14). Here F, (7) is the Fermi-— 
sq Dirac integral of order 2 and f(x)=In (1+x)—«/(1+x) with 

f _ (RT)? Kh 

8 (2m*)1? Fye'(m) 

- = 12 

- =0-1105 te eee ee: (A 5) 


(m*|m)"? Fys'(7) 
order Fermi—Dirac integral. 7 is given by 


> Here Fyn ) is the 3 
pt 3ey =tanh OF) 


: i Pron 2 
é aT 5 ay A 6 
where os tas ws (i ah) m (A 6) 


tion of the table sho od t 
tion is not unreasonable. There is some aonb however vhether 
the high mobility the low field factor 37/8 is correct. Accordi ; 
limiting value for infinite field is unity, but the observed variation fall 
with field appears to be smaller than the theory predicts. In view of tt 
uncertainty the factor 37/8 was used. The error should not be greater than io 
which is not large compared with other uncertainties involved. Knowing 
o;, and 7, (A 1) can be solved to find « and hence o,. Then, using (A 4), N; can 
be found. 
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Itrasonic waves has. 
vat my ver the temperature range 
difference in the attenuation for the two states, 
superconductors, is also observed here, and is not. 


th energy-gap theory. In the normal metal, the attenuation 
rapidly as the temperature decreases, but it is difficult to estimate its = 
field ” value as there is a marked magnetic field dependence; in particular, 
usual increase in attenuation has been observed at the lower temperature 
a transverse field. There is no theory of this last effect. | 


§ 1. INTRODUCTION 


LTRASONIC attenuation studies in superconductors have so far been 
confined to the elements lead, tin and indium. Mercury has not 
q previously been studied because it is relatively difficult to handle; it was 
_ decided however that this difficulty should not be insuperable and that it 
would be worth while to study the absorption of ultrasonic waves in it, in order 
to compare the behaviour with that of other superconductors. Mercury is readily 
available in a very pure state, so that a marked electronic absorption was to be 
= expected. ~ 
Experiment showed that the absorption of waves of frequencies of 30 Mc/s 
__ or more was very heavy in a polycrystalline specimen, presumably largely as a 
result of grain-boundary scattering, etc. As single crystals were not available, 
it was therefore necessary to work at a lower frequency. ‘The frequency chosen 
was 10 Mc/s (at which the wavelength of the sound in solid mercury is 1/(60 + 5) 
em) and the work has also been confined to longitudinal waves; however, the 
results obtained, especially with the normal metal in a magnetic field, seem 
sufficiently new and unusual to be worth reporting at this stage. 


§ 2. EXPERIMENTAL ARRANGEMENT 


Figure 1 is a block diagram of the electronic circuit. Short (3-5 wsec). 
pulses of 10 Mc/s oscillations are fed (at a rate of about 2000 per second) to two 
_ X-cut quartz plates, one on the end of a mercury specimen in a cryostat and the 
other on the end of a comparison specimen kept at constant (room) temperature. 
The pulses are converted into ultrasonic waves by the quartz plates; the waves 
then travel down the two specimens to be reconverted into electrical oscillations 
by quartz plates at the other ends; then the emerging electrical oscillations are 
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be carried out. This is done by measuring the height of the transn 
as displayed on the oscilloscope. So that correction could b mad ‘or 
in input pulse, this height was compared with the height of the puls« 


through the comparison specimen, in which the attenuation was presumed Ds 
be constant. The amplifying circuits were checked with a calibrated attenuator — 
(Standard Telephones types 74600 A and B) so that the pulse height could be ~ 
converted to units of attenuation. . 

The cryostat assembly was conventional. Liquid helium was supplied by 
the National Physical Laboratory, Teddington. 


Quartz Mercury ‘Quartz 
Plate -. Specimen Plate 


Brass. or Copper Discs 


Figure 2. Method of fixing quartz plates to the mercury specimen. 


Experiments were carried out on two mercury specimens. These were cast 
as cylindrical rods. It was found that the high viscosity silicone fluid (Dow 
Corning 200 fluid, viscosity 2-5 x 10® centistokes) normally used for quartz—metal _ 
bonding at liquid helium temperatures (McSkimin 1953) would not wet the ends 
of the mercury rods (necesarily kept cold). The arrangement shown in figure 2 
was therefore adopted. The quartz plates were attached, using the silicone 
fluid, to brass or copper discs (of sufficient impurity to ensure negligible electronic 
absorption in them). ‘The other side of each disc was then amalgamated with a 
little mercury and then the discs, at room temperature, were brought into contact 
with the mercury rod, at solid carbon-dioxide temperature. 
melting and refreezing made the necessary join. 

The assembly of mercury rod and transducers was then mounted vertically in 
the cryostat, much as described in an earlier paper (Mackinnon 1955). Magnetic 
fields could be applied externally to the cryostat either along the specimen, with 
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along t ength of the specimen. (It will be noted that the reference point for on 
the ttenuation has been arbitrarily taken as the value at the transition temperature + 
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Figure 4. Comparison of the results of 


figure 3 with the BCS theory. 


; Figure 3. Relative attenuation—temperature 
rd curves for first mercury specimen. 
a 


Although there is no reason to suppose that the relative absorption in the 
superconducting and normal states is simply a matter of the relative number of 
. absorbers (electron or holes), the simple Fermi function, giving the ratio of the 
* two attenuation coefficients as 2/{1— exp (€)/RT)} and used by Morse and Bohm 
(1957) in interpreting their results for tin and indium, was applied to the results 
shown in figure 3 to obtain values of €)/RTc as a function of T/T; here € is half 
the (variable) energy gap in an energy-gap model, R is Boltzmann’s constant, 
T the absolute temperature and T; the transition temperature for mercury in 
zero field (4:15°K). ‘These results are shown as points in figure 4, where the solid 
line represents the variation of <)/kTc predicted by the Bardeen, Cooper and 
Schrieffer (1957) (BCS) theory of superconductivity. 

: These exploratory results were satisfactory and wor 
on some spectroscopically standardized mercury. 


k was therefore started 


— Nev it; 


ee ae zt 


Superconducting 
0 1 2 3 4” 
Temperature (°K) 
Figure 5. Relative attenuation—-temperature curves for second mercury specimen. 
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Figure 6. Variation of attenuation in normal mercury (relative to attenuation in super- . 
conducting mercury) at 1:17°K with magnetic field applied, a at right angles to the 
direction of the sound, 6 along the direction of the sound. 


Results are shown in figure 5. The curve shown here for the absorption in 
the normal metal is an estimate of what it might be in zero magnetic field were such 
a state realizable. ‘This estimate is made uncertain by the marked magnetic 
field dependence of the absorption, which varies with the direction of the field 
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on the ‘normal’ curve of figure 5. 
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Figure 7. Variation of attenuation in normal mercury (relative to attenuation in super- 
conducting mercury) with magnetic field applied at right angles to the direction of 
the sound, for various temperatures between 1:17°K and 3-33°K. 


§ 4. Discussion OF RESULTS 


It would be unwise to attach too much significance to the agreement between. 
the set of results obtained with the first specimen and the BCS theory as shown 
in figure 4; it might though be argued that, if the BCS theory (or asimilar energy- 
gap theory) is valid, then the ratio of the electronic absorptions in the supercon- 
ducting and normal states is simply that of the number of absorbers; this would 
_ probably imply no change in mean-free-path for ‘normal’ electrons on change 
'  instate. A more detailed theory of the effect is needed for a satisfactory inter- 
pretation. 

There is an additional possible objection to drawing too many conclusions. 
from the first results, namely that dependence of the absorption on magnetic 
field in the normal metal has not been studied for this case. However, the 
experiments on the second specimen show that longitudinal field variation is. 
not always very great; as the results are not too sensitive to the value chosen 
for the normal attenuation coefficient, this objection may not be too serious. 
si The uncertainty shown in figure 4 for the calculated points represents the 
difficulty of extrapolating the curve for the superconducting attenuation to the 
absolute zero of temperature; this extrapolation gives the zero of the electronic 
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magnetic field (Morse, Bohm an bsorp 
as is here noted at 1-61°K and below has not previously been recordedf. 
The higher electronic absorption in the first specimen at the transition — 
temperature seems to suggest that this specimen is more free from the combined — 
effect of lattice imperfections and chemical impurities but the explanation of this 
fact may be less simple than this. 


§ 5. CONCLUSIONS 


This investigation into the attenuation of ultrasound in mercury has shown 
interesting effects, particularly as regards the magnetic field dependence, which 
are worth further study both from the experimental and the theoretical aspect. 
The results are not inconsistent with existing theories of superconductivity. 
It is hoped to carry on this work with single crystals where improved propagation 
of the ultrasound may allow higher frequencies to be used and in this way fuller 
data may be obtained. , 
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in the bulk, and the finite reaction rate in the postulated dissociation 
a substitutional copper atom into an interstitial and a vacancy. Comparison 

he extended theory with experiment yields an order of magnitude estimate 
10-8cm for the effective radius of a dislocation for annihilation of a vacancy. 
_ It is shown that this result is consistent with the view that vacancy generation 
and annihilation occurs at dislocation jogs, provided that the attraction of an edge 
dislocation for a vacancy is taken into account. 


§ 1. INTRODUCTION 


= HE anomalous diffusion of copper in germanium (van der Maesen and 
Brenkman 1955, Tweet and Gallagher 1956, Fuller and Ditzenberger 1957) 
has been explained by Frank and Turnbull (1956). ‘They assume that there 
are two states of a copper atom in the germanium lattice: a slowly diffusing 
substitutional state which shows the characteristic electrical activity of copper 
(as an acceptor and recombination centre), and a rapidly diffusing interstitial 
state. In jumping from a substitutional site to an interstitial site the copper 
atom leaves behind it a lattice vacancy, which diffuses independently. Frank and 
Turnbull are able to explain in order of magnitude the high diffusion constant 
of copper in germanium, and explain its strong dependence on dislocation density 
by assuming that the rate of equilibration of the vacancy concentration, though not 
the equilibrium vacancy concentration itself, depends on dislocation density. 
In order to simplify their argument they assume that this rate of equilibration 
is either very fast or very slow; they also assume that the dissociation and recom- 
bination reaction proceeds rapidly, so that there is always local equilibrium 
between the reacting species. Experiments by ‘Tweet (1957) on the kinetics 
of precipitation of copper in germanium have cast doubt on the validity of the 
latter assumption at temperatures below 600°c. 

In the present paper we set up, and solve where possible, general diffusion 
and reaction equations describing the Frank-Turnbull model, in which the 
operation of vacancy generation and annihilation appears explicitly, and in 
which the finite rate of the dissociation-recombination reaction is allowed for. 
The theoretical solutions are compared with experiment and the cross section of a 
dislocation for vacancy capture deduced. In the final section the atomistic 


interpretation of this cross section is considered. 
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ly, and K=es'/ai'cv’, 
to equilibrium solubilities. The equilibrium concentrations a 
7 are assumed to be functions of temperature only. The diffusion co: 
substitutional copper is assumed to be small, so (confining our atte: 
one-dimensional system) the conservation of copper atoms gives 
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where Dj is the diffusion coefficient of interstitial copper. Similarly, conservation 


of lattice sites gives 4 
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where Dy is the diffusion coefficient of the vacancies, and kis a rate constant 
describing the production of vacancies in the bulk, which is assumed to be a 
monomolecular process. The principal mechanism for vacancy generation and 
annihilation in the bulk is dislocation climb, so k is strongly structure dependent. 

Equations (1), (2) and (3) are too complicated to solve without further 
approximations. Let us first consider the case where there is instantaneous. 
local equilibrium in the reaction Cus—=Cuj+V, so that tr=0. Two limiting 
cases are considered by Frank and Turnbull. If k is very large, the vacancy 
concentration cannot deviate appreciably from its equilibrium value cy’, and 
diffusion of interstitial copper is the limiting process. On the other hand, if k 
is very small, all vacancies have to diffuse from the surface and as this is a slow 
process compared to the interstitial diffusion the interstitial concentration can 
be put equal to its equilibrium value cj’. In both cases equations (1), (2) and 


(3) reduce to a normal diffusion equation, but with different effective diffusion. 


coefficients, respectively given by 
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as Cy’<cs', where D,, is the self-diffusion coefficient of germanium. Experi- 
mentally D, =2°8 x 10° cm?sec~! (Fuller, Struthers, Ditzenberger and Wolfstirn 
1954) while, according to (4), D, is 10cm? sec—! at 875°c and falls to less than. 
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If 6>@/4D, the surface is the principal source of vacancies and equations (6) 
and (7) reduce to the solutions of the normal diffusion equation with the effective 
diffusion coefficient D,; if @<d*/4D, diffusion of vacancies can be neglected 
and (6) and (7) reduce to 
* f= calc’ =1—e*, peeys (3) 

- so long as #> d?/4D,, so that c=ci’. Equation (8) was first derived by Penning 
_ (private communication). 
___ Now consider the case of large k (small @). If k is so large that the vacancy 
~ concentration is always at its equilibrium value cy’, we have for a semi-infinite 
body with its boundary at oN: 
s Ca/Cs’ =cifex’ =erfc p 
— where p=x/2(D,t)'”. If k is not quite so large it can be shown that to a first 
approximation ¢j/ci’ 1s unchanged. Substituting ci=ci’erfep into (1), and 
combining with (3), we obtain 
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onstant can be shown to be small except 
(9), although only derived for the case 
and therefore provides a convenient 
ct solution is unobtainable owing 


(the terms neglected in regarding ps as C 
in the region t/0~ 10 erfcu). Equation 
of small 9, reduces to (8) when 60> x?/4D,, 
interpolation formula in aregion where an exa 
to the non-linearity of the equations. 
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Figure 1. Concentration as a function of depth, at various times, deduced from equations 
(11) and (12). 


Figure 1 shows ¢g/cs' as a function of \ and t/7 according to equations (11) and 
(12). A useful analytic approximation to (12), valid for small A, is 
cs[eg’- =e (1—e 4"), a/at=em 
‘This relation illustrates the physical situation; interstitial atoms diffuse from 
the surface a mean distance (D, 7)" before combining with a vacancy, and the 
substitutional copper concentration builds up to its local equilibrium value 
cs'ci/¢;’ with the time constant 7. ‘The fractional uptake in a plane sheet under 
these conditions is 
f=ai~-e=" "=... - =e eee (13) 

Equation (13) was derived independently by Penning (private communication). 
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If k is very small, so that 6<7, cj=c;'.. A similar argument to that above leads 


to equations (11), (12) and (13) in which D, is 
> ( 1 is now replaced by D,. If 
x*/4D, <0<x?/4D, (intermediate k) it is easy to show that (13) is Felts by 


use 1 _ ett +8), 


We now summarize the theoretical conclusions. ‘There are four processes. 


_~ involved in the Frank—Turnbull theory; diffusion of interstitial copper from the: 


surface, diffusion of vacancies from the surface, production of vacancies in the: 
bulk, and the reaction Cus=Cuj+V. The time constants of these processes. 
are respectively x?/4D,, x?/4D,, 6, 7, where x is the distance from the point of 
interest to the nearest supply of copper. If any one of these processes is rate- 
limiting the situation is simple; the normal diffusion equation, with effective 
diffusion coefficient D, and D, respectively, in the first two cases; exponential. 
build-up independent of position in the second two cases. In many experimental 
situations, however, one process cannot be regarded as rate-limiting, and the more 
complicated solutions derived in this paper have to be used. 

If + can be neglected and if 0<x?/4D,, equation (9) applies, while if 
6>x?/4D,, equations (6) and (7) apply. In the intermediate case, 


x2/4D, <0<x2/4D>, 


(6), (7) and (9) all reduce to equation (8). In the case of finite 7, if 0<r 
equations (11) and (12) apply as written, whereas if 0>7>.«°/4D,, they apply 
with D, replacing D,. If x?/4D,<@<x?/4D, equation (14) applies. We have 
only considered cases which can be described by two of the four parameters. 
x2/4D,, x2/4D,, 0, 7; more complicated cases could in principle be dealt with. 
but are unlikely to be of practical importance. 


§ 3. COMPARISON OF THEORY WITH EXPERIMENT 


Fuller and Ditzenberger (1957) measured the total quantity of radioactive 
copper and the total number of acceptors taken up during diffusion of copper 
into germanium slices of approximately known etch pit count. They attributed 
the difference between the radioactive and acceptor concentrations to the presence 
of interstitial copper atoms.t They observed that whereas the acceptor 
concentration tends to the equilibrium value, the interstitial concentration decreases. 
during heating, with a time constant of the order of 6. This decrease is not 
consistent with the theory. It cannot be attributed to there being only a finite 
supply of copper at the surface, as the acceptor concentration would then tend. 
to a value lower than the thermal equilibrium concentration, dependent on the 
amount of copper available. Nor can it bea precipitation effect, as the specimen 
never reached a temperature higher than the diffusion temperature. It is. 
possible that there is a systematic error in the interstitial concentration which 
*5 the small difference between two comparatively large quantities. Systematic: 
errors of 10% in either quantity, due to the presence of radioactive or electrically 
active impurities, seem to be quite possible. However, it must be borne in mind 


+ Fuller and Ditzenberger suppose the interstitial copper to be a donor, so that the 
observed hole concentration is equal to c,—¢j- However, Penning (1958 a) has shown that 
interstitial copper is probably not ionized at room temperature, and we therefore assume: 
here that the observed hole concentration is equal to ¢,. 
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Figure 2, Comparison of Fuller and Ditzenberger’s results with equation (7); fractional 
uptake of substitutional copper against time. The parameters describing the 
theroetical curves are given in the table. = 


Parameters for the Theoretical Curves in figure 2 


(1) (2) (3) (4) (5) (6) ©) 
A 800 0-4-1 2-5 5600 104 1-3-3 
B 800. | 2:3-4-2.. 2-5 7 5600 750 0-5-1 
(a 810 50 2:8 2250 120 i 
D< - 810 50 28> 29250 280 3:5 

Reprer 700) 50 1-2 1300 800+ 5 

F 875 50 13 120 300+ 20 


(1) Curve; (2) Tc); (3) 10-°N, (cm) (Ny is the mean etch pit count and is assumed to 
represent the density of edge dislocations); (4) 10’D, (calc)(cm? sec); (5) d?/4D,(sec); 
(6) 8 (fitted) (sec); (7) Np@D,. 

+ These values for @ are probably overestimates as d?/4D, t is not small in these specimens. 


Van der Maesen and Brenkman (1955) measured the acceptor concentration 
as a function of depth in large germanium specimens into which copper or nickel 
had been diffused at 800°c. The crystals were grown in a horizontal boat and 


t Apart from the work of van der Maesen and Brenkman described here, qualitative 
evidence for the applicability of the Frank—Turnbull theory to nickel in germanium is 
provided by the work of Penning (1958 a). a 


suggested by the curve for t=10-5min. The values of @ we get from the 
e un figure 4 are 2 x 10, 4x 108, 2x 104sec. However, as experiments 
ickel are difficult owing to its low solubility and to the confusing effects of 
per impurity, it seems best to take the value of 6 from the copper data, in order 
; derive the quantity N,0D,. This lies between 7 and 40, in poor agreement 
| ‘ith the results of Fuller and Ditzenberger at the same temperature. This 
_ discrepancy could be due to an overestimate of the dislocation density in the 


_ specimens of van ‘der Maesen and Brenkman. 
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Figure 3. Comparison of van der Maesen Figure 4. Comparison of van der Maesen 
and Brenkman’s results for copper and Brenkman’s results for nickel with 


with equation (9). D,=2x10-* cm? equation (9). 
sec}, t/9=0-6. 


§ 4, INTERPRETATION OF THE VacaNcy GENERATION-ANNIHILATION 
RATE CONSTANT 


Suppose there are ina germanium crystal n sites per cubic centimetre at which 
a vacancy can be generated or annihilated, assume these sites to be randomly 
distributed, and neglect for the moment any long range interaction between such a 
site anda vacancy. In unit time the vacancy makes 2Dy/a jumps, where a is the 
atomic spacing, so the probability of annihilation is 2nD,/Na®, where N is the 
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number of lattice sites per cubic centimetre. This probability is the reciprocal 
vacancy lifetime k, so 

fg NG es 1-2 x 10° 
Scag 5 «eg VO pina 


The number 1, of lattice sites per cubic centimetre which lie on the core of a 
dislocation is 2-5 x 107 Ny, so n/np x (2Np9D2)*=0-1 to 1 at 800°c (see table). 
We can define an effective radius of the dislocation for annihilation of a vacancy as 
an|ny, which is about 10-* cm, but this quantity has only mathematical significance. 

Let us now consider possible atomistic interpretations of the quantity /ny. 
We suppose that all » sites lie on or near a dislocation and at first neglect the long 
range interaction between the dislocation and the vacancy. It is generally believed 
that a dislocation in a metal can only create or annihilate vacancies by the non- 
conservative motion (‘climb ’) of a jog, and it is probable that this is also true in 
germanium and silicon. Dash (1958) has observed trails left by moving disloca- 
tions in silicon, and his results show that if, as is probable, these trails are lines of 
vacancy clusters left by moving jogs, the number of jogs on a grown-in dislocation 
in silicon is of the order of 500 per centimetre. We would expect the same order in 
germanium, so n/n, should be of the order of 2 x 10-> (though very variable, as the 
jogs are presumably formed by slip during cooling,) which is quite inconsistent 
with the experimental value. 

The experimental value of n/n,, rather less than unity, suggests that a vacancy 
can condense at any point on a dislocation. If such condensation occurred, the 
vacancy would disappear, but two jogs would be formed one atomic spacing apart 
(actually two vacancies are required). While twice the vacancy energy (about 
4 ev) is gained, the energy of formation of two jogs is required. ‘The energy of a 
single jog is of the order $Gb* where G is the shear modulus and b the Burgers 
vector, which is about 14ev in germanium. ‘The energy of two jogs of opposite 
sign close together is much less than this, because their strain fields cancel at large 
distances, but the core energy (which is probably quite large in a covalent material) 
remains, and would have to be less than one tenth of the total jog energy if vacancies 
are to condense in this way.t 

‘The fact that vacancy generation and annihilation appears to occur preferenti- 
ally at edge dislocations (Dash 1956) whereas jogs capable of climb occur equally 
on all types, suggests that we must take into account the attractive force that an edge 
dislocation exerts on a vacancy. If the energy gain when a vacancy is close to the 
dislocation is U, the vacancy concentration there is raised by the factor e*7; a 
vacancy moving at random in the lattice will spend that much more time in the 
vicinity of the dislocation, so its probability of annihilation by a jog might be 
expected to be raised by this factor. This argument is not strictly correct, 
however, as the jogs can no longer be regarded as randomly distributed. Penning 
(private communication) has made a calculation using the normal diffusion equa- 
tion, in which vacancies are assumed to diffuse radially towards the dislocation, 
which is treated as a cylinder of radius Rs within which the vacancy concentration 
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+ Hornstra (1958) shows that whereas in the diamond lattice two vacancies are required 
to form a double jog on a dislocation, a single vacancy can condense on certain types of 
dislocation without forming a jog, and dangling bonds can be taken up in the process. ‘Thus 


it might, after all, be energetically possible for vacancies to condense on an unjogged dis- 
location. R 


we ta » p to be 2x 10-9 cm we can explain the observed value of n/n, at 
as if we assume U=1-4 to 1-8ev. An estimate of U can be made from linear 
city theory,though this breaks down in the immediate region of the dislocation. 
cco} ding to this theory, U is zero for a screw dislocation, but if there is an edge 
cation at the origin of polar coordinates the gain in energy of an impurity atom 

at the point (R, 6) is 

a ' eth lobe sin 0 

| UR) = 5-7 ObOV 


, where v is Poisson’s ratio, and 5V is the change in volume of the rest of the lattice 
_ due to relaxation around the impurity (Cottrell 1953). For a vacancy 6V is 
unknown, but if we suppose it to be two-thirds the atomic volume, the maximum 
value of U at one atomic spacing from the centre of the dislocation is 1-7ev. This 
is probably an overestimate, as we have used linear elasticity theory in a region 
where it is certainly invalid, but it shows that the discrepancy noted above can 
reasonably be attributed to the attraction of the dislocation for the vacancy. 
This calculation rests on the assumption that any excess or deficit of vacancies 
_ inthe bulk is reproduced proportionally in the ‘ Cottrell atmosphere ’ of vacancies 
near the dislocation; in other words, the Cottrell atmosphere is in equilibrium with 
the bulk rather than in thermal equilibrium. So long as n/n, is less than one, the 
probability of a vacancy jump taking it out of the Cottrell atmosphere (which is 
e-T/k1’) is greater than the probability of it meeting a jog, so this assumption is 
justified as a crude approximation. If n/n, is greater than one, on the other hand, 
the Cottrell atmosphere, by interaction with jogs, will tend to remain in thermal 
equilibrium, providing a source or sink for vacancies as their bulk concentration 


varies. 
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§ 5. CONCLUSIONS 


; The Frank-Turnbull theory as here generalized gives a reasonably good 
account of the diffusion of copper in germanium. Applying the theory to the 
experimental results, we find the effective radius of a dislocation for capture of a 
vacancy to be of the order 10~*cm. This result is consistent with a model of 
vacancy capture by jog climb, +€ the interaction energy of a vacancy with an edge 
dislocation is assumed to be about 1-6 ev, a value consistent with the theoretical 


estimate. 
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117 spectrometer (Batchelor and Towle 195 cy 
sur the sp ctrum of neutrons from the reactions WE(a,n)2Na 
A and ?’Al(a,n)*P at the angles of 0, 30, 60, 90 and 135° to the incident 
cles. Targets of CaF, and Al, 100g cm~ thick were bombarded with 
m ions at several energies between 3 and 6mev. Throughout the measure- 
ents the yield of y-rays was monitored using a Nal(Tl) scintillation counter, v 
s facility providing a check on the stability of the targets. The efficiency of 
the neutron detector was obtained by comparison with a long counter. ‘ 
Two typical examples of neutron time-spectra for the F(a, n)?*Na reaction 


“_— 


are shown in figure 1. The neutron peaks are labelled by the corresponding 
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Figure 1. ‘Time-spectra of neutrons from 19°F (a,n)??Na. 


y-ray peak, and the time scale was calibrated using a double pulse generator. 
The measured differential cross sections are summarized in figures 2 and 3 and 


the table. The errors on these measurements are estimated to be +20% and 
he efficiency of the neutron detector. Two 


0 the 0:59 Mev level in 22Na at E, = 4-64 Mev 
and for the group to the ground state of 9°P at E,=5-4 Mev are not symmetrical 
about 90° in the centre-of-mass system. If the reaction proceeds mainly through 
the formation of a compound nucleus, this indicates interference between levels 
of differing parity in the compound nucleus. The levels in the compound nucleus 
at this excitation (about 15 Mev) are very closely spaced (Endt and Braams 1957). 


4 levels in 22Na. The zero of the time scale was obtained from the position of the 
S 
na 


are due mainly to uncertainties in t 
curves, namely those for the group t 
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Figure 3. Differential cross sections for ??Al(a,n)?°P. 
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From all the present measurements it is concluded that the Q value of the 
19F(a,n)?2Na reaction is —1-94+0-03Mev in agreement with the value of 
—1-928mev obtained from atomic mass values (see Endt and Braams 1957). 
Levels were located in Na at 0-59+0-02, 0-894+0-02, 1-54+0-03 and 
1:97+0-04 Mev in agreement with the work of Browne (1955) on the 
4Mg(d, «)?2Na reaction. In the latter work levels were resolved at 1-94 and 
1-99 Mev. 


Corresponding o(8) at 0° 
Ea levels in ??Na (mbn sterad1) 
’ g.s.+0:59+0-89 6:3 
ae { 1:54 0-3 
g.s.+0:59+0-89 16 
5-31 1-54 0-4 
1:97 1:5 


Energies are in Mev. 


At one of the bombarding energies used, FE, =3-91 Mev, the second neutron 
group corresponds to a level at 0-62+0-02 Mev rather than 0-59 + 0-02 Mev as 
found with E,=423 and 4-64mev, and the width of the corresponding peak 
in the time spectrum is not noticeably greater than one due to the excitation of 


agreement with the value 2-671 Mev obtained from atomic mass values (Endt 
nd Braams 1957). Levels in *°P were found at 0-70 + 0-03 and 1-45 + 0-03 ev, 
greement with values obtained from the *?S(d, «)?°P reaction (Paris, Van der 


-Leun and Endt 1957). The doublet 0-680mev T=1, and 0-708mev T=0 
_ reported in the latter work would appear unresolved in our experiment. 
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Inelastic Scattering of High Energy Nucleons by Complex Nuclei 
Il: Excitation of the 4-4 Mev Level of C 
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§ 1. INTRODUCTION 


N part I (M°Cauley and Brown 1958) we used a semi-classical formalism 
[: derive an expression for the scattered amplitude in the excitation of 

particular low-lying levels of complex nuclei by high energy nucleons. 
This gave the amplitude for small angle scattering in terms of the forward part 
of the free nucleon-nucleon scattering matrix, and was seen to be equivalent 
to a direct interaction with distorted waves. The distorting potential was similar 
to the optical potential for elastic scattering as derived by Riesenfeld and Watson 


(1956) and Brown (195s 3 


As a particular example we consider here the excitation of the first excited 


level of 12C by 160 Mev protons. This reaction has been studied experimentally 
by Tyrén and co-workers (Tyrén, Hillman and Johansson 1957, Tyrén and 
Maris 1957, Maris and ‘Tyrén 1957) and theoretically, using the direct interaction 
picture, by Benoist, Marty and Meyer (1957) and Squires (1958). ‘These authors 
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take into account the distortion of the incident and scattered waves due to a 
purely absorptive central potential. However, we know from the polarization 
effects in elastic scattering (see for example Alphonce, Johansson and 'Tibell 
1957) that the optical potential should also contain a spin-orbit part, and would 
expect theoretically (Riesenfeld and Watson 1956, Ohnuma 1958) that the real 
central part should be large for energies up to about 200 Mev. In the present 
paper it is shown that the inclusion of these additional terms in the optical 
potential does not appreciably alter the results obtained by Squires, either for 
cross sections or polarizations. This is true for both the LS and jj coupling 
assignments of the nuclear levels, so we give detailed results only for the case 
of LS coupling which is both simpler and more nearly in agreement with 
experiment. i 

We also consider in some detail the matrix element for the case where the 
transfer of angular momentum (2 units) has component zero along the beam 
direction. This term is small at the main peak of the differential cross section, 
but appears to become dominant at very small angles. It is a large part of the 
contribution, neglected by Squires, for the case where the transfer of angular 
momentum has component +2 along the direction of the momentum transfer. 
The small forward peak arising from this term has not been observed at energies 
in the region of 160 Mev, though very large forward peaking is familiar at much 
lower energies, 12 to 20 Mev (Sherr 1957). 


§ 2. EXPRESSION FOR SCATTERED AMPLITUDE 


Before applying the results of part I to the case of 160 Mev protons scattering 
from #C, we make one modification which extends the angular range of validity. 
We allow the two particle scattering matrix for the particular collision inside the 
nucleus which is responsible for the excitation to vary with the final scattering 
angle. The coherent scattering of the wave before and after the inelastic event 
is still mainly small angle scattering, for which the forward part of the two particle 
scattering matrix is used. Most of the momentum transfer to the nucleus as 
a whole goes via the excited particle. 

With this modification the formulae of part I, §5, for the scattered amplitude 
when the nucleus is left in state Z may be written in the form 


fu (9)= Agy(9) + 59 - AN (9) +69. €Cy,(8) +9. KK, (0) 


k {FO sin OiGOS OL «SEs ONE TL er a aeons pei 
wei = Kosin OSG (bP; 8)b db db | ea 
where 
G,(b, 6; 8)= HA(b) +0).k x BB(b), (MIG(O)O)},. ...... (2.2) 


The first part of the anti-commutator (which is necessary because of the occurrence 
of different components of the spin operator o)) represents the distortion due to 
the unexcited nucleons, and the second the inelastic event. If a Gaussian shape 
is assumed for the density distribution of the nucleus we have (I, 4.9) 
A(b)+o,.k x bB(b)=exp [Ve +6, .k x BW(b/a)e-"]_...... (2.3) 
where 


V = (4-1) (0) 
sige! Sp eameapeee (2.4) 
W= (4-1) BO). | 


whe 


i oP Te cel 


s — nS Fes ues PROVE N. FO srt (2.6) 
‘the position vector of the ith nucleon of the nucleus. 
me ingp aie coupling assignments for the ground state and first 

a tate of . Both are p°[44] states with S=0. We take M as the 
of angular momentum of the final nuclear state along the beam 
tion and use oscillator wave functions. ‘These are chosen to give the same 
t-mean-square radius, 2:45 fermis (see Fregeau and Hofstadter 1955), as 
revious Gaussian distribution with a=2-0 fermis. These choices lead to 


-(22[z00-b)]0)=4 FReiere | 
(i > 5(b-b)|0) =+ (gol) 2106) 


here Cp) 


pees b? 
&o(b)= Xe (-v5) , 


—_— , 2p2 b2 1 
4 s1(0)= “7 exp(—73), Leg 
| The functions go(b) and g,(d) are obtained by integrating the p-wave densities 
along the beam direction for each impact parameter bd. 

g The choice of the beam direction as axis of quantization is convenient in 
e enabling us to do the ¢-integration of (2.1) explicitly for each term; this gives 
__ tise to expressions containing Bessel functions. For example the term A,(0) 
| discussed below becomes, to zero order in W, 


A,(6)=4(8) 3 a - Qa | : Visas en | Vexp i. 72) [eel g,(b)]b db. 
a emt aadin i FS (2.9) 


The alternative choice of the direction of the momentum transfer as axis of 
- quantization is simpler in the absence of a distorting potential, but is not so 
useful here since it destroys the cylindrical symmetry which leads to the Bessel 
functions. The final results are of course independent of this choice of axis. 
i The remaining integrals can be evaluated numerically, or can be converted 
into double series in V and x = ak sin 0, which can be summed in part algebraically 
to give rapid convergence. The series method was found to be more convenient 
for dealing with the large number of similar integrals, and complex values of V. 
In considering the effect of the spin-orbit part of the potential it was found to 
be sufficient to include terms of first order in W. 
Antisymmetrization of the nuclear wave functions introduces a correction to 
the multiple scattering terms due to the possibility of interchanging the states 


. 


oy 


a §3. ResuLTs aND DiscUSSION 

With these values of & and B we find V = —1-64—1-72i and W=-0: 29-0 
This corresponds to an optical potential whose imaginary central part reacl 
a maximum of 72Mev at the centre of the nucleus. This number is very 
sensitive to the shape assumed for the density distribution of the nucleus; 
the Gaussian is replaced by a square distribution giving the same root-mean-squa! 
radius it is reduced to 25 Mev (this point is discussed in some detail oy Bethe 


1958). 
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Asymmetric cross section for inelastic scattering of polarized protons exciting the 4-43 Mev 
level of *C. The full lines show results using complex values for V and W, the 
dashed lines are for real V alone, i.e. pure absorption. : 

The chain line shows the experimental results of Tyrén scaled down by a factor 
tevo (see text). 


Calculations were performed with two different values of V, one using only 
the real part, pure absorption, and the other using both the real and imaginary 
parts quoted above. Results were also obtained with and without the inclusion 
of the spin-orbit term W. In the figure we give the results for the case of pure 
absorption only, and for the case where all of V and W were included. We have 
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4 plotted the asymmetric cross section for the scattering of a completely polarized 
incident beam with spin upt, showing separate cross sections for the final nuclear 
_ states M= +2 and M=0. The additional terms in the optical potential have 
e remarkably little effect on the results for M= +2; the real central part reduces 
= the asymmetry slightly, but this is compensated by the spin-orbit part, which 
; also increases the cross section by about 15% at the peak. This still leaves the 
3 theoretical cross section at about half the experimental value. If jj coupling 
wave functions are used for the nuclear states the situation is even worse. The 
__. matrix element for producing the excitation without flipping the spin of one of 
the nuclear particles is reduced by a factor 1/(5/14); the spin flip term is too 
small to compensate for this reduction. It has been suggested by Squires that 

the agreement with experiment could be considerably improved by adding a 
small collective admixture to the LS wave function for the excited state, in 
analogy with the case of electron scattering studied by Ferrell and Visscher 
(1956). The matrix elements for the pure collective case are several times as 

_ large as those for the LS case, so even a small admixture can double the cross 
section. The general trend of the polarization results would be unaltered, but 

a detailed evaluation with the matrix elements would be very lengthy. 

The curve shown in the figure for the case M=0 indicates the possibility 
of a forward peak in the cross section. (The two curves should be added to give 
the full cross section for the 2+ state.) This is entirely due to the distortion as 
can be seen from the integral (2.9). For @ and V both zero, the first two factors 
of the integrand are unity, and the integrals of gy and g, cancel. As 6 is increased 
less weight is given to large values of b where g, is larger, so the integral becomes 

. positive. However, a negative real V gives less weight to small 6, so that the 
actual integral is negative for 9=0 and changes sign as 4 increases, producing 
what is essentially a diffraction pattern for the M=0 cross section. This effect 
is clearly sensitive to the shape of well assumed for the distorting potential. 
Replacing the Gaussian well by a square well reduces the width of the peak by 
a quarter and its height by almost a half; the height of the main M= +2 peak 
is increased by about 10%. We see therefore that this forward peak occurs at 
angles of less than 5°, which are difficult to observe experimentally. It is 
interesting to note that at lower energies the forward peak due to the distortion 
of the incident and scattered waves dominated the inelastic scattering from this 
level (Banerjee and Levinson 1957). This forward peak is found to be slightly 
larger when the suggested collective admixture is added. More experimental 
information on the small angle cross sections would provide a good test of the 
present theoretical approach. 
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+ Note: The graphs of the asymmetric cross section contain the same information 


as the cross section and polarization for scattering of an unpolarized incident beam, as no 


asymmetry—polarization difference is indicated by either the present theory or experiments 


(cf. Squires). 
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processes, decay and nuclear capture. The rate of loss in a material of 


N EGATIVE muons brought to rest in matter disappear as a result of two 
atomic number Z is A,(Z), given by 


Ni(Z) =Ap(Z) +Ac(Z) 


where A,(Z) and A,(Z) are the decay and capture rates respectively. Measure- 
ments of A, (Z) have been made for a number of materials ; for recent determinations 
see for example Sens et al. (1957), and Astbury et al. (1958). 
The main object in these experiments has been the determination of A,(Z), 
but in evaluating this quantity it has previously been necessary to assume that 
Ap(Z) was equal to the decay rate of the positive muon. This assumption can 
only be an approximation since (a) distortion of phase space, (b) time dilatation, 
and (c) the Coulomb distortion of the outgoing electron spectrum can modify 
A,(Z) for a bound negative muon. 
Calculations on effects (a) and (6) indicate that they give a decrease in the 
decay rate, in accordance with the equation 


Ap(Z)=Ap(0)[1 — B(Zq/137)?] ie 


where A,(Z) and Ap(0) are the decay rates for a muon bound to a nucleus of atomic 
number Z and for a free muon respectively, and 8 is a constant having an 
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p(Z)/A;,(Z). Experimental difficulties make an absolute ‘measurement of f 
ficult for a single material. However, it is possible to find relative values for 
_ funder identical physical conditions for two materials one of which is of low atomic 

_ number. Thus for two nuclei with atomic numbers Z, and Z, (the latter assumed 
7 small), the effect R(Z,) of the Coulomb field on the decay rate of the bound muon 
_ will be given by 


B(Z,)= Ap(Z1) ~ Ap(Z1) _ fA) AL(Z1) | 
Ap(0) ~ Ap(42) — f(Z2) Ax (Zz) 

_ The authors have measured R for two pairs of elements, copper—aluminium 
and copper-polythene. In each case the target was a sandwich of alternate 
layers of the two elements in question (it was assumed that the polythene was 
effectively equivalent to carbon). Several factors determined the thickness 
of each sheet. ‘The sheets had to be sufficiently thick to give confidence in the 

~ ealculation of the relative numbers of muons stopping in each element. These 
were calculated using range-energy tables (Rich and Madey 1954). On the 
other hand, if the sheets were too thick, decay electrons originating in one 
element would be detected with higher efficiency than those from the other. 
By using thin sheets any errors due to different decay electron spectra and uncer- 
tainty in the muon spectrum were minimized. Details of the targets used are 
given in the table. 

The arrival of muons was indicated by coincidence 123 ina counter telescope, 
the target being placed between counters 2 and 3, and the appearance of a decay 
electron by a further coincidence 234. (Further experimental details are given 
in the paper by Astbury et al. 1958). The time intervals between the occurrence 
of events 123 and 234 were measured electronically and displayed on a pulse 
height analyser. This yielded data in the form of a curve 


y = Aexp [—A,(Z,)t] + Bexp [—Az(Z2)é] + © 


, where A and B are related to f(Z,) and f(Z2) respectively, ¢ is the time between 
2 the arrival of a muon and the appearance of its decay electron, and C is the constant 
random background. The values of A, (Z,) and A,(Z2) were obtained by Astbury 
et al. (1958). In order to obtain reliable values for A and B, the position of 
zero time on the pulse height analyser had to be stable and accurately known. 
During runs this position was frequently checked, and found to be stable to 
within 7mpsec. This corresponds to an uncertainty of 1% in the final value 


e of R. 
The experimental data were analysed with the aid of the Manchester elec- 
ined. A correction was applied to the 


a tronic computer and the ratio R determi 

experimental data for the y-rays arising from the decay of excited nuclei produced 

by muon capture, which could cause coincidences in counters 3 and 4, thereby 
X2 


ees on SO SO po 
Target ( Hie cc cm-?) sheets calc gh eves Oe ty; 


i - A ap 

Copper-—Polythene a 10 32/32 0-91 1-03 + 0-05. ‘ 
eas ae Ree 
Copper—Aluminium 77 11 30/30 0-94 1-015+0-055 


It can be seen from the table that the change in decay rate of a negative muon 
due to atomic binding is small, and could not seriously affect published results 
for Ap(Z), since for light nuclei Ap(Z) is close to Ap(0), and for heavy nuclei 
Ac(Z)>Ap(Z) so that a small correction to Ap(Z) would leave A,(Z) virtually 
unchanged; for example a correction of 3% to Ap(Z) alters our published result 
(Astbury et al. 1958) of X,(Z) for copper by 0-2%. ~ 

Similar data have been obtained by Lundy et al. (1958), to whom we are 
grateful for the communication of results prior to publication. We should also 
like to thank Drs. Doniach, Huby and Newns of this University for stimulating 
theoretical discussions. 
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; 5. ee ae . 

. has been little systematic study of the spectroscopic properties of 
he diatomic halides of the typical elements of group IV. Ina recent paper 
(Johns and Barrow 1958) some progress in the elucidation of the spectrum | 
F was reported: in the present note are given the results of further obser- 
ions of this spectrum and of the spectra of GeF, SnF and PbF. The spectra 
e studied in emission, using hollow cathode discharges, with helium as carrier 


—— 


SiF- 
‘Rotational analyses have been made of the 0,0, 0,1 and 0,2 bands of the 
green «-system, and of the 1, 0 and 0, 0 bands of the ultra-violet e-system. These 
systems arise from transitions c’2[[ —a25+ and p’@I]—a?X+ respectively. In 
_ addition, bands of the systems c’—x, D’-B and p’—x have also been observed. 
Constants tor the new states are given in table 1. The 5-bands are now believed 
to arise from SiF, (Johns, Chantry and Barrow 1958). 


2 Table 1. Constants for SiF 
EEE 


State Vo> 0 — Te A We XeWe 
for D’, c’ —A 

pai 23912-6 46606:'7 ~0 1032-9 5-28 
, rode I 19264-4, 41964:9 16:5, 1031°8 4-45 
Ea 5 
ee State Be Qe p» q® 
i p’*II 0-6329a 0-00444 —0-0037 
i cI 0-6376 0-0039 —0-0086, —0-0002, 
; . Notes: ® a for D’ was estimated, using the Pekeris relation. 
=. b p, q are the A-type doubling constants (Mulliken and Christy 1931). 
‘a GeF 
a A number of new bands have been photographed in the region 1900 to 2450A 
a which are assigned to six systems, each with the ground state as lower state. 
é Bands of the system B(?2)—a(?2) have also been observed between 7400 and 
or 8500 A: the earlier analyses of systems A, B-X (Andrews and Barrow 1950) have 
i been confirmed. However, the strongest feature of the infra-red spectrum 
A This has intensity minima at 


consists of a complex band at 8550 to 8700A. inten 
4 11617; and 11580°3, a red-degraded head at 11589-, and a line-like branch with 


(44005-0) 


05.5 (682) -03 
“ 439795) : : 
& (43484) Pees a we 
: (4343s) 29829) 126 = 
B E+) S500TA) jo eat (el H004%) Sat 1-20 Te 
a 24) 233168 = 3-5 PT: Ooo: ree 

935 665-8 2-85 n ; 

ar 0 ee eas. TS nS 


Notes: 1. Figures in parentheses are of T, and AG), respectively. 


2. The transitions a, B, C, G-X are strong and the constants for these states 
are in consequence more reliable than for the other states. 


SnF 


Yuasa (1939) has observed the visible system, now called a2=— x21], in 
emission: otherwise observations are confined to the study of the spectrum in 
absorption (Jenkins and Rochester 1937). We have found that the spectrum is 
excited very strongly in the present source, and have measured all the bands 
between about 2000 and 90004. Eight excited states have been recognized in 
transitions to the ground state, and bands of the systems B, F—A have also been 
observed. It has thus been possible to amplify, and in several cases, to correct, 
the earlier analyses based on absorption from the sub-level x?II,/.._The results 
are given in table 3. 


PbF 


The hollow cathode source proved rather unsatisfactory in this case, and 
many atomic lines were excited; bands which may perhaps arise from FeF at 
3100 to 34004 were also excited rather strongly. However, several bands of 
the transition a—x?II were observed. The multiplet intervals are found to be 
the same in the systems a, B—x (table 4) and the presumption is therefore strong 
that state a, like B, is 2X, and not 2A, as has been believed hitherto. 


ay 
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eB 
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2, The transition B’—x is weak, and there are visible only the two 0, 0 sub- 
s, which show the correct ground-state multiplet separation. : : 


Table 4, Multiplet Intervals (x*II5/.—x*ILyj2), em 


System 
A-xX B-xt 
=e 8278°8 
8303-5 8303-3 
8326-8 8330-0 
8354-4 8357-5 
8382-4 — 


—1 


bwnNr CO ; 


+ from Rochester (1938). 


In considering possible electron configurations for the excited states of SiF 

(Johns and Barrow 1958), it was suggested that state aA°L* was 
. 2.» (wr)*(xo) (v7). 
However, the present work shows that all four molecules possess similar first 
excited states, and, in the case of PbF it seems most likely that state A gives 
Pb(?P,)+F(?P) on dissociation (Wieland and Newburgh 1952). If this is 
accepted, considerations of detailed electron correlation (see, for example, Durie 
and Ramsay 1958) suggest that a more probable configuration is 
oy .... (w7)*(xo)?(uo), 


ij ales 


where (uc) is antibonding. 
ich the information about state C is incomplete and 


id Apart from PbF, in wh 

| conflicting (Wieland and Newburgh 1952), the lowest four states of the four 
_ fluorides may be summarized as follows: 

a TLE) ws! [oo" 

¢ c( ?2A)—(w7)4(x0)?(8) 5-18 + 0-56 1-03 + 0-01 

f Br+ —(w7)*(xo)?(c) 4-32 + 0-19 1-18 +0-02 

y a>t+ —(wr)*(xo)?(uo) 2:69 + 0-20 0:73 +0-11 

4 Il, —(w7)*(xo)?(v7) 0 1-00 


Ape 
i 
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This situation does not hold for some of the other halides of the group, notably 
for GeCl, GeBr, SnCl, SnBr, where the first excited states are case-a, possibly 
2A, states, correlating most probably with m('D)+x(P). The configurations 
MSY DE’ v0 ccs wr )*(xa)(v7)?, A(?A). 

The hope ae fate ie ae be obvious features of the short-wave- 
length spectra of these molecules has not been fulfilled. All that can be said at 
the moment is that the ionization potentials estimated earlier (Johns and Barrow 
1958) are likely to be not far wrong, and that the vibration frequencies for the 
ground states of the ions are probably close to the limiting value, about 1-2", 
shown by many of the excited states of the molecules. 


One of us (J. W. C. J.) is indebted to the Department of Scientific and 
Industrial Research for the award of a Studentship. 
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UNLAP (1954) found the diffusion coefficient of boron in germanium 
15) to be given by 
D=D, exp (— Q/RT) 

with Dy=10® cm? sec-!, Q=105 kcal mol-!. These values are quite incon- 
sistent with those for the other group III acceptors; for instance, Dunlap found 
that for gallium D)=40 cm? sec—!, Q=70 kcal mol. Dunlap suggested that 
the difficulty of alloying boron with germanium led to a spuriously low diffusion 
coefficient at low temperatures. This note describes measurements which 
suggest that the diffusion coefficient of boron in germanium is close to that of 
gallium, and less than Dunlap’s values by a factor of up to ten. 

Boron is deposited on antimony doped germanium (about 1 ohm cm n-type) 
by heating the germanium in redistilled boron tribromide vapour at 850°c. 
It is found that boron deposited in this manner will not diffuse into the germanium. 
To overcome this difficulty a lead pellet is alloyed to the germanium in hydrogen 
at 850-900°c. The lead dissolves some of the boron as well as the germanium 
and on cooling a p-type recrystallized region is produced, with an acceptor 
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ydrogen peroxide) shows up the the recrystallized : 
p ridge. Subsequent ele with copper or nickel, with the 
biased in reverse, shows the p-n junction as the limit of plating. The 
of the diffused layer can then be measured under the microscope with 
-accuracy to +2 microns. The identification of the boundaries revealed 
by these methods has been confirmed by observations on impurities of known 
_ diffusion coefficient. The resistivity of the recrystallized region is found by a 
-four-probe measurement, and the carrier density is deduced from the resistivity 
with the aid of the mobility data of Trumbore and Tartaglia (1958), the effect of 
the lead impurity on the mobility being neglected. ~ 
___ It is reasonable to assume the initial boron concentration c(x, 0) to be given 
by the step-function c=c,, x<0, c=0, x>0, where x is the distance from the 
boundary of the recrystallized region. If we assume the diffusion coefficient 
of boron to be constant throughout the system, and that diffusion is one-dimen- 
sional, the concentration at any subsequent time c(x, ¢) is the solution of the 
diffusion equation 


a 2 


a Carl ec 

-— : ce i aa (1) 
F a Ox? ot 

~ subject to the above initial condition, and to the conservation law 

ie (oa) 0 

Zz if r(x, t)dx= { Cyax. 

. me 


The appropriate solution of (1) is 
py e(x, t) = $e; erfc {x/2(Dt)"?}. 
The antimony concentration cy is constant, so the p-n junction occurs at x=X%po, 
where taints At (2) 
- In practice c,/2cy is a large number, so for a given x, and t, D is slowly varying, 
and an error of a factor of two in c,/2cy produces an error in D less than that due 
to experimental errorinx,. For this reason any difference in Din the recrystallized 
region is of little importance, and we can also neglect errors due to the identification 
of the observed p-n junction with the point at which c=¢p, and to the rough and 
ready method of finding ¢;. 


Diffusion 10-*¢ 10-5c, 10-18%,  104x5 10%D Dunlap’s results 
temp. (°c) (sec) (cm) (cm-*) (cm) (cm? sec™?) Boron Gallium 
| , 890 4-1 1 1 32 i272 100 15 
4 846 2:0 2 2 11 341 20 5 
: 790 8-4 5 0-2 8 0-9+0:3 2:5 0-9 
a 


The experimental results are given in the table, D being calculated from 
equation (2). For comparison Dunlap’s results for boron and for gallium are 


included. 


Dale for * nalpful Aes 1s ont 
pitcrettce and to Mr. PoE. 
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eory of chemisorpti 

ig the same methods. _ Fite ons 

an atom on a one-dimensional chain of atoms of 


ith the surface of a three-dimensional crystal a method analogous to 
Koster and Slater (1954), Baldock (1952) and Lifshic (1947) was used 
outecky¥ 1956, 1958). The application of Wannier functions makes it possible 
ormulate the problem very generally so that we can derive general theorems 
on the localization of electronic states that are being created during the chemi- 
sorption. This method of studying chemisorption on the three-dimensional 
- crystals succeeded preparatory studies on chemisorption on two-dimensional 
crystals (Koutecky 1955, 1957 a, b), which used Dewar’s modification of the 
_ Mo method (Dewar 1949). This modification is very similar to the method 
applied by Koster and Slater and Baldock. Recently a thorough and systematic 
- investigation was carried out on necessary and sufficient conditions for the 
existence of localized states in various models of interaction between an atom 
. and crystals of various types (Koutecky and Fingerland). The results agree 
partly with those of Grimley (1958) and have been discussed in their relation to 
the localized surface states of Tamm type, by using the paper generalizing the 
- theory of surface states (Koutecky 1957), in which the method of Koster, 
Slater, Baldock and Lifshic was also used. 


Institute of Physical Chemistry, J. Koureckxy. 
Czechoslovak Academy of Sciences, 
Prague. 
4th November 1958. 


ba Batpock, G. R., 1952, Proc. Camb. Phil. Soc., 48, 457. 
Bontscu-Brujevitscu, V. L., 1951, 7. Phys. Chem., Moscow, 25, 1033. 
Dewar, M. J. S., 1949, Proc. Camb. Phil. Soc., 45, 638. 

Grimtey, T. B., 1958, Proc. Phys. Soc., Tie, MOB 

Koster, G. F., and Srarer, J. C., 1954, Phys. Rev., 95, 1167. 
Kouteck®, J., 1955, Doklady Akad. Nauk SSSR, 101, 1194. 

—— 1956, Z. Elektrochem., 60, 835. 

—— 1957 a, Coll. Czech. Chem. Comm., Hae SOS) 

Ss —— 1957 b, Ibid.,.22,-683. 

Vs —— 1957 c, Phys. Rev., 108, 13. 

—— 1958, Trans. Faraday Soc., 54, 1038. 

a Kouteck’, J., and Frncertand, A., Coll. Czech. Chem. Comm. (in the press). 
x Lirsuic, J. M., 1947, 7. Exp. Theor. Phys., 11, 1017. 

is VoLKENSTEIN, F. F., 1947, ¥. Phys. Chem.;, Moscow, 21, 1317. 

a 1952. Fhtd-- 26,1402. 


any ek: arene ok © prc 
volume V during the time inaeve Oto ¢, then 


ia P(V,t)=NJN — yicties begat: 
mere N,=number of drops frozen at time f. The number frozen during th 
interval 0 to t+d¢ will therefore be ee tte 
Niza = Nit (N- N,)Vf(Ts) dt oto a 
bik: on dividing both sides by N, becomes. : s08 


P(V,t+dt)=P(V,1t)+{1- aay OWA Ts) de. - 
oe t+dt)=P(V, ras P(V, t). ae 


Now since 


it follows that *, ° Diy, i)={1-P(V, t)Vf(Ts) 


and 


In(1—P(V, 1) =~ | VF(Ts) a feat ta 


If the temperature remains fixed, then 


Infi—P(V,)}=—Ve(Ts). % ae Ge See (2) 
If cooling takes place at a steady rate c, c=dT;/dt and 
TV 
infl=P(h io if © ACT) tl eee (3) 


Equations (1), (2) and (3) are equivalent to ae results obtained by Bigg. 

Equations (2) and (3) have found application in conjunction with experi- 
mental results for the freezing of water. ‘They have been used to compute curves. 
of probability of freezing against temperature for a given volume of water and a 
given cooling rate, and to make an estimate of the number of water drops that will 
freeze under various conditions in natural clouds (Bigg 1953 b, Carte 1956). 


My thanks are due to Dr. A. P. Burger of this Laboratory for his mathematical 
advice. This letter is published with permission of the South African Council 
for Scientific and Industrial Research. 


National Physical Research Laboratory, A. E. CarTE. 
S.A. Council for Scientific and Industrial Research, 
Pretoria, 
South Africa. 
30th October 1958. 


Bice, E. K., 1953 a, Proc. Phys. Soc. B, 66, 688. 
1953 b, Quart. f. R. Met. Soc.; 79, 510. 
Carte, A. E., 1956, Proc. Phys. Soc. B, 69,1028. 
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REVIEWS OF BOOKS 


tinuumstheorie der Versetzungen und Eigenspannungen, by Dr. EKKEHART 
_ Kroner. Pp. vii+179. (Berlin: Springer, 1958.) DM ae 
__ Imperfections in crystals, parti cularly dislocations and foreign atoms, provide 
sources of locked-up internal stresses. Within the realm of linear elasticity, 
ich stresses have the same status, and are handled by the same methods, as 
‘those of thermal origin. As was recognized by Duhamel and von Neumann, 
the main feature of the latter (in simply connected bodies) concerns their failure 
to satisfy St. Venant’s compatibility conditions. Modern work has thrown 
much further light on the ‘incompatibility’ tensor, above all its significance 
in relation to continuous distributions of dislocations. The concept of the 
“Jatter as the unit source of locked-up stress has proved exceedingly fruitful in 
various directions, and now dominates current ideas. 

A compact account of these matters is provided in the present monograph 
_by Dr. Kroner, a member of the German school at Stuttgart and an important 
original contributor to the field. The section headings are Continuum Theory 
_ of Dislocations (Geometry); Continuum Theory of Dislocations (Statics); 
Dislocations in Crystals; Non-Riemannian Geometry of Dislocations; Appli- 
cations; together with a useful introduction, a list of up-to-date references, 
and an index. The text does not, for the most part, make easy reading, and is 
severely mathematical, but will prove an indispensable instrument for those 
seriously interested in the subject. M. A. JASWON. 


Les Semiconducteurs, by P. A1GRAIN and F. ENGLERT. Pp. x +203. (Paris: 


Dunod, 1958.) 980 //r. 
e This modest volume is an advanced text on semiconductor physics and 
a fascinating, profound, and sometimes controversial analysis of the structure 


of semiconductor theory. It is written in an extremely condensed but lucid 


- manner with many original ideas and insights in the connection between 


different aspects of semiconductor physics. 


The book should be available wherever t 
but it is too concise to be taken as an introduction; it makes considerable 


demands on the reader. Beginners may also feel irritated by the absence of 
references, the lack of index, the considerable number of misprints and, in 
some instances, a poor correlation between text and diagrams. 


semiconductor theory is studied, 


W. EHRENBERG. 


- Germanium and Silicon by J. M. Wilson; Electronic Conducti 
Halide Crystals by J. W. Mitchell; Silicon Junction Diodes by D. E. M 
and D. F. Taylor; Lifetime of Excess Carriers in Semiconductors by A. M 
and R. Bray; Scattering and Drift Mobility of Carriers in Germanium t 
M. S. Sodha; Electronic Processes in Cadmium Sulphide by J. Lambe 
C.-C. Klick. 5 : Re 

None of the subjects reviewed is of very recent origin, or has seen spectaculz 
developments during the last few years, so that the authors lack any clear 
guidance about what they should assume the reader to know; but all contain 
references up to 1957. sa 

The articles are of very different merit, the best ones being notable 
achievements, the less fortunate ones appear more difficult to digest than a 
collection of relevant abstracts. All the articles will be of value to workers 
with particular interest in the fields covered. W. EHRENBERG. 


Physikalische Abhandlungen und Vortrage, Vols. I-III, by Max PLANCK. 
Pp. xv +776, xi+ 716, xii+426. (Braunschweig: Vieweg, 1958.) DM 150. 


The three volumes of the discussions and lectures of Professor Max Planck 
are published appropriately during the year of the celebration of the centenary 
of his birth by the Union of German Physical Societies and by the Max Planck 
Society for the Promotion of Science. In the foreword to these volumes 
Max von Laue explains how they came into being with the intention that they 
should be a memorial to his memory. ‘‘ For the memory of a scholar is 
faithfully preserved by making it easy for future generations to read in the 
original text what he has written rather than by statue or bust”. With few 
exceptions, where the shape of the original was too far from that of the present 
publication, this design has been carried out. 

The individual original papers are arranged in chronological order in 
volumes I and II. The first is dated 1879, when Planck was twenty-one years 
old, and the volume presents a remarkable sequence of original thought and 
work on the fundamental principles of thermodynamics. ‘There are papers 
on other topics such as an early one on the theory of liquid rays, but these 
seem like intrusions into the main theme and the author appears to slip back 
quickly to his chief motif. 

In this series Planck is seen clarifying for himself and for the world of 
science some of the obscurities of thermodynamics and at the same time adding 
to the knowledge of it by means of fundamental papers and the solution of 
special problems. About half-way through this volume a paper appears on 
electric oscillations excited by resonance and damped by radiation, followed by 
five papers on irreversible processes of radiation. ‘The investigations described 
in them were begun with the intention of obtaining a closer examination of the 
processes of emission and absorption of heat rays and the resulting state of 
temperature equilibrium, from the point of view of the electromagnetic theory. 
There follows a paper on Maxwell’s theory of electricity and then another on 


. 
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irreversible processes of radiation. The reader feels that in these papers 
_ Planck is coming close to his great discovery and this is indeed the case. He 
does in fact obtain Wien’s law of radiation in the course of the work. But the 
great result appears almost casually in a short paper read on October 19th 
_ 1900 entitled ‘On an Improvement of Wien’s spectral Equation’. Kurlbaum 
__ had, on the same occasion, reported the experimental results obtained by himself 
and Rubens in the region of long waves and had shown the breakdown of 
4 Wien’s law in this region. Planck rose to explain how his electromagnetic 
theory of radiation stood with respect to the experimental facts. By a partly 
empirical process, which appeared to him to be a natural modification of a 
result he had previously obtained, he was able to derive a formula containing 
two constants and to show that it agreed with experiment. Shortly afterwards 
a work appears in which he establishes the law of radiation, not by means of 
the laws of electromagnetic radiation or thermodynamics, but on the basis of 
a quite new elementary process. Here his formula appears in its well-known 
orm containing the constants k and h. 

Volume II reveals Planck’s interest in many other subjects than thermo- 

‘dynamics and contains his contributions to them. It contains, for example, 

papers on the theory of Kaufmann’s measurements of the deviation of B-rays, 

on the theory of relativity and on general dynamics. But the main theme is 
still thermodynamics and the theory of radiation, with increasing emphasis on 
the quantum theory and applications of it until in the latter half this is the chief 
subject of the various contributions. This volume is of interest from a 
historical point of view. It covers the period 1902-1941, during the early 
part of which the quantum theory was almost struggling to keep its head above 
water. It is a period of adverse criticism, of attempts at alternative explanations 
and of Planck’s firm conviction, in spite of opposition, of the inadequacy of the 
classical theory. . 

Towards the end of this period there appears a notable paper on Henri 
Poincaré and the quantum theory from which much can be learned both of 
Poincaré and Planck. In spite of his revolutionary discovery Planck always 
hoped to find some unifying principle valid throughout the physical world or, 
at least, to live to see it discovered. For this reason he welcomed Schrédinger’s 
form of the quantum theory and his last papers showed his interest in it. The 
volume ends with three works entitled ‘An Attempt at a Synthesis between 
Wave Mechanics and Corpuscular Mechanics’ the last appearing in 1941 
when Planck was eighty-three years old. It brings to an end the rich yield of 


an incomparable Master. 
| Volume III is divided into three parts. The first is devoted to articles and 
: 


lectures of an original character such as ‘ unity in the physical World-picture’, 
« New Paths of Physical Knowledge ’ and Planck’s Nobel lecture on the origin and 
development of the quantum theory. ‘These are all of interest on account of 
their subject matter and of their revelation of Planck’s scientific and philosophical 
insight and points of view. The second part 1s devoted to orations made on 
various occasions and ends with Planck’s scientific autobiography. It contains 
tributes to Heinrich Hertz, Paul Drude, Hendrick Antoon Lorentz and to 
Arnold Sommerfeld. ‘There are also tributes to Max von Laue, who has done 
so much to bring these volumes into being, on the occasions of the celebration 
of his sixtieth and seventieth birthdays and for whom Planck expresses his 
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Atomic Physics and Human Knowledge, by Nusts BouR. _ 
2 York: John Wiley; London: Chapman and Hall, 1958.) 
The philosophical attitude of the great majority of physicists is main 
Niels Bohr. His doctrine has spread through personal contact. A youngt 
retical physicist who did not spend some time at Copenhagen was not consid 
properly trained. But we of the older generation who are of about the same age — 
as Bohr and in responsible positions could not learn his ideas at the source and — 
were dependent on his publications, apart from océasional discussions at scientific _ 
conferences. But Bohr’s papers are not numerous and are scattered over 
different periodicals and congress reports which are not easily accessible. = 

Therefore this collection is a most welcome gift. It contains seven articles, 
mostly addresses delivered at various congresses. For the physicist they centre 
around the article “‘ Discussions with Einstein on Epistemological Problems in 
Atomic Physics”, reprinted from the book Albert Einstein, Philosopher—_ 
Scientist (The Library of Living Philosophers, vol. 7, 1949, p. 199). It 
is a remarkable document, a model of the way dissentions between scientists 
should be argued out. And it is a most complete and satisfactory account of 
Bohr’s principle of complementarity in physics. ; 

All the other articles go far beyond the restricted domain of physics. Most 
of them begin with a condensed account of the story how the physicists were 
confronted with a new stituation which compelled them to reconsider the logical 
principles applied in describing their activities and their results. But then 
Bohr compares the ideas thus developed with those used in other branches of 
human knowledge and shows that everywhere apparent contradictions can be 

avoided by using the concept of complementarity. The first two addresses 
delivered in the years 1932 and 1937 deal with the problems of life, andthe same 
theme is taken up in the last article of 1949. The third article is of particular 
interest; there different branches of human culture and civilization are con- 
sidered from the standpoint of complementarity. The fifth and the sixth articles 
endeavour to show how the epistemological lesson learned om atomic theory 
has influenced our thinking in general and helped in establishing a unity of human 
knowledge. 

It is unavoidable that in such a book overlapping takes place. But as each 
article regards the problems from another angle these repetitions are not at all 
tedious. 

At present the doctrine of the Copenhagen school is again under attack, 
mainly from Marxistic philosophers. ‘Therefore the new access to Bohr’s 
authentic presentations of his philosophy is most welcome though it may be 
doubted whether his careful and cautious analysis will have any effect on those 
who are accustomed to the blunt weapons of dialectical materialism. All those 
who approach the problem unbiased, with open mind, will consider Bohr’s book 
as a precious gift. M. BORN. 
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i. by cree oFeARez ia bY feat) 
the imber of collections of scientific papers which 
lished has become almost vanishingly small, perhaps largely due 
easing availability of the original papers. However, with a writer 
ptional as Sir Geoffrey Taylor, whose works cover such a large field 
t even the best informed of his colleagues may not be aware of them all, 
e need remains. With the knowledge that there are three more volumes to 
follow devoted to the mechanics of fluids one cannot fail to comment on the 
¢ ontrast Sir Geoffrey provides to the ever-increasing tendency to specialization 
in research. When, as here, the contributions are so basic to their subjects 
and so far-reaching they stamp him as unique as he has, fortunately, long 
- been recognized to be. Site tat rs 
‘The volume under review, volume 1, is concerned with the mechanics of 
solids and it is almost impossible in the space of a short review to give anything 
like a summary of the contents. There are forty-one papers reproduced ranging 
from contributions to classical dynamics and classical elasticity through 
plasticity to faults and dislocations. It is really an intresting commentary on 
_ the volume as a whole that the contribution to classical dynamics “a relation 
~ between Bertrand’s and Kelvin’s theorems on impulses ”’ should have been 
of made years after the subject was thought to have become a closed book. 
i Interest in the volume will probably centre around the work on dislocations 
and plasticity where the contributions he has made are of fundamental 
_ importance. As long ago as 1934 he was blazing the trail for present-day 
thought; indeed some of his work at that time might almost have been written 


~ 


yesterday. 
id Dr. Batchelor notes that the present volumes have been prepared with as 


little change as possible of the original forms of the papers; printing errors 
and small mathematical slips have been rectified without comment but any 
substantial change in the text as originally published has been disclosed in a 
footnote. All the figures have been redrawn in a uniform style and the whole 
presentation and format is most attractive. 

In short your reviewer cannot give too great a welcome to the appearance 
of this volume which will quite certainly provide the stimulus for much thought 


and research. L. HOWARTH. 
Sound Pulses, by F. G. FRIEDLANDER. Pp. xi +202. (Cambridge: University 
Press, 1958.) 40s. 

A sound pulse is a small aperiodic disturbance with a clearly defined front, 
and under certain assumptions its propagation in a fluid is described by the 
scalar wave equation. Dr. Friedlander demonstrates that such a phenomenon 
(which has analogues in optics and electromagnetic wave theory) is readily 
discussed in terms of the theory of linear partial differential equations of 
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Some hitherto Dee es RRR ET a beer ine 

_ up-to-date bibliography. cage,” Pike gee ae 
‘The book will interest workers already established in the field, for it 

available in a single short volume a unified treatment of the subject using 

variety of mathematical techniques. In particular it provides an introductio 

to the theory of distributions and its application to Green’s functions. For 


these same reasons, a good graduate student of applied mathematics would — 
profit by working through the book, and noting the contents of Dr. Friedlander’s — 


mathematical arsenal. : / 


This valuable addition to the Cambridge Monographs is marred by a 


multitude of printing errors. The corrections to some are obvious, but others 
will require the reader’s close attention and are liable to undermine his 


confidence in subsequent pieces of difficult reasoning. Further, although the — 


author of such a volume has to compress his arguments, a reader’s time is 
valuable, and wherever it can be saved by an extra phrase this should be supplied. 
These shortcomings combine in the proof concerning the propagation of 
diffracted fronts in shadow (pp. 28, 29), where the reading would also be 
improved by a clearer figure and the introduction of a separate vector symbol 
for the general point in shadow. D. W. MARTIN. 


Handbuch der Physik, Vol. V1, Elasticity and Plasticity, edited by S. FLUcce. 
Pp. viit+ 642. (Berlin: Springer, 1958.) DM 116. 


This volume of the Handbuch der Physik has six articles, all in English, 


dealing with elasticity, plasticity, photoelasticity, rheology, fracture and fatigue. : 


The first article, entitled The Classical Theory of Elasticity, is by I. N. Sneddon 
and D. S. Berry, and the classical theory for infinitesimal strains is here, as in 
Green and Zerna’s book, derived from the general treatment for large 
deformations. Problems of flexure and torsion and two-dimensional and 
three-dimensional elastic problems are then discussed. This article concludes 
with short sections on dynamical problems and on thermoelasticity. The 
second article, by H. T. Jessop, is on photoelasticity. After short summaries 
of the theories of classical elasticity and crystal optics, an account is given of 
the well-established methods of two-dimensional photoelastic stress analysis 
and of the more recent ‘ frozen stress ’ and other three-dimensional techniques. 
Some practical applications and a very brief review of photoplasticity and 
dynamic photoelasticity conclude this article. 

The third article, entitled The Mathematical Theories of the Inelastic 
Continuum, by A. M. Freudenthal and Hilda Geiringer, is by far the longest 
in this volume. The first half of this article considers continuum mechanics 
of viscoelastic, plastic and viscoplastic materials, whilst the second half is 
concerned with the behaviour of ideally plastic solids and treats both the general 
theory and specific boundary value problems in this field. 

Rheology, by M. Reiner, is the fourth article and a number of aspects of 
this somewhat controversial subject are here discussed, This article includes 


a 


. 
| 


descriptions of different types of ideal rheological solids, second-order 


phenomena and methods of measurement. 
The last two articles, Fracture, by G. R. Irwin, and Fatigue, by A. M. 


Freudenthal, are both quite short. They are largely concerned with recent 


advances in particular aspects of these two rather wide subjects. 
The volume contains subject indexes in English and German and is very 
well produced. The articles, all by well-known authorities, are excellent within 


_ their scope and extremely welcome as short monographs within their respective 


fields. The usefulness of the whole volume as a unit in an Encyclopaedia of 
Physics is less certain. There is considerable overlap between articles, whilst 
many aspects of the subjects are dealt with very briefly or not at all. Some 
of the gaps will perhaps be filled by articles in later volumes. H. KOLSKY. 


The Calculation of Atomic Structures, by D. R. Hartree. Pp. xiv+182. (New 
York: Wiley; London: Chapman and Hall, 1957.) 40s. 


While this review was being written the sad news of the death of Professor 


- Hartree reached the reviewer. It was but a small consolation to consider how 


fortunate we are that Professor Hartree was persuaded to write this book. 
Almost everyone who has computed a self-consistent field has had to draw 
on Hartree’s personal experience, either through correspondence or personal 
contact. His neat, handwritten letters, full of practical details of the method 
and of unpublished data, helped many through their calculations. Much of 
this information, fortunately, has been preserved in Hartree’s book, which 
fulfils extremely well its purpose to provide both a compilation of calculating 
techniques and a source of practical advice on how best to carry out the 
computation of atomic structures by the self-consistent field method. 

The book starts from the very beginning, though, of course, some familiarity 
with elementary results of quantum mechanics is assumed. Thus, the first 
chapter reviews central-field wave functions and chapter 2 contains an elementary 
and very clear account of the variation principle. The real subject of the book 
is first tackled in chapter 3, where both Slater’s method for complex atoms and 
the Hartree-Fock equations are discussed. This is followed in chapter 4 
by a survey of the numerical procedures necessary for the computation of 
atomic structures, such as the solution of second-order differential equations. 

Chapter 5 will probably be essential reference for every future computer of 
atomic fields. It shows in detail how to apply the numerical procedures of 
chapter 4 to the solution of an atomic problem. Many examples are included 
and it provides a thorough background for all phases of the work required in 
the numerical solution of the radial wave equation. 

In the five remaining chapters incomplete groups, interpolation procedures, 
energy relations, relativistic equations and further approximations are treated. 
The chapter on interpolation procedures should be particularly noted. It 
provides a badly needed review of the methods of obtaining starting approxima- 
tions for the atomic wave functions. Also, both here and in an appendix many 
important numerical results are listed, some for the first time. 

In considering the book as a whole it is worth reminding ourselves that it 
is essentially a monograph. It is therefore not unexpected that some subjects 
that one would have liked to have seen discussed more fully are only briefly 
considered. Self-consistent field equations are nowadays much used in 
molecular problems and a more comprehensive treatment than the one provided 
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here would have been useful. On the numerical side, the days of computation 
of atomic fields on desk calculators are surely numbered, and an account is 
needed of methods of computation suitable for electronic computers. As it is, 
however, the book will continue to be an essential reference for a long time. 

S. L, ALTMANN. 


Progress in Elementary Particles and Cosmic Ray Physics, edited by J. G. WILSON 
“and S. A. Woutnuysen. Pp. xii+470. (Amsterdam: North Holland 
Publishing Company, 1958.) 45 guilders. 


Progress in Elementary Particles and Cosmic Ray Physics is the fourth 
volume in a series which originally carried the title ‘‘ Progress in Cosmic Ray 
Physics”. The latest volume contains five articles of varying length, all 
written by authors with international reputations in their respective fields of 
study. | 

The first article (66 pages) by B. D’Espagnat and J. Prentki is a theoretical 
discussion of the strong interactions of the strange particles, the hyperons and 
the K-meson. The treatment will be of considerable value to theoretical 
physicists interested in high-energy phenomena, but will not be of great value 
to the young experimentalist seeking some insight into the theoretical problems 
posed by the discovery of the strange particles. The second article is a very short 
review of the properties and production of strange particles by W. D. Walker. 
This subject has grown tremendously during the last three years and only a 
somewhat superficial review can be given in the space of 30 pages. Walker’s 
article is, however, very clearly and concisely written and provides a useful 
introduction to the experimental material available up to the early months of 
1957. Very little space is devoted to some of the more subtle aspects of the 
subject ; for example, the short-lived and long-lived neutral K-decays are dealt 
with in a brief paragraph of half a page. 

The third article is concerned with the interaction of u-mesons with matter. 
G. N. Fowler and A. W. Wolfendale have written a long chapter (90 pages) 
which is a very excellent and authoritative review of the subject. Classical 
electromagnetic interactions, the scattering of u.-mesons by nuclei, non-classical 
electromagnetic interactions and the universal Fermi interaction are all dealt 
with in detail. The writers show very clearly the importance of high energy 
-meson interactions, particularly for investigations on the validity of electro- 
magnetic theory at extremely high energies. 

The fourth and fifth articles concern the origin and nature of the cosmic 
radiation itself. S. F. Singer has written an excellent review (130 pages) of 
the properties of the primary cosmic radiation and its time variations. Although 
the writer is not an expert in the field he found parts of the article to be of great 
interest. The last chapter is a review (60 pages) of theories of the origin of 
cosmic radiation by V. L. Ginzburg. . This article discusses data on the primary 
cosmic radiation near the earth, the distribution of cosmic radiation. in the 
galaxy, the motion of cosmic ray particles in interstellar space, and finally possible 
sources of cosmic radiation. 

All the articles in the present volume, with the possible exception of the 
second, are written for the information of the expert or would-be expert, in the 
particular field. A considerable previous knowledge of the subject is necessary 
in order to understand these review articles. ‘Thus they are not likely to .be of 


_ value to the scientist who wishes to widen his general knowledge. It has now 
_ become clear that the fields covered in the book are very diverse. In fact high- 
_ energy physics, both experimental and theoretical work, is largely divorced 
i from almost all of the cosmic ray problems discussed by Singer and Ginzburg. 
¥: The number of physicists seriously interested in both fields is probably dwindling 
_ rapidly. After reading the book the writer feels, therefore, that the decision 
_ the editors have reached to combine review articles on these two fields into one 
annual volume was unwise. If it is worthwile doing at all then the reviews 
should be written for the non-expert in order to give them a wide appeal among 
the large number of nuclear physicists and the much smaller number of cosmic 
ray physicists. If the present level of writing is to be maintained, then it would 
surely be wise to publish separate bi-annual volumes on ultra-high-energy 
nuclear physics and cosmic radiation. C. C. BUTLER. 


A Dictionary of Named Effects and Laws in Chemistry, Physics, and Mathematics, 
by D. W. G. BaLLentyne and L. E. Q. Wacker. Pp. v +206. (London : 
Chapman and Hall, 1958.) 30s. 


Admirable in intention, and amateurish in execution, this dictionary fails 
to meet a very real need. The effects bearing personal names, for example in 
photography, are such common currency with those to whom they are common 
currency, that their lack of meaning to workers in a neighbouring field can 
easily be overlooked. The same applies to mathematical functions and chemical 
tests or reactions. But ‘ amateurish ’, as regards lexicography, is the only word 
for a work which mentions Stefan’s Law under Boltzmann, but not directly. 
Omissions from a dictionary are less serious than errors : there are far too many 
of these—Debye and Sherrer method, Gneisen constant (with Gruneisen 
constant as well), Larmour’s Formula, Misterlich Law of Isomorphism, Van 
Kleck Paramagnetism, are examples. Meanings, as well as names, are also 
untrustworthy, above all in a disgraceful Appendix of Units (eighteen entries) 


™“ 


including : ‘‘ Oersted—The oersted is the unit of magnetic reluctance (resistance) 

_.”, and “ Weber—A name formerly given to the Coulomb ”—with no 
alternative in either case. Subtleties of definition are for the most part completely 
missed. 


The book appears to be stronger on chemistry and mathematics than on 
physics. Some of the entries are admirable. Libraries may be advised to 
acquire the work but to paste a large warning label on it : “ Useful, but not 
to be trusted”. It is sad that this poor carrying out of a good intention may 
hinder it from being done better. F. C. FRANK. 


The Measurement of Colour, by W. D. WRIGHT. Pp. ix+263. (London : 
Hilger, 1958.) 52s. 
During recent years there has been a considerable increase of interest in 
the subject of colour measurement, and consequently the second edition of this 
book has appeared at a most appropriate time. It has been largely re-written, 


and provides a clear, concise, and up-to-date account of many aspects 
of the subject. The first four chapters are devoted to visible radiation, the eye, 
the theory of colour-measurement systems, and the international (CALE.) 
svstem now in use ; other chapters deal with colorimetric instruments, colour 
atlases, three-colour reproduction systems, and a large array of practical 


applications. 
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/ 
The book is written in Professor Wright’s usual clear and straightforward 
style, and contains excellent summaries of work done in many fields, especially 
that of colour vision ; a large number of recent references are given. Although 
the physiological and psychological aspects of colour problems are treated with 
due regard, the reader is never allowed to overlook the fundamental physics. 
The chapters are set out in the most logical order, but some colorimetrists might 
feel that this is not necessarily the best order ; however it is undoubtedly the 
best order for a reader who is. unfamiliar with the subject. In some chapters, 
particularly the one on instruments, the subject matter has very wisely been 
limited in order to give a proper treatment of the essentials of the subject. In 
short, this book is excellent, and is to be thoroughly recommended. 
A. W. S. TARRANT. 


Electric Conduction in Semiconductors and Metals, by W. EHRENBERG. Pp. x + 389. 
lst Edn. (Oxford : Clarendon Press, 1958.) 63s. 


Ten years ago it could be said that the broad features of many semiconductors 
were qualitatively understood in terms of the energy band theory of solids. 
Great advances have been made in the meantime and we now have a quantitative 
understanding of the high-mobility semiconductors which surpasses that of any 
other class of systems studied in solid state physics. One attractive example 
may be quoted to illustrate this; Kohn’s theory of optical absorption by 
electrons bound to impurity atoms in Ge and Si, using as the only parameters 
the bulk dielectric constant and the effective mass values derived from cyclotron 
resonance experiments, is in beautiful and striking agreement with the absorption 
spectra observed by Burstein, Fan and others. Other examples might be 
quoted; all would illustrate the exactness and unity of the description which 
the one-electron theory provides of diverse semiconductor properties, optical, 
electrical and magnetic. The field is still expanding rapidly and provides 
stimulus and excitement for both experimenters and theoreticians—separately 
and in close collaboration. This means that we look eagerly at new books on 
semiconductors, but also that we judge them by high standards. 

Dr. Ehrenberg has chosen to review principally the electrical properties of 
semiconductors. ‘The initial chapters carefully set out the basic one-electron 
theory; that is to say, the quantum mechanics of electrons moving in periodic 
lattices and the employment of the Boltzmann transport equation to calculate 
their statistical behaviour as observed when we measure conductivities, 
Hall constants, etc. This part includes also a discussion of lattice vibrations 
and the deduction of the times of relaxation of electron distributions as brought 
about through electron—lattice interactions. Later chapters then show how 
the observed properties of semiconductors are interpreted by the theory. It 
is pleasant to find here discussions not only of the elemental and the inter- 
metallic semiconductors, but also of ionic compounds and of the fascinating 
transition metal oxides. The final three chapters deal with the important 
subject of contacts between semiconductors and metals and junctions between 
n-type and p-type semiconductors. No detailed application of the theory 
developed in this book is made to metals. 

The author’s discussion of the topics he has selected is full and he has 
carefully written into his text much detail that will be of value to experienced 
workers in the field. In the opinion of the reviewer, however, the book is not a 


lot particula 
us eigenfunction 
u of the theory to see this close connection 
loch wave functions and translational symmetry. ‘The significance of 
zones, for example, is difficult to grasp otherwise. ‘To say that the 
_ proof of Bloch’s theorem is extremely difficult frightens the reader into thinking 
he will not understand what it is about, for how can he if he is not given the 
opportunity to see it proved ? a 
In summary the book may well be useful to experienced semiconductor 
__ physicists, but is not recommended for beginners. ‘To the reviewer it does not 
succeed in portraying the elegance and attractiveness of the subject of 
semiconductors. A. B, LIDIARD. 
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Three Dimensional Dynamics—a Vectorial Treatment, by C. E. Eastuope. 
Pp. viii+ 277. (London : Butterworths Scientific Publications, 1958.) 42s. 


It might be expected that there would already be a wealth of suitable students’ 
textbooks on Three Dimensional Dynamics—a subject in which no great 
¥ development can have occurred since the publication of Routh’s famous 
treatise on Rigid Body Dynamics nearly 100 years ago. However, as all who 
have taught the subject know, this is far from the case. ‘There are many 
admirable treatises on various aspects of mechanics. However, there has been 
a real lack of a reasonably short but at the same time systematic and comprehen- 
sive book which, starting from fundamental principles, will conduct the student 
safely to the level at which he can handle the problems of rolling bodies or of 
gyrostatics so familiar to examination candidates since Routh’s day. Dr. 
Easthope’s is certainly such a book and can be warmly recommended to those 
students of mathematics and physics whose curriculum is still framed to 
demand the full rigour of vectorial mechanics without an immediate easy 
escape to Lagrange’s equations. 

The subject matter covered within the book coincides with what is more or 
less conventionally agreed to be the reasonable limit of dynamics in an Honours 
curriculum. After introductory chapters on vector algebra and on the motion 
of a particle, the kinematics of a rigid body in three dimensions and the theory 
of rotating reference frames are developed. ‘The general equations of motion 
of a system of particles are then derived and their application to a rigid body is 
illustrated by several examples. ‘The use of Euler’s equations is developed, and 
a chapter is devoted to gyrostats and precessional motion. The treatment is 
clear and simple throughout. The only criticism [| might mention is the possibly 
excessively mathematical character of the book. There is very little in the way 
fn of practical illustration which is, I believe, a pity, for the student deserves some 
proof that the dynamics he is made to learn is not only an excellent form of 
mental exercise but also a practical and important subject, Ieee. Ge 
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gation of ultrasonic energy in a nickel single crystal by an 
nique has been employed to investigate the behaviour of 
‘lastic constants of, and the energy losses in the specimen, with and 
t an applied magnetic field. The dynamic elastic constants behave 
ding to Zener’s theory of anelasticity in the test range of frequencies. 
Ve ues of the relaxation time for internal atomic rearrangement and ratios of the 
relaxation strengths for shear and compressional waves are evaluated for the 
_ sample. Energy losses are substantially reduced when the sample is magnetized 
_ to saturation. 


§ 1. INTRODUCTION 


HE pulse technique employed in the present series of measurements 

| permitted more accurate velocity and attenuation determinations than 

those obtained from techniques employed by previous workers (Firestone 

— and Frederick 1946, Huntington 1947, Lazarus 1949, McSkimin 1950, Roderick 

_ and Truell 1952, Bradfield 1952) in this field. The resultant increased accuracy 

| _ of measurements led to a detailed study of the behaviour of the dynamic elastic 

'_ constants of a nickel single crystal at ultrasonic frequencies, as well as to the 

effects of a magnetic field upon the dynamic elastic constants and upon the 
attenuation of ultrasonic energy in the crystal. 


§ 2. EXPERIMENTAL EQUIPMENT 


‘S A block functional diagram of the electronic equipment used is shown in 
™ figure 1. The synchronizer, which initiated and synchronized all timing circuits, 
was controlled by a 1 Mc/s quartz crystal oscillator. Phantastron circuits were 
employed to select every sixth and 1200th pulse from the 1 Mc/s quartz 
oscillator, and these pulses were used in the electronic delay unit and the 
__ transmitter trigger unit. 
ie The electronic delay unit, by means of time-variable electronic gates, was 
able to select any one of the first 65 pulses from the 1 Mc/s quartz oscillator in 
a 1200 usec interval to trigger the oscilloscope time base. By means of this delay 
unit the start of the time base could be delayed in 1 psec steps, accuracy of which 
was determined by the quartz oscillator, in order to examine each individual 
Z echo and hence to measure the time interval between echoes. Each echo was 
displayed as an r.f. signal, which had been amplified by a wide-band receiver. 
‘This technique permitted a more accurate determination of the leading edge 
Y of the echo that than obtainable with detected signals. 
+ Now at Brown University, Providence, Rhode Island, U.S.A. 
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Figure 1. Block functional diagram of electronic circuit. 


Every 1200th pulse from the 1 Mc/s quartz oscillator was used to trigger 
both the electronic delay unit and the transmitter trigger unit. This latter unit 
provided large amplitude negative going signals which were used to trigger the 
hard valve transmitter. By this technique it was possible to produce an r.f. pulse 
in which the first half-cycle rose to full amplitude thus permitting accurate 
determinations of the start of the transmitter pulse and the succeeding echoes. 


§ 3. RESULTS OF MEASUREMENTS 
3.1. Velocity 


The velocities of propagation of compressional and shear ultrasonic waves 
in a nickel single crystal were measured in the [001] and [111] directions in 
the frequency range 2 to 15 Mc/s. Similar measurements were made with 
the nickel single crystal magnetically saturated in the hard, medium and easy 
directions of magnetization. These measurements show the velocities to be 
frequency dependent due to the AM effect discussed by Nowick (1953). In the 
demagnetized state the velocities increase with increasing frequency and tend 
to maximum values determined by the unrelaxed values of the appropriate 
dynamic moduli. In the magnetically saturated state the velocities show a slight 
decrease with increasing frequency and tend to minimum values determined 
by the unrelaxed values of their appropriate dynamic moduli. With each type 
of wave the velocity showed an increase for the magnetically saturated state 
over the demagnetized state. ‘The largest increase in velocity of approximately 
4°, was obtained for shear waves at 2 Mc/s propagated in the [110] direction 
with particle motion in the [110] direction with saturation induction in the 
[001] direction. The smallest increase in velocity of approximately 0-2% was 


obtained for compressional waves at 15 Mc/s in the [110] with saturation induction 
in the [111] direction. 
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ue instead of the low observed 
nation of this behaviour is based on the behaviour of the magnetic domains 
uring a cycle of magnetization. On reducing the field from saturation value 180° 
snetic domain boundary movements can only occur if an external agency can 
duce perturbations of the crystal lattice of sufficient amplitude. It would 


m therefore that the ultrasonic radiation supplied the necessary energy for 


this to take place, but a reversal of the direction of the applied magnetic field 
would be required to complete the 180° boundary movements. 
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Figure 2. Percentage: Curve A—Change of velocity with magnetic field. 
Curve B—Change of attenuation with magnetic field. 


Curve A in figure 2 is not in agreement with those obtained by Bozorth, 
Mason and McSkimin (1951) who show negative values of Av/v at low magnetic 
field strengths on reducing the magnetic field to zero. These workers suggested 
that the free energy of the crystal was lower in some ordered arrangements of the 
domains than for the demagnetized state. The author questions the validity 
of this argument, as the presence of an applied magnetic field would increase 
the internal energy of the specimen, and suggests that either their specimen or 
their magnetic pole pieces had not been completely demagnetized before their 
measurements were made. 1p) 

Levy and Truell (1953), who made measurements on a nickel single crystal 
between 10 and 100 Mc/s, reported that no Av/v was observed. Their failure 
to observe a change in velocity with applied magnetic field was due to the 


limitations of their equipment in detecting small velocity changes. 
Z2 


art = 2Av" 


Hence a graph of f? against 1/Av should be a straight line, from whos 


attained. This was found to be the case when the Av values for the compressional 


and two shear waves in the [110] direction were used. The relaxation times — 


for these three waves were as follows: 
Compressional waves (L) in [110] direction 2:3. x10 secaay 
Shear waves (Tj) in [110] direction 
with particle motion parallel to [001] direction 2-7x 10-*sec=7y,, 
Shear waves (‘T,) in [110] direction = 
with particle motion parallel to [110] direction 3-2 x 10-*sec=7,.. 
The ratio of the relaxation strengths Ag and A, can be found by substituting 
the appropriate moduli and velocities in equation (4) which gives 
Ag we vpAvy 1 +77? 
pee ee eo ee -+++++(6) 
From the appropriate values of v, Av, w and + the following values of A,/A, 
were calculated: 


Frequency (Mc/s) Sy 10 15 
A,/A,, L and 'T, waves 1-22 1-12 1-08 
A,/A,, L and T, waves ~ Boy 1:24 1-15 


For the usual values of G/E for metals Ag is approximately 15% to 20% 
greater than A, (Nowick 1953). 
3.2. Elastic Constants 


The values of the elastic constants c,;, Cj, and cy, were computed using the 
velocity equations for propagation of plane elastic waves in the [110] direction 

. . ? 
taking p as 8-90gcm~, for compressional waves (L) 


put= 3 (C44 +. C4 + 2€44) Once er (7) 
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intercepts on the frequency axis a measure of the relaxation time + can be 
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_ Figure 3. Change of elastic constant with frequency for zero and saturation induction 
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Figure 4. Change of elastic cons 
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decrease with fi 

negative with increasing freq at, V ; 

high frequencies will be determined by the unrelaxed constants. = 
The anisotropy of a cubic crystal is usually expressed as en 


™ C=Cyy — Cyn — 2Cqy. : a re i 1 - 


The change of anisotropy of the nickel single crystal employed in the present fa 
series of measurements is shown in figure 5. The anisotropy for the demagnetized 


C= (Cy ~Cig-2Ca) dynes /cm* 
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Figure 5. Change of anisotropy with frequency at zero and saturation induction 
{B||[001]}. Units of ordinates should be x TO. 


state shows an increase with frequency, whereas that at saturation induction in 
the [001] direction remained constant between 2 and 15 Mc/s. 


3.3. Attenuation 


Individual echoes were photographed and their amplitudes measured by : 
projecting the records on a screen. After corrections were made for the width 
of the oscilloscope trace, a graph of log,) (amplitude) against echo number was 
drawn, from the slope of which the attenuation was obtained. This technique 
provided an accuracy to +0-002dBem—. 

The attenuation of both types of shear waves and compressional waves in 
the [110] direction changes linearly with frequency between 2 and 15 Me/s, 


es 
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each increasing with increasing frequency for both zero and saturation induction. 
The application of a magnetic field to the nickel single crystal reduced the 
attenuation, the extent of the change varying with the type of wave and the 
direction of magnetization; the greatest reduction was found in each case when 
the magnetic field was parallel to the [001] direction. With each type of wave 
the reduction in attenuation increased with increasing frequency, the greatest 
changes occurring for shear waves with particle motion in the [110] direction. 
In this case the attenuation was so high above 3 Mc/s in the demagnetized state 
that one echo only was observed, but at saturation induction in the [001] 
direction the attenuation was reduced to 2:3 dBcm7 at 15 Mc/s. 

The attenuation observed was mainly due to micro-eddy currents caused by 
the vibration of the magnetic domain boundaries or ‘Bloch walls’ and the 
observed reduction in attenuation to the alignment of the domains in the direction 
of magnetization with the consequent reduction in number of domain boundaries. 
If one assumes Kittel’s (1956) explanation of a ‘ Bloch wall’, when an ultrasonic 
wave passes through one of these walls, where the spin directions change from 
atomic plane to atomic plane, the spin vectors are forced to oscillate about their 
normal positions at a frequency close to that of the ultrasonic wave. These 
oscillations of the spin vectors cause micro-eddy currents to flow in opposite 
directions on either side of the Bloch wall, thus absorbing energy from the 
ultrasonic wave. The higher the frequency of oscillation the greater the values 
of micro-eddy currents become, causing higher energy losses from the ultrasonic 
wave. The attenuation measurements made for propagation of the compressional 
and two shear waves in the [110] direction show that different amounts of energy 
were extracted from the ultrasonic waves for the three different directions of 
particle motion as the same number of Bloch walls were traversed by each type 
of wave. The greatest amount of energy was absorbed from the shear wave with 
particle motion in the [110] direction, and this wave also showed the greatest 
reduction in attenuation when the sample was magnetized to saturation, thereby 
removing the Bloch walls from the path of the ultrasonic wave. 

Curve B of figure 2 shows the change of attenuation with applied magnetic 
field H for both increasing and decreasing H, while propagating shear waves in 
the [110] direction with particle motion in the [110] direction. This curve 
follows the same type of hysteresis curve as that for velocity (curve A). The 
residual attenuation at saturation field strengths, where all the Bloch walls have 
been removed, would be due to such mechanisms as dislocation damping 
(Granato and Liicke 1956) and thermoelastic heat flow (Liicke 1956). 
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ct. A macroscopic phenomenological relationship is proposed, which 
s into account the electric polarization produced in a liquid when density 
adients are present. This is used to calculate the ultrasonic vibration potentials 
. an electrolyte, thus generalizing the Debye formula for this effect, to the case 
where the pure solvent produces its own potentials. The formula is in 
__ agreement with the few available experimental observations for reasonable values 
of the parameters. A calculation is also made of the disturbing effect of the 
measuring electrodes, and a simple equivalent circuit is derived under certain 
reasonably general conditions, from which the effect of an arbitrary impedance 
of the measuring apparatus can be allowed for. 


§ 1. INTRODUCTION 

ig N 1933 Debye proposed a method of estimating the effective masses of ions 
| in solution by measurement of the potentials produced by the passage of 
I. ultrasonic waves through an electrolyte. Owing to experimental difficulties 
such measurements have only recently been made by Hunter (1950, 1958), 
Rutgers (1938), Rutgers and Vidts (1946, 1950), Rutgers and Rigole (1958), 
Yeager, Dietrick and Hovorka (1953), Yeager et al. (1949). In disagreement with 
 Debye’s formula the potentials measured increase at very low concentrations so 

as to be greatest in pure water and certain other solvents. 

It is possible to explain the existence of these potentials in pure liquids as 
being due to density gradients producing an electric polarization (Weinmann, to 
be published). The present treatment accepts the existence of these potentials 
in a similar way to the method of Huang (Born and Huang 1954, §7) for the theory 
of lattice vibrations in crystals. 

The notation, with slight modifications, is that used by Debye (1933). 
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§ 2. Basic EQuaATIONS 


The equation proposed for the electric polarization P in a fluid in which 
there is an electric field E and a density gradient Vd is 


1 


P= E+aVd. aera eh) 


In this equation the changes in « with density are neglected so that = shall be 
of the first order in ap, the velocity of the fluid particles. (This 1s justifiable 
when external fields are absent as in the present application.) The factor 
(e—1)/47 is introduced so that the formula reduces to the usual form 
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Further, since 
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§ 3. APPLICATION TO THE VIBRATION POTENTIALS IN AN ELECTROLYTE 


The following result can be obtained by the method used by Debye (1933), 
except that equations (1) and (3) replace Debye’s D=<E and the forces due to 
pressure gradients are included (Hermans 1938). It is simpler to solve the 
equations by the method used in §4 in which the result is generalized to allow 
for the disturbing effects of the electrodes. If these disturbing effects are 
neglected the expression for the peak potential, for either progressive or standing 
waves, reduces to 

Imax] = @ol(SevMule)?* + ala)" |g _ dak 
. [1+ S?]}1? : ew ” 


(see equations (32) and (42)) in which 


jib Phy nen = ee ee, nee 


and e;, #,;, p;, m; are the charge, equilibrium concentration (in number of 
ions/cm), friction constant, and mass of the ions of species 7; m,’ is the mass 
of solvent which would occupy the same volume as the ions; M, is the mass of 
a hydrogen atom, and e the electronic charge. JL is approximately equal to the 
specific conductivity of the electrolyte and v is a quantity characteristic of the 
pure Debye effect. ¢,, denotes the peak potential at infinite dilution given by 
equation (9). 

Equation (10) differs only in the term (¢,,/a))? from Debye’s formula with 
Hermans’ pressure gradient modification. The dependence on concentration is 


.. (10) 
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rimentally by Rutgers and Rigole (1958). For a solution of a typical binary 
ectrolyte, such as KCl, the conductivity may be used for L thus leaving v as 
an unknown parameter. The table shows the results for several possible values 


_ of v, and for a wide range of concentrations. 


= 


Peak potentials as given by equation (10). L is taken as the known specific con- 

ductivity of a solution of KCl (at 18°c). «=80 and c=1-5 x 10°cm sec 

for water; w=3x10%sec-! as in the experiments of Hunter (1958). 

|¢.0/@9| has been taken as 15 x 10~® volts cm™ sec—1, as observed by Rutgers 

and Rigole (1958). The results have been converted from e.s.u. to micro- 

volts, and the columns refer to the following values of v: (I) v=2; 

(II) v=6; (III) v=12; (IV) v=24. The concentration 7 is in 

aaa moles/litre. For comparison column (V) gives the observed potentials of 

a Yeager, Dietrick and Hovorka (1953), and (VI) those of Hunter (1958) 
(partially corrected, see text). 


¢4 
eee em ee EAs aeeea 
4 i 7 (mole/litre) (1) (II) (IIT) (IV) (V)t (VD 
ie 0 15 15 15 15 15 
:, 000001 148 14-8 14-8 14-8 15 
2 0-000 1 12:8 12:8 12-8 12-9 10 
i 0-000 2 9-6 9-6 9-7 10-0 8 
;- 0-000 5 47 4:8 5-0 5-9 
0-001 2-49 2-66 3-08 4-43 6 
0-002 1-29 1:57 2:24 3-93 ee 
i 0-005 0-61 1-07 1-94 3-78 5 
0-01 0-40 0:98 1-90 3-75 3 
0-02 0-34 0:95 1-88 3-75 
0-05 0:32 0-94 1-88 3-75 
0-1 0-31 0-94 1-87 3°75 


+ Experimental values at 200 ke/s (see text). 


Although the table refers to a frequency of 480kc/s (approximately that 
used by Hunter 1958), approximate values for the frequencies used by Rutgers 
and Rigole (1958) (1 Mc/s) and by Yeager, Dietrick and Hovorka (1953) 
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(200 ke/s) can be obtained by respectively doubling and halving the numbers in 
the column. The results of Yeager, Dietrick and Hovorka (1953) would be 
consistent with a value of v between 2 and 6. Hunter’s (1958) results do not 
go to sufficiently high concentrations for the effects of different v’s to be 
appreciable. 


§ 4, DisTURBING EFFECT OF THE MEASURING ELECTRODES 
To allow for the disturbing influence of the electrodes and associated external 
‘circuit the actual system is idealized by dividing it into three non-interacting 
parts. Thesé-parts are the electrolyte, the electrodes (which are assumed not 
to disturb the ultrasonic waves, to be good conductors and to be inserted into 
planes which would in their absence be equipotential surfaces) and a two- 
terminal external circuit assumed to act as a linear impedance Z. 

Equations (3) to (7) must be supplemented by suitable boundary conditions 
at the surfaces of separation of the three components. It is convenient to define 
these boundary conditions by replacing abrupt changes with rapid but 
continuously varying ones in which the derivatives are continuous to all orders 
occurring. Consider separately the three parts of the system. 


(i) Electrolyte. 
Equation (1) holds with 
ps= Dapper fe men, POUT) Bae es (12) 
where n,, v; are the particle density and velocity of ions of species j. Further 


the equations of motion and continuity of the ions of species j are (see Debye 
1933, Hermans 1938) 
av, dv, 


my = e;E— pj(vj—Vo) + mj oeeeee (13) 


On; 
V. (n;v;) + “ze | | (14) 
Equation (14) holds also for the solvent which is labelled with j =0. 


(ii) Electrodes. 
j=ocE, oe large, od ae (15) 


De. 
(iii) External impedance. 


If the terminal potentials are ¢, and ¢,, then the current J satisfies 


—pptei= ZL et 4 Oe oe eee (17) 


(Time factors e~” are used for the alternating potentials.) 
In addition to the above equations we have the equation for the velocity of 


the longitudinal progressive waves in the solvent 
Vo =a) exp [7(k.r—wt)], ayxk=0. ...... (18) 


Let 5S,’ and S,’ be two surfaces drawn in the electrolyte and just touching the 


electrodes as in figure 1. If contact potentials between electrolyte and electrodes 
are neglected then 


¢ is continuous across S,’ and S, a) eee (19) 


oe eine toe 
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‘Figure 1. Idealized form of cell, electrodes and external circuit. The surfaces are shown 
dashed and the direction of the normal as n. 


It is convenient to express the currents leaving the electrodes and entering 


the external impedance in terms not involving the conductors. This can be 
done by applying the divergence theorem to the volume 7, enclosed by the 


surface Sy’ +S,” and using equations (3) and (6) 


1+ | j.ds = | j.ds = | V .jdr 
So’ (So’ +80”) To 


ped eke) Peo 
ee ee gee .Ddr=-— = D.dS. ...-.- 21 
An ot | Dee Ambit (By +50") ie 
With the same approximations as lead to equation (20) 
Pa) 
ee dS . dS. Cee oe 
i; pes ds 3 Ne dS (22) 


determine the normal component of the currents on 5, and 
known on S,” and S,", so that the problem is 


Equation (20) will 
on S,', and the currents are 
determinate. 

Let the particle density of ions of species j be 
Saale mo!) 


e equation (11)) and treat v;, v; as 
considering only the solutions for 


A 
Ny =N;+ V5; 


where #,; denotes the equilibrium density (se 
being of the first order of small quantities, 


which 
by Vin E, $f depend on time by a factor emer oe... (24) 


ema 4 under typical e 
neglected with respect to p, 
The electric field in the eee is determined eT a Ine 


—— 


eV... Eos ae f= ULV EtioMV. Vol, rrr ei) 


where d=mpnp. ; 
To solve these with the appropriate boundary conditions it is convenient to 
divide E into two parts . 
E=EP+ EO, g=gP+ Gg, sees (31) 


where E® is the solution which neglects the effects of the electrodes, and is given 
by the particular solution of equations (30) and (18) "} 


E® = A exp [z(k . r—t)], 
A= —(L—iwe/47)[ampfigk? +iwM]ay. —.... sss (32) 
.. When the electrodes are inserted in planes of constant ¢% (planes of constant 
k.r), E® must be a solution of the homogenous part of equation (30), thus 
VeEOS0, “EPS Vee 9 eee (33) 


and ¢® must also be constant over the electrodes. The values of these constants 
are determined by the requirement that the total field given by equation (31) 
must satisfy equation (17) where 
l=]h= —If,, Cre aC ar (34) 
and J, and J, are given by equation (22) and the similar equation. 
The right-hand side of equation (22) can be computed with the aid of 


equations (1), (3), (18), (25), (28) and (31): E® drops out because of 
equation (32) and there remains only 


I)= —(L-tiwe/47) es BO dSio it at ae (35) 


L==(eeae i Re Ais* ee (36) 
8,’ 


(7) and (25) with 7=0. E must satisfy 4 >ohh : 


————————=“«€ == = 


| Te “. Sy 
ere r) and r, are two points on S,’ and S,’ respectively and / is the distance 
n the two equipotential planes in which the electrodes are situated. 
- an arbitrary solution of equation (33), subject to the same boundary 
conditions as ¢®, and using the value of the specific conductivity of the 
electrolyte for L, the capacity C and resistance R of the cell are given by 


€ [pn 
Fer |e iy pemrstesry co (Tse (38) 
R= pe. ar || ES Mass) CetEs Py (39) 
¥ Bel 8. 
~ (The change in dielectric constant with concentration of electrolyte has been 


neglected.) 
Any conductivity of the solvent itself can be allowed for by including the 


ions of the solvent with those of the solute so that its contribution appears in the 
expression for L. This necessitates the inclusion of the solvent ions in the 
expression for M. Alternatively the right-hand sides of equations (12) can be 
Gs modified by adding the solvent charge density p, and current density j, and 
adding the equation 


is = o,E, 
where g, is the conductivity of the pure solvent. ‘This results merely in L being 
replaced by L+o, in equations (27), (29) and (39) without change in M. 

Cand Rare the actual capacity and resistance of the cell as measured externally 
in the convential way. (A simple case for which the solution for ¢® can be 
written down explicitly is that in which the electrolyte is contained between the 
plates of a parallel plate condenser.) 

Using equation (38) in (37) and solving 

‘s Aexpfi(k .r,—t)]- (ei— 1) 
(2) foe 4) NA Sa ie Sana a Oe 40 
| Eel TALL -+ (L—twe/4n)4nCZe] ea) 
which fixes the scale of E®. The final solution for the current through the 
external impedence follows from equations (34), (35), (38) and (40) 
ya oP [i(k. r,—wt)|(e"— 1)(L —iwe/4a)4nCA 
- ike[1 + (L—iwe/4a)40CZ/e] 


Fo 
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Figure 2. Equivalent circuit of the cell showing external impedance Z connected. _ 

The peak potential is given by |A/h| and this is reduced to the form given 
in equation (10) by means of equation (32). If the electrodes are placed a half 
wavelength apart then the peak to peak value is measured so giving twice the 
result of equation (10). Minor modifications to the analysis are necessary for 
standing waves, giving the same peak potential of equation (10) with a phase 
change and with a, the maximum particle velocity for the solvent occurring at 
the antinodes : the equivalent circuit of figure 2 still applies. 

It is worth noting that the influence of the leads to the electrodes has been 
neglected. The theory could be modified to allow for this but a suitable design 
of cell may minimize their effect. 


§ 5. CONCLUSION 


The suggested phenomenological relation of equation (1) has been used to 
derive the modifications to the Debye formula, with Hermans’ pressure gradient 
corrections, for the vibration potentials in an electrolyte, when the pure solvent 
itself produces potentials. The peak potentials produced are the same for 
progressive and stationary waves and the formula is in qualitative agreement with 
experimental observations. Quantitative agreement can be obtained if the 
parameters are suitably chosen and this leads to reasonable values of the 
parameters, but no definite conclusions are possible without more accurate 
experimental results. It would be especially useful to have values of the 
potentials over a wide range of concentration of electrolyte in order to find the 
two limits of zero and large concentration. For electrolytes of fairly large 
concentration the effect of temperature changes would be mainly to alter the 
dielectric constant and experiments at different temperatures could be used to 
verify this. 

For conditions which can be satisfied fairly well in actual experiments the 
effect of the measuring electrodes can be allowed for by means of a simple 
equivalent circuit. These conditions are approximately satisfied by the 
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Measurement of Ultrasonic Absorption in Liquids by the 
Observations of Acoustic Streaming 
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Electrical Engineering Department, Imperial College, London 
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Abstract. Propagation of an ultrasonic wave through an absorbing liquid 
contained in a tube gives rise to a gradient of pressure along the axis which is 
determined by observing the velocity of flow of the liquid through a side tube 
connected in parallel with the main tube. The intensity of the ultrasonic wave 
is found by recording the voltage applied to the exciting transducer, the 
parameters of which are measured in the vicinity of resonance. Obstruction of 
the sound field by the intensity measurement is thus avoided. The observations 
are used to evaluate the absorption coefficients of liquids over the range 130 ke/s 
to 1560 kc/s. 

The limits and accuracy of the technique are discussed and a new theoretical 
approach enables the pressure gradient to be derived from second-order acoustic 
variables without recourse to the concept of radiation pressure. 


§ 1. INTRODUCTION 
M: ASUREMENTS of ultrasonic absorption in liquids over wide ranges 


of frequency and temperature have revealed the existence of relaxation 

processes to many of which can be given a direct molecular interpretation. 
In providing a new approach to the study of fast reactions, these investigations 
have led to a better understanding of molecular behaviour in liquids (Davies 
and Lamb 1957, de Groot and Lamb 1957, Bass and Lamb 1957, 1958). In 
order to evaluate the energy parameters associated with a molecular reaction, 
which gives rise to observed relaxational behaviour, it is desirable to be able to 
make measurements of ultrasonic absorption over the widest possible ranges 
of frequency and temperature. 

Pulse techniques have been employed for absorption measurements over the 
frequency range 1 to 200 Mc/s but at the lower end of this range it is only possible 
to obtain accurate results for liquids having high absorption coefficients « in 
excess of about 0:06 cm-! (Andreae, Bass, Heasell and Lamb 1958). Otherwise 
an accuracy to + 2°% can, in general, be obtained. The lower limit of frequency 
imposed upon these measurements is due principally to diffraction effects 
associated with a source of finite diameter. Measurements at frequencies below 
1 Mc/s have been made by reverberation techniques (Karpovich 1954, Lawley 
and Reed 1955) but in the present stage of development these methods do not 
yield an accuracy comparable with that of the pulse technique used at higher 
frequencies. 

Propagation of an ultrasonic wave through an absorbing fluid medium causes 
a pressure gradient to exist along the direction of propagation which, in an 
unbounded medium, is responsible for steady flow. ‘This streaming phenomenon 


_ with an increase from 100 Mc/s to 1000 Mc/s. 


_ In the former experimental arrangement the pressure gradient in the tube 
filled with the sound beam was determined by direct observation of the velocity 


__ of the return flow of liquid through a small side tube connected in parallel with 


the main tube.t The ultrasonic intensity was measured by means of a radiation 
pressure paddle which itself imposed restrictions on the frequency range over 
which the system could be employed. 

A description is given in §2 of an improved ‘side tube’ technique for which 
the theory is developed later in §3 showing that the pressure gradient can be 
derived directly from second-order variables without recourse to the concept 
of radiation pressure, as hitherto. §2 contains a description of the method 


which has now been developed for the necessary measurement of the intensity 


of the ultrasonic wave, and consideration is given to the accuracy and limits of 
the present system in §4. 


§2. An ImpRoveD SIDE ‘TUBE TECHNIQUE FOR THE MEASUREMENT OF THE 
PRESSURE GRADIENT 


2.1. Description of the Experimental System 


A functional sketch of the assembly is shown in figure 1. A transducer T 
either of quartz or of barium titanate, of 6 cm diameter radiates directly into 
the main tube M containing the test liquid. The transducer housing H is bolted 
on to the main tube via the flanges F, between which is placed an annular 
polythene gasket. After passing through the test liquid in M the ultrasonic 
wave is finally absorbed in the long tube A which contains a highly absorbing 
liquid such as acetic acid or methyl cyclohexane. A polythene diaphragm of 
0-007 in. thickness is clamped between the flanges G, and separates the liquid 
in the absorbing termination from the test liquid. 

Since reflections from the absorber can be neglected the time-average of the 
first-order acoustic variables associated with the travelling wave in the test 
liquid is zero. The time-average of the second-order pressure, however, is 
non-zero and a pressure gradient exists in the main tube, the value of which 


depends upon the absorption coefficient « of the test liquid. ‘The pressure 
+ The term ‘ acoustic streaming’ is therefore a misnomer although its use is retained 


owing to the lack of a suitable alternative. 
2A2 


Figure 1. ‘Schematic rastipcame of acoustic system: at transducer I housing | 7 
aes barium titanate or quartz transducer; M, main tube cor i 
- §, side tube; A, non-refle absorber containing a highly lig 
F, flange connection with nalvnere gasket; G, eae connection with polythene 
diaphragm. “ 
of the (assumed) plane sound wave, then it is shown in §4 that the aire 
in pressure between the ends of the side tube is given by: 


Ap=Efexp (—2a2,)—exp(—2az_)], =. ---- (1)_ 
The velocity of fluid flow along the axis of a tube of radius 7 and of length / with 
this difference in pressure across its ends is given from Poisseuille’s law as: 


v= Apr*/4yl ; = rs (2) 
where 7 is ihe shear viscosity of the liquid in question. In practice ane equation 
must be modified to include end effects associated with the connection of the 
side tube into the main tube: these and other factors are taken into account 


by the following combination of equations (1) and (2) involving a calibration 
constant, k: 


knv/E=exp (—2a2,)—exp(—2az), sees (3) 
k is determined by measurements of v and £ for a number of liquids of known 
absorption coefficient and shear viscosity. As in the previous work, v is measured 
by observing through a microscope the velocity of flow of aluminium particles 
suspended in the liquid. 

Choice of dimensions of the system is governed by consideration of the 
lowest frequency at which it is to operate. In the present arrangement this 
minimum frequency is set at 130 kc/s: the main tube is 5-4cm in diameter 
and 21 cm long whilst the internal diameter of the side tube is 0-7 cm and the 
distance 2,—2, between the points at which it enters the main tube is 16-1 cm. 

Barium titanate discs are used as transducers at frequencies of 130 kc/s and 


290 ke/s and an X-cut quartz disc is employed at 520 ke/s and at its third harmonic 
of 1560 ke/s. 


2.2. Measurement of the Intensity of the Ultrasonic Wave 


Since standing waves generate unwanted streaming it is essential that the 
terminating absorber shall be sensibly non-reflecting and that the means adopted 
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for the measurement of the intensity of the wave shall produce a minimum of 
disturbance to the sound field. The radiation paddle used by Piercy and Lamb 
(1954) introduced standing waves into the system particularly at frequencies 
below a few Mc/s. In the present arrangement disturbance of the sound field 
by measurement of its intensity has been completely avoided by measuring the 
radiation resistance, applied voltage and efficiency of the transducer. ‘The 
energy density is obtained from equation (A 17) of the Appendix and is given by 


oF De Dy DLV 
c DyAc 


where D, is the diameter of the admittance loop about resonance when vibrating 
in vacuum, D,, is the corresponding value when radiating into a liquid, V is the 
applied voltage, A is the area of cross section and c is the velocity of sound in 
the liquid. 

Dy is found for each transducer in its housing by a preliminary measurement. 
At each subsequent measurement of D, the necessary associated measurement 
of clamped conductance of the transducer is found by recording the conductances 
G, and Gz at frequencies f, and fg remote and equidistant from the frequency 
of resonance, fg (figures 2 and 3). The maximum conductance at C (figure 3) 


E 


Sil kc/s 


445 


"aad 529 kc/s 
4 6 8 10 12 450 
G=1/R (semho) SF kke/3) 

Figure 2. Representative admittance loop Figure 3. The conductance against 
for a quartz transducer radiating into frequency plot corresponding to 
benzene. The directions of the the admittance loop of figure 2. 
arrows show frequency increasing. A, Band C are points to which 
520 kc/s is the resonant frequency. reference is made in the text. 


Q=29. As explained in the text 
it is not usual in practice to plot 
the full loop. 


is found by a systematic frequency scan. D,, is then the difference between Go 
and the arithmetic mean of G, and Gz. The admittance measurements are made 
using a Wayne Kerr r.f. bridge type B601, the balance point being detected by 


an oscilloscope used in conjunction with a radio receiver. 


§ 3, THEORY OF THE SipE TUBE CONFIGURATION 


Equation (1) of $2 was derived intuitively in a previous paper (Piercy and 
Lamb 1954) by assuming that the cause of the liquid flow in the side tube was 
a gradient of radiation pressure in the main tube, and by equating the radiation 


“aati on Pa he secla 
- flow of fluid in the side tube of ape steer pbs neeTent. 
The force f acting on a small element of fluid can be Soe 


3 F a PY Pie) 
=—Vp+ (“+3) i is, veseee (6) 
where : 


f=p E +(u. on] 


and » and p’ are the shear and bulk viscosity coctacicnts: respectively, ang? are 
assumed constant. Using the equation of continuity we obtain: 


2 (pu) + F'= —Vp+ (w+ +) VV. pve Ate 


where 
sap (us V eu Vo) 2 ee ee (3) 


Take now the time-average of (7) including second-order terms, noting that 
“0(p,u,)/dt =0 in the steady state. ‘Thus 


= —Vpo+ (mw +4u/3)VV.ug—eV XV XuUg nena (9) 
where ; 
F'=po{(uy. V)uy)+po(us(V.ty)). eens (10) 
If we assume that wy is irrotational then it follows that 
pV ug Vp Fe ee (11) 


Most. of the measurements made with the streaming equipment lie in the 
Fresnel zone of the transducer, under which conditions it is a reasonable 
approximation to put 


U,=u,exp(—az)exp[j(wt=kz)] . sacaee (12) 
for a transducer radiating in the z direction. Substituting (12) into (10) we get 


F = — pouty? exp (— 2az). 
In cylindrical coordinates 


1 0 frou 1 Ou O7u 
2 ee 2 Pads Rat ae 
V2Uup (ae) +a ape + Se eee (14) 
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' to the perturbation by the sound wave of a molecular e 
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herefore 


) 
pe = pyottt,? exp (—2az) | 
= 2aE exp (—2«z) BOSSES) 


__ where E is the energy density at the source. The pressure difference between 


the two points z, and 2, is thus given by 
Q 
Apc | % a= Efexp (—2a2,)— exp (—2ase)}. vores (19) 
cat 


Ap, is the pressure which gives rise to the liquid flow when the side-tube is 


connected between z, and 2. It should be noted that equation (19) is equivalent 
to the expression derived less rigorously by Piercy and Lamb (1954). 


§ 4. Accuracy AND LIMITS 
The results at 520 kc/s and 1560 kc/s in table 1 show that although k depends 
upon frequency there is good agreement at each frequency between the measure- 
ments using benzene and carbon tetrachloride. 
‘A further indication of the accuracy of the technique is given by the agreement 
between the values of «/f? found for various liquids by this and by other methods 


as is shown in table 2. Some of the liquids referred to exhibit a relaxation due 
quilibrium. In such cases 


the values of «/f2 quoted from the results of other workers have been deduced 
Lamb and Pinkerton 1949): 


from the equation (see, for example, 
ESP oan ee 
fi 1+ (fife) 
the absorption at frequencies much greater than the 
and A is the contribution of the relaxation. In all 
cases exhibiting relaxation the parameters A, B and fe have been evaluated 
from the results of measurements over a wide range of frequencies using pulse 
techniques which yield an accuracy to about +2% in «/f?. 
The lowest absorption value which can be measured reliably at any frequency 
is determined by two factors: the intensity level above which turbulence occurs 


The term B represents 
characteristic frequency fe 
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Beeb ate 
-yalue of « which can be measured is «= 0-02 cm at 130 ke/s rising to 0-04 cm 


measurements are made at higher frequencies using a pulse apparatus 
| et al. 1958). Further, owing to the absorption of the wave in travelling 
distance z, from the source, represented by the term exp (—2az,) in 
fosion. (3), increasing values of « eventually lead to a flow velocity in the side 

se which is too small to measure reliably. It is considered that the upper 


at 1560 ke/s. 


It is estimated that for values of « within the ranges stated above itis possible 


to measure the absorption coefficients of liquids with accuracies to within + 5% at 


1560 ke/s, +6% at 520kc/s and +11% at 130 kc/s. In all experiments the 
energy density radiated from the source is less than 0-08 wem~*. 
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APPENDIX I 
To SHOW THAT u,=0 IN A TUBE COMPLETELY FILLED WITH SOUND 


We have 


op po (, dus 
ye pana a Nl pee VR en ssa A 
ae oz — aC or ca) 
and dp,/dz=constant=A for small values of « such that exp (—2az) ~1—2az. 
Hence 
4 (r) peat et (A2) 
dr\ dr yb pb 
dun Arse l B 
i ee ees | 7 (4) ar bi ek aes A3 
dr ae |! Oks r cag) 


be zero as otherwise the velocity gradient 


The integration constant B must 
tube diameter =sound beam diameter ; 


on the axis would be infinite. Let 7 
then F(r)=F between r=0 and r=1ry and 
ert (Aa By eee (A4) 
Gh. white PETS 0 Qe 
therefore 


APPENDIX 2 =: 

=~ =f Bb oe 7 
INTENSITY MEASUREMENT 

The following admittance analysis is for a piezoelectric transducer. The 


corresponding impedance analysis for a magnetostrictive transducer is pee a 
Hunt eae \ 


Figure 4. Impedance diagram for a piezoelectric transducer. 


Referring to figure 4, the subscripts for the impedances Z (=R+jX) are: 


ee, input; e, clamped electrical; mot, motional; m, mechanical; L, load; 


D, effective lose: Zm=Zy+Z;, 
The cayoiee cocticieng: are defined by 


Tol input voltage e Va Lei — output force 2 — 22m (A8) 
output velocity v input current 1 
where v=the velocity of the driving face, V=voltage, 7=current. Now 
Wh 7 
Zoo = 2.4 Fanless Ey Rees 
Zm 
and |-— TemT me|= = |Tem|?= |Tme|? = = fie The efficiency N is given by 
Wo R, |e)? Ry, |Zmot|_ 
N= = a eee ele e ne 
Wi Recl® Ree Zp +Zil a) 
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N=! Ri it a 
Go Reed yz. a at aspegtn) 
G is the Po atalts Now 
—T?/Z2 
ss ehus ==; - = 
ia mot = ~ Rpt Rit+T?/Ze 
“Fon (A12). Hence in vacuo, when R,=0, 
oan hdl Ae 
D,= — > 
3 mnaTize.- CO (A 14) 
and = ee 
= ae a re (A 15) 
‘Substituting (A 15) in (A13) 
4 D,, (Dy—D1) 
Nee Se 
Ga. Dy # (A 16) 
: and 
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the intensity J (= power flow per unit area averaged over the cross section of the 
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ie where A is the area of the transducer. 
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bed by a characteristic time. From this time the ray angles at any 

orizontal position may be calculated. The characteristic time formula is also. 

_ derived from considerations of normal modes, and then from considerations of 

energy flux. The formula still applies when there are slow bends or twists in 
the medium, with no limits on final amplitude. The extension to three-dimen- 
sional guides is discussed. Some formulae for intensity in slowly varying media 
are also obtained. The ideas are applied to the propagation of sound (especially 
underwater), shear wave, and electromagnetic radiation, and the present 
limitations of the method indicated. 


§ 1. INTRODUCTION 


HE problem of long distance sound propagation in the sea, where there is 
an arbitrary bottom profile and the water structure may vary horizontally, 


e . is one for which no rigorous solution is possible using wave methods. 
m the usual approach is to approximate by tracing a series of individual rays out 
,4 from the source. ‘The work is long and tedious and is therefore often carried 


out with the aid of an electronic computer. It is difficult to appreciate what is 
happening, e.g. which of the bottom characteristics are important, and difficult 

to judge the accuracy of computation necessary. A new approach is described 
here which shows up the general relations involved and is sufficiently simple in 
application to be useful in many practical cases. It has been found possible, 
using equation (1) below, to determine what on the average happens to a ray, or 
rather a beam of rays, within a small angle. 

The generalizations on ray tracing in stratified media are made here specifically 
for layer thicknesses of many wavelengths, but many of the conclusions still 
apply at relatively low frequencies (but not to the zero-order mode). ‘The 
results are applicable to sound waves in any medium and to electromagnetic 
waves, and hold over a wide range of frequencies. ‘The recent book by Ewing, 
Jardetzky and Press (1957) may be cited as a general reference on the propagation 

i of elastic waves in layered media; the present treatment is concerned with 
My media having a structure and depth which vary slowly with horizontal position. 
7 As suggested above, underwater acoustics has many problems in which the above 
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time forthe ray. By its use the ray angles 
at another locality, a detailed knowledge of 
unnecessary. Because of the restriction to slow ch 
region small enough for changes in depth and struc De 
large enough for the rays considered to suffer many bottom reflections (0 
refractions), and the term ‘locality’ is used here and elsewhere with this special 
meaning. The equation may be derived in any one of three ways, as set out in 
§§2, 3 and 4. First the straightforward but somewhat clumsy ray-tracing proof 
is given, since it provides a good physical picture of the meaning behind the 
equation. Secondly, there is an-account of the relation between equation(1) 
and the eigenvalue equation in mode analysis. Thirdly, the characteristic time 
formula (equation (1)) is derived, rather more elegantly, from considerations of 
energy flux. The last approach leads on to some important formulae for calculat- 
ing intensity, and the limitations and applications of the various equations are 
also described. ¢ 
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Figure 1. Underwater acoustics example. 


It is thought worth while, even at this early stage, to illustrate the usefulness 
of equation (1) by an idealized example in underwater acoustics, with geometry 
and velocities as shown in figure 1. Before posing the problem it is necessary to 
describe the propagation conditions qualitatively. The three layers are assumed 
fluid, with sound velocities such that cz>¢,>c . The source is at any depth in 
isovelocity water of depth Ha, and at this locality all rays having cos d> ¢,/c 
suffer total internal reflection at the bottom. Conversely all rays at locality . 
having cos # < c,/c, suffer some loss of amplitude on reflection and after repeated 
reflections virtually all their energy will be transmitted into the bottom. Thus 
there is a critical angle defined by cos ¢erit=¢,/cs. The sound is supposed to 


1g calculatio 
source (angle ferit) becomes so 
le in stratum 2 is his 


: n2islessthan ¢retr. Att 
a energy will be trapped below the thermocline and there will be no 
stratum 1, i.e. zero intensity for a receiver in the upper layer. The problem 
here is to find the range at which this first occurs. ‘The only conventional 
available involves lengthy ray-tracing and a detailed knowledge of the 
_ bottom profile. 7 
Bers However, equation (1) shows that the ray angles are controlled primarily by 
the water depth, and the critical depth corresponding to the critical range is simply 
_ found by equating the characteristic times at source and receiver: 


_— H,sin derit mS (Ah, crit — D) sin dretr 
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d 
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or 
Hy, erit = D + Hs sin Perit cotan Gretr- Bi obras (3) 


For, say, Ha=5 units, D=6 units, derit=0-4 (23°), dretr =0-2 (11°), one has 
Ap, crit = 15-6 units. If the critical depth is known the critical range may be read 
off from the depth profile. It may be shown that a critical distance as short as 
200 units would approximately satisfy the condition for slow depth change. 
This calculation could be applied to water a few fathoms deep for frequencies of 
a few kilocycles per second, or to water a few thousand fathoms deep for very low 
frequencies. "The method may still be used in more complicated circumstances, 
‘4 when T has to be found by numerical integration. 


z § 2. Ray Tracinc DERIVATION OF THE CHARACTERISTIC TIME FORMULA 
: 2.1. The Model 
-__--—s-' The model indicated in $1 is assumed here, i.e. a stratified medium (fluid for 


acoustic waves) with perfectly reflecting boundaries, the stratification and depth 
varying only very slowly with position. It is necessary to assume as very small 
the second as well as the first range derivatives, so that models with corrugated 
surfaces are ruled out. ‘The stratification is taken not to be so abrupt that there is 
an appreciable reflected as wellas refracted ray. This is justified if the impedance 
changes occur over_a distance of several wavelengths, since the waves reflected 
from the succesive parts of the region of change interfere with one another and 
the total reflection is negligible. ‘This restriction to gentle impedance or velocity 
a changes is removed in § 6.2. Completely random density variations, both vertical 
and horizontal, are allowable provided the changes occupy several wavelengths. 
The usual ray theory assumptions are made and the medium is assumed to be 
atrest. ‘The method of derivation is first illustrated by working out the isovelocity 
case, then the general case is tackled. One of the bounding surfaces is initially 
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Figure 2. Isovelocity medium with plane boundaries. 


Consider now the isovelocity case where bottom curvature is allowed, as in 
figure 3. The ray is deflected through an angle equal to twice the bottom slope 
at every bounce on the bottom. For sufficiently small bottom slopes the inter- 
bounce distance is very small in comparison with the distance necessary for an 
appreciable change in depth and a differential equation may be written 


db _ twice bottom slope 
dr interbounce distance 


_ _ 2dH|dr 
=n Fiiftan oles. aan (8) 
or Heos¢dp+sin¢dH=0 = anaes (9) 
d(H sin ¢) =0 » iain’ Sau 


Hsing =cT, a constant" “987 Se (11) 
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: there be m strata, a typical one having thickness h;, sound elt c; and 
gle ¢;. It may be noted that (ignoring the small distinction between up- 
g and downgoing rays), ¢ is now a function of the measurement depth (i.e. 
the nearest distance / to the upper boundary), the horizontal measurement range r 
_and the source angle or T value. ‘T'wo kinds of d¢ are used in this paper. First, 
_ in this section a ray with a given source angle or T value is assumed and dé refers 
to the changes with vertical and horizontal position, e.g. over the elementary 
range dr, which range though small must nevertheless be supposed to include a 
_ large number of interbounce distances. Secondly, in later sections a given 
point is taken, and d¢ refers to the beam width corresponding to a small range of 
source angles or element dT of characteristic time. 


Figure 4. Geometry for ray tracing proof. 


: Consider the effect of one stratum slowly diverging, the rest remaining 
_ parallel, as in figure 4. During one cycle the ray will cross this stratum twice, 
as shown, and the angular change in ray angle is 


Ady TTI, lls es gan Te (12) 
' _ or, referred to the first stratum, 
_ dh; doy Pre 
4 Ady==2 is ibe : (13) 
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cos ble=K, a constant for the ray 
and ; te : 
—sin ¢ dd/c=dK, a constant for the beam. 
Equation (7) may be multiplied through by (19), using the appropriate subscrip 
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j=l oj Gj 
On integration this gives — sod 
m ; . 
> peste T, a constant. Sees . (21) 
j=l 4 


It is necessary to add that T is continuous at any position where a stratum 
appears or disappears at the surface or bottom. Thus equation (21) may be 
generalized, the summation always extending over all strata present. If the 
strata are now supposed to become very thin the summation may be replaced 
by an integration, giving the desired equation for the characteristic time: 


fer. hee (22) 
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It may be noted that in order to carry out an integration along a ray as in (22) 
it is necessary to move through a horizontal distance equal to half an interbounce 
distance. ‘This procedure is allowable only because the cycle distance has been 
assumed small compared to the distance necessary for an appreciable change in 
conditions (compare definition of ‘locality’ in §1). 


2.4. Curved Surface 


Now in §§2.2 and 2.3 the upper surface has been assumed plane, but this 
restriction is not necessary. Consider an isovelocity medium in which the 
surface is curved and the angle is # at any point, causing a typical ray to be turned 
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through the additional angle 4. If 0 and # are both initially zero, the successive 
values at each bounce will be: 


t= 26; 
oe = 20, + 2(8,—20,) =2(8,— 0,) 
j= 2(0,—8,,)+2(0,5—0,_) +... 


oa very gradual bends (d6/dj small) the value of i; may be written in the integral 
orm 


J 200 =. 
p> | ~pa-% mipse" eels (23) 


Thus if the ray angles are measured with respect to the boundary slope, 
small curvature of the boundaries may be neglected. In the more general 
layered medium it is possible to refer the changes in y at the bottom to their 
equivalents at the surface and it is found that the above proof still holds, but the 


_ additional changes in slope of the layers cannot be considered in this way. The 


best procedure is to regard the surface curvature as split into a series of linear 
segments, one for each interbounce distance. ‘The change from one segment to 
the next may be considered to occur just before each reflection at the surface. 
Thus for each journey to the bottom and back the rays will be travelling within 
plane parallel layers where 0 does not change. The changes in @ occur only at 
each surface bounce, and the proof above is valid. It may be noted that with 
the restriction to slow variation it is permissible to consider separately the effects 
of changes in water structure and in surface slope. In general the characteristic 
time formula holds for surface slope changes without restriction, provided the 
changes are slow. 

An identical proof may be given if the third dimension is considered and the 
whole plane twisted. @ is now the angle of twist and can attain any value if the 
variation is slow. 


§ 3. MoprE TRANSMISSION DERIVATION OF THE CHARACTERISTIC ‘TIME 
FORMULA 


Now at long ranges from the source a given ray plus its immediate neighbours 
may be regarded as illuminating the whole layer depth and the idea of rays may 
usefully give way to the wave concept of modes. For a stratified medium with 
no horizontal variation the normal modes may be calculated by the ‘rays with 
phase’ method. ‘This method is not usually exact, since the reflected waves at 
small impedance changes are neglected, as described in §2.1 (compare the 
WKB approximation). The idea of synthesizing modes by adding together 
interfering plane waves was first described by Brillouin (1936) and by Page and 
Adams (1937). In the two-dimensional case a given mode is equivalent to the 
sum of one downgoing and one upgoing ray. The ray angle is usually different 
for each mode, and since the modes are discrete only discrete equivalent ray angles 
are allowed. Ina medium which can be represented by a manageable number of 
homogeneous layers it is possible to take all the various reflected waves into 


account and make the method exact (Tolstoy 1955). 
2B2 


‘used, provided that the one path visits both th 
ie the other. Thus one path could be chosen to coincide : 
surface to bottom and back, whilst the other lies along the surface. It 1s 
ine however to assume a vertical path to the bottom and back, with zero phase c 
for the second path. The total phase change along such a vertical path i 


Pt . . a 
tae, . 2 a +O, +0,=20N. veeeee (24) 4 
Here 2 is the local value of wavelength, O, and @, are the phase changes on 
reflection at bottom and surface, and 2zN is the total phase difference. The — 
condition for reinforcement, i.e. for allowed modes or allowed angles, is that N 
be an integer. N is in fact the mode number. ¥ 
The equation may be rewritten (using the pulsatance w): 
{ *sin¢dh _ ™N—-3(Op +s) _ (25) 
a ‘ : verry 
This is the same as equation (1), and shows that T is approximately equal to N 
times the half-period of the wave. 

If a mode is transmitted through slow horizontal changes in depth and 
structure the positions of the nodes (of acoustic pressure) will change, but the 
dispersion should be small and the number of nodes is unlikely to change. ‘Thusa 
mode may be assumed to keep its identity (and energy content) for slow changes 
and the constancy of the characteristic time may be considered proved. This is 
usually true but an exception occurs when there is mode degeneracy (see §7). 
Thus there may be more than one type of mode with the same value for N, the same 
phase velocity, the same equivalent ray angles, and the same T... There may. be> ae 
an interchange of energy between these modes however slowly the horizontal 
changes occur, but 7 should always remain constant. . 

It may be noted that the effects of bends and twists are automatically included 
in the discussion above. 

This derivation shows too that strictly the characteristic time 7 may only 
assume discrete values, but for large mode numbers this point is academic. In 
practice there is always sufficient scattering or energy loss for the higher modes to 
spread in angle and merge into one another. It is interesting to see that because 
of this, ‘mode’ concepts can be applied in unusual places, e.g. for relatively 
high frequencies in deep water. In addition @, and @g are not in general constant, 
but will change when the depth and structure change, since the grazing angles 
at the boundaries change. It is of course N and not T which is really constant, 
but the distinction is usually unimportant. ‘The lack of strict constancy in T is 
explained by the fact that neither the incident wave nor the reflecting surface are 
really plane and, since phase change is a function of angle, the angles of incidence 
and reflection are not in general equal. ‘The concept of the problem is simplified 
by replacing the real bounding surfaces by neighbouring equivalent surfaces 
which have no phase change on reflection and if the integration range is extended 
to these surfaces 7’ becomes once more strictly constant. 

Associated with a given mode there is a phase velocity equal to csec¢, and 
according to Snell’s law this expression is independent of depth at a given position. 
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‘  §4, Enercy FLux DrrIvATION OF THE CHARACTERISTIC 'TIME FORMULA 

p oyltis possible to derive the formula for the characteristic time associated with 
Aa ray in yeta third way, from considerations of energy flux. Thus when the total 
depth increases the intensity must decrease, in order to keep the total energy flux 
‘rate constant. This method assumes for a given ray only that the angle with 
respect to the boundary surface can be expressed uniquely in terms of the thickness 
or depth H (structure is a function of H) and the measurement depth A, again for 
slow variations. It is necessary first to find from ray theory an equation for the 
| intensity, by making use of the reciprocity theorem. The intensity is calculated 
a for the acoustic case and there is a parallel proof for electromagnetic radiation. 
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ag Figure 5. Geometry for energy flux proof. 

4 Consider the propagation between distant points A and B for the two- 
ie dimensional model described above. An acoustic line source at A has a power 
output which may be shown to be proportional to p,A,” and independent of cy. 


e (i.e. rate of flow of area, or integral of 
sing the point A), and py and c, are the 
r the power per unit length 
pand ¢ +d), as in figure 5. 


Here A, is the area velocity of the sourc 
normal particle velocity along a line enclo 
local values of density and sound velocity. Conside 
dS which is radiated into the small angle df (between 
| ‘This may be written 
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where « is a constant. All this power must flow through the locality near 


position B, so that 
dS — Bpp?. pavers 
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Here py is the acoustic pressure at B and f is a factor depending only on the local 
conditions near B (total depth, measurement depth, and structure). This 
equation will apply if the distance between (A) and (B) is much greater than the 
distance necessary for the angle range d¢ to illuminate the whole thickness or 
depth of the medium, so that any focusing effects willhaveaveragedout. Equating 
(27) and (28) gives 


im, A depp <2 ) >> i ee eae (29) 
Now for a source at B and receiver at A it follows from reciprocity 
considerations that 
App ) A,p?up,dd 
Be | ee ee ey Ge (30) 
n= (SE P 
The intensity at A associated with the angle d¢ is thus 
S aAp?\ dd do 
dl = Pal _ (28) 2 = OD | Ca (31) 
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The-intensity for the beam thus varies simply as d¢/c. ‘This is an important 
result which is discussed fully in § 6. 

Now the two-dimensional model above gives the correct answer (d¢/c) for 
variation with both range and measurement depth. Consideration of a three- 
dimensional medium gives an answer (cos ¢d¢/c?) which shows correctly how 
intensity varies with measurement depth at a given position, but has the wrong 
range dependence. This arises because depth or structure changes tend to cause 
a horizontal focusing or defocusing of the beam, so that there is no single value 
for B. The trouble cannot be overcome by assuming circular symmetry, since 
in the reciprocity argument this assumption would be separately necessary for 
both positions A and B (see also § 6.4). 

Consider now the rate of energy flux dE through a vertical line near position A, 
which flux rate must be a constant independent of the horizontal position of A. 


H | gare fee 
a= | dI cos dh = i Lied anak ne RS (32) 
0 0 € 
On integration this gives 
ae 
{ sin idee ive Tt constant, Fee ee (33) 
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The final result holds even if the boundaries are not lossless, and automatically 
includes the possibility of bends in the medium. 


§ 5. 'THREE-DIMENSIONAL GUIDES 


So far the discussion has mainly concerned two-dimensional guides and it is 
interesting to see what changes may be necessary in three dimensions. In one 
type of problem there is guiding in one dimension and spreading in the other 
two, such as for sound propagation between sea surface and sea bed. Hardly 
any modifications to the arguments are necessary here, as discussed in §6.4. In 
the second type of problem there is guiding in two dimensions, as in waveguide 
tubing, and the application of the above ideas is not so straightforward. It is 
interesting to digress briefly and explore the limitations of the method. 

One special case is the rectangular guide, with walls parallel to the x and y 
axes. ‘I'he field within the guide may be regarded as due to the superposition of 
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four almost plane waves, instead of the two waves in the two-dimensional case. 


Variations of the local velocity within the guide may be treated if they can be 
expressed in the separable form 


Che Os etn, | arse (34) 
For a given mode or equivalent set of rays it is then possible to define two different 
values of the characteristic time, T,, and T,,, which will each be unchanged for 
any slow variations in f or g or for slow bends or twists. 

A value of T may also be defined for the radially symmetrical modes in a 
radially symmetrical circular guide, since any mode may be considered as the 
sum of an infinite number of plane waves by using Sommerfeld’s integral. 

For a quite general change in cross-sectional shape and velocity structure the 
energy in a given mode will be transmitted without loss, provided the change is 
slow enough. It is, of course, necessary that there should be a possible mode in 
the new guide shape that corresponds to the mode considered in the old shape. 
For example, consider the illustrated change in section (figure 6) for a rectangular 
guide, with a half wavelength as the unit of length. 


4 
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Figure 6. Example of changing guide section. 


In the first case there are 3 x 4 possible modes (neglecting the possibility of a 
zero-order mode) and in the second case 6x2 modes. Only six modes are 
common to both shapes, however, so for equal initial excitation per mode only 
half the total energy will be transmitted. In general it may be difficult to decide 
what are the corresponding modes in the new guide shape and this may even 
depend on the intermediate forms. A theorem due to Weyl! (1912) is of interest 
here; this states that the number of modes in an (isovelocity) enclosed space of 
arbitrary shape is asymptotically proportional to the volume, when the number is 
large. It has been used in deriving the radiation formulae of Rayleigh and of 
Planck and in Debye’s theory of the specific heats of solids, as well as in room 
acoustics. It means that the number of travelling modes possible in a guide is 
asymptotically proportional to the cross-sectional area (compare the example 
above), or to the thickness for a two-dimensional medium. 


§ 6. INTENSITY FORMULAE 


6.1. Intensity in an Isovelocity Medium 


It was shown in $4 that the intensity due to a small range of initial ray angles 
varies as d¢/c (for a given range of starting angle, or dT). This is for two- 
dimensional propagation between two nearly parallel perfectly reflecting 
boundaries, and for the three-dimensional problem with two surfaces a 
cylindrical spreading term must be added. This varies slowly at long ranges and 
is neglected in the first three sub-sections of § 6. 

Consider now an isovelocity medium, where 


Pisiieee chose eee (35) 
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In a stratified medium Snell’s law gives, as in equation (19), 
sin 6df/c= —dK, a constant. verse (38) 
Theintensity duetothebeam = 
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An intensity proportional to cosec¢ may be alternatively stated as an energy 
density inversely proportional to the normal velocity component, i.e. the total 
energy in a layer is proportional to the time a ray takes to cross it. 

This result may also be derived from first principles, for a model consisting 
of any number of discrete parallel layers. A particular stratum at one of its 
boundaries will lose energy at a rate dl, sin¢,7), per unit area, where dJ, is the 
intensity of the wave travelling towards the boundary and 7, is the intensity 
transmission coefficient. In equilibrium this must be balanced by the incoming 
energy dJ;,,,Sin¢;4,7, from the neighbouring stratum, the transmission 
coefficient being the same. In equilibrium, too, the intensities of the wave 
components travelling towards and away from a boundary in any one stratum 
must be the same. Thus dJcccosec ¢, even where there is imperfect transmission 
between layers. This result holds down to the lowest frequencies, but it should 
be remembered that it applies to the ‘ intensities ’ of the component plane waves 
which for thin layers may differ appreciably from the mean intensities. The 
equipartition of normal energy flux in the above conditions may be compared with 
the commonly occurring principle of equipartition of energy. In §7.2 the 
relationship is extended to include the case where there are many wave types. 

The discussion above removes the restriction of the characteristic time 
formula to gradual vertical changes, though with abrupt vertical changes the 
distribution of energy amongst the layers may take longer to reach equilibrium, 
and stricter interpretation of slowness of horizontal change may therefore be 


needed. 
6.3. Intensity in the General Two-Dimensional Case 


Now if there are no losses the general formula d¢/c predicts the relative 
intensity due to a beam of rays, and reduces to cosec¢ for the local intensity. 
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The intensity integrated over all allowed ray angles is proportional to ¢max/c, 


and to dmax Sec ¢max locally. 

If the ray angle considered is allowed to become shallower, or if the 
measurement position is supposed to change suitably, the value of ¢ in a given 
stratum will decrease. As ¢>0 so doo (or better dé/dT— 00) and cosec ¢— 00, 
i.e. the relative intensity tends to become infinite (according to the ray 


approximation). If the rays become still shallower they will not be able to 


penetrate at all into the given stratum. The angle ¢ then becomes imaginary, 
and only the wave theory ‘ evanescent’ acoustic field is present. It may be 
noted that as a general ray angle or mode number decreases, so ¢ may become 
zero and then imaginary in successive strata, which need not even lie next to one 
another. Thus it is possible for the maximum of intensity to move about in depth 
in quite a complicated manner. All this occurs, of course, for only one ray, 
corresponding to infinitesimal total energy. If the intensity due to all rays is 
considered the effects are somewhat smoothed over. Further limits are placed 
by wave theory. 


6.4. Intensity in the Three-Dimensional Case 


It is not intended here to discuss the intensity in guides, but rather the 
intensity for propagation from a point source between two nearly parallel planes. 
Before considering this it is necessary to look at the extra problem involved in 
having a component of bottom slope at right angles to the ray direction. This 
produces a horizontal deflection of the ray towards the thicker part of the layer 
(or towards the deeper water), which for small slopes may be shown to be equal 
to the orthogonal component of slope times 2 tan¢. The change in the vertical 
ray angle is still controlled mainly by the parallel slope component, the orthogonal 
component having only a second order effect. Thus a unique characteristic 
time still exists, and the values of T (or rather dT) in (42) and (43) below are 
the same. 

For a source A producing unit intensity at unit range the flux through d¢, 
(for $4 both positive and negative) is 4cosf,d¢,. ‘This may be equated with 
the total flux at range r that is associated with d¢,, but to make this calculation it 
is necessary to assume circular symmetry about the source. At a given range 
the intensity may be taken as proportional to either cosec¢g or to dby/cz, Say 


de ayelteicge ~~  - PoReeee (40) 
(Note: dp isa function of h.) The flux is then 
H 
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where T is the characteristic time. If this is solved for yp and the results 
substituted in (40) we find ‘ 
_ 2dbydby COS Pa 49 
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Similarly for a source at position B and receiver at A, assuming circular symmetry 
about B, ath : 
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Figure 7. Example of horizontal focusing. = 


To illustrate the use of the above intensity formulae, consider the example 
already described in §1. Take the formula which assumes circular symmetry 
about the source A (equation 42) and assume loss-free boundaries. Because the 
water is isovelocity near the source this simplifies to 

dl, =2c,d¢byleprH, — ores (44) 
or for the total intensity . 
T3 = 2¢y¢p max/CprHy PO crc) 
where ¢3 maxis the steepest ray at the receiver and corresponds to ¢crit at the source. 

For Hy, < D the water is isovelocity throughout and 


je Oe (Mapa), Rear (46) 
Hy 
For Hz =H, =5, r=200, and other values as in §1, J, =0-0008 or —31dB. For 
small depth changes the spreading is of course cylindrical. 

Since ¢max may be found from the characteristic time equation (1) plus 


Snell’s law (18), equation (45) gives immediately the intensity in the general 
case. For example, in the top layer 
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This formula confirms that as the critical distance is approached (H,—>Hy, crit) so 
the intensity falls to zero, since dmax>0. 


§ 7. APPLICATIONS 
7.1. Occurrence of Guided Transmission 


The ideas on slowly varying media presented above may be useful wherever 
there is guided propagation, so the commoner applications in various branches 
of physics are introduced in this sub-section. In some cases only the qualitative 
idea of a mode travelling in a bent or changing guide is useful, in others the theory 
may be applied quantitatively. ‘The applications are mainly to mechanical 
vibrations and electromagnetic waves and two of the special effects arising are 
considered in the sub-section following this one. The range of wavelengths is 
very large : from a fraction of a micron (light waves) or a fraction of a centimetre 
(ultrasonics) up to several miles (radio waves and seismic waves). Zero-order 
modes are specifically excluded from the discussion. 

In the laboratory gas-filled, liquid-filled and solid (i.e. rod or plate) acoustic 
waveguides have all been investigated. For example the lowest mode which will 
propagate in a liquid-filled circular cylinder with compliant walls (“ hosepipe ’) 
corresponds to the electromagnetic type Hy or E,. Such a hosepipe may be bent 
or even tied in knots without appreciably affecting its transmission properties. 
The plane of polarization of ultrasonic shear waves in a sodium chloride crystal 
has been shown to follow twists in the general crystal structure (Aleksandrov and 
Khaimoy-Mal’kov 1956). 

In underwater acoustics the problem is essentially two-dimensional, and a 
wide range of depths is encountered. Guiding may occur (i) due to successive 
reflections at the surface and bottom of the sea, the detailed theory of the 
two-layer model being given by Pekeris (1948), (ii) due to refraction in the water 
keeping the energy within a natural sound channel, such as the SOFAR channel 
(Ewing and Worzel 1948), (iii) due to a combination of reflection and refraction. 
In sufficiently shallow water or in shallow sound channels frequencies of several 
kilocycles per second (wavelengths of several inches) may be effectively trapped 
and spread cylindrically. At the other extreme in the deep ocean basins very low 
frequency modes may be excited by shallow-focus earthquakes: the I'-phase at 
2c/s and above travelling with the velocity of sound (Tolstoy and Ewing 1950) 
and the Airy phase at about 0.1 c/s (Press, Ewing and Tolstoy 1950). 
Waves can also propagate in the bottom material and may be of the longitudinal 
or shear type. The general theory for elastic waves in layered media has been 
given by Ewing, Jardetzky and Press (1957) who also describe its application to 
seismology and geophysical prospecting. In the atmosphere shallow sound 
channels trapping high frequencies are perhaps less common than in the sea, 
but they occur for example with temperature inversions. ‘The whispering 
gallery phenomenon is really of the same nature. At the other end of the scale 
the atmosphere is able to trap waves of several seconds period and the atmospheric 
tidal waves (such as those excited by the Krakatoa eruption) are an extreme 
example. It may be noted that the low frequency waves in both the atmosphere 
and the sea are propagating in a medium with curved boundaries. 

Now light rays may be transmitted without loss down a rod of transparent 
material, undergoing total internal reflection at each boundary. This has 
recently been applied (Hopkins and Kapany 1955) in the fibrescope, consisting 
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of a bundle of glass fibres each of which may be 25 in diameter (about 
50 wavelengths) and up to 75cm long. A picture thrown on one end of the 
bundle is reproduced at the other end, so that the device may be used as a 
bronchoscope, or gastroscope, etc., for the examination of lungs or stomach. 
The point of interest here is that such bundles of fibres are flexible and may be 
bent through large angles without their optical properties being changed. 

Transmission of electromagnetic waves in artificial waveguides for the centi- 
metre wavelength region has become increasingly important since the late 1930’s. 
This has led to theoretical work on propagation in special forms having a variable 
cross section, such as conical and sectoral horns, starting with Barrow and Chu 
in 1939 (see Lamont 1950). Bent waveguides are very common in practice and 
many theoretical papers have been written; usually starting from the wave equation 
in a guide with circular curvature (Buchholz 1939 etc., see Lamont 1950). 
Inhomogeneous and anisotropic guides have also been examined. 

In the atmosphere anomalous propagation sometimes occurs for radio waves 
of frequency above about 1000 Mc/s (30cm), the energy travelling with little 
loss in quite shallow ducts (of the order of hundreds of feet). In addition, for 
frequencies roughly 20kc/s to 30 Mc/s (15km to 10m) the waves may be guided 
to long distances between the surface of the earth and the ionosphere, the latter 
extending upwards from about 60 km. 


7.2. Applicability of the Formulae 


The possibility of waves with transverse vibrations, as discussed in $7.1, leads 
to some new effects. These are divided into two groups in the discussion below. 
Itis not intended here to treat the case of the zero-order mode. “Thus modes 
associated essentially with only one interface are excluded from treatment, such 
modes being possible when there is rigidity, absorption, surface roughness, a 
gravitational field etc. 

First note that transverse vibrations may be polarized in two orthogonal 
directions. ‘This means it is possible to have degenerate modes, i.e. different 
modes having the same phase velocity. This sometimes occurs in electromagnetic 
guides, but is not usual for shear waves since the waves of different polarization 
will normally be coupled through the longitudinal wave. If there is true 
degeneracy there is liable to be an interchange of energy between the modes; on 
a slow bend, for example, this interchange may be independent of the slowness 
and depend only on the total angle of turn. The characteristic time formula 
still applies to degenerate modes, but intensity formulae should be used with 
great care. It may be noted that any slight distortion in the guide is likely to 
remove the degeneracy and for such almost-degenerate modes there will be no 
interchange if all guide variatons occur sufficiently slowly. 

Secondly, observe that different wave or ray types may be present in the 
same mode. Ina rod for example the shear waves are coupled to the longitudinal 
waves by reflection at the boundaries. In the two-dimensional case a shear wave 
with displacements parallel to a boundary (the SH wave in seismological 
notation) is reflected without change of type at the boundaries and a purely shear 
wave mode is possible, but this is an exception. In the general case of a layered 
elastic medium it is possible to find the mode eigenvalues etc. by a development 
of the rays with phase method (Tolstoy and Usdin 1953). In an anisotropic 
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elastic medium there is more than one shear wave ray, these rays having different 
velocities and angles, and all being coupled together in the one mode, through 
interface effects. This is similar to the phenomenon of double refraction or 
birefringence in electromagnetic waves, which leads to sets of ordinary and 
extraordinary rays for light modes travelling in crystal rods or for electromagnetic 
waves travelling in guides filled with anisotropic material. It is shown in the 
next paragraphs that the intensities of each ray type in each stratum are 
proportional to cosec¢, by an extension of the argument in § 6.2. The additional 
ray types may be regarded as travelling separately in additional strata and the 
expression which remains constant in changing conditions is therefore the sum 
of the characteristic time integrals for all the different ray types. However, 
after a disturbance, some time or distance may be needed for the appropriate 
equilibrium distribution of intensities to be attained, so that a stricter interpretation 
of slowness of variation will again be needed. A further modification is needed if 
all the ray types are not present in all the strata, as indicated below (equation (53)). 

Consider a layered medium having no horizontal variation, with n ray types 
possible in a given stratum. The subscripts 1 to m refer to the ray type, u and d 
to upgoing and downgoing rays, and F; is the rate of arrival or departure of energy 
per unit area of interface. In equilibrium conditions the upper boundary of the 
stratum may be regarded as totally reflecting, with intensity conversion 
coefficient from F’,, to F;, equal to T;,;.. There are m equations for the downgoing 
rays, a typical one being 


oe 1 hae eesece (48) 
=1 
The typical equation at the lower boundary is 
n 
Fya= > TF na ARE a (49) 
k=1 
Also the mean rate of energy transport across the stratum must be zero: 
pe PD i ee re ee. (50) 
j= j=l 
If all equations of type (48) are added together one obtains 
n n n 
> Fja= Dole Lp eeeece (51) 
j=1 k=1 9 j=l 
but since 5 Tj =1 this reduces to (50), as does the sum of all type (49) equations. 


j=1 
Thus there are 2n—1 linear independent equations and 2” unknown values of F 
(the values of T and 7” are ‘ given ’), The obvious solution, which must also be 
unique, is 
F=constantforstratum. = «9 «sees (52) 
Thus F is independent of both ray type and direction and is equal to intensity 
multiplied by sin ¢. . 

As an example it may be seen that the ratios of the intensities for the 
longitudinal and shear wave components of the coupled mode ina plate are equal 
to the ratio of their cosec¢ values, provided the intensities are averaged over a 
number of neighbouring modes to get rid of wave effects. 

If all the ray types in a stratum are lumped together the argument of $6.2 
shows that =F is constant from stratum to stratum. If is constant (including 
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the case where the same ray types are present in each stratum, but different types 


are possible provided the total number per stratum is constant) the intensities 
are proportional to cosec ¢, independent of ray type, direction, and stratum. In 
general, at a given horizontal position intensity is proportional to cosec ¢/n, and 
the characteristic time must be replaced by a sum of the integrals for all wave 


types: 
a6) 
z| eee nee (53) 
0 


The completely general statement for the intensity is now that it is 
proportional to dd/nc. ‘These formulae cover the case where strata, in which 
extra wave types can propagate, slowly appear or disappear. 


§ 8. LimITaTIONS 


Some of the limitations to the characteristic time and intensity equations 
have.already been touched on above. The most important is the requirement 
for infinitesimally slow horizontal changes. For too fast a change there will be 
dispersion in the value of the characteristic time T, energy passing into 
neighbouring modes. It should be noted that the slope of the boundaries and 
interfaces is not the only criterion, and rate of change of slope (i.e. curvature) 
plus even higher derivatives are of importance. 

In a simple case, such as an isovelocity medium with changing depth, the 
interpretation of ‘slow’ may not be very strict. For a 2 to 1 depth variation 
there should be sufficient distance for several reflections of a typical ray, say 
three cycle distances, each equal to four times the water depth for a ray with 
tan¢d=+4. Thus at least 12 times the mean water depth is the distance necessary 
for the formulae to hold approximately, corresponding to about 2° bottom slope. 
It is possible to extend this approach to find out what the spread in the value of T 
actually is. ‘Thus in the present example suppose there are two regions of 
constant depth connected by one of constant slope. Some of the rays will undergo 
one more slope reflection than the rest, so the spread in the final angle will be 
twice the bottom slope or 4°. 

It was pointed out in §6 that the changes must be rather slower for layered 
media having sharp interfaces, and in §7 that they must be slower still where 
several ray types are possible. Slow changes are also necessary for near-degenerate 
modes, where the intensity formulae must also be used carefully ($7). Consider 
what happens, too, when there develops at about mid-depth a high-velocity layer 
which the rays cannot penetrate. ‘This splits the illuminated field into two parts, 
between which there can still be an interchange of energy by the ‘ tunnel ’ effect 
due to the evanescent wave field. The limit of what can be accepted as a slow 
horizontal change will now be so strict as to make the applicability of the theory 
of academic interest only. 

Great care must be taken in applying the theory when the total layer 
thickness is reduced between two measurement points. As the layer becomes 
thinner so all the rays become steeper and for a large reduction some of the rays 
may become vertical (i.e. normal to the boundaries). These rays will then be 
reflected back along their original horizontal path, the value of T still remaining 
constant. In practice, with boundaries that are not completely loss-free there is 
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likely to be almost complete absorption of such rays, due to the large number of 
high-angle reflections. 
Besides the slowness limitation the following points should be borne in mind: 
(a) When the ray angles are correct the mean intensity along a layer is 
predictable, but the local intensity may vary rapidly with range. Such effects 
arise when there is vertical focusing due to the velocity structure and bottom 
shape. ‘They are most important at short distances but may sometimes persist 
to long ranges. 


(b) Wave effects, such as interference near boundaries and diffraction into 
shadow zones, may occur. 

(c) Scattering may take place in the body of the medium and at either 
boundary, dispersing the energy amongst the different modes. For a boundary 
the term ‘scattering ® may be used to describe the effects of roughnesses or 
irregularities varying in scale from a wavelength to several interbounce distances. 

(d) In calculating intensity an allowance must in general be made for the 
absorption in the medium and the reflection losses at the boundaries. 

(e) The possibility of energy travelling outside the layers considered (e.g. in 
the sea-bed) must be remembered. 

(f) Ifthere is no loss for rays beneath a certain critical angle the usual intensity 
calculations would consider only such rays, steeper rays being greatly attenuated 
after a few reflections. For a finite slope this critical angle will be slightly 
changed and there may also be a significant contribution from rays beyond the 
critical angle. 

§ 9. CONCLUSIONS 


(a) Some equations have been developed which are useful in describing the 
propagation of elastic or electromagnetic waves in a variable stratified medium. 
There is particular application to underwater sound transmission in water of 
variable depth. 

(b) The characteristic time formula (equation (1)) makes it possible to 
calculate ray angles knowing only the local velocity structure, provided the 
horizontal changes in structure have been sufficiently slow. ‘The formula holds 
for abrupt vertical changes in velocity and density (assuming elastic waves), for 
random slow changes in density, for slow bends and twists, and in both two- and 
three-dimensional layered media. Equation (53) shows the form when any 
number of different ray types is permitted. abies 

(c) The intensity due to a set of rays in such a slowly varying medium is in 
general proportional to d$/nc, where n is the number of ray types in the stratum. 
If there is no horizontal variation, intensity is proportional to cosec¢/n. Specific 
formulae for the transmission loss in three dimensions are given in equations (42) 
and (43). 
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a | ations from 
al specimens allowed the selection 
vi The variation of the characteristics 
(pulse height, field) curve with electrode separation, could not be explained 
crystals simply in terms of trapping distribution or field distortion due 
dark current. There is evidence that recombination of charge carriers at 
recombination centres close to the site of ionization is the dominating feature and 
dislocations are probably the defects responsible. 


§ 1. INTRODUCTION 


separations has been studied in an attempt to explain the magnitude of the 
charge pulse produced by ionizing radiations such as «-particles; the gap 
widths have been varied from 10u up to 1mm. The best counting diamonds 
- were used and a survey of the surfaces of the specimens was carried out in order 
to select crystals with counting properties which were as uniform as possible 
across the surface. No perfectly uniform crystal was found but allowance could 
| be made for small variations. A polonium source provided «-particles of 
homogeneous energy 5-3 Mev but the introduction of aluminium absorbing foils 
also allowed lower energies to be used. 


= 


§ 2. EXPERIMENTAL 


Ts variation of the counting properties of diamonds at different electroed 


ie The apparatus used in these experiments is shown in figure 1. It enabled the 
position of each electrode on the surface of the diamond to be adjusted quickly and 
easily. The diamond was mounted on a Perspex insulator which could be raised 
or lowered by means of three levelling screws to bring the surface of the crystal 
into the plane of the electrodes. The Perspex insulator could be rotated through 
» 360°. On either side of the diamond mount was a steel trolley kinematically 
- mounted so that it was free to move only in the direction towards the diamond 
mounting. Each trolley carried a Perspex insulator about 1 in. thick to which was 
fixed an electrode consisting of a small piece of razor blade spot welded to a steel 
needle held ina pin chuck. Screws pressing against the needle in the horizontal 
direction enabled the needle to be flexed slightly to bring the edges of the electrodes 
o parallel to each other, and perpendicular to the direction of motion of the electrode 
trolleys. The electrodes could thus be changed quickly when they became chipped 

by rubbing on the diamond surface. A kinematic lever with a 5 to 1 reduction 

ratio driven by a micrometer was used to drive each electrode trolley. In this 


-way it was possible to move the electrodes accurately 1 at atime. ‘There was no 
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Figure 1. Micro-manipulator (a) elevation, (6) plan. 


polonium source was mounted directly above the diamond, and was provided with 
a brass shutter operated from outside the can through an O-ring seal. Aluminium 
foils of varying thicknesses were mounted on a disc arranged so that each foil could 
be brought between the source and the crystal. In this way «-particles with 
energies ranging from 5-3 Mev down to approximately 0-7 Mev were available. 

In the experiments described here the counting periods were limited to a few 
seconds and the crystal could be depolarized by irradiation with white light for 
about 1 minute. In this way it was found that repeatable results could be obtained 
without polarization fields building up in the crystal. 

The variation of the counting properties across the surface of several specimens 
was examined. ‘This was done by moving the electrode separation 5—100 » and 
plotting the maximum pulse height observed against the applied field. The slope 


aration; the stad Ary at a fields and i maximum 

eid at high fields were used as measures of the counting 

es. On the crystal specimens available, and with the apparatus described, 

Hi ‘was possible to use electrode separations from 10, up tol1mm. Again the 

~ effects of field distortion on the results was investigated one the use of «-particles 
“of different energies. 


§ 3. RESULTS 


The results of the scan of a crystal surface for three diamonds are shown in 
figure 2. In this diagram the initial slope of the (maximum pulse height, field 
saturation) curve is used as the measure of the counting properties, and is plotted 
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Figure 3. Variation of the initial slope of the (pulse height, field) curve as a function of 
electrode separation D for specimen Co 76. 


Although results described here are for Co 76, similar behaviour was observed 
with other specimens. In figure 3 the initial (maximum pulse height, saturation) 
curves are shown for four different electrode separations, together with a plot of the 
slopes of these curves at low fields against electrode separation. At the smallest 
separation used (10) the full saturation curve could not be obtained due to 
electrical breakdown at high fields. It was found that for separations of 50 u and 
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over the maximum value reached by the saturation curve lay between 200 000 and 
300000 ion pairs, and did not vary systematically with electrode separation. 
. Also the initial slope of the saturation curve was found to be approximately 
constant over a wide range of electrode separations. At an electrode separation of 
_ 1mm the very good counting region of Co76 found in the previous test was 
“4 beginning to appear between the electrodes, and this could account for the rise on 
- the slope of the saturation curve at this separation. 

A The maximum pulse height was also plotted against «-particle energy at various 
--- electrode separations. These results were not all taken at the same field, but they 
were all taken towards the top of the linear portion of the saturation curves. The 
fact that these are consistently straight lines indicates that any field distortion in 
the crystal is not significantly affecting the observed pulses. Full saturation curves 
for the various energy «-particles were plotted at some electrode separations, 
and these were found to be proportional to the «-particle energy within the 
experimental error right down to the smallest field strengths used. 


§ 4, Discussion 


The theory usually used for the treatment of conduction pulses in crystals is 
that developed by Hecht (1932) for photocurrents. This was applied to the case 
of charges released by ionizing particles in crystal counters by Hofstadter (1949). 
In this theory it is assumed that the crystal contains uniformly distributed trapping 
sites. Under these conditions the expression obtained for the charge pulse 
induced on the electrodes is of the form 


O= aie Berne Dis)) i ees (1) 


STN 


where Q is the charge pulse observed, NV is the number of ion pairs released, e the 
electronic charge, D the electrode separation and 5 the mean separation of the 
charges before trapping. If both carriers are free to move in the crystal then 


E 
Ae Ee PO eT) eet geri 2 
5 ar (He a Ltn) ( ) 


where pe and py are the mobilities of the electrons and holes respectively, is the 
trap density, s the trapping cross section, u the thermal velocity of the charge 
carriers, and Fis the applied field. An expression of this form can be made to fit 
the observed (pulse height, field saturation) curve very well. 

It has, however, already been found necessary to modify the simple theory in 
order to account for the wide range of pulse heights which is observed when 
crystals are bombarded with monoenergetic «-particles. The simplest modifica- 
tion to the theory is to assume that, in addition to the uniform trapping density in 
the crystal, there are trapping barriers which stop most or all of the charge carriers, 
dividing the crystal into crystallites of varying sizes. Then if Sis the maximum 
distance the charges can separate in any crystallite, the equation for the charge 
pulse produced in that crystallite as seen at the electrodes is 

7, 
= NE [1 -exp(—S/0)]. Mee to (3) 

Trapping barriers of this kind have been proposed by Freeman and van der 

Velden (1951) and by Champion (1953). 
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At low fields, before saturation of the pulse height begins, both equations (1) 


and (3) give a slope 
der Ney ST ee oe (4) 
dE nsuD™ 

The initial slope of the (pulse height, field) curve should therefore be inversely 
proportional to D, independent of whether the motion of the charges is restricted 
by trapping barriers or not. Since the present experiment shows the initial slope 
to be independent of the gap width D, the theory is inadequate. Again, equation 
(3) indicates that for S less than D, the maximum pulse height should be propor- 
tional to S/D while for S greater than D it should be independent of D. Actually 
it is found that the saturation pulse height is consistently independent of D and 
hence the suggestion that barrier layers might be the cause of the wide range of 
pulse heights observed with monoenergetic «-particles cannot be correct. 

Hecht’s theory as outlined above depends on two basic postulates, firstly that 
the trap density in the crystal is uniform, and secondly that when the charges are 
released by ionization no recombination occurs. A non-uniform trap distribution 
carried to the limit passes over into the barrier layers postulated by Champion and 
while these are probably responsible for various polarization phenomena and 
certain electroluminescent effects, such barriers have just been shown to be 
inadequate to explain the wide distribution of pulse heights given by mono- 
energetic «-particles. It therefore seems that the second assumption that no re- 
combination occurs must be modified. Before considering recombination, how- 
ever, it must first be demonstrated that the non-uniform electric field distribution, 
emphasized by Taylor (1956), cannot account for the spread of pulse heights. 
Taylor showed that in diamonds conveying appreciable dark current a non- 
uniform field may be set up across the diamond which, because of resulting 
space charge phenomena, would give a non-uniform distribution of pulse heights 
for monoenergetic particles. A direct test was made of this theory on the present 
specimens by fixing the electrodes and then scanning various regions of the 
crystal with finely collimated «-ray beams. No appreciable variation in pulse 
height was found with changing position of bombardment relative to the electrodes 
either in a direction perpendicular or paralleltothem. A similar result had already 
been observed with other specimens by Stratton (1957). All these experiments 
therefore indicated that the basic feature governing the size of the «-ray pulse 
height was some intrinsic property of the crystal itself at the position of the 
ionizing process. 

It is therefore suggested that this intrinsic property gives rise to recombination 
centres and it will now be shown that on this assumption it is possible to give an 
explanation of both the pulse height spectrum and the behaviour at saturation. 
If it is supposed that recombination can take place only when carriers of both 
signs are close to recombination centres and, conversely, that once the carriers have 
moved away from these centres they are then free (apart from trapping) to move 
to the electrodes, then the amount of recombination which occurs at any ionizing 
event will depend on the density or proximity of recombination centres in the region 
of ionization and on the time which the charge carriers spend close to that region. 
The relative values of S and D will be almost irrelevant since the possible maximum 
pulse height is no longer primarily dependent on trapping phenomena but de- 


pends basically on the recombination probability in the vicinity of the ionization 
process. 


~t¢e 
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With this assumption, the pulse height spectrum may be explained in two 


_ ways, either by assuming that the density of recombination centres varies from 


place to place in the crystal, or that the crystal contains extended regions of 
recombination centres separated by regions where little or no recombination 
takes place. There is reason to believe that both situations occur; in the second 
case an ionizing particle striking close to a recombination region will produce 
a small pulse and one striking further away gives a correspondingly larger pulse. 

Before discussing the nature of the defects which act as the recombination 
centres we recall that when counting diamonds are bombarded with neutrons or 
electrons of sufficiently high energy, irradiation damage occurs and the counting 
rate and pulse height decrease (Benny and Champion 1956, Dolphin and Stratton 
1957). The defects produced by irradiation damage must certainly consist of 
single or multiple vacant sites and complementary interstitial atoms. If the 
irradiated specimens are heated to about 500°c, partial annealing occurs as shown 
by partial restoration of the pulse height. No such annealing occurs in non- 
irradiated specimens and hence it is concluded that the natural defects primarily 
responsible for the pulse spectrum must be either (a) quite different from the 
defects produced by irradiation or (b) the same as the residual defects produced 
by irradiation which resist annealing. However, these residual defects cause a 
permanent yellow discoloration of initially water-white specimens at a concen- 
tration which produces a reduction in pulse height of much less than 50% of its 
original value. It is therefore clear that the natural defects in non-irradiated 
water-white specimens, while playing a dominant role in controlling the pulse 
height spectrum, do not show accompanying optical effects in the absorption 
spectrum in the visible range of wavelengths. 

It is therefore reasonable to suppose that these natural defects must be of 
such a nature that they are more spatially extensive yet less individually powerful 
in their optical effects than vacant sites or interstitial atoms. Now van Heerden 
(1957) has suggested that when highly perfect crystals of cadmium sulphide are 
used as counters, the applied electric field is only of the same order as the recom- 
bination field of the ions along the track of an a-particle. A relatively weak 
imperfection may therefore be sufficient to distort the applied electric field 
sufficiently to tip the balance in favour of recombination. It is suggested that 
these extended recombination centres in diamond, where they are even weaker 
optically than single vacant sites, are relatively small but spatially extensive 
displacements of planes of atoms, that is, dislocations. Such defects could not 
be produced by radiation damage but they would be expected to be produced 
in plenty in the conditions of high temperature and pressure demanded for 
diamond growth. 

The amount of charge eventually able to form a conduction pulse is the 
amount remaining after recombination has occurred in the vicinity of extended 
dislocations in the region close to the a-particle track. As fluorescent recombina- 
tion is the cause of the scintillations observed when «-particles impinge on diamonds 
there may be a close connection between the behaviour of a diamond as a scintil- 
lation counter and asa conduction counter. Such experiments are in progress 
and will be reported later. Meanwhile it should be further pointed out that the 
pulse height falls steadily as irradiation damage increases, even for pulses formed 
at saturation fields. ‘This would be difficult to explain if simple trapping of 


charges by the effects induced by irradiation were entirely responsible for the 


suitable diamonds for these experiments. One of us (S. B. W.) is indebt 
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a i * jie ' 7 ra ae 
lectric power of a ‘p-type semiconducting 
in the temperature range 220°K to 700°K. After 
»mponent, estimated from the previous Hall effect measurements 
sample, it has been possible to determine the phonon-drag component of 
thermoelectric power. This component has been found to vary with 
nperature approximately as T-*%, with a value of about 2°5 mv deg! at 
room temperature. The magnitude of the effect is of the order to be expected 
_ from the known behaviour of germanium and silicon. 
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p’ . § 1. INTRODUCTION 
=~ T was found by Frederikse (1953) and by Geballe and Hull (1954) that the 
| thermoelectric power of germanium at low temperatures rises to much 
higher values than are expected from the usual electron theory. Herring 
(1954) and Frederikse were able to explain these observations by showing that 


a _ when there is a temperature gradient, the flow of phonons from the hot to the 


cold region of a crystal results in preferential scattering of electrons in the same 
direction. Anadditional thermoelectric voltage results from this flow of electrons ; 
the phenomenon is called the phonon-drag effect. 
Geballe and Hull (1955) found that the same effect occurs in silicon, in which 
case it is more marked,—thermoelectric powers of more than 50 mv deg have 
been observed—and it is appreciable at higher temperatures than in germanium. 
It was, therefore, thought that, if it could be measured in diamond, the thermo- 
electric power should show a phonon-drag component at room temperature and 
above. Usually, the resistivity of diamond is between 1044 and 10'6 Q cm, so 
_ that the determination of the thermoelectric power is not possible, but recently 
several type II diamonds having a much lower resistivity have been discovered 
m@ (Custers 1952, 1954). In particular, one diamond of this class (Type IIb) was 
found by Austin and Wolfe (1956) to have a resistivity of only 270 Q cm at 
20°c, falling to little more than than 1 Q cm at about 400°c. It was, therefore, 
decided to make thermoelectric power measurements on this same sample. 


§ 2. EXPERIMENTAL PROCEDURE 


The thermoelectric power of a semiconductor with a low thermal conductivity 
may be determined by clamping a sample between two metal blocks and measuring 
‘3 the differences in potential and temperature between them. However, the 

thermal conductivity of diamond is higher than for any metal (Berman et al. 
1953) so that, if such a method were used, the temperature gradients in the metal 
blocks would be greater than in the sample. The presence of unknown thermal 
resistances at the contacts would be a further source of error. In the case of 
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diamond, therefore, it is necessary to determine the potential, and temperature, 


gradients using probes on the faces ofthesample. Some difficulty was experienced 
in devising probes which would make reasonably good electrical contact with 
the diamond, ‘The short length, 3 mm, of the sample posed a further problem. 
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Figure 1. Apparatus for measurement Figure 2. Method of applying electrical 
of thermoelectric power. and thermal contacts. 


A temperature gradient was applied to the diamond using the apparatus 
shown in figure 1. The diamond D, after being cleaned in a saturated solution 
of potassium dichromate in phosphoric acid at 100°c, was pressed between two 
annealed copper rivets R, attached to the copper blocks A and B. Block A was 
heated electrically by means of the nichrome coil H, while block B formed the 
heat sink. The copper wires L were used in measuring the potential difference 
between A and B at low temperatures as.described below. The thermocouple 
wires T, the wires L and the heater leads were introduced through flexible silica 
sleeving S. A and B were electrically insulated from one another by the ceramic 
disc I. The apparatus was mounted in an evacuated silica enclosure. For 
measurements at the lower temperatures, this enclosure was dipped into liquid 
air, while, for higher temperature measurements, it was allowed to stand in air 
at room temperature or it was electrically heated. Heat was transferred between 
the block B and the surrounding vessel by means of the long copper cylinder F. 

The problem of making electrical and thermal contact to the diamond was 
solved by using the steel clamp C, the glass blocks G and the copper probes W, 
which are shown in more detail in figure 2 (a), The probes were made from 
pieces of 40 s.w.g. copper wire, slightly longer than the width of the diamond. 
They were clamped in position between two glass semi-cylinders. The face 
of the glass block touching the copper probes was hollow ground, since previous 
experience had shown that electrical contact could best be made at the edges 
of the diamond. By this means pressure was applied at the edges of the sample. 

The temperature of those portions of the diamond in contact with the probes 
was determined using 46 s.w.g. chromel—alumel thermocouples welded to the 


| 
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_ copper wires as shown in figure 2 (b). Since the copper probes were much 

softer than either the diamond or the glass block, it was expected that equal 
areas of contact with both would be made. Since the thermal conductivity of 
_ diamond is more than a thousand times that of glass, the probes took up the 
_ temperature of the former. The chromel—alumel thermocouples were welded 
to thicker wires of the same materials before leaving the enclosure. "The junctions 
between these wires and the copper leads to the potentiometer were held in a 
water bath at room temperature. The thermoelectric potential difference 
between the probes was determined, using the two chromel wires to complete 
the circuit. In calculating the absolute thermoelectric power of diamond from 
: the results, a small correction, corresponding to the thermoelectric power of 
-_ chromel, was applied. In view of the high resistance of the contacts, a galvano- 
meter with a rather high resistance, 535 ©, was used. 

Below room temperature it was found that the resistance between the probes 
became too great for the thermoelectric voltage between them to be measured 
‘ with any degree of precision. It was, however, possible to determine the thermo- 
electric voltage between the blocks A and B, because the electrical resistance 

between the rivets R was much less than that between the probes W. In the 
range above room temperature, where the voltages between the rivets and between 
the probes could both be determined accurately, it was found that the ratio 
between these voltages remained constant. Thus, the thermoelectric power 
below room temperature was determined by assuming that the ratio between the 
voltages remained constant in this range also. It was noted that this ratio was 
close to that between the length of the sample and the distance between the 
— probes. This suggests that the copper rivets made good thermal contact over 
the whole of the end faces of the diamond. 


§ 3. EXPERIMENTAL RESULTS 


The experimental results are shown in figure 3. These were obtained from 
thermoelectric voltages of between 5 and 10 mv in all cases. The uppermost 
curve represents the observed thermoelectric power in the temperature range 
220°K to 700°k. It was not possible to extend the measurements to lower 
temperatures because the electrical resistance, even between the ends of the 
sample, became too great (i.e. more than a few megohms). 

It was found that, if the diamond were removed and then the apparatus 
reassembled, the experimental results were not exactly reproduced. The 
variation of thermoelectric power with temperature always remained the same, 
i.e. on the log-log plot shown in figure 3, the curve always had the same slope 
at a given temperature. However, the absolute values of the thermoelectric 
power were sometimes found to differ by as muchas + 20% from those illustrated, 
It is thought that this rather poor reproducibility is connected with the difficulty 
in making good electrical contact to the diamond. It is suspected that the copper 
probes made electrical contact at one or two points, rather than over the whole 
tangential area. On the other hand, it is thought that thermal contact was made 
over the whole of this area. It is, therefore, possible that the thermoelectric 
potential difference and the temperature difference were sometimes measured 
between different planes. ‘The results shown in figure 3 were obtained with an 
assembly giving intermediate values between the extremes, and it is probable 
that their absolute values are in error by no more than + 1U%,: 
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Figure 3. Thermoelectric power as a function of temperature for a type IIb a 
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§ 4. Discussion : 


The electronic component of the thermoelectric power % for a non-degenerate 
p-type semiconductor is given (Wilson 1953) in terms of the reduced Fermi 


potential » by : 
> k/5 
he = e (5 + x = 1) eoereee (1) 


where it is assumed that the relaxation time 7 of charge carriers of energy E may 
be expressed in the form 


7 oc" 
The hole concentration p is given in terms of » by 
2amRT\32/m*\ 32 
p=2( ) (=) exp'n..s anna Ene (2) 
where m* is the density-of-states effective mass of a hole, and m the mass of a 
free electron. Thus 
anketS PP , 3,2 (2emkT)\ 2 3 ae 
w= 215 tann§ + 5in( en) + sna. yeh eC (3) 


Austin and Wolfe showed that the mobility is approximately proportional 
to T-? in the range of temperature over which the measurements were made, 
so it is reasonable to use a value of A equal to — 3, corresponding to acoustical-mode 


ole ran ature. In order to make « equal to ae 
to assume high values for the effective mass or for A, even 
gher temperatures. It is clear that the results can only be explained if 


s assumed that there is a very appreciable phonon-drag effect. Strictly 

= iking the phonon-drag component of the thermoelectric power ap is equal to 

4 — &— Ge but, below 400°x, a is so much less than «p that it is a reasonable approxim- 
ation to put ae wal 

3:R 22s 


— ap ~A—A+ on pec 3) 


For reasonable values of m*/m the last term cannot amount to more than about 
+100 pv deg-! compared with « greater than 2 mv deg“. 

A straight line (on the log-log plot shown in figure 3) may be drawn through 
the values of «p calculated from equation (4). The slope of this line, obtained 
by the method of mean squares, indicates that xp is proportional to T Sea an 
a possible error in the exponent of +0-3. 

It is interesting to compare the phonon-drag effect in diamond with the 
effects observed in p-type germanium and silicon. Geballe and Hull found that 
&p is proportional to T-*? in the purer samples of germanium, and to 7~**? in 
silicon. Herring pointed out that «p should be proportional to T-*° in the ideal 
case of a sample with a low carrier concentration, the carriers being scattered 
by longitudinal modes of vibration at low temperatures and boundary scattering 

‘of phonons being neglected. He showed that with more complex scattering 
laws an exponent of temperature numerically less than 3-5 would be expected. 

Herring also found, by dimensional analysis, that 
ees 

pmy* 
where p is the density, c the velocity of sound and f the fraction of the scattering 
of the carriers which is due to low energy, longitudinal mode, phonons. mj* 
is the inertial effective mass and p the mobility of the charge carriers. If it is 
supposed that f is equal to unity and m;* is approximately the same for diamond, 
silicon and germanium, relation (5) should enable the relative values of ap in 
these materials to be predicted. 

The table shows the values of the relevant quantities and also the experi- 
mental values of «p extrapolated to 200°x. apu/pc®, shown in the last column 
of the table, is of the same order for all three materials, in spite of a ratio of about 
200: 1 between the values of %p for diamond and germanium. It seems, 

+ Wedepohl’s (1957) observations. of the mobility variation for a number of other 


Ma diamonds throw some doubt on the validity of setting A= —4. However, any consequent 
error in the calculated value of q, is likely to be no more than that arising from the uncertainty 


in effective mass. 


ap 
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Comparison of «p in Diamond, Silicon and Germanium 


(1) (2) (3) (4) (3) (6) (7) 
Diamond 351 17-7x108a 2:2x10%d = 2-77x 10? = 1-1x10-* = 4-0 x 10 
Silicon 2:33 9-16x10%b 1:°5x10%e 1:00x10?? 1-2x10-3g 12 x10-% 


Germanium. 533 54110" 45%108f). 549x108" 3 x 0= h 9-4 10-* 


Be ee eee 
(1) Element ; (2) density p (g cm-*) ; (3) sound velocity c (cm sec!) ; (4) hole 
mobility at 200°K, » (cm? v~) ; (5) pe?/m (gmv sec~*) ; (6) experimental ap (v deg-*) ; 
(7) cppt/pc® (g~? deg sec’). 
Notes : a, Bhagavantam and Bhimasenachar 1946 ; b, Bridgman 1949; c, Bond 
et al. 1950; d, Austin and Wolfe 1956 ; e, Ludwig and Watters 1956 ; f, Morin and 
Maita 1954; g, Geballe and Hull 1955 ; h, Geballe and Hull 1954. 


therefore, that relation (5) is a reasonably good guide to the relative magnitudes 
of the phonon components of the thermoelectric power. 


§ 5. CONCLUSIONS 


It is concluded that the presence of the phonon-drag effect on the thermo- 
electric power of diamond has been definitely established. Its magnitude, in 
comparison with that for silicon or germanium, is of the order predicted by 
Herring and its variation with temperature is close to that expected in the ideal 
case of scattering of electrons by longitudinal modes of vibration, at temperatures 
well below the Debye temperature. 

Because of errors inherent in the experimental measurements it has been 
impossible to establish the absolute magnitude of the thermoelectric power to 
within about + 10%, so it is not possible to use the results to determine the 
effective mass of the carriers. In order to do this it would be necessary to extend 
the Hall and thermoelectric measurements to rather higher temperatures, using 
a considerably longer sample with, preferably, a higher carrier concentration. 
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Formulae for the Hall, magnetoresistance, photoelectromagnetic and 
- effects due to electrons and slow and fast holes are derived for the cases 
of energy independent relaxation time and lattice scattering. The expressions 
. iven are evaluated as far as the third order in magnetic fields for small magnetic 
_ fields and as far as the first order for large magnetic fields. They readily reduce 


§ 1. INTRODUCTION — 


indicated by cyclotron resonance experiments (Dresselhaus e¢ al. 1955) 

and by conductivity, magnetoresistance and Hall effect measurements 
(Willardson et al. 1954). ‘There appear to be, in addition to the conduction 
band electrons, two types of holes in the valence band. Hall effect and 
conductivity measurements on p-type germanium indicate that about 297, c0f 
the holes present have a mobility of about eight times that of the more abundant 
type of hole. Attempts to detect these high mobility holes by using drift 
techniques (Harrick 1955) have failed and Rittner (1956) has given theoretical 
reasons to show why the fast holes cannot be detected in this way. A magnetic 
field is necessary to reveal the presence of the fast holes. 

It is the purpose of this paper to develop theoretical expressions for electrical 
J transport phenomena in semiconductors in the presence of magnetic fields, 
taking into account the presence of the third carrier. We shall see that the third 
carrier has a profound quantitative effect on terms in powers of magnetic field 
higher than the first. 

Materials with multiple but simple energy bands will be considered. This 
treatment may well be applicable to many of the most interesting semiconductors 
and in particular to the III-V compounds, but will not be applicable in general 
to germanium and silicon. However, the analysis will apply in strongly p-type 
germanium and silicon for galvanomagnetic effects and even in photomagnetic 
effects, where electrons are always involved, our preliminary experiments show 
quite negligible anisotropy in some cases. 

The Hall and magnetoresistance effects will be treated first, followed by the 


photoelectromagnetic and Dember effects. 


T= presence of three types of charge carrier in germanium has been 
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(f) Negligible space charge exists, ie. An= Ap ae everywhere. 


(g) Classical statistics may be used. See 
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Definition of field and current directions. 


Now, referring to the figure, along thin specimen implies 4/,/dx=0 and 
0E,,/ox=0. But since divJ=0, oJ,/0y=0. Further, for open circuit Hall 
probes, which is the case we shall consider, J,=0 at the surface. Hence J,=0 
over all y and we may write 

Fa tlgg +4 ged (1a) 


The condition (Van Roosbroeck 1956) ae E=0 together with d£,,/dx=0 
yields the relation 


dE,,/dy=0. Seca ae Gei 
In the treatment of the Hall and magnetoresistance effects we shall assume 
that the specimen thickness in the y direction is very large compared with the 


e for each carrier M is the effective mass and w =eH/M. 
_ Since we are only concerned with acquired motion, V,,+iV,,=0 when 
‘ =0, assuming each collision completely randomizes the motion. Using this 
boundary condition the solution for electrons is found to be ; 
pela ga — [1 —exp (dant)] ae) 
with similar expressions for Vt and’ V5 tte 
Equation (3) gives the velocities V of the carriers at any time ¢ between 
collisions. It may be shown that the probability that a carrier suffers a collision 
in an interval of time dt is dt/r where 7 is the mean free time which is dependent 
only on the material and the thermal energy of the particular carrier. It readily 
follows that the mean velocity of carriers is given by 


Be 


= pe E | “etrv(ryar | Ladd (4) 

Ai TJo av 

; _ where the average over 7 is taken with respect to the energy distribution f(«) at 
__ temperature #°K (Brooks 1955) of the carriers 

f 4 3/2 

4 ee Mes (NS, wn ve 5 
Hove= sain) *“4 (a) 6 


es Thus from equations (3) and (4) the current density produced by the 
electrons is 
4 


pomp ia Ur i ie a S : 
Tg tJ yy = e | exp (— T/7n)[1—exp (iwonT) dT ad 
ee oe oe ee ee (6) 
@ Thus 
; ne” ™ Tn" ] \ 
ea a eek OO Re pa a lees 
J on My, {E. F —- 7 |. a y E - On"Tae av ; (7) 


ne? Th Tn” 
Ja= Tf, {z, | vi 7 |, rahe l ome == |, 


It may be shown that J,,, Jz J) and J,, are equivalent to the above with 
n replaced by p or q and the sign of w changed. 

For sufficiently low magnetic fields wptp, q7q and wn7n are small compared 
with unity. Alternatively, for sufficiently high magnetic fields wptp, wq7q and 


wntn are large compared with unity. 
PROC. PHYS. SOC. LXXIII, 3 2D 


aie ie (9 ) 
when terms in H higher than the rare 1 | 
and pn/up are ee as aand b respercely: that the magnetoresistance 1 


7 a eed +?) (aq+bn ys cea 


Bae the Hall coefficient Ay = Fh is | | | 
ee rl Urea) 
H’ (aq+bn+p)e (bn +aq+p) 
p+arq—b*r a®q — bn}? agtp—o" + p- b*n ~ . 
‘bn+aq+p | p+aq—b'n Bp H? |. see e ee (11) 


Thus in a highly p-type semiconductor if 1% of the holes have a mobility 
ten times that of the normal holes, the low-field Hall coefficient is almost doubled 
and a considerable magnetic variation is introduced. 


2.2.2. Lattice scattering. - 


For lattice scattering t= 7 /(«/k0)"? where 7, is a relaxation time. Putting 
H=0 in equation (8) and averaging + with respect to the distribution (5), the 
mobilities are found to be given by 


ROEM alae stan T eRe bn 3M 7 se esee (12) 
Averaging over 7 in equation (8) and using equations (1a) and (12) we obtain 
when terms above H® are neglected 


Ap _ thee!) 2 aqt+p—b'n\?]97 arp 
p =[( bn+p+aq (Gee) jour ff weeees (13) 
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us Energy independent free time. 
oad Dropping the averages in (15) and using equations (1a) and (9) it readily 
e follows that the magnetoresistance effect at very high magnetic fields is 


B: pa _ (n[b+p+a]a)(bn-+p +ag) ats 
ait p (pt+q-n)? yt ee 
and the Hall coefficient is 
a aiirng. 
Be a Seve 


2.3.2. Lattice scattering. 
Averaging (15) over 7 and using (1a) and (12) it now follows that 


PH _ 32(n/b +p +q/a)(bn+p+aq) (18) 
p 9rr( f +q—n)* eet 8 oO @ 
¥ 1 
AG= Gan ne ee oe (19) 


Equations (16), (17), (18) and (19) show a small percentage of fast holes 
have very little effect on the high field magnetoresistance and Hall coefficient. 
It is worth noting that equations (17) and (19) are identical since the high field 
Hall coefficient is independent of the scattering mechanism and thus measures 
‘carrier density directly. 


a 2.4. Discussion 
» 2.4.1. Low magnetic fields. 


Equations (10), (11), (13) and (14) show that for semiconductors in low 
magnetic fields a few fast holes have a marked quantitative effect on magneto- 
resistance and the magnetic variation of the Hall coefficient and considerable 
effect on the low magnetic field limit of the Hall coefficient. This is in agreement 
with the expectation that the higher the power of mobility involved in an 
y effect, the greater will be the influence of a few high mobility holes. The 
low-field limit of the Hall coefficient involves (mobility)?, magnetoresistance 
involves (mobility)*, while the magnetic variation of the Hall coefficient 


c involves (mobility)*. 
. 2D2 
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When there is one type of electron and one type of hole, and energy 

independent scattering, the magnetoresistance becomes 

Ap (6+1)?? H? 

—P = + —_npp 

p (bn +p) 
where mj = (np)"? is the intrinsic carrier concentration. Thus in a highly extrinsic 
‘semiconductor the magnetoresistance would be very small. However, in 
practice energy independent scattering does not occur and with lattice scattering 
we have : 


4p _[ b'n+p -3 (Fert) Qn opye 
»  LNbn+p) 4\bn+p/) | 16"? 

30 p—B?n b?n-+p -* (ane 2 
y= Ba | 1+ (Ge) 8 \ dap yaa Cem (20) 


_ (bin-b\\ 97 j 
(Grae) fe este: 


Thus the magnetoresistance in highly extrinsic semiconductors should be 
independent of carrier concentration for types of scattering other than energy 
independent since terms in n? (or p”) on the numerator no longer cancel. 

Equations (13) and (14) give the complete expressions for the low field Hall 
coefficient and magnetoresistance-in the case of lattice scattering. Ina strongly 
p-type semiconductor these expressions may be reduced to 


Sp -| (242 = 5(2<! a hc 22 
p pt+aq 4\ p+aq 16°” 
which agrees with the relation given by Willardson et al. (1954) and 
_ 30 aqt+p ptaq ptatq\ }.-- (21) 
Ay = Qs a Nae 1 + i jp 
8 (aq+p)re p+aq +a°q 
Oe Be a’q\? Om 2772 
eer | oe AE 
In p-type germanium at room temperature there is lattice scattering and 
putting @=pq/pp=8 and q/p=2% we obtain 


Ap 2:0 
— ~12u,)?H?; Ayr —[l- pic il? 
p Ep A be [1 — 100pup°H*] 


Thus, in p-type germanium, if accuracy to the order of 4% is required, the 
expression for the low-field limit of the Hall coefficient must only be used when 
H < 1000 gauss. 

It is interesting to contrast the above relations with those obtained if the high 
mobility holes are ignored, i.e. where g=0, 


A = 
Eo 0-39)9H? Ag ae [1 —1-4yp2H?]. 


The zero magnetic field limit of the Hall coefficient for lattice scattering is 
from equation (14) 
lim A, = Raa Gag Pa 
neo F 8 (aqg+bn+pye 
which for g=0 reduces to the well-known two-carrier expression, and for n=0 
reduces to that given by Willardson et al. (1954). 
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2.4.2. High magnetic fields. 


In §2.3 the magnetoresistance and Hall coefficient are shown to saturate at 
sufficiently high fields and equations (18) and (19) give the relevant three-carrier 
expressions for lattice scattering. In germanium the presence of the third carrier 
hardly affects the saturation magnetoresistance and Hall coefficient. 

From equations (26) and (27) the two-carrier expressions are 


Pu _ 32 (bp +n)(bn +p) 


lim 9 a 5 
>0 7 ae 
Bee ‘ibis Bericht MBS onsite (23) 
ree ean 
H>0 (p—n)e 


The latter equation of this pair is given by Swanson (1955) and by Harman 
et al. (1954). It should be noted that in practice the geometry of the specimen 
will usually limit p,/p and A, at sufficiently high magnetic fields. 

At intermediate magnetic fields the averaging of lifetime over thermal energy 
is difficult in general. However, in InSb, for example, the mobility ratio is so 
high that it is possible to use the high field approximation for electrons and the 
low field approximation for holes simultaneously over quite a range of magnetic 
field strengths. 


§ 3. THE PHOTOELECTROMAGNETIC AND DEMBER EFFECTS 


3.1. General Theory 

In these effects uniform light falls on the upper surface of the specimen as 
shown in figure 1. A magnetic field is applied as before, but the ends of the 
specimen are shorted in the cases that we shall consider. The light releases 
carriers at the upper surface of the specimen producing concentration gradients 
of the three carriers in the y direction. Because the diffusion constants of the 
three kinds of carrier are different, the holes and electrons flow towards the 
lower surface at different rates thus charging the lower surface until the resulting 
electric field has adjusted the carrier velocities for no net current flow. This 
field acting across the specimen thickness gives rise to the Dember voltage. 

Now the resulting equilibrium is dynamic and downward carrier flow is still 
taking place. The magnetic field deflects the carriers sideways and the currents 
due to each deflected flow are additive producing the photoelectromagnetic 
current in the x direction. 

In addition to the assumptions (a) to (g) of 2.1 we assume 


(h) Unit quantum efficiency. 
(i) All the carriers are released at y=0. 
(j) The surface recombination is linearly dependent on carrier concentration, 
with velocities s, and s, at the upper and lower surfaces respectively. 
Now equation (7) showed that the relations between the current densities 
and electric fields were of the form: 
a er 
Jy= (HyzEe zr Pyyliy)Ne 
where per May Hye and py, have the dimensions of mobility and N is the 
appropriate carrier concentration. 


which are ariel form 
Hence for the st 
current densities are 0 y addi equatio 24) anc 
since there are only concentration gradients in the y direction, 
since dE,/dx=0 and d£,/dy=0 so that E,=0 everywhere. 
equations are 
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with similar expressions for J,,, J,,; J, and J,,.. The continuity equations 


are taken as : x 
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where 7 is the lifetime against recombination of electrons with holes, and it is 
assumed that transitions between slow and fast hole states occur very rapidly 
compared with interband transitions so that the ratio between slow and fast hole 
concentrations has its equilibrium value. Thus denoting q/p by « and n/p by 8, 
we have 
Aqg~ gq n 
—=2+=¢« ‘and —=—B. > ~~” fee 28 
Ap p P ce 
It should be noted that .7 depends on the ratio n/p and that its appropriate value 
must be used in the expressions that are derived. From equations (27) and (28), 
T dd, ze ab Ca Nai 
An =: —— 25 2X ; Aq= 
De ere ah Go Faye (ex, ee 
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Ser gate (29) 
Substituting for An, Ap, and Ag in equation (26) the current densities become 
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with similar equations for J prety : yp and J. we . 
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eal Ly is the diffusion length for slow holes. 
The solution of this equation is 
J, =A cosh y/f+B sinh GO ee eee (33) 


_ where A and B are arbitrary constants, and to the third order in H 
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___L being the three-carrier diffusion length in zero magnetic field and f the effective 
diffusion length in the magnetic field. 

a The boundary conditions for equation (33) are obtained by considering the 

bs current due to electron flow at the surfaces. Thus, using (29), 

f 


a Uy ; 
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. where Q is the absorbed photon flux and s, and s, are the surface recombination 
iB velocities at the illuminated and dark surfaces respectively. Hence 

a J —eO[(y, cosh r/f +sinh r/f) cosh y/f — (cosh r/f +2 sinh r/f) sinh y/f] 
Va og (71 +72) cosh r/f + (1 +yzv2) sinh r/f G3) 
NS Ee eee 

a where y;=7 5/f, y2=T siff. 

The Dember voltage is given by 
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Expressing J,, in terms of J, from (32), substituting for f from equation 
(34), expanding and neglecting terms in powers of H higher than the third this 


reduces to: 
ie ee (6+1)p + aq(a+d) ex { (a—1)?aqp 
(aq+P) (aq+p)[(b+ 1)p + (a+b)aq] 
B?(aq +p)? + bn(a°q +p) | : 
NOLO ee ees } ae | SDS) je aM (38) 


If g=0-01 and a=10 then the low field limit of Ise will be increased by about 
25% from that when q=0, while the magnetic variation will be increased by 
factors of about 2 and 14 for strongly p- and strongly n-type semiconductors 
respectively. 

It should be noted that S is negative in equations (37) and (38), is given by 
equation (36), and in general depends on the magnetic field through f. 


3.2.2. Lattice scattering. . 


Averaging over 7 in (31), using (1a) and (12), and proceeding as for energy 
independent scattering, equations (35) and (36) are again obtained but with : 
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so that to the third order in H 
Vo WORE ep Oa {1 | @+9)a’q+p)—b(aq+p/P 
(p+qtn)(aq+P)un (aq+p)[(b—a)q+(b—1)p] 
_ 1 b(aq+p)?+n(a?q+p) 
Lee Teint A veto) 


nT 


ee. «3.3. Cases of High Magnetic Field == 
ym equation (30), expanding and neglecting terms with negative powers 


yond the second, we obtain, when J/,,, is expresse d in terms of J,,,_ : 
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3.3.1. Energy independent free time. 

_ Dropping the averages in (42), introducing mobility from (9) and using 
- (1a) to eliminate E,, one again obtains (35) and (36) but where f is now given by 
Bec _ LX(l+e+p)i+e) 
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_ Proceeding as before but putting 
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2 3.3.2. Lattice scattering. 

Me Averaging over 7 in equation (42) and using (1a) and (12), once more 
i equations (35) and (36) are obtained but with f now given by 
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so that with the same notation as for energy independent scattering 
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two cases the third carrier should be taken into account when compar eory 

with experiment. ; ey 
In strongly p-type semiconductors when lattice scattering predominates, 

low magnetic field expressions are obtained from equations (40) and (41) by © 

putting =0, Le. 
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where S is given by putting n=0 in equation (36). WhenrSf, for y;<1,S=1 
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which changes the field dependence slightly. 
In p-type germanium at room temperature lattice scattering predominates 
and putting a=8, q/p=0-02 and b=2 we obtain 


} 
Vo= vee 1+27pp?H*};  Ise= —4-7upHe OSLEn{] — 62mp"H*}. | 


It is interesting to contrast these with the relations obtained if the high mobility 
holes are ignored, i.e. when g=0: 
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For semiconductors with only one electron and one hole we see that for 
lattice scattering which is the most usual case in practice 
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On dividing equation (49) by (48), So, Q and L cancel yielding the useful 


_ expression . 
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| 3.4.2. High magnetic fields. 
ae From equations (43), (44) (45) and (46) we see that at high magnetic fields 
-_ when r> f, which will usually be the case since focH-, Isc saturates or becomes 
inversely proportional to H, while V, increases linearly with H or saturates for 
~ low and high surface recombination velocities respectively. Kurnick and Zitter 
(1956) have observed both kinds of variation of Isc with magnetic field in InSb 
where there is one type of electron and one type of hole only. ‘These equations 
show that in germanium the presence of the third carrier should hardly affect 
Tse and V, at very high magnetic fields. 


. _ From equations (45) and (46), the two carrier expressions in the case of 
a lattice scattering at very high magnetic fields are 
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On Disordered One-dimensional Crystals 


By P. DEAN 
Mathematics Division, National Physical Laboratory, Teddington, Middlesex 


MS. received 10th November 1958 


Abstract. A mathematical method is presented which leads in a direct manner 
both to an explicit expression for the frequency distribution of a disordered chain 
of atoms and to a powerful technique for the numerical evaluation of the spectrum. 
The application of the method to a model of a binary alloy is then considered. 


§ 1. INTRODUCTION 


associated with the vibrations of disordered atomic lattices. The most 

central of these is, perhaps, that of the development of a general mathematical 
or computational technique for the evaluation of frequency spectra, for this 
would at once enable a number of, as yet, unknown thermodynamic quantities 
to be found. For example, in the theory of order—disorder transformations in 
binary alloys little is known of the effect of lattice vibrations on the specific 
heats of alloys having various degrees of order ; consequently, the existing theories 
compute specific heats (and other thermodynamic quantities) only on the basis 
of configurational changes of energy. ‘The neglect of possible vibrational con- 
tributions may well account, at least in part, for the limited success of these 
theories. : 

An adequate theory of the vibrations of disordered systems would not be 
restricted in use, though, to just the theory of alloys. ‘There are direct applications 
to several fields including the physics of isotropic mixtures, the glass state, the 
electronic levels of liquids and alloys and the spin wave theory of magnetism ; 
more particularly, the problems of impurity electronic states and the effect of 
structural defects on lattice vibrations would emerge as special cases of the general 
theory. The underlying problem, then, is one of some importance and it is this, 
coupled with the inherent mathematical interest of the subject, that has been 
the stimulus for the recent activityT. 

Unfortunately, the difficulties of the general three-dimensional problem 
appear, at present, to be insurmountable. While some attempts at solution have 
been made, these are either of restricted validity or of an excessively formal nature, 
not easily adaptable for computational purposes (Prigogine, Bingen and Jeener 
1954, Lifschitz and Stephanova 1956). It is, therefore, to the one-dimensional 
problem that interest has, in the main, turned, as indeed was the case in the early 
days of work on periodic lattices. Now, as then, it is hoped that the study of the 
simpler model will be of considerable value in future attempts to compute the 


+ Examples of the work on the electronic levels of disordered systems are provided by 
the following papers: James 1949, James and Ginzbarg 1953, Landauer and Helland 1954. 


I N recent years considerable attention has been focused on a number of problems 
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spectra of more realistic lattices. There is also, of course, the possibility of 


direct application of the linear problem to the physics of polymers and allied 
systems. 

In the first paper on the subject of disordered elastic chains, Dyson (1953) 
evolved a formal method for the determination of the spectrum of frequencies. 
His method of derivation was, however, needlessly complex and was later much 
simplified and somewhat extended (Bellman 1956, Dean 1956). The basic 
technique, though, is of no computational value for it demands the solution of 
an extremely complex numerical problem. Its use lies rather in its applicability 
to a number of special models (Dean 1957). 

That the frequency spectrum of the elastic chain could be found very simply 
in terms of the solution to a functional (or in some cases homogeneous integral) 
equation was shown some three years later by Schmidt (1957). The mathematical 
argument, though ingenious, is somewhat involved; this, however, is no real 
disadvantage. ‘The main difficulty is as before—that the method does not suggest 
a practical means for extensive computations. The underlying connection 
between Schmidt’s formalism and that of Dyson is, to some extent, made clear by 
the work of des Cloizeaux (1957). 

The greatest volume of work on disordered lattices, to date, has been based 
on purely approximate techniques for the evaluation of spectra (in one, two and 
three dimensions) and is very adequately described in the review articles by Muto 
and Takagi (1955) and Maradudin et al. (1958). Although several important 
facts have emerged—such as the acute sensitivity of the vibrational spectrum 
of binary alloys to the existing degree of order—the calculations referred to in 
these papers must be regarded as being only of qualitative accuracy, this being 
clearly seen by the application of the methods to periodic lattices having known 
frequency distributions. 

In the present paper we introduce a method of treating the one-dimensional 
problem which is at once mathematically simple and very direct; in addition, 
it can be used as the basis of an extremely powerful computing technique. Some 
calculations on binary systems are, indeed, now in progress, and will be the 
subject of a further paper. 


§ 2. DESCRIPTION OF THE MODEL 


We consider a linear chain of N particles each of which is coupled to its nearest 
neighbours by elastic springs obeying Hooke’s law. The equations of motion 
of the system are 

m= R (x :414—%;) +k;_4(x;_1—x,) (¢ 12, aN «056 Wee (1) 
where m, is the mass of the 7th particle (situated at x, relative to its mean position), 
and k, is the elastic modulus of the spring joining the i and i+ 1th particles. 

By introducing new variables y,;=m,12x, and using the harmonic relation 
x;= —w*x,, it is easy to show that the equations (1) reduce to 


BiYi a+ (— wy + Bir Vig =, 7] 
Bi =Pyi1=9, (¢=1,2,...N), i 


where 
a;=(k;+k;_,)/m,, 


B= —Ry_4/(m,_4"?m}), ‘Srirres 8) 
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The squares of the characteristic frequencies of the chain are, therefore, the 
eigenvalues of the N x N Jacobian matrix A, the elements of which are defined by 


Aj;=%; 
A; w= Aj1, hes Bisa DegO-c Kt (4) 
all other A;;=0. 


The matrix A has N discrete eigenvalues. It is generally assumed that as NV 
becomes large the number of eigenvalues less than any given argument is given 


~ by an analytic function M(v) where v=w?, from which the density of eigenvalues 


D(v), may be simply derived: D(v)=dM(v)/dv. The object of the theory of 
this paper is to determine this spectral density or spectral distribution function 
given statistical information on the masses and elastic moduli of the chain. 

In order to fix ideas let us suppose our model is that of an alloy composed of t 
kinds of atoms having masses m1, m?,..... m'. It follows, from the simple nearest 
neighbour interactions, that each («,, 8;) pair can assume one of ¢* possible values, 
depending upon the particular sequence of three atoms starting at7—1. Let 


_ P».4" (x,8) denote the probability of («;,8;) taking on the value determined by 


the sequence of a p-, g- and r-atom. In the limit N->0o, we may regard the 
P?.4"(x,8) as being derived from a probability distribution function P(a,8) 
which, for the case of an alloy, is the sum of ¢° 5-functions, and for a continuously 
disordered (liquid) structure is an analytic function of « and B. In an alloy, 
the existing degree of order will uniquely determine the function P(a,8); we 
touch upon this point again later in the application to a binary system. 

There are two general points that should be mentioned in connection with our 
presentation of the problem. First, we neglect end-effects ; that this is justified 
in the case of large N is now firmly established on the basis of a theorem by Leder- 
mann (1944), though a simple method of proof for the co-diagonal matrix is 
indicated at the end of the next section. Secondly, our method of §3.1 for the 
exact determination of the spectral distribution function gives, strictly, the mean 
over a statistical ensemble of chains. It is, however, a well-known result of statis- 
tical mechanics that this is the correct spectrum of any individual chain as N->o. 
In the limit, then, we may take the results of this theory as being applicable to any 
single disordered chain. 


§ 3. DETERMINATION OF THE FREQUENCY SPECTRUM 
The algebraic basis to our treatment of the disordered elastic chain is, briefly, 
as follows. Consider the polynomials of the sequence £o(v)=1, g1(v), Balv),--- 
£y(v), where 


! 


ay —v Bs 0 
Be Coa Bs 
gi(v) = fo (tee ee an aie Rarer (5) 
0 B; a;—V 
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An expansion of the determinant as a function of the elements of the last row 


(or column) leads to the recurrence relation 
PRAY = v)gis(v)—BPgio(v) we tees (6) 
for i=2, 3,...N. From this it is easy to see that the functions 


£o(¥)»81(v)> +++ Sy (¥) 

satisfy the conditions for the validity of Sturm’s theorem, which may be stated 
as follows. 

Theorem: If a and b are any real numbers such that b>a, then the number of 
roots of the equation gy(v) = 0 which liein theinterval a<v<b ts equal to v(b) —v(a) 
where v(é) is the number of variations of sign between consecutive members of the 
sequence 8», £(&), Bo(E),--+- gy(é). We overcome any possible ambiguities 
by defining the sign of a zero g,(é) to be that of g,_,(), extending this process if 
necessary (i.e. if g;_1(€)=0). 

Now, the eigenvalues of the matrix A, defined by (4) are given as the roots 
of its characteristic equation |Ay—vJ|=0, or gy(v)=0. It follows, therefore, 
that the function M(v) of the preceding section is equal to v(v)—v(— 0); we 
are thus led to the equation 


Mipl=o(0)) a0 a Geran (7) 


which is the relationship fundamental to the work of this paper. 


3.1. The Exact Solution 
We consider the model of §2 for large N and study, initially, that section of 
the chain near to the 7th particle. Let us first choose a value of v(=v’) such that 
£;1(v') #0. Subject to this condition equation (6) may be written as 


Atv) =(«]—¥ )—pAlhk- a)  @=2,37...- Ny S72 eee (8) 
where, for values of v at which it is permissible, 
hy)=2)lecal®)e. (= 12. oN See (9) 


Let the probability distribution function of h,(v’) be H(h;) (—and it is at this 
point that we tacitly introduce the concept of a statistical ensemble of chains). 
Then, neglecting the influence of the ends of the chain, the a priori probability 
Tee of any other h(v’), in particular h;_,(v’), is given by the same function 

(h). 

Now, it can be seen from equations (6) and (9) that the quantities h,_, and 
(«;,8;) are uncorrelated, h;_, depending only upon («;_;,8; 1), (%_2,B;-s), ete. 
If, then, we equate the probabilities of the two sides of equation (8) we find, by a 
standard procedure, the following functional equation for H(h): 


BE oh (——) sissiae (10) 
where the summation extends over all possible pairs of values of («,,8;). For a 


liquid model, in which P(«,8) is a continuous function of «(or 8), equation (10) 
reduces to an integral equation one form of which is 


H(h)= | * Play] PO) | Pere etal (11) 


a—v'—hp 


t A good exposition of this theorem is given by Burnside and Panton (1918). 
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the other being expressed in terms of an integration over the variable 8. In order 
that the solutions to equations (10) and (11) be unique, the usual conditions of 
normalization and sign for a probability distribution function, viz. 


i Net as |): ity ee (12) 


and 
H(h)>0 
~ should be imposed. 

We now invoke the use of Sturm’s theorem for our typical (i.e. average over 
the ensemble) chain. From this theorem and equation (9) it is easy to see that 
the fraction of negative terms of the sequence /,(v’), ha(v’),....hy(v’) is equal to 
the proportion of the total number of eigenfrequencies less than v’ ; and, further, 
since (for large N) we take all the A,(v’) to be described by the same probability 
function, this proportion must be equal to the probability of h,(v’) being negative. 
We have, therefore, 


M(v’)= | : mah. | fang (13) 


thus enabling the frequency spectrum to be found directly from the solution to 
equation (10) (or (11)). 

Unfortunately, the above derivation of the M(v’) is not complete, for we have 
defined only those h,(v’) for which g;_,(v’)#0. To overcome this restriction 
we make use of the following artifice. If, for the value v=v’, one or more of the 
functions g,_,(v) (i=2, 3,... N) (for any of the m chains of the ensemble) is zero, 
we define, instead of (9), the ratios 


=u yee es ae Cs be ee) Se (14) 
gal") 
< is a small positive quantity such that 

PE Es ee Te ae ee (15) 


v" being the greatest (single or multiple) root, less than v’, of all the mN equations 
g;(v)=0. On this basis we can derive equations which become identical to (10), 
(11) and (12) if ¢ is sufficiently small. 

The derivation of these equations implies that the limit m,N-—> oo may be taken 
without invalidating the argument based upon «. ‘This is, indeed, the case, 
for we can take « to tend very rapidly to zero (say as e~”) with increasing mand N, 
thus ensuring the preservation of the property (15). 

Let us consider, now, the sequence of functions /,(»’), RAW, atte hy(v’) 
generated by (14). The fraction of negative terms is equal to the number of 
variations in the sequence g,(v’—¢), i=0, 1,....N which, in turn, is equal to the 
number of variations in g,(v’), 7 =9, 1, 2,....N. It follows, therefore, that 


M(v')= | x H(h)dh, 


as before. Thus, to an error which can be made arbitrarily small the equations 
(10) or (11), (12) and (13) may be taken as valid for the case where the functions 
g,(v’) are not all necessarily non-zero. Hence they constitute a general solution 


for the frequency spectrum of the disordered linear chain. 
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3.2. A Numerical Techniquet 


This method is that of the direct calculation of successive functions gil’ ) 
(i=1, 2,.....N) and the corresponding recording of the number of variations 
in sign v(v’) between adjacent members of the sequence. The proportion of 
eigenfrequencies smaller in value than v’ is then, simply, v(v’ )/N. a 

The technique is particularly well suited to high speed machine computation 
for, as can be seen from equation (6), there need be only a very simple (and corre- 
spondingly fast) basic cycle of instructions. The results of a calculation will, 
of course, apply only to the particular model defined by the sequence of elements 
a; B; ((=1, 2,.....N) which are used by the machine (—these having previously 
been computed by a pseudo-random process). However, since it seems that 
chains having as many as 10° or 10° particles can easily be treated we may, with 
some justification, expect the results for any typical chain to correspond closely 
to that for the idealized infinite model. 

A considerable advantage of the method is that, in building up a sequence 
of g,(v’), results corresponding to models of smaller ‘lengths’ than N are 
incidentally obtained. Information on the convergence of the frequency 
spectrum with increasing length of chain is thus available, thereby enabling the 
accuracy of calculated results to be determined. 

That the effects due to the ends of the chain are not serious, if N is large, may be 
seen in the following way. Consider the matrix A, defined by equation (4). 
If we change the positions of both the first row and first column to form a new 
final row and final column, the eigenvalues of the matrix B thus formed will remain 
identical to those of A. ‘The finiteness of the chain, influencing the elements 
of the first and last rows of A will, in B, affect only the elements of the N—1 and 
Nth rows. Now, from the definition (5), it can be seen that of all the functions 
g,(v) (=0, 1, 2,.....N)—referred now to the matrix B—only two, namely gy_4 
and gy, depend upon the elements of these rows. It follows, therefore, that a 
calculation of M(v) based upon the count of variations will be in error (due to the 
end conditions of the chain) by 2/N at most, a quantity which is not serious. 

These, then, are the advantages of the technique we have outlined: a fast, 
direct and accurate method of computation and a means of estimating the accuracy 
of the results obtained. It promises to be a powerful tool in the study of many 
one-dimensional systems. 


§ 4. APPLICATION TO A BINARY ALLOY 


We now apply the general theory of §§2 and 3 to a one-dimensional model 
of a binary alloy, i.e. to a chain composed of (here, equal numbers of) atoms of 
two distinct kinds, randomly situated. Let the masses of the atoms be m4 and m® 
and the interactions between nearest neighbours be described by the elastic 
constants kAA, RAB and k®8. ‘There are now eight distinct pairs of values for the 
matrix elements «,, 8;, each corresponding to one of the possible combinations 
of the three atoms at the lattice sites i—1, 7 andi+1. If, for example, these 
atoms are respectively A, B and B we shall have, from the definitions of §2, 


+ This is a modification of the Givens’ process for the determination of the eigenvalues 
of symmetric matrices (Givens 1954, Wilkinson 1958). The author is indebted to a 
colleague, Dr. H. H. Robertson, who first pointed out the possibilities of the method 
described here and from which all the work of this paper is derived. 
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k;-j=h42, k;=k®* and therefore 
a = (RAB + HBB), 
B2=(kAB)?/mAm3, | 
In the table, below, all the possible values of «,; and f,? are given as functions of 
the various values of k and m. 


For a chain of specified statistical properties the eight values of the matrix 
elements «,, 8; will, in general, occur with differing frequencies—frequencies which 


- are calculable in terms of the order parameters of the chain. As an example, 


we consider an infinite chain described in terms of (i) the short range order 
parameter o of Bethe (1935) and (ii) the long range order S of Bragg and Williams 
(1934, 1935). In each case we compute the probabilities of «; and B; having the 
values as in equation (16). 

Let g, be the fraction of unlike linkages (i.e. unlike nearest neighbours) 
in a chain of short range order o. Then g, and o are related by the equation 
o=2q,—1, o being unity for perfect order and zero for complete randomness. 


_ Now, the probability P43 («,,p;) (of «; and 8; being given by equation (16)) is 


in fact, the probability of an A-atom occurring at the (¢— 1)th position on the chain 

and B-atoms occurring at the 7 and (¢+1)th places. Accordingly, we have 
PABB(«;,8;) = 29(1— 9.) = (1 — 2) 

since the probability of the A-atom is , and this then influences the selection of 

the next atom, and this, in turn, the last. 

If we describe the arrangement of atoms on the chain by the parameter S 
the calculation of P423(«,,8;) is only slightly more complicated than that above. 
Let p, be the fraction of A-atoms on even numbered lattice sites. ‘Then we have 
S=2p,—1 and if, first, we take 7 to be an even number, we find 

Peven*®?(04,8;) =P Ps: (1—Ps)= 31 + SP(1— S$); 
if iis odd 
Poaa4®®(o%,8;) = (1— Ps) (1- Ps)" Ps= 3(1—S)*(1 + 5). 
It follows that e 
PABB(a,,8;) = 3[Peven + Poaa] = 3(1 — S?). 

In the table we tabulate the probabilities of occurrence of all the values of 
a;, B; as functions of o and of S. The letter 7 in the first column refers to the 
sequence of atoms starting at the chain site 7—1. 


Values and Probabilities of «,, B;? for the Binary Chain 


Sequence of 


atoms 8PIH(«;, Bi) 
starting at Oj BF as a function of 

q i-1 (oy S| 

1 AAA 2RAA/mA (RAA/mA)? (1-0)? 1— S? 
2 AAB (RAA + RAB) /mA (RAA/mA)? 1-o 1- S? 
3 ABA 2RAB /mB (RAB)2/mAmB (1+0)? 1+3S? 
4 ABB (RAB + kBB)/mB (RAB)? /mAm8B 1—c? 1— S? 
5 BAA (RAB + RAA)/mA (RAB)? /mAmB 1-o 1— S? 
6 BAB 2RAB/mA (RAB)? /mAmB (1+0)? 1+3,S? 
7 BBA (kBB + RBA)/mB (kBB/m®)? 1—o? 1- S? 
8 BBB 2kBB/mB (RBB/m3B)? (1—o)* 1-— S? 
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The frequency spectrum of the binary model may be found from the solution 
to the functional equation 
H(h)= s pig Ps pre ee (17) 
y=) Poy hid ovay ee 
on using the conditions (12) and the equation (13), the P/= Pi(a, B) being given 
in the table. 

The technique of § 3.1 lends itself very well to computations on binary systems. 
A predetermined value of the parameter o (or S) may be used to generate a pseudo- 
random sequence of A’s and B’s having the requisite degree of order. This 
sequence (or chain) then determines consecutive values of the «,, 8; with the 
estimated frequencies of occurrence as in the above table. There are no 
difficulties of machine storage for the selection of ana, 8 pair may be left until 
the stage of computation is reached at which the values are required. 

A programme of the above nature has been prepared for use on the DEUCE 
of the National Physical Laboratory and calculations are, at present, in progress 
and will be fully reported in a second paper. Preliminary results (though these 
are by no means extensive) suggest that the high frequency end of the vibrational 
spectrum is very sensitive to changes in the order parameters, the low frequency 
end being appreciably less so. For the case RAA=kAB=k®8; m4=2m?> the 
spectral distribution function differs somewhat from that published previously 
(Maradudin et al. 1958) and obtained by more approximate methods. 


§ 5. SUMMARY 


The relationships (10) (or (11)), (12) and (13), together with D(v) =dM(v)/dv 
constitute a formal method for the determination of the frequency spectrum of 
the disordered elastic chain. The equations are analogous to those of Schmidt 
(1957) (in section II(d) of his paper) although he considers only the case in 
which k44 = k43B = kBB, Unfortunately, the difficulty of solution of the functional 
equation is such that the exact treatment promises to be of little use in the 
numerical evaluation of spectra except, perhaps, in a minority of special cases. 
The computing technique of § 3.2, which is based upon the same principle as 
that used in the derivation of the equations referred to above, appears, though, 
to be a very adequate answer to the numerical problem. 
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Abstract. The magnetic susceptibility of Ag—-Mn solid solutions containing 
between 4-44 and 38-1 at. 04 Mn has been measured between 100 and 500°K. 
Alloys containing less than 20 at. °% Mn obey a Curie—Weiss law and the Perr values 
derived for the Mn atoms are discussed and compared with other published 
values for this system. Over the range 7—20at. % the (Py, Mn concentration) 
curve is linear, indicating a 3d°4s? configuration for the Mn atoms at infinite 
dilution. Our own and some other published values for more dilute alloys are 
however not in good agreement with a linear extrapolation. Examination of 
published data shows that a similar discrepancy between dilute and more 
concentrated alloys exists in Cu-Mn solid solutions. No explanation of such 
an effect can yet be advanced, but the sensitivity of the Perr values to the 
diamagnetic correction in very dilute alloys is pointed out, as well as a difference 
between electronic configurations deduced from susceptibility and from electron 
spin resonance measurements. Beyond 20 at. % Mn the Ag—Mn alloys no longer 
obey a Curie-Weiss law and the possibility of short-range magnetic order in them 
is discussed. Some comparisons are drawn between the solid solutions of Mn 
. in Cu, Ag and Au. 


§ 1. INTRODUCTION 


T is well known that valuable information about the electronic configuration 
| of transition metal atoms can be obtained from the magnetic susceptibility 
of alloys containing these atoms in solid solution. If the susceptibility obeys 

a Curie-Weiss law, effective magneton numbers Pere may be derived, and 
assuming the orbital momenta to be quenched, perry may be equated to 
[4.S(S+1)]?, where S is the total spin quantum number of the solute atom. 
Dilute solutions of Mn in the noble metals have been much studied in this 
connection, particularly at elevated temperatures, and we have now carried out 
susceptibility measurements between 100°K and 500°K on Ag—Mn solid solutions 
containing from 4-44 to 38-1 at. % Mn, thus covering practically the whole 
of the solid solubility range given by Raub and Engel (1946). When our work 
started, no low temperature susceptibility measurements had been reported on 
this system, but Otter e¢ al. (1955) have since examined one Ag—Mn alloy 
containing 14-58 at. ° Mn, and Owen et al. (1957) one Ag—Mn alloy containing 
4-2at.% Mn. On the high temperature side the only references are Néel (1932) 
(2°5-12-25 at.% Mn, 0-650°c), Gustafsson (1936) (0-19-7-4 at.°/, Mn, 20-468°c) 
and Kronqvist and Giansoldati (1953) (7-52-19-8 at. % Mn, 20-700°c). Our mone 
thus overlaps with and extends both towards low temperatures and in range of 


composition that of these latter workers. Facilities were unfortunately not 
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available to study these alloys at very low temperatures at which interesting 


magnetic and electrical anomalies are known to occur. 


§ 2. EXPERIMENTAL 
2.1. Preparation of the Alloys 


Alloys were prepared from spectroscopically standardized. silver and 
manganese, the latter being first degassed by heating in a Pyrex tube for 1 hour 
at 300°c under continuous evacuation. The constituents were accurately 
weighed, placed in an alumina crucible with lid, and sealed into an evacuated 
silica tube. The alloys were kept molten for a period of about 1 hour and were 
vigorously shaken to ensure thorough mixing. They were then homogenized 
by heating for 24 hours at 900°c and quenched into water. For the higher 
concentrations of Mn, the quenched solid solution phase is supersaturated at 
room temperature but, as for the similar case of Au—-Ni alloys investigated by 
Kaufmann, Pan and Clark (1945), it has definite properties, and unless heated 
to a relatively high temperature a stability which does not allow the Mn atoms 
to precipitate out and change the magnetic behaviour. 

The silica tubes were then opened and the alloys in the form of small cylinders 
weighed and checked against the mass of the original ingredients. A small loss 
in weight, amounting to about 1 part in 500 of the total weight, was usually found. 
Although a slight taper occasionally necessitated breaking open a crucible, the 
alloys were clean and sound in appearance, with no sign of contamination, but 
there was usually a slight darkening of the top of the crucible. On the basis of 
previous extensive experience in this laboratory of preparing noble metal alloys 
(Owen and Roberts 1945) we have felt justified in attributing the weight loss to 
slight volatilization of Mn, and the nominal compositions have been adjusted 
accordingly. ‘To minimize any errors due to possible segregation the whole ingot 
of each alloy, weighing approximately 0-5 g, was used for the magnetic 
measurements. 


2.2. Magnetic Measurements 


The magnetic susceptibility of the alloys was determined using a Sucksmith 
ring balance, the specimens being contained ina high-purity aluminium specimen 
holder. Corrections were applied at each temperature for the deflection due to 
the empty specimen holder and the thermocouple assembly, the latter consisting 
of a calibrated copper—constantan thermocouple whose junction lay inside the 
specimen holder and very close to the actual specimen. For elevated temperatures 
the specimen holder was surrounded by a long cylindrical heater contained in a 
Pyrex tube attached by means of an O-ring to the base of the balance. For low 
temperature work a conduction system similar to that of van Oort (1951) was 
employed, a Dewar sleeve providing the necessary insulation from the pole pieces 
of the electromagnet. The lowest specimen temperature attainable with liquid 
air'was about —175°c. The ring balance could be evacuated or filled with argon 
at a low pressure, and its sensitivity determined at each temperature by means of 
a rider operated by a small electromagnet. 

The values of H dH/dx were initially determined using Analar MnSO,.4H,O 
(Bates 1951). Small discrepancies were however found between our measured 
susceptibilities of FeSO,.(NH,)250,. 6H,O, FeSO,.7H,0, and NiSO, .7H,O 


424 D. P. Morris and I. Williams” 


and published data for these salts, presumably on account of uncertainty in the 


exact number of molecules of water of crystallization. The values of HdH/dx 
were then redetermined using pure tantalum (Hoare and Walling 1951). This re- 
moved some of the discrepancies previously found, and FeSO,(NH,).50,. 6H,0 
was then used to investigate the variation of HdH/dx with volume of specimen. 
This effect was allowed for in our measurements on the alloys. ‘This salt was 
also used to check the performance of the balance at low temperatures and good 
agreement was obtained with the results of Jackson (1924). Tests showed that 
the insertion of the auxiliary equipment into the gap of the electromagnet did 
not affect the calibration. 

The electromagnet had truncated and stepped pole-pieces of the type 
described by Sucksmith (1939) and was supplied from a large capacity storage 
battery, the current being measured with an accurate Weston ammeter. 
A calibrated search-coil and fluxmeter were used to determine the average 
field over the volume of the search-coil. As our specimens were of slightly 
different volumes this did not represent exactly the field in which the susceptibility 
measurements were made, but the fact that they were independent of field over 
the range 2000-10000 Oe was established by comparing the ratio of their 
corrected deflections for different magnet currents with the corresponding values 
for the field-independent calibration material. It is estimated that the absolute 
values of the susceptibility are accurate to about 2 % at room temperature. 


§ 3. RESULTS 


It is first necessary to correct the measured susceptibilities for temperature- 
independent diamagnetism. This has been done in the conventional way by 
assuming that the main diamagnetic contribution comes from the silver. The 
measured susceptibilities were thus first converted into gramme-atomic 
susceptibilities y, and the corrected susceptibilities y, determined from the 
formula y,=xo+a, where a=(1 —*)X,,. x=atomic concentration of Mn, 
Xag= — 19:56 x 10-%e.m.u. (gatom)—! (Henry and Rogers 1956).¢ Strictly a 
correction is also necessary for the diamagnetism of the Mn atom cores, but there 
is uncertainty in the precise value to be taken. Néel (1936) has suggested a value 
of —43 x 10-Se.m.u. (gatom)-! for the 3d°4s? configuration, but the inclusion 
of this term makes only a few tenths per cent difference to any of the final 
corrected susceptibilities and it has therefore been omitted. It may also be 
noted that the measured susceptibilities of our alloys over the temperature range 
investigated are large enough to be little influenced by small error in the value 
of x4, but this and any omission or intrinsic error in the method of diamagnetic 
correction have increasingly greater effects as the temperature is raised and the 
concentration of Mn reduced. 

The results are shown in figures 1 and 2 as graphs of 1/yQ, plotted against 7. 
For the alloys containing 4-44, 7-97, 12-90, 16-7 and 17:6at. °4, Mn these graphs 
are linear, showing that the magnetic behaviour is well represented over the 
temperature range 100-500°K by a Curie-Weiss law y=C/(T—6). We have 
also included in figure 1 the data of Owen et al. for 4-2 at. °% Mn, and of Gustafsson 
for 7-4at.°% Mn. Reference to these will be made later. The values of 6, C and 
pett deduced from our results are given in table 1. C and 6 were calculated for 


t+ This most recent value differs appreciably from the previously accepted value of 
— 21:5 x 10-* e.m.u. (g atom)-1. 
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Figure 2. (1/x¢,T) graphs for Ag—Mn solid solutions containing between 24-9 andj 38-1 


at.% Mn. yc is expressed in e.m.u. (g atom)? of alloy. 


with one from the second. In this way a probable error based on between 8 and 
13 values of C and 6 could be given for each alloy. This represented how closely 
the observations obeyed an equation of the Curie-Weiss type. ‘The values of 


_ these probable errors were about +1 x 10-* for C, and +1°c for 0 for each alloy. 


In addition the absolute values of @ and C are affected by error of temperature 
measurement and by systematic error arising from the calibration of the ring 
balance. It is estimated that C is accurate to about 4% and 0 to about 3-4°K. 


Table 1. 6, C and perr for Ag—Mn Alloys (present work) 
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Petr was calculated assuming xy = 9°27 x 10e.m.u., k= 1-381 x 10-' erg deg™, 
N=6-022 x 1023. In addition to any uncertainty due to error in C, Petr is also 
affected by error in composition. In view of the way the composition has been 
established the values quoted in table 1 represent upper limits to Perr for each 
alloy. é 

For the alloys containing higher concentrations of Mn the magnetic behaviour 
is not so straightforward, the graphs being no longer linear over the whole 
temperature range investigated. However the results obtained were reproducible 
and appear to be characteristic of these supersaturated solid solutions. The 
alloy containing 38-1at.°/ Mn was found to possess a considerably lower 
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Figure 3. Variation of gramme-atomic susceptibility of Ag—Mn solid solutions with Mn 
content for selected temperatures. 


susceptibility than the other alloys of this group, especially at low temperatures. 
This is shown more clearly in figure 3, where we have plotted the gramme-atomic 
susceptibilities against Mn concentration for selected temperatures. The 
susceptibility increases uniformly with Mn concentration up to about 18 at. 9% Mn, 
remains approximately constant up to about 32 at. °% Mn, and then falls as the 
Mn content increases still further. It is conceivable that this effect is due to 
precipitation of Mn from the supersaturated solid solution through inadequate 
quenching. Calculation, using published data for the susceptibility of «-Mn 
(Kriessman and Callen 1954), shows however that for the 38-1 at. % Mn alloy 
for example the solid solution would have to contain less than 10 at. °% Mn to 
account for the effect. This hardly seems possible in view of the form of the 
equilibrium diagram. In addition, an x-ray photograph of a powder sample 
of this alloy quenched from 900°c showed only the lines of the face-centred cubic 
solid solution with a lattice spacing agreeing well with the results of Raub and 
Engel, so that the quenching procedure was here adequate to retain the super- 
saturated solid solution. ‘The face-centred cubic structure was also observed 
when the sample was photographed at liquid-air temperature, and there was 
no indication of a distortion to lower symmetry. The direct determination of 
the susceptibility of these alloys in the stable solid solution range has not been 
attempted by us, since the temperature range involved is small for the more 
concentrated alloys and the work of Néel has shown that there is considerable 
difficulty in preventing volatilization of Mn at these high temperatures. 


eer 2 
er C is the Curie constant, \ the molecular field parameter corresponding 
a direct exchange between Mn atoms and the conduction electrons, and xe 
: the Pauli paramagnetic susceptibility of the conduction electrons. The 
_ temperature independent term xe is of course allowed for in the diamagnetic 
- correction, since the experimental value of x,, includes the contribution due to 
- the conduction electrons. The corrected susceptibilities thus obey a Curie-Weiss 
law but with a ‘modified’ Curie constant C’=C(1+Aye)?. Owen et al. have \ 
shown however that A is so small in these alloys that C’, calculated in the usual 
way from the experimental results, can be taken as equal to C with negligible 
error. . 
; As already remarked we have included in figure 1 the data of Owen et al. 
for 4-2at.°% Mn, and of Gustafsson for 7-4 at. % Mn. The former workers 
_ applied the normal diamagnetic correction for silver and the line drawn in figure 1 
has been obtained by reading off 1/yy values from their published graph 
__ (xv=volume susceptibility) and converting these first into mass susceptibilities 
assuming a density of 10-4gcm~ for their alloy, and then into gramme-atomic 
~ susceptibilities. 
Gustafsson on the other hand expressed his results in the form 


C 
Kaien i 


and deduced C and the temperature-independent part xo from graphs of x 
against 1/7. This assumes that the susceptibilities obey a Curie rather than a 
Curie-Weiss law, an assumption which, for a finite 6, will be more nearly correct 
the higher the temperature. Gustafsson himself noted that there was a slight 
departure from linearity in his graphs at the lowest temperature (~290°K) and 
highest Mn content (7-4 at. % Mn), and this curvature was very marked at the 
lower temperatures when our results and those of Owen et al. were represented 
as (x, 1/T) curves. A Curie law does not therefore correctly represent the 
behaviour of these alloys over the whole temperature range, and we have 
recalculated Gustafsson’s data employing the conventional diamagnetic correction. 
As will be seen from figure 1, Gustafsson’s results for the 7-4 at. % Mn alloy can 
be well represented by a Curie-Weiss law, and this also applies for his 0-19, 
1:10, 2105 and 3-16at.% Mn alloys, although the graphs are not shown in 
figure 1 owing to the unsuitable scale. The two interpretations of Gustafsson’s 
results however lead to somewhat different values of C and Petr as may be seen 
from table 2. To show the sensitivity of 6, C and perry to the diamagnetic 
correction in these alloys we have also included in table 2 the values obtained 
taking x,4,= —21:5 x 10-6 e.m.u. (g atom)". 

In figure 4 we have plotted pert against Mn concentration, including our own 
results and those of Owen et al., Gustafsson, and Kronqvist and Giansoldati 
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Table 2. Gustafsson’s Results for Ag-Mn interpreted according 
to (a) Curie law, (b) Curie-Weiss law 


Curie law Curie—Weiss law 
At % 
Mn CK Dice °K C x 103 Pott 
t t t Tt 
0-19 7:15 5°50 — 7 —66 7:40 9-47 5:65 6°32 
1-10 41:7 5-51 —20 —31 47-1 49-3 5:87 5-99 
2-105 83:9 5-65 —-1 -4 84:8 86:0 5:68 5-72 
3-16 124-5 5-62 0 — 3 126-5 128-2 5-66 5-70 
7:4 313 5°82 24 Me 2833-52870) 8 5954.5 5-57, 


t xag= — 19°56 x 10-%e.m.u. (g atom)“. f yag= — 21-5 x 10-*e.m.u. (g atom). 


(over the range 290-570°K). With the exception of our value for 4-44 at. % Mn 
and that of Owen et al. for 4-2at. °%4 Mn the points lie on a straight line which 
can be extrapolated to give a Perr value of about 5-8 at infinite dilution. This 
corresponds approximately to a 3d54s? state for the Mn atoms. However the 
two exceptions noted throw some doubt on the validity of this extrapolation 
since the estimated limits of accuracy place them both below this extrapolated 
line. As indicated above the values of Gustafsson could probably be reconciled 
with a departure from linearity below 5at.°% Mn in view of their sensitivity 
to the diamagnetic correction and error in composition. 
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It is interesting to compare this situation with that for solid solutions of Mn 
in Cu and Au. We have assembled the available data in figure 5, all the pers 
values being based on the assumption of a Curie-Weiss law. For Au—Mn the 
number of available points is limited, but they lie reasonably well on a line which 
extrapolates linearly to about 5-8, corresponding fairly closely to a 3d®4s? state 
for the Mn atoms. For Cu-Mn the work of Myers (1956) and of Valentiner and 
Becker (1933) shows the (pert, Mn concentration) curve is linear between 5 and 
25 at. °% Mn, and this extrapolates back to about 4-9, corresponding to a 3d®4s! 
state. (Friedel (1956) has concluded from Myers’ work that per remains constant 
at about 5-0 up to large concentrations of Mn, but this seems unjustified, as 
Friedel’s values were based on a Curie law interpretation. Friedel has also 
interpreted this perr value to correspond to a 3d® state, which as pointed out 
by Schmitt and Jacobs (1957) is due to confusion between effective magneton 
numbers and saturation moments.) The results of Owen et al. and of Gustafsson, 
however, are not in agreement with this linear curve between 0 and 5at. %/ Mn, 
but suggest that a maximum exists in this region. 
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Whilst it cannot be entirely ruled out that these anomalous effects in Cu-Mn 
and Ag-Mn are attributable to the sensitivity of Perr to the magnitude of the 
diamagnetic correction and to error in composition there is reasonable evidence 
that the Perr values of the dilute alloys do not conform well with a linear 
extrapolation based on data on more concentrated alloys. The explanation of 
such an effect however is not clear. There is first of all an appreciable difference 
at high dilutions between the perr values for Cu-Mn on the one hand and Ag—Mn 
and Au-Mn on the other. For the former the electronic configuration of the 
Mn atoms approximates most closely to 3d®4s, and for the latter to 3.5482. 
This is presumably due to the considerably smaller lattice spacing of the Cu 
alloys, the closer contact between solvent and solute atoms tending to make the 
Cu—-Mn bonds more covalent in nature, the 3d-holes of the Mn atoms being no 
longer strictly localized near the Mn nucleus and therefore differing from the 
free atom configuration. The covalent bond leads not only to spin transfer 
between the two atoms but to the possibility of superexchange through Cu atoms 
as pointed out by Owen et al. ‘These workers have suggested that this is 
responsible for the ferromagnetic coupling in these alloys, and direct exchange 
between nearest neighbour atoms for the antiferromagnetic coupling. ‘The 
exchange effects are smaller in the Ag-Mn alloys presumably on account of their 
larger lattice spacing. If now the (pert, Mn concentration) curve for these systems 
was entirely linear, the gradual reduction in the magnetic moment per Mn atom 
could be regarded as similar to the reduced moment in ferromagnetics, where the 
conduction electrons can be pictured as partially filling up the d-holes. 
A curvature, and particularly a maximum, in the (Perr, Mn concentration) curve 
is less easy to understand, for it implies that this filling-up process does not 
proceed uniformly with increasing Mn concentration and there is no obvious 
reason why this should be so. The situation is further complicated since in 
Cu—Mn there is also a discrepancy between the electronic configuration deduced 
from susceptibility measurements and that from electron spin resonance 
measurements, the former indicating a 3d%4s? state and the latter a 3d°4s? state 
(Owen et al.). These effects are not yet clearly understood. 
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Most antiferromagnetic materials are characterized by negative values of 0. 
For the Cu-Mn alloys which show a transition from paramagnetism to anti- 
ferromagnetism, Owen et al. have shown experimentally that 0 is always positive, 
and we have found this to be the case for Ag-Mn, although we have not 
investigated very dilute alloys of this system. For the latter, Gustafsson’s results 
yield negative values of 0, as shown in table 2 (this is also the case for his very 
dilute Cu-Mn and Au-Mn alloys) but probably no great significance can be 
attached to this, as a long extrapolation is involved in deriving the values. However, 
despite some scatter in the published values, a definite trend towards increasing 
@ values can-be discerned in Cu-Mn as the Mn content increases, as shown in 
figure 6. This can be interpreted to mean a gradual increase in the ferromagnetic 
coupling which persists up to about 20at.% Mn. At this point, 6 begins to 
decrease rapidly and eventually becomes increasingly negative beyond about 
45 at. °/, Mn. A similar though not so marked trend can also be seen for Ag-Mn 
(figure 6), but here the curve cannot be extended to high Mn concentrations, 
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Figure 6, Variation of paramagnetic Curie temperature 8 with Mn content for Cu-Mn 
and Ag—Mn solid solutions. 


as a Curie-Weiss law no longer holds beyond about 18 at. °% and in any case 
the solid solution only extends to about 40 at. °%, Mn. The decrease in 6 suggests 
that the resultant ferromagnetic coupling is beginning to diminish, and it is 
interesting to observe that this diminution coincides well in both systems with 
the point at which the low temperature susceptibility of the alloys no longer 
increases uniformly with addition of Mn (see figures 3 and 7). For Cu-Mn 
the neutron diffraction experiments of Meneghetti and Sidhu (1957) indicate 
the onset of short range magnetic order at about 13 at. °4, Mn and this reaches a 
maximum at 50at.°% Mn. Beyond 69 at. °, Mn an antiferromagnetic structure 
is observed, believed to be due to an antiferromagnetic coupling between Mn 
atoms as the Mn concentration becomes predominant. It seems reasonable to 
conclude that the decrease in @ and the change in the low temperature variation 
of the mass susceptibility with Mn concentration can be attributed to a gradual 
increase in the antiferromagnetic coupling as the Mn concentration increases 
and that an antiferromagnetic structure would also exist at high concentrations 
in Ag—Mn, although this cannot be tested as the solid solution does not extend 
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sufficiently far. It would be interesting however to see whether short range 
magnetic order could be detected by neutron diffraction in Ag~Mn. Our liquid-air 
x-ray photograph of the 38-1 at. 94, Mn alloy gave no indication of atomic ordering 
in the alloy. 
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Figure 7. Variation of magnetic susceptibility of Cu-Mn solid solutions with Mn content 
at different temperatures. 
—188°c and 20°c Valentiner and Becker; 800°c Myers. 


The variation of susceptibility with Mn concentration at the elevated 
temperatures must of course have a different explanation because as pointed out 
5 by Myers the effect in Cu-Mn is observed well above any temperature at which 
magnetic ordering is important. In fact there seems to be a definite difference 
in the nature of this variation for both Cu-Mn and Ag—Mn, as may be seen from 
figures 3 and 7, the high temperature results indicating that the susceptibility 
is independent of Mn concentration beyond a certain value, in contrast to the 
rapid fall which ultimately occurs at low temperatures. The high temperature 
effect is attributed by Myers for Cu-Mn to a transition at about 25 at. % Mn from 
localized states for the 3d electrons of the Mn atoms to a collective electron 
treatment of these electrons for the atoms of the alloy. 

It will be noticed that 6 is always numerically smaller at comparable 
compositions in Ag—Mn than in Cu—Mn, and this could well be due to an overall 
reduction in all the coupling parameters due to the increased separation of the 
atoms in this system. It may also be worth observing that the coupling 
parameters themselves may be temperature-dependent, in virtue of the thermal 
expansion of the lattice, and that their relative values may change with inact 
If so, the expression for 4 derived by Owen et al. on their two sub-lattice mode 
shows that @ itself will vary with temperature, and this may provide an explanation 
for the departure from a Curie-Weiss behaviour found for the more concentrated 
ee vinaly we note that the only one of the three solid solution systems exhibiting 
pronounced ferromagnetism is Au-Mn (Meyer 1956, 1957). This alloy cies 
is considerably more complex both structurally and magnetically Dae either 
Cu-Mn or Ag—Mn, and ferromagnetism, antiferromagnetism, an Be 
magnetism (Meyer and Taglang 1956) are displayed at the appropriate 
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compositions. In view of the nearly equal lattice dimensions of Ag and Au 
one would expect a greater similarity between Ag-Mn and Au-Mn than between 
either and Cu-Mn, but as regards magnetic properties this appears to be borne 
out mainly only with the perr values, and Cu-Mn and Ag—-Mn seem more analogous. 
The greater variety of structures and magnetic effects of the Au-Mn system may 
well be due to the electronic structure of the Au atom itself, and it is not impossible 
that direct exchange between Mn atoms and unfilled inner shells in Au may be 
partly responsible for the observed effects. Further work will be necessary before 
the properties of these systems are fully understood. 
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Abstract. In general terms a qualitative account of the extraordinary Hall 


_ effect in ferromagnetic media may be based on spin-orbit coupling. The 


magnitude of the effect produced is, classically, very sensitive to the actual path 
of the electron, or, quantum-mechanically, to some of the detail of its wave 
function. Here conventional quantum-mechanical transport theory is used 
in some quantitative detail to evaluate the actual magnitude of the extraordinary 
Hall coefficient Rs. The initial states of electrons after collisions with the lattice 
are assumed to be a superposition of Bloch functions with random phases. Bloch 
functions for the s- and d-bands of nickel are chosen in sufficient detail to make 
possible a numerical calculation. It is found that Rs/p?, where p is the resistivity, 
increases very slightly for the pure metal with increasing temperature. At 
290°K, Rs is found to be slightly less than —2 x 10-" ohm cm gauss~?. 


§ 1. INTRODUCTION 


HE extraordinary Hall effect in ferromagnetics, i.e. the production of an 
| electromotive force in a direction transverse to that of current flow and 
related to the magnetization, seems to call for the kind of force which 

arises from spin-orbit coupling. Many authors have investigated this, for 
example, Karplus and Luttinger (1954), Smit (1956). For anything more than 
qualitative results, the quantitative evaluation of matrix elements makes demands 
on theory which can at present be met only rather inadequately. In addition 
the status of the semi-classical Boltzmann equation of transport theory and 
indeed transport theory itself is the subject of increasingly searching analysis. 

A preliminary estimate (Strachan and Murray 1958) shows that spin-orbit 
coupling can provide a transverse force on a conduction electron which is quite 
sufficient to account for the magnitude of the phenomenon, and which is much 
larger than that caused by any actual internal magnetic fields in the ferromagnetic 
material. This force is however very sensitive to the actual ‘ path’ of the electron, 
i.e. to some of the detail of its wave function. It therefore seemed desirable to 
apply conventional quantum-mechanical transport theory to this problem and to 
evaluate the result in as much quantitative detail as is reasonably justified. Thus 
we have used the conventional Boltzman equation and have assumed that a 
relaxation time exists. The effect of an applied electric field and of the spin— 
orbit coupling on electrons described by an antisymmetrical wave function has 
been formulated in the equivalent one-electron problem. ‘The initial states of 
the electrons after each collision we have chosen to be a superposition, with 
random phases, of states given by Bloch functions perturbed by spin-orbit inter- 
action. 

The effect of any actual internal magnetic fields is ignored in comparison 
with spin-orbit coupling. The equivalent field due to exchange is allowed for 
by assigning different energies to states which differ only in spin direction. 
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It has, of course, been recognized that the occurrence of the square of the 
resistivity in Karplus and Luttinger’s result for the coefficient of the extraordinary 
Hall effect is not a consequence of detailed theory but rather of immediate definition 
as may be seen from equations (4) and (5) below. We have intentionally made 
more specific assumptions about the nature of Bloch wave functions than these 
authors have. While these assumptions are incomplete in detail they are reason- 
able and make possible a numerical estimate. In addition we have included in 
our evaluation of the velocity of an electron the occurrence of non-diagonal inter- 
ference terms arising from pairs of bands. The spin of the electron occurs as a 
dynamical variable and not simply as a multiple of the magnetization. Our model 
is thus that of a number of electrons each of which, after a collision with the lattice 
and at the beginning of its next free path, is described by a wave function with 
random phase. The motion of each of these electrons, under the influence of 
electric field components and spin-orbit coupling, is calculated allowing for all 
possible intra- and inter-band transitions. The occurrence of collisions is 
described by allowing a distribution of probable times of flight in accordance witha 
mean collision time which occurs as a parameter. For simplicity we have taken 
the s electrons to be unpolarized although the analysis can be extended to include 
such polarization. Indeed the greater mobility of these electrons might partly 
compensate for small polarization in comparison with the larger polarization 
of the much less mobile d electrons. The distribution of electrons throughout 
the bands is affected by the electric field but not, to the first order, by the spin— 
orbit coupling. Karplus and Luttinger, somewhat tentatively, made the 
assumption that transitions between d bands were the important ones. We find 
that transitions beween s and d bands are the most significant ones. 

At least part of this work was intended, in being applied to a more definite 
model, to be complementary to the interesting work of these authors. 


§ 2. Tur TRANSVERSE CONDUCTIVITY 


The Hamiltonian for a single electron in a usual notation has the form 


1 h 

p?+- V'+A(a x erad. ").ps A= ——_ 

2m, ic dP 4m2c* 

m, being the electronic mass, and o the unit spin operator. There are of course 

other terms which contain c? in the denominator but they cause small alterations 

in quantities which can only be related in general terms to effective masses etc., 

in the band picture of a metal and which also do not have the directional properties 

of the above terminA. Hence, if € is the applied electric field and e the numerical 

magnitude of the electronic charge, V’-=V+e€.r, where V is the potential 

energy of the electron in the lattice fields. ‘Thus the equation for the one electron 

two component wave-function is 

hoy a 

oo) Ms a V2 / / 

{ ree +V +o grad’). p bY. cBeas (1) 

It follows that if Y ' be the Hermitian conjugate of ‘’ the mean value of the velocity 

corresponding to the wave function Y’ is 


i 


1 | 
Hes | a| — Pip +281 (6 x grad VW —de€ x (Vo) i hens. (2) 


A A: Se 
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The current density J is given by 


J=-—e J vad eee: (3) 
where v now means the velocity for a wave-packet ‘Y whose propagation vector 


is k, f if the relevant statistical distribution function, and n(k)ék is the number 
of states in the interval (k, k+5k). To the first order in € we have 


J = One® x + CryOy 
Ty =CyxO xt Fyye y 


where we suppose that the axis is in the direction of the current while the Hall 


electromotive force is measured in the y direction. ‘The experimental conditions 


are such that J,=0. Since cy, oy, will each be of order A we may therefore 
write 
opr Syn oo Se 
je CeO SO ayo ge o 
approximately where o,,=0,,,=9. 
Karplus and Luttinger (1954) took &, to be zero and evaluated oJ ,/J,. 


~ Strictly speaking their o refers to conditions different from the above but can only 


differ from ours by terms of order which are unimportant when multiplied by 
Oyx} Tye differs from zero in our formulation only because of spin-orbit coupling 
and is hence of order X. We must therefore evaluate the coefficient of &, inJy 
by means of (2), (3) and (4). From (2) o,. is the sum of three parts o,.", 
Oya?» Fy2° arising in order from the three terms on the right-hand side of (2). 
The last part may be evaluated immediately. Since the last term in (2) already 


containsAand &,, we need not consider any alteration in the distribution function f. 
Thus 


Cy —jI== Ne | nk) dk far¥to.¥ =—eM,/2m,c —.+- +e (6) 


where M, is the z component of the mean magnetic moment per electron. We 
shall see later that this term is negligible in comparison with Sanne 


§ 3. ONE-ELECTRON WAVE FUNCTIONS 


In order to obtain o,,) and oy,” we expand ’ in terms of Bloch functions 
for an electron in the lattice unperturbed by external fields. Thus 


Pa ALK (GT) teense (7) 


m 


PUI) = 2k ag (Kp). mem Boe etn Pres (8) 

u,, having the lattice periodicity and being normalized over unit cell of the lattice. 
The index m labels both the band and the direction of spin, i.e. Y» is the product 
of a function of r and either of the two spin eigenfunctions. The direction of 
spin quantization is taken to be that of the Z axis in a triad GEG Zi which is in 
general not coincident with the x, y, x axes. The Z axis has the direction of 
magnetization in the domain in which the electron is moving. We shall suppose 
that any given band will consist of two parts whose energies, for a given value 
of k, but corresponding to the two spin eigenstates, differ by a band constant Ph ie 
This constant, in general, will be taken to be much larger than any splitting of 
levels due to spin-orbit interaction. 


where 


2F2 


m= = Trey cs 1 an 
the integration star over unit cell. 


~ We shall neglect the U,,,,,, in what followst. ‘Then, from (10) 


a 

Hi On | ae 

: ae ae = nbn tie +A DW, mm'bm +E» ¥ Sambo s -. 
; atts: 


ee Ss 


In any ‘band, for a given direction of spin and for a given value of k, there will 
in general, when € =0, and in the absence of spin-orbit coupling, be degeneracies 
in energy. Spin—orbit coupling will remove part or all of this degeneracy and 
we shall choose our wave functions such that W,,,,,,=0 for m’4m, where En 
and E,, are equal in the absence of spin-orbit coupling, Thus we have stationary 
states given bye a . 


Cnt) = Cm EXp (—71E,, t/h) F 
= = (AW smn? %n'|ToMan'm) exp (—iE t/t) for' ms bt Seis ( ) 


where fiAjnim=Em:—Em- Here for convenience E,, is taken to include AW ax 
although, for consistency, A,,,,, should not contain terms ind. The expressions 
for current and distribution function involve bilinear combinations of the ¢, 
so that it is convenient to derive from ae the equation 


r) : e€ a 
Ot so = ra ce 3 3 e ° ok Em ‘m ees “D> {( Wr +e€. Sin'm! ) Guta 


+s (Woe +e€. gia aia acaiets (13) I 


Withegs =Car Sms and the prime on & denotes that m” =m’ is omitted fear the 
first sum and m” =m from the second. 


_ t This does not contradict Karplus and Luttinger’s emphasis of ‘ie importance of 
their J)”. Their Bloch functions refer to a periodic field including spin-orbit coupling 
while ours are for a field excluding spin-orbit coupling. Thus our perturbation calculation 
includes the important part of the J,””’. We neglect a quantity which has no connection 


with spin-orbit coupling. It does modify conductance properties but these are described 
semi-empirically anyhow. . ; 


m’, (13) becomes, to order A, 


fo wm yp OE lnm 2 Ary . 
- oe ae ae eae 5 ape % (Wrame + @€ Simm’ )Smim ++ Se (15) 
‘The solution of (14) is / 


Come = Lnm(K +e €t |B). voces (16), : 


f The function AW ynin'{t@ Arn) Sm’ (K + eEt/h), which is suggested by the first 
approximation and by the general effect of an electric field, is found to satisfy 
_ (15) except for termsin\€. It is then easily possible, by including in the solution 


a term of order \€ to deduce the complete solution, viz. 


a A eg de €. ra) tW new A 
ae ihe. + 1K. {x (Fe) + Sant {1—exp(Ant | 


~ We write 


ee 


iN 


2 a 
Z 
is 


eS 
Fe 


[ee 


[a 


cn 
ee 
: 
ir 


Worm = Be, { 0 (a) +S} / hAnim= Bram’ 


tA ok hmm 
Can =AL Ag (Ke) +€€ - By (K){1—€xP yal) Enrn® (K+ “F*). 
acess (18) 
Substituting (7) into the first two terms in (2) we obtain 
1 873 ; 873 
oy Nips tk Ls De CL S\e = (1; rr ar 

182 [dk ZPambnrm YON | dS Wenbarn 

ie se (19) 


where 
Pra‘ = [ eron™ Pein a ieee 
Wri = | droy (ox grad V)}n= nm vee (20) 
For an electron originating from a definite band m, (16) and (18) give, with 
m' = Mp, 


Ving’ ee z [ae {Pramsbnam ie ya (Prag Sma 74 ce.) 
ve MFM 


3 
Vp =A { CE ee rr (21) 


oa sf Z ; 
7 ae 2 em 7 i tes 
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ee aay COT ines i ee 
iain gee ke 

Thus fino Must be the value of f when € is zero, viz. the Fermi function —__ 
f= {exp [((E—$)/RT] + 13>. | 


Hence 


and, to the first order in €, 2{,,,,°/dk will simply be of/dk. Thus 
te a of ea; P 
Sm=f+ “3K . Eee 


Since the coefficient of the second term in this is equal to 7 multiplied by the 
time rate of change of k with an electric field we may interpret 7 as a mean 
collision time. 

We multiply the distribution function for, say mp, ky by the contribatien to 
the current flow given by every electron which at the instant considered is in the 
state my, ky. Such an electron, if time ¢ has elapsed since its last collision, 
originated at mo, ky +e€t/h. Hence for it @,,,,, at t=0 is 

(A/87) 5 (k — et €/h — ky) 

ie. at time t Gaim, is Om ky). Hence 


Vn.) =A FE Fd Eng Ks) | 


~ =a AB m, (Ko) J 
and similarly 


Vind®(Ky) = = Pan Ks) + 1 (Print) Eyam, (Ko) 


+e€ Brn (ko){l—exp (1A, nt)}]+ec}Jo 99 le (24) 
We now have to average this assigning a probability +1 exp (—t/ T) for a time t 


having elapsed since the last collision. This leaves v mj (Ko) unaffected but from 
(24) we obtain 


av. Ving) (Ky) = = {Pan (ky) +A ~ | Pmt s){ aon (Ko) 
MFMy 
+ mm og, Banks) } tec, | ite (25) 


tAmmT — 1 


¢. > 


: maul a iy a | - : * ser 
e.|. = 5 Pre Ly) _— 
tegral vanish sby symmetry. Interchanging m and m’ in the complex 
ugate we have from (27), since Ammy* = — Age and Bray = — Baran 
eee iS : G 
yo ~~ Qh > P. ymm’ TA nm > (fim —Smn) 
) m,m x 


; fe 
F 1 
FAB om Thee) Wes —fao} . 


‘i A d : 
_ Since Pymm(k) Amm (kK) = — ymin — k)Aimm(—k) (see Appendix I) the integral 


containing A,,,, vanishes. Hence 


re? Peet iW 1 
or k ymm wor m’m Ze 
‘Gy : 88 J a Ey, Ew ee (F Sa i) 1 Dann One Jn) i> (aw) = 
bee (28) 


It can be shown that, because of the relations derived in Appendix I and because 


of (10’), the imaginary part of the last factor in the integrand of (28) gives no 
contribution to the integral. Thus “ 


Ae? Pe ee e) 1Way i 
(lye dk ymm ae mm a ——— 
an 873 } fy En = Em = = = =) a Sem mf Cm Jn) P+ (Sie) me 
tess 0 Scotts ee (29) 
Ae A genes 0 iW, 
= dk RR ymm feo mm : 
47F } 2. = i Eny ia & a s) ~ Sam ot | 
tak (30) 


a G J eee 9] T+ (Bom)? 


§ 4, APPLICATION TO NICKEL 


For a given domain we quantize spins along OZ which is in general not per- 
pendicular to Ox, Oy. We shall assume that electrons in the s band are not 
appreciably polarized and that the energy of these electrons is not dependent on 
their direction of spin. These restrictions are not essential but simplify the 
calculations. For the d band we use tight-binding wave functions and a modulated 
plane wave for thes band. Inone unit cell of the Wigner—Seitz type we take these 
to be respectively f(7) Yam and g(r) exp (ik.r) where g(r) might be a function of k. 
The function f(r) has a zero only at r= 0) while g(r) inside the cell will resemble in 
general terms an atomic 4s function but will not die away exponentially near the 
boundary of the cell. Much of the evaluation can be done without specifying these 
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functions more closely. The second of these functions is not and ought not to be 
an s function, but is intended to be a reasonable approximation for the important 
values of k near the Fermi level. In principle g(r) can be adjusted to give the 
required orthogonality to functions for the d band. Because of Pym in (30) the 
states m and m’ must belong to the same eigenvalue of the spin. 

In the d band, for different representations of the space-group connected with 
particular k vectors, the energy can assume different dependences on k (see, for 
example, Slater 1956). -However only states near the Fermi level contribute 
appreciably to our result. In addition, for microcrystalline media, the directions 
with which we are concerned will be related differently to the crystal axes for 
different small crystals. We are concerned therefore only with a directional 
average and it is a reasonable approximation to what is known of these d bands to 
regard the energy for states which are relevant here as a single-valued increasing 
function of k. Since however all d states do not contribute to our calculation we 
shall multiply our final result by a constant @ which is a proper fraction whose 
magnitude may be estimated roughly. Thus 


Ae?6 Peas iy aris 1 
oz y ee me r. 
ete erly [awa E;—Ea {ak (7) Sz.a} tfesfa) %.---2 (31) 


where the summation is taken over each d state together with the s state of the same 
spin, and we have neglected (Asaz)~*, an error of say 6° at room temperatures. 

In the integral (10’) for Wgq we shall, in the unit cell, take V to have spherical 
symmetry so that (grad V x p)={V’"(r)/r}L where L is the orbital angular momen- 
tum. ‘The integral Wsq referring to states of the same spin, only o, gives a non- 
zero contribution. If«, 8 are spherical angles specifying the direction OZ relative 
to Oxyz 


L,=sinacosBL,+sinasinBL,+cosaL,. 


The resultant magnetization being in the direction Oz, all values of B are equally 
probable so that, in the average over microcrystals, we may replace L, by cosa L,, 
the bar denoting an average over direction. We shall replace cosa by M, the 
ratio of the magnetization to saturation magnetization at the given temperature. 
We shall ignore contributions from neighbouring cells to the tight-binding 
function in the unit cell which is the region of integration. This is justified by 
both the nature of f(r) and the value of grad V. Thus we may write 


L.f(r) Yom = mh f(r) ¥.. 


It can be shown (see Appendix II) that the contribution of S zsq 1S negligible 
and that, writing o7’= + 1 as the eigenvalue of Ts: 


5re?h? MO Gz’ oO Jari. 
a= ——,—— | dk es — 
i mu i Somat (et fadp 
where 
i= ia rdrf(r)g'(r)jo(kr), I,= ‘ rdrf(r) g(r at k 
- : 2 ’ 2 £ ; ee er Jo ( r) Ste aite 0% (32) 


j2(Rr) is a spherical Bessel function and 7) is the radius of a sphere of the same volume 
as a Wigner-—Seitz cell. 
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aa electron masses. — 


Bg Eg Fay = a(b*— 5,3). ee 


Bae ie : | 
Fa®)= agen (RoE) oe oe (38) 


For each F(k) we define a function G to satisfy F=0G/ak. Then 
| SE ea ae Emax af 
[axry= fax 2 [anspf= [ of | , [anes 


From (32), (35), we have, for example, a 


Emin 


a 


which gives approximately 

: Emax a7 r] ok 
« dk Ff=|G G = 2. F— 
a je y L ee aA 6 Co ae aE 
_ (Rbeing the Boltzmann constant) which, by (35), (36) is equal to 


[ or} Gr (RT)? ane (3) a, (39) 


E 

E In applying (39) it must be remembered that F and G are originally functions 
_ ofk, They become functions of E by the expression of k as a function of E which 
is convenient because of the particular distribution function f with which G is 
_ associated. The diagram shows schematically the relations (35), (36) and in- 
_ dicates that the d_, band is full. Since the value Ea, =¢ is not reached, the second 
term in the integrand of (33) contributes only through the first term on the right- 
hand side of (39). For the values of k which occur and for values of r in the unit 
cell, kr is considerably less than the value which gives the first maximum of j Atay 
_ In the integrals J,, J,, we shall therefore replace the dependence of jo(Rkr) on k by 
that of the first term in its series expansion. That is, we shall replace kI,J, by 
___ J andignore the dependence of J on Rk. Then, for example, 


apres fe . (40) 


ra 
; Fea(l)= a (e=b 2 
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Schematic representation of energy E as a function of k. 


From (33), (39), (40), (41), using the diagram, 


5A zi MO e 
Oya = = (— (Gras )ieg, + (Gea), — (Goa), + (Gsa),) 
S Sint [ o (Rv —5Ryb.4 kd —— Bo 
“aan LY eb PO) 
k,> — 5k,b_* ~ 
pe a he Noes 42 
tue Ga-ay |p Me 
Referring to the diagram we see that 
hb,? ntk,* 
sen Sa eens 
2s Se ns é 
and we write =! 
h*k,? ts) Bs 
Yee eile i 43 
pe we (1- B) B= Hee (43) 
so that * 
Ch oseanhee 
g(x -1)H (44) 
and 
hk,,2 AS ? 
his} af" «  A)L4. eee (45) 
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_where, as explained before, a positive proper fraction @ has been introduced to 
represent the fraction of the d_ band states which are energetically available. 


§ 5. NUMERICAL RESULTS FOR NICKEL 
We take the following numerical values in relation to the diagram 
€32772= 10-¥ erg pa = 30p 
2n=3-4 x 10-¥ erg bs =p 
q =0-7 x 10-* erg 
To find E, and ¢’ we may obtain an estimate of _ by calculating the number of 


empty states in the d_ band. The energy in the band being given by (36) the 
number of states, per unit volume, for one direction of spin, between energies ¢ and 


C+2n-—7’ is 
[(24ea?)! 2/3208] [(C-+ 2 —n' — ab_2)8*— (C— ab?) 


eS 


effect of spin-orbit couy 


value 


(—1-37x.10°)Z for J/Ze?. ota 


For comparison with experimental result we change now from gaussian units to 
practical ones and use the definition of the coefficient Rs of the extraordinary Hall 
effect, viz. | 


(£,)volt cm 


(J,,)ampere cm—2 =4rRs M(T) gauss # Biccactne (49) 


where M(T) is the intensity of magnetization at temperature T. 

Remembering that we have taken the lower energy to correspond to the positive 
spin-eigenvalue, to which belongs a negative magnetic moment, we have that, 
approximately, : 

S M = — M(T)/M;(T) 


where M,(T7) is the spontaneous magnetization for a single domain. Hence by 


(47), (48), (49) 


Sey ease sy : re ee 
Nes eat Fy {1 +°-089(s55) \z grat ee 
where p is the resistivity in ohm cm._ The estimation of Z is difficult. It may be 
made by the use of screening constants (Hartree 1957, Froese 1957, 1958), but a 
screening constant needs to be defined for each physical property. In addition 
the 3d wave functions for the electron in a Wigner—Seitz cell will extend to smaller 
distances from the nucleus than in the free atom. The same will be true for the 
parts of the 4s wave functions which lie in the region where the 3d wave functions 
are appreciable. For example, a reduction in scale of the important parts of the 
wave functions by any factor would imply the inverse increase in the effective nuclear 
charge. In addition the value of J/Ze? is determined to a considerable extent by 
the wave functions fairly near the nucleus, where dV /dr is large, and where screen- 
ing is small. Thus a suitable Z may be considerably larger than suggested by the 


7: 


a Eee ally many of the assumptions of transport fheory and our assump- 
& tion of random initial phases after collision need to be examined more fully. 
4 elt 1s hoped to extend this computation and also to apply the theory to sub- 
_ stances whose unit cell has not the high degree of symmetry shown by n nickel, in 
“ - particular to a ferrite. 


c 
1 = 


APPENDIX ic 


The periodic part a of the Bloch function $yyn is a solution a 


h?k? 
Mite gget 78S + (ee er =U 
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| Then t_4.m* =m and, since Pym =e" «Uys Pt, m* = Prem 
Consider Tnn = { $ron* Osan 47 {ase Onn 47 
where O,, O, are, in general, operators. 
Then Tg. mn= | tim Oben* 47 | $n O2bim® 47 
and 


I Seema aa J Pus O,* Prem’ dt i} Pim! O2* Prem dt. 


‘Hence if O,, Ogare, formally, both real or both imaginary, 


*. BY OM oR \ Wh! > aa cd i 
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APPENDIX Il 


We use the result 
i efter Am 5 iM}, (Rt) Yum * (PF) Ynm(K) vee (11.1) 


cos 6), we may write, for example, 


ae a cosdcosf 2__ sind 2 
— = 6 — ee 
Fe aia Macore ae Ra TY 


with a similar expression for 0/dk,. Then using the identity 


aS Your (0s@)\ arg (’, ¢')= an. (cos w) = ~ (3 cos*w — 1) 


where | . Silo: ed (11.4) 
cos w= cos 6 cos 6’ + sin @sin & cos (6—¢’) 


we may, by differentiating (II.4) with respect to ¢’, 0, & etc., and then putting 
6’ =0, ¢’ =¢, w=0, derive many results such as 


oY, rb arb 15 sin? 6 
* 2m _ 2m 2m _ 


Noting that the factor m in (II.2) can be produced by differentiating Y,,,(K) to 4, 
and using the above results, we can evaluate all the sums of products of differential 
coefficients which arise from applying (II.3) etc. to Y>,,(k)j.(kr) and its complex 
conjugate in (II.2). 
Hence Me > P ae Wea= 20th? la 
m=—2 - OR, Rk? OR 
where J, J, are given by (33). Similarly, assuming Es — Eq to be a function of the 
magnitude k only 


(i1i1,), pea (II.5) 


Del 
m=—2 vis 0k, Es—Ea 
may be evaluated and the final result is as given in the integrand in (32). 
The term Pyg, Sq in (31) gives rise to a similar summation. By (10’), 
remembering that, because of P,,,, only states of equal spin give a non-zero 


If, for the moment, we take the direction cosines of K to be (sin 8 cos 4, sin@ sing,  . 
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Abstract. The presence of a large relaxation polarization in a number of metal 
oxides is reported. It is shown that this phenomenon cannot be explained in 
terms of ferfoelectricity or in terms of the Maxwell-Wagner effect. A series 
of experiments are described from the results of which it is deduced that the 
materials behave as solid state secondary cells. It is suggested that oxygen 
vacancies act as charge carriers and interact with the metal electrodes deposited 
on the specimen. 


§ 1. THERMAL DEPOLARIZATION 


electric field and the field is then removed and the specimen heated above 

its Curie point, charge is released. This quantity of charge is usually equal 
to the remanent polarization of the specimen involved and the phenomenon is 
a particular example of the pyro-electric effect. However, in studying this effect 
in certain ceramic materials based on barium titanate it was found that heating 
led to the evolution of far more charge than could be accounted for in terms of 
the remanent polarization. Part of this charge did correspond to the remanent 
polarization and was released at the Curie temperature but the remaining charge 
released was evolved gradually as the temperature of the specimen was increased. 
It is the polarization corresponding to this latter constituent of the released charge 
which is referred to in this paper as anomalous polarization. 

A similar effect has been reported by Blood, Levine and Roberts (1956) 
but the polarization described by them is in the opposite direction to the original 
polarizing field. We have attempted to reproduce their result but without 
success, 

The quantity of charge released in our experiments is of the order 100 wc cm~ 
and is thus much too large to be accounted for in terms of the relaxation of 
polarization first discussed by Maxwell (1873) and subsequently discussed by 
Wagner (1913) and by Koops (1951). It was thus decided to carry out a 
systematic study of the phenomena. 


I: a piece of ferroelectric material is polarized by the application of a suitable 


§ 2. PREPARATION OF THE SPECIMENS 


The substances investigated were all oxides either of single metals or of 
combinations of two or more metals. In the latter case the oxides were first ground 
together in a ball mill and pre-fired at 1100°c to obtain chemical combination. 
‘The material was then compressed in a suitable die at a pressure of 10 tons per 


oses and will scuss 
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a § 3. EXPERIMENTAL METHOD 
The specimens were immersed in temperature controlled silicone oil baths 
r in order to maintain them at the required temperatures. Before each cycle of 
_ operations described below the specimens were maintained for 12 hours at 180°c 
_ in order to eradicate the effects of previous thermal and electrical history. The 
polarization processes were carried out at some fixed temperature chosen to lie 
between room temperature and 130°c. It was found that for applied fields of 
_ the order 7kvcm™ or above, the final anomalous polarization was independent 
_ of polarizing field. A field of 7kvcm—! was thus used throughout these 
experiments. It was not found possible to obtain a polarizing time sufficiently 
long so that the final polarization was independent of time. However, the effect 
of prolonging the polarization time beyond 15 minutes was small so that this 
time was fixed upon as a suitable interval in which all polarizing processes were 
"7 carried out. 

The depolarization was brought about by removing the applied field and 
either leaving the specimen in the original oil bath or transferring it to one at 
a higher or lower temperature. At the same time the electrodes were connected 
to a device designed to integrate and record the released charge. 

To begin with a one microfarad condenser was used to integrate the charge 
released but it was found that the voltage across a condenser of this value rapidly 
rose to a level which stopped the further release of charge. Eventually it was 
found necessary to use a bank of 80 one-microfarad paper—wax condensers. 
In order to record the charge released the grid circuit of an electrometer triode 
used as a cathode follower was connected across this bank of condensers. The 
cathode circuit of this valve was connected via a suitable backing off arrangement 
to a recording millivoltmeter. In the case of specimens which released 
exceptionally large charges the 80puF condenser was periodically discharged 
during the recording period and the individual charges registered were added 
together in order to obtain the total charge released. ‘Thus by keeping the 
potential across the specimen small it was possible to avoid the errors which 
would otherwise be introduced by the electrical conductivity of the specimen 
and by the finite capacity of the integrating condenser. 

When carrying out experiments on ferroelectric materials below their Curie 
: temperatures corrections were made for the charge which would in any case 
be released from the material under the particular circumstances of the experiment. 


a 


§ 4, RESULTS FOR ‘TITANATES 
Initially single crystals of barium titanate (grown from a solution of BaTiO, 


in molten KF) were studied and it was found that they did not show an anomalous 
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polarization include eobalee anc : 
largest values of anomalous polarization | a cee y was 
titanate containing this metal and this. study will be described below. 
obtained for barium titanate containing iron were generally similar but in ( 
rather smaller values of anomalous polarization. __ cae an 


— § 5, TITANATES CONTAINING COBALT OXIDE 


Barium titanate containing a variety of percentages of cobalt oxide was wade 
The ratio of TiO, to BaO was varied slightly from the stoichiometric 
composition. The results for two particular compositions are discussed. In all 


~~ Table 1 
Identifying Letter Atomic % BaO %TiO, %CoO 
A 48:5 50 1:5 
B 48-0 ‘ 50-5 a) 


cases it was found that the total anomalous charge released depended only on 
the temperature at which the material was polarized. The rate at which the 
charge was released depended on the temperature during the release. A typical 
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Figure 1. Total charge per cm? released as Figure 2. Logarithm of polarization 
a function of polarizing temperature for versus time for composition A for 
material having composition A. various depolarizing temperatures. 


xide was studied. 
ays less than 


gle crystals of barium titanate containing cobalt were studied but did not 
anomalous polarization. 


~ nae § 6. Macnetic SuscepriBiLity MEASUREMENTS : 

_ Asthe presence of cobalt or iron seems essential to the appearance of anomalous 
polarization in amounts greater than 54ccm~ in ceramic barium titanate it 
~ is desirable to discover what valency these metals exhibit in this situation and 
how they are distributed in the material. The percentages of these materials 
which must be present before it would be possible to study their crystallographic 
locations by x-ray means are sufficient to change the whole structure of the 
material and thus other techniques must be employed. 
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3 Figure 3. Inverse of molar magnetic susceptibility plotted against absolute temperature 
for transition metals in barium titanate. 


The magnetic susceptibilities of composition A described above and also of 
a ceramic barium titanate containing iron were measured as a function of 
Similar measurements were also made on a specimen having 
hich had been sintered at too low a temperature to obtain 
anomalous polarization. The inverse of these susceptibilities plotted against 
absolute temperature are shown in figure 3. (These results are corrected for 


diamagnetism.) Knowing the quantity of cobalt or iron present it is possible 
2G2 


temperature. 
composition A but w 
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to deduce the effective Bohr magneton number, pert, for these metals under 
these circumstances. For cobalt one finds perr=4'4+0-1 as compared with a 
range of from 4-4 to 5-2 for doubly ionized cobalt in other solids. For iron 
tert = 475 + 0-15 as compared with a range of from 5-0 to 5-5 for doubly ionized 
iron in most other solids and a range of 5-4 to 6-0 for trebly ionized iron. From 
these figures one can deduce with reasonable certainty that both iron and cobalt 
occur in these crystals in the divalent form. 

The inverse of susceptibility versus temperature plots for these materials 
follow a simple Curie law. In contrast to this result the plot for the under-fired 
composition A follows a Curie-Weiss law having a negative intercept on the 
absolute temperature axis (asymptotic Curie temperature) of 34°K. Now it is 
known that pure CoO is antiferromagnetic and that it has an asymptotic Curie 
temperature of —280°K (Henri le Blanchetais 1951). It seems probable that 
small islands of CoO in another crystal matrix should show a negative though 
numerically smaller asymptotic Curie temperature. Furthermore since anti- 
ferromagnetism is a cooperative phenomenon the CoO should, if randomly 
distributed through the material, lead to a pure paramagnetic behaviour. If one 
accepts these assumptions then one finds that the cobalt only gives rise to 
anomalous polarization if it is distributed through the lattice rather than being 
isolated in grain boundaries or other special regions. Furthermore the cobalt 
occurs as a divalent ion. 

Now the ionic radius of Tit* is about 0-644, that of Ba2+ about 1-40A and 
that of Co?+ about 0-774 and it thus seems likely that the cobalt would go into 
titanium sites rather than barium sites. If this is so and the cobalt behaves, as 
has been shown, as a divalent ion, then for each Co?+ ion present there must be 
an oxygen vacancy to preserve electrical neutrality. It is possible that the 
activation energy needed to detach a vacancy from a cobalt ion is small and the 
cobalt acts as a catalyst for the production of free oxygen vacancies. 


§ 7. ErFEcT OF HEAT TREATMENT 


The following observations apply to barium titanate containing small quantities 
(of the order 1%) of either cobalt or iron. In view of the results of the previous 
section it is assumed that these metals exist in the solid in the divalent state. 
Heating for 12 hours at 800°c in air completely destroys the ability of the 
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Figure 4, Total charge released as a function of the temperature of the vacuum furnace 
for composition A. Polarization and depolarization carried out at 90°c. 


H : a } | to room temp er xhibit 
polarization is restored. Slow cooling was not effective. | in order 


dy this effect quantitatively a number of specimens, having composition A 
bed above and having fired on silver electrodes, were first heated for 12 hours 
at 800°c. Individual specimens were then heated at various temperatures 
in vacuo for two hours. ‘They were then polarized at 90°c in the manner already 
: described and finally the anomalous charge released at this temperature was 
_ measured. This charge is plotted as a function of the temperature of the vacttum 
_ furnace in figure 4. It will be seen that the phenomenon is critically deperident 
on temperature. Presumably the partially reduced state is stable in the region 
_ of 500°c and rapid cooling freezes this state in. 


- § 8. INTERACTION WITH ORDINARY POLARIZATION 


The very large charges released from some specimens led one to the belief 
that the anomalous polarization is not a real physical polarization but is rather 
__ due to a chemical effect analogous to the operation of a secondary electric cell. 
Tf this is the case then there will not be an internal electric field caused by the 
anomalous polarization. In order to investigate this question the hysteresis 
loops of a number of suitable specimens were examined both before and after 
the release of an induced anomalous polarization. Now the influence of a steady 
bias field on the form of the hysteresis loops could easily be determined. This 
effect was then compared with the influence of the presence of anomalous 
polarization. If this was a real physical polarization and led to an internal field 
of the order 47P/3 then the total anomalous polarization could only be of the 
order 2uccm-*. As the anomalous charges subsequently released were two 
orders of magnitude larger than this it is obvious that the effect must be of an 
essentially chemical nature. 


a ‘i 7 
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§ 9, OTHER MATERIALS 


As the anomalous polarization is capable of being both induced and released 
at temperatures above the Curie temperature of barium titanate it seemed likely 
that the effect was not particular connected with ferroelectricity as such. A study 
of oxides which are not ferroelectric was made in order to elucidate this point. 
Initial failure to obtain anomalous polarization with materials based on strontium 
titanate were disappointing, but not really surprising as it is known that SrT103 
is much harder to reduce than BaTiO,. However molybdenum trioxide, which 
has a crystal structure related to that of barium titanate, does show a quite 
unambiguous anomalous polarization and is certainly not ferroelectric at 
temperatures down to 80°K. 

Ceramic specimens of molybdenum trioxide prepared and polarized in the 
standard manner described above gave an anomalous charge release at room 
temperature of approximately 40 uc cm~2 with either silver or gold electrodes. 
A specimen of an under-fired ceramic ferrite also showed considerable 
anomalous polarization. The composition of this material was NiO, 49 atomic %, 
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ZnO 1 atomic %/ and Fe,0, 50 atomic %. It was of a highly porous ceramic 
nature and had chemically deposited fired-on silver electrodes. At room 
temperature an anomalous polarization of approximately 100 pe cm-? was 
obtained with this specimen. Further attempts were made to obtain anomalous 
polarization with ceramic ferrites in which the sintering process was complete. 


These attempts were unsuccessful. 


§ 10. Errect oF ELECTRODE MATERIAL 


In order to test the hypothesis that the origin of anomalous polarization is in 
the chemical effects at the electrodes the following experiment was carried out. 
Two blanks of composition A had electrodes of silver deposited on one side and 
electrodes of palladium deposited on the other. These specimens were then 
heated at 500°c in vacuo for two hours and then polarized at 90°c in the standard 
manner and finally depolarized at this latter temperature. 

The total charges expressed in wccm~ released under these circumstances 
are given below. The rate of charge release for the first few minutes was 


Table 2 
eee Ce ee ae ee ee 
Specimen 1 2 
Silver negative 49-6 53-6 
Palladium negative 30-5 27:0 


pee 0 ee ee ee ee 


approximately the same in all cases. However the subsequent rate of release 
depended on the polarity of the specimens. It thus seems likely that there is 
a battery mechanism associated with the electrodes which is fairly slow and a 
residual more rapid release of charge which is independent of electrode material. 


§ 11. CONCLUSIONS 


The foregoing results indicate that a substantial part of the anomalous 
polarization can be explained by a model analogous to a secondary cell. Oxygen 
vacancies act as charge carriers and interact with the electrode material and surface 
layer of the crystal. The activation energy obtained from the straight portions 
of the curves in figure 2 is then the activation energy for the oyxgen vacancy 
diffusions in the material. 
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Abstract. ‘Theoretical and experimental values of electric dipole oscillator 
strengths are used to calculate the coefficients of the leading terms in the series 
representations of the long range interactions between pairs of atoms. Values 
are obtained for pairs selected from the alkali metals, the inert gases, H, H-, 
Het and Lit and are then employed to assess the accuracy of various approximate 
formulae. Where possible, comparison is made with experimental data and it is 
shown that the polarizabilities derived from molecular beam measurements are 


‘unreliable. A discussion is given of the measurements of elastic scattering of 


the alkali metals by the inert gases and it is concluded that the normal van der 
Waals interaction does not suffice to explain the observations at very low scattering 
angles. 


§ 1. INTRODUCTION 

KNOWLEDGE of the magnitude of the long range interaction between a pair 
EN of atoms or between an ion and an atom is required in diverse fields 
of interest, but apart from single electron cases, accurate information is 
available only for the pairs H-H (Pauling and Beach 1935), He—-He (Margenau 
1939a, Dalgarno and Lynn 1957) and He-He* and He*—He* (Dalgarno and 
Kingston 1958), the asterisk indicating the singlet or triplet metastable level. 
This scarcity may be partially remedied for there are available reliable values of 
electric dipole oscillator strengths.in terms of which the leading term in the 
series representation may be expressed (cf. Margenau 1939b); indeed the first 
accurate values for H-H were obtained by this method (Eisenschitz and London 

1930, Lennard-Jones 1929). 


§ 2. THE SERIES REPRESENTATION 
Suppose the nucleus B of an atomic system, which has a nuclear charge 
Zp and ty electrons with position vectors r,/ relative to B, is located at a position 
R relative to the nucleus A of a second atomic system, which has a nuclear charge 
Z,, and tf, electrons with position vectors r,' relative to A. Then for large inter- 


nuclear separations R, the interaction potential may be expanded according to 
AN 
Vratns R)— 22 — (ba San + So Be) 
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where £,=Z,—ta and 4)=Zp—tp are the excess charges on the atomic systems, © 


(x, y, 2) are Cartesian coordinates with the z, axis parallel and the zp axis antiparallel 
to R, and all quantities are expressed in atomic units. 

We are interested only in cases in which at least one of the interacting systems 
is neutral since otherwise the interaction energy is dominated by the Coulomb 
term (,f)/R. We take ¢, equal to zero and let ¢,* and %,” be the wave functions 
of systems A and B respectively when R is infinite. ‘Then the first-order contri- 
bution to the energy of interaction for a finite separation R is given by 


éy= (Po°ho"s VooWo) meen (2) 
and if both A-and B are in S states, &, vanishes from symmetry considerations. 
The second-order contribution is given by 


6,= Se. I(po" os Vobrbnv)P na (3) 
mm neO (ED ep eget en) 
where ¢,,* is the mth excited state of system A with associated eigenvalue ¢«,,* 
and 7,” is the nth excited state of system B with associated eigenvalue «,”. If 
¢,* and 7," refer to the ground states, then (3) is negative corresponding to an 
attractive force. 
Substituting (1) into (3), we have to O(R~) 
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which may be written 
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where aq” and a,4* are respectively the dipole and quadrupole polarizabilities of 
A and f,,° and f,” are electric dipole oscillator strengths defined according to 


Tite = $lene a €o")|(¢o*s » ralbm®) |? 
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. J . . 
The last term of (5), which we shall write as — C,,,/R® is the first non-vanishing 
term in the series representation of the interaction between neutral atoms. 


§ 3. APPROXIMATE FORMULA 
Of the several approximate formulae for Cy, that have been proposed (cf. 
Margenau 1939b) we shall consider here only those which do not require a 
knowledge of the atomic wave functions. These are the London formula 
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ltomic hydrogen H and the positive helium ion He*. For discrete transitions 
exact values have been tabulated by Green, Rush and Chandler (1957), but for 
continuum transitions no values of sufficient accuracy have been published and 
we have therefore computed them from the conventional formula (cf. Stobbe 
F930). : 
~ Normal helium He. <A set of values, consistent with various sum rules and 
_ which reproduce the measured polarizability (Essen 1953), has been obtained by 
Dalgarno and Lynn (1957). heir accuracy is such that the error in values of 
_ C,, derived from them should not exceed 2%. 
_ Singlet and triplet metastable helium '\*He*. A set of values, consistent 
~ with various sum rules, has been obtained by Dalgarno and Kingston (1958). 
~The error in Cap should not exceed 5%. 
_ Negative hydrogen ion H~. he most refined theoretical calculations are those 
| by Chandrasekhar (1945) whose values are in harmony with the experimental 


es data of Branscomb and Smith (1955) which refer to wavelengths between 4000A 
: and 90004. A further check on their accuracy is provided by the sum rules 

ag 2, POST pd Oe Mo Cores (11) 
al n 

A RO is 2(,b 124), 

Le Ym =o? Dod 0 (12) 

os n (<, = "0 ) J) 


: ~ ForH-, Henrich (1944) has obtained 22-97 for (19°, [7»1? +1? ?]o?) and Dalgarno 
and Stewart (1958) have obtained —0-660 for (f9”, rp?. rn”) so that the right- 
 handside of (12)is 14-4. Since Chandrasekhar does not take account of transitions 


~ such as 


Hah teed Ar a cen ees os (13) 
H’ being an excited hydrogen atom, his values should satisfy the inequalities 
i (14) 
ee Se a ee (15) 
: (En — eq”) 


whereas, whilst we obtain 1-80 for =’ f,? in harmony with (14), we obtain 16-0 
for D’f,”/(e,®—«9) in contradiction to (15). Unless the computed matrix 
elements are in error, it follows that some, at least, of Chandrasekhar’s values 


a a! ere ten 
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are incorrect by more than 10%t, and the experimental data suggest that the 


erroneous values lie between 9000 A and the spectral head 164344. This is the 
region of importance for C,,, so that an overestimate of C,,, as large as perhaps 
20° cannot be excluded. The error caused by neglect of contributions from 
(13) is negligible in comparison. It may be noted that a similar uncertainty 
attends the value 230a,°{ computed by Bates and Lewis (1955) for the 
polarizability of H-. 

Positive lithium ion Lit. Apart from one value of uncertain accuracy 
computed by Veselov (1949) for the resonance transition, no values appear to be 
available for discrete transitions, but for continuum transitions we had access to 
unpublished calculations by A. L. Stewart and W. J. Wilkinson. To obtain 
discrete values, the following procedure was adopted: Initial estimates were 
obtained using the relationship 


fr(Z)=a(n)+b(m)/Z ww ees (16) 

where Z is the nuclear charge, a(n) is twice the oscillator strength of the nth 
transition in atomic hydrogen and b(n) was determined so that the substitution 
of Z=2 in (16) reproduced the values for helium. ‘The intitial estimates were 
modified so that the oscillator strengths satisfied the sum rules (11) and (12) and 
reproduced the polarizability of Lit, calculated by Dalgarno and Stewart (1958). 
The consistency of the procedure was checked by the continuity rule for singly 
charged positive ions, which states that n*f,,/4 is continuous with the spectral 
head value. Despite the approximate nature of the derivation, the error in 
C,,, should not exceed 4%. 
Lithium Li. For the resonance transition, an oscillator strength of about 
0-75 appears to be well established, for it is insensitive to the wave functions 
employed (Trumpy 1930, Fock and Petrashen 1935, Veselov 1949, Bates and 
Damgaard 1949), but with the higher discrete transitions and the continuum 
transitions, the position is less clear (cf. Burgess and Seaton 1959). The experi- 
mental discrete values of Filipov (1931), when calibrated against the resonance 
value, merge smoothly with the experimental continuum values of Tunstead 
(1953, see also Ditchburn, Jutsum and Marr 1953), and a similar behaviour 
occurs with the theoretical values (Fock and Petrashen 1935, Bates and Damgaard 
1949, Stewart 1954, Burgess and Seaton 1959). But there is a discrepancy of 
about two between the theoretical and experimental values. 

We adopt the experimental values. The consequent uncertainty in Cap is 
slight since the summation (10) is dominated by the resonance transition. A 
check on the accuracy of the adopted values is provided by the sum rule (12). 
Using Hartree-Fock wave functions (Fock and Petrashen 1935), we obtain 11-7 
for the 2s electron compared to an oscillator strength sum of 11-8 of which the 
resonance transition contributes 11-0. 

The inner shell contribution to (11) is 2, but to (12) is only 0-6 so that it is 
clear from the form of (5) that the error in Cap arising from the neglect of transitions 
out of the inner shell is negligible. Consequently, the uncertainty in the derived 

+ Using a more refined (20-parameter) discrete wave function, Chandrasekhar (1958) 
has recently computed some further values which differ little from earlier values calculated 
with a similar continuum function. However, it is his use of a plane wave or Hartree 
continuum function which is the probable source of the (apparent) inaccuracy. 


7 This value is so large that little weight can be attached to the calculations of the inter- 
action between Het and H- (Ross and Mason 1956) which ignore it. 


feos 
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_ values of Cap depends primarily on the uncertainty of the oscillator strength of the 


resonance transition and is probably less than 5%. \ 
Sodium Na. The oscillator strength of the resonance transition is 0-98 with 
a suggested possible error of 5°% (cf. Korff and Breit 1932, Stephenson 1951). 
For higher discrete transitions we adopt the experimental values of Filipov and 
Prokofjew (1929), and for continuum transitions the experimental values of 
Ditchburn, Jutsum and Marr (1953). Using Hartree-Fock wave functions 
(Hartree and Hartree 1948), we obtain 13-8 for the contribution of the 3s electron 


_ to the right-hand side of (12) compared with an oscillator strength sum of 13-0 


of which the resonance transition contributes 12:6. Since the Hartree-Fock 
functions probably over-estimate (12), we can be confident that the overall error 
is less than 6%. 

An indication of the error arising in Cay due to neglect of inner shell transitions 
is provided by observing that they contribute approximately 10 to sum rule (11), 
the total sum being 11, and approximately 0-8 (Buckingham, private communi- 
cation) to sum rule (12), the total sum being 14-6. The relative contribution to 
(5) will be still smaller and we conclude that the possible error in Cap is simply 
the possible error in the oscillator strength of the resonance transition. 
Potassium K. 'The oscillator strength of the resonance transition has been 
measured by Stephenson (1951) to be about 0-99 in harmony with earlier measure- 
ments (cf. Korff and Breit 1932), and the ratio of it to that of the second line of 
the principal series by Prokofjew and Gamow (1927). Continuum values have 
been measured by Ditchburn, Tunstead and Yates (1943). 

Examination of the tables of inner shell energies prepared by Slater (1955) 

shows that inner shell contributions are negligible so that only the resonance 
transition of the valence electron contributes significantly to Cap, the possible 
error of which is therefore probably less than 5%. 
Rubidium Rb. The oscillator strength of the resonance transition has been 
measured by Stephenson (1951) to be 1-00 and the ratio of it to that of the second 
line of the principal series by Roschdestventski (1921). Continuum values 
have been measured by Mohler and Boeckner (1929). 

Just as for potassium, only the resonance transition is important and the 

possible error in C,,, is probably less than 5%. 
Caesium Cs. The oscillator strengths of the principal series have been measured 
by Waibel (1929) and Minkowski and Muhlenbruck (1930), that for the resonance 
line being 0-98 with a possible error of 10%. Continuum values have been 
measured by Braddick and Ditchburn (1935). 

Only the resonance transition is important and the possible error in Cap is 


10%. 


§ 5. POLARIZABILITIES OF THE ALKALI METALS 


As may be seen from table 1, there are serious discrepancies between the 
dipole polarizabilities of the alkali metals obtained from Stark effect measurements 


Table 1. Dipole Polarizabilities «, (4°) 


Atom Li Na K Rb Cs 
Stark effect 180 180 310 340 410 
Molecular beam 80 — 230 — 280 


Theoretical 165 166 281 296 363 
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(Fues 1933), and-from molecular beam methods (Scheffers and Stark 1934). 


Now we may write 
. Ct SPN ey ee a ances (17) 


and the corresponding values are included in table 1, the possible error being 5% 
for all cases except caesium for which it is 10%. The Stark effect values are all 
about 10° higher than the theoretical values but the discrepancies are probably 
within the combined theoretical and experimental error and it is clear that the 
molecular beam values are incorrect. 


§ 6. VALUES OF Cap 
The derived values for C,,, for pairs a—b selected from H*, H, H-, He, He; 
Het, Lit and the alkali metals are listed in table 2. The value for H—H is due to 
Pauling and Beech (1935), for He-He to Dalgarno and Lynn (1957) and for 
He-He* to Dalgarno and Kingston (1958). All other values are new, although 


Table 2 (a). Values of Cap for H and He in atomic unitst 


b\a H-. Be Hens theese Flic erad1e5 Lit. Ta,» Na. Keath Cs 
H 65 Ove 130 87 0:66 052 67 74 99 100 120 
He Ze SOT eels 42 29 SS Orem es oe hes 34 38 


Table 2 (b). Values of Cag for He* in atomic unitst 


b\ a H He Het 1He* 3He* 
1He* 130 42 8:6 1-1 x 104 5-7 x 103 
3He* 87 29 6:1 5:7 x 108 3:3 x 103 


Table 2 (c). Values of Cap for the alkali metals in atomic unitst 


Li Na K Rb Cs 
1-4 x 10° 1-6 x 10° 35 x0* 3-8 x 10 5-2 x 108 


+ The interaction energy is (— Cyp/R®) e?/ay if R is measured in units of ap. 


Margenau (1939 b) has previously given values for Na~Na and K—K (apparently 
obtained by taking the oscillator strength of the resonance line to be unity and 
ignoring all others), which differ from ours by about 50°. The origin of the 
discrepancy is obscure. 

Attention is drawn to the considerable range of values that Cap may take. 
The values for the alkali metals are so large that the use of perturbation methods 
to describe the interaction is a procedure of doubtful validity. 

No detailed discussion of the accuracy of the approximate formulae (7), (8) 
and (9) will be given and it suffices to remark that none is uniformly superior to the 
others. ‘They generally reproduce the correct order of magnitude but must be 
used with caution when the polarizability and ionization potential of atom A differ 
considerably from those of atom B. 

For the interactions of He with Li, Na, K, Rb and Cs the approximate formula 
(10) yields values of Cap equal to respectively 25, 27, 35, 36, 40 in good agreement 
with the more accurate values given in table 2 (a). We use it therefore to obtain 
Cap for the alkali metals and all the inert gases, their polarizabilities being known 


2) TE ERLE 


ey i 


he interacting species is an ion, the term arising from the quad- 
izability of the neutral atom must be ‘sclndile _ For atomic hydrogen 
ition is —7-5/R® for unit excess charge on the ion (cf. Dalgarno and 
rt 1956) so that for He+-H oe 


penis es 
= at ae vey ah 
for Lit-H c= 

r Ze OW 

ae - Bair Rt R®’ 
_ the quadrupole term being dominant in each case. By contrast, for H--H 

2:25 97 

Oa~ — Re RP 


the normal van der Waals force being dominant. 


The quadrupole contribution in the case of helium is not known exactly but 


is about — 1-2/R® (Das and Bersohn 1956, Sternheimer 1954), so that for He+—He 


0-69 1-6 
| GAS pe Re 
for Lit—He 
: ; 0-69. 1:5 
Cat Pan Rer EFS 
and for H~-He 
0-69. 31 
Seta RA ORE 


As for H, when a positive ion is involved, the quadrupole term is dominant, but 
when a negative ion is involved the normal van der Waals term is dominant. 
The expression for the interaction of Lit with He may be compared with 


the expression 


0:68, 1:9 
ol cag al 


proposed by Margenau (1941) and adopted by Mason, Schamp and Vanderslice 
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(1958) in their calculations of the mobility of Lit in He. The differences are 
unlikely to cause any significant modification of the results (cf. Dalgarno, 
McDowell and Williams 1958, Mason and Schamp 1958). 

This may not be the case for the interpretation of the scattering experiments 
of H- by He by Bailey, May and Muschlitz (1957), for which Mason and 
Vanderslice (1958) have assumed a second-order energy 


6o~ 


an expression in which the coefficient of the R~® term is underestimated by a 
factor of about 15. 

Large coefficients are to be expected for the interaction of negative ions with 
neutral atoms and the magnitude of & for H-H~ is such that the first-order 
calculations by Dalgarno and McDowell (1956) of the two lowest potential energy 
curves of H,~ must considerably underestimate the depth of the minimum of 
the stable state. 

The case of He+—He is of special interest since there is a discrepancy between 
the experimental and theoretical values of the mobility of Het in He at low 
temperatures which may be due to the effect of the R~* term (Biondi and Chanin 
1957, Dalgarno 1958). However, this possibility can be rejected with confidence 
for the value we obtain for its coefficient is much too small. 

We consider finally some data on the elastic scattering of neutral atoms by 
neutral atoms. The value of Cay for H—He is of minor importance for the inter- 
pretation of the high energy data of Amdur and Mason (1956), our value of 2-9 
being in harmony with that adopted by Mason, Ross and Schatz (1956), but the 
values of Cap for the alkali metals and He, Ne and A are of major importance for 
the interpretation of the low energy data of Mais (1934), Rosin and Rabi (1935), 
Rosenberg (1939) and Esterman, Foner and Stern (1947). 

Assuming that the effective interaction is — Cap/R®, Buckingham and Massey 
(1936) have used a cross-section formula due to Massey and Mohr (1934) to 
derive values of C,,, from the measured cross sections and their values are repro- 
duced in table 3. The results obtained from the measurements of Mais, of 
Rosin and Rabi and of Rosenberg agree within the limits of experimental error 
but there is a serious discrepancy in the case of Cs in He with the value obtained 
from the measurements of Esterman, Foner and Stern whose angular resolution 
was much superior to that of earlier workers. Massey and Burhop (1952) 
concluded that the measurements of Mais, of Rosin and Rabi and of Rosenberg 
were in harmony with theoretical expectation but their conclusion was uncertain 
to the extent that they used an approximate formula to compute C,,, together with 
the molecular beam polarizabilities (which we have shown in §5 to be incorrect). 
Our more accurate estimates of C,,, confirm their conclusions except possibly 
for Liin Ne where the discrepancy is rather large (cf. table 3). 

Thus if the most recent measurements are accepted, it seems clear that an 
interaction must be occurring other than the normal van der Waals forces. A 
tentative explanation has been proposed by Dalgarno and McCarroll (1957). 
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Abstract. An interferometric method is described which measures the frequency 
response characteristics of a lens, with automatic recording of the curves. ‘The 
theory of the method is given, followed by a discussion of the problems arising in 
the design of the instrument. A new type of interferometer was devised, having 
very stable adjustment and permitting accurate control of the path length and 


- relative lateral shear of the two interfering wave fronts. Using a double beam 


shearing interferometer, with corner cube reflectors, it was also possible to 
measure the spatial phase shift term of the complex frequency response and 
record this automatically. 

The frequency response curves for a well-corrected lens in different focal 
planes have been compared with results obtained by Hopkins theoretically. 

The influence of primary spherical aberration on the frequency response has 
been studied in certain cases and the results of theoretical calculations verified. 


————— 


§ 1. INTRODUCTION 


performance of lens systems, a procedure which has largely followed on the 

work of Duffieux (1946), not only have several techniques for the measure- 
ment of frequency response been devised, but also both the theory and methods of 
computation have been developed. More recently the computation of the 
frequency response of optical systems having any given aberrations has also 
become a practical matter (Hopkins 1957 a, Goodbody 1958). In consequence, it 
has become both possible, and of increased importance, to confirm experimentally 
the validity of frequency response methods for the specification and calculation 
of image quality. 

A technique employing a shearing interferometer was proposed by Hopkins 
(1955 a) for the measurement of response functions. Baker (1955 a) constructed 
an interferometer of this kind and used it to measure the influence of defect of focus 
on the response of an aberration-free lens in monochromatic light. ‘The apparatus 
permitted simultaneously direct measurement of the wave front aberration from 
the interferogram of the sheared wave fronts. Baker succeeded in confirming a 
number of the theoretical results of Hopkins (1955 b). 

The shearing interferometer has a higher photometric efficiency than the 
conventional scanning methods, affording the possibility of a more accurate 
measurement of the response function. This is of particular importance when 
2H 


S INCE the introduction of the use of frequency response for specifying the 
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results are required in monochromatic light, such as when the verification of. 
theoretically computed values is in view. No precise direct verification of 
computed response curves appears yet to have been made, if we except the work of 
Baker on defect of focus. To givean adequate test of the theory for cases where the 
optical system has aberrations, a large number of measurements are called for. 
For example, spherical aberration normally requires two coefficients (of the 
primary and secondary terms respectively) for its specification. To study the 
influence of spherical aberration on the response, in different focal planes, there- 
fore, requires the variation of three parameters. For this reason it seemed desir- 
able to design an automatically recording instrument, which would permit the 
rapid and accurate study of a large number of cases. Atthesame time it was found 
possible with a radically re-designed system to obtain both improvement in photo- 
metric efficiency, and simpler operation and adjustment, compared with that 


obtained by Baker. 


§ 2. THEORY OF THE METHOD 


The response factor g(s,f) is simply the inverse Fourier transform of the 
intensity distribution in the image of a point source, and (s, ¢) are spatial frequency 
parameters defined by 

s=(A/nsina)R,, t=(A/nsina)R, — —eeeeee (1) 


Here R,, R,, denote the corresponding wave numbers (numbers of ‘lines’ per 
unit length) in the object. There is no loss of generality in considering the more 
convenient case of unidimensional structures, provided they are examined in 
different orientations ;/ in the object plane. The normalized frequency response 
is generally complex and may conveniently be written in terms of a modulus and a 


phase 
a(s,p)/e(0,p)=D(s, P)=T(s, pene sve eee (2) 


where 7(s, ys) is the contrast transfer factor and 6(s, 4s) represents a spatial phase 

shift. 'These two quantities are measured separately in the present instrument. 
The wave front aberration at the point (x, y) of the exit pupil of the lens is 

denoted by W(x, y), and the pupil function of the optical system is then written 


fla yyS7 ey) ree eee (3) 
where r+ (x,y) describes the variation of amplitude over the image-forming wave 
front and is zero outside the domain of the pupil. It may be shown that D (s, #) 
can be expressed by means of the double integral 


D(s,#)= (1/4) | [_fle+ dy)" (x— 35,9) dx dy". cae (4) 


where S, the region of integration, is the area common to two pupils centred 
respectively on the points (+ 45,0). The constant A is defined by 


re | { _ lies) Pasay | i ong) Pdedy soe (5) 


the region of integration A being here the whole region of a pupil centred on the 
origin. Ais thus proportional to the total light flux through the pupil. When the 
emergent wave fronts are of uniform amplitude, r(x, y)=constant, and A is then 
simply proportional to the area of the pupil. 


a 
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To determine 7(s, /) and 6(s, #5) it is easily shown that only the total light flux 


in the interference pattern formed by a two-beam shearing interferometer need 
- bemeasured. A collimated light beam from the lens under test is directed into the 


interferometer, the beam splitter dividing the incident beam into two beams of 


nearly equalamplitude. The interferometer has the general form of the Michelson 


interferometer, but uses corner cubes in place of the two plane mirrors, _ It is so 
designed that two separate beams may be laterally sheared relative to one another, 
thus altering the region of overlap, and therefore the region in which interference 


occurs. This is illustrated in figure 1, where S denotes the region of overlap, and 


A,, A, are the regions of the wave fronts from the two arms of the interferometer 
exterior to S, so that no interference takes place here. If the pupils are circular 
and taken to be of unit radius, the relative shear is numetically equal to the spatial 
frequency parameter. 

In figure 1, the complex amplitude at a current point (x, y) of the fringe plane 
consists of a complex amplitude p,f(x++4s,y), produced by the wave front 
coming from arm 1 of the interferometer, together with a complex amplitude 
Pof (x—4s,y) produced by the wave front from arm 2. A further factor, namely 


- eik®, must be included if the path difference between the two arms is 6. ‘The two 


real factors p,, p» denote the transmissivities of the two arms, measured as ratios of 
real amplitudes. The total light fluxes in the region A,, A,, S respectively are 
then given by 


r= [ [elf + toy) Baas rite (6) 

= 2 = t¢ ehh ie a a sero: z 

F, i [ Lf (e— 45,9) Pedy (7) 

Fe | i IPuf (+ 38,9) + Bof (@— 45,9) 8 Pdxdy. vee (8) 
S 


F, may be expanded to give 


Fe= [[ pt lfee+tsy) Paedy + [ [ ere tsonl axdy 
; | 


+2R{Pibs {| f (x + $5, y) f* (x — 35,9) ett dy } wie tyile (9) 
S 
where R denotes the real part of the integral. The total light flux 
F(6)=F,4+ F,+ Fs, 
so that 


F@)=p: | | Lf (w-+4s, 9) Pdedy +2? { { Lf (e— 4s, 9) Pdeedy 
Ay+S A,tS 
+2prpoR jot | { flo Ay) ft Ay) diy 

S 

or, shifting the origin in each of the first two integrals, 

F(8)=(p:2-+02?) | | _ leas) Peay 

+ 2p, poR tae { | f(t As,y)f* (7-459) 1-day 
S 


where A denotes here the region of a pupil centred on theorigin. The first integral 
is now simply the constant defined in (5), so that 


F(8)=(p:2 +22) A {1 + [2PrPol (bi? + P2°)) Ble? Diss) 3 
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the second integral having been replaced by the left-hand side of (4). Using the 


form (2), for D(s, %), one obtains 

F(8) = (px? + bs") Af + [2p.Pal (01? + Ps?) T(s, #) cos [25 — (5, 2) (10) 
This treatment has assumed perfect coherence between the interfering wave 

fronts. In fact, there will be only partial coherence, the effect of which will be to 

include a factor I’,, = V2, exp (#Ba1) in the product term of (9) (Hopkins 1953, 


Provided a source of symmetrical shape is used the coherence factor T,, is wholly 
real. Moreover to obtain good contrast the modulus V,, must not differ appreciably 
fromunity. Under these conditions the phase factor f,, will be zero. 

It is now evident from (11) that by causing 6 to vary linearly with time a cosinu- 
soidal variation in the total light flux in the interferogram is produced, whose 
amplitude and phase give respectively the modulus 7(s, 5) and argument 6(s, #) of 
the frequency response for the lens system producing the initially incident wave 
front. 

Inequality of the transmission of the two paths in the interferometer will 
materially affect only the ratio of the amplitude of the variable part relative to the 
zero-frequency component. This is expressed in the factor 2P1Po/ (P17 + Po?) 
which is a function of the ratio p,/p,. It is equal to unity when the two arms of the 
interferometer have equal transmissions. Even if the ratio of intensity is 
(ps/p1)2 = 0-64 this factor is only reduced to 0-98. The effect of this factor on the 
a.c. signal-to-noise ratio will therefore be negligible in practical cases. Its effect 
on the measured values of the response is merely that of a scaling factor. 

In practice an incoherently illuminated slit is used as the source, and the 
modulus V,, of the appropriate coherence factor may be used to determine the 
maximum permissible width. For this case, the spatial coherence factor has the 
form 

Vo =| Vor |=| sin {(27/A)n’ sin x(P,P2)}/{(277/A)n’ sin % (PyP2)}| ...... (12) 
where a is the angular half width of the slit when viewed from the point P,, 
which is situated in the pupil of the lens under test. In the final interference 
pattern the two wave fronts are sheared by a varying amount. For any given 
setting, let the shear, referred to the plane of the lens pupil, be denoted by 
(P,P,)=sh, where sis the reduced spatial frequency and / is the radius of the pupil. 
The visibility of the fringes formed by interference of light from P, with that from 
P, is then given by (12). Imposing a tolerance | I’,, |> 0-99, this expression gives 
for the permissible source size, 

% <0-04A/sh 
where s is the maximum spatial frequency that will come in question. For the 
measurements reported later a slit width of approximately 10 4 was employed. 

The spectral line width of the light source also influences the visibility of the 
fringes, and consequently a chromatic coherence factor must be included in 
expression (11). In the present case the total coherence factor is simply the pro- 
duct of the spatial coherence factor (depending upon slit width) and the chromatic 
coherence factor (depending upon the spectral line width). In equation (10) we 
can thus write (Hopkins 1957b): 


Vo, = (Voy)s x (Voy). 
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For an idealized rectangular line profile the form of (V.,)c may be shown to be 


_ (Michelson 1927, Hopkins 1957b): 


(Vy )e=|Pala- l,)|= 


(sina on) =) / (mh a | 


~ where I'(/,—J,) is the chromatic coherence factor (Wolf 1954, 1955, Hopkins 


1957 b), (1, —J,) the path difference in the interferometer and 8A the half width of 
the line of mean wavelengthA. Imposing the condition (V.;)c> 0-99 the maximum 


_ permissible path difference between the two arms of the interferometer is given by 


r 
SNA’ 
The profile of the line used (A= 5461 A, produced by a medium pressure mercury 
lamp) was measured with a recording spectrograph and found to be of symmetrical 
form and of half width SA=2:24. Inserting these values the permissible maximum 
path difference obtained is 


[1,—1,|< 0-08 


|2,—1,|~ 2002. 
Provided the mean path lengths in the two arms of the interferometer are equalized 


- initially, therefore, the change of path length that may be introduced during 


measurement must be kept less than 200A. 


§ 3. THE INTERFEROMETER UNIT 


To achieve stability of adjustment, a Michelson interferometer employing 
corner cube reflectors in place of plane mirrors (Peck 1948) was used, in which the 
moving parts employed for wave front shearing and path changing were mounted 
independently of the interferometer bed. The interferometer, itself mounted on 
a rigid base plate supported on a vibration free mounting, formed in effect a 
separate unit. In this way it was found possible to shear the wave fronts and alter 
the path difference without any detectable effect on the adjustment of the system. 
The two operations were entirely independent of one another and neither relative 
tilt or shearing of the wave front occurs. Having outlined the general principle 
of the operation of the instrument, it will be useful to record some of the design 
details. 

3.1. Corner Cube Reflectors 

It is essential to the working of the interferometer that the two interfering 
wave fronts have no detectable relative tilt. This would be easily achieved if 
perfect corner cubes were available. In practice the angles may easily have errors 
as great as thirty seconds ofarc. ‘To correct these errors two pairs of small nomin- 
ally identical wedge prisms T (figure 2), each of about one degree angle, were 
employed. Each pair of prisms is arranged to form initially an effectively plane- 
parallel plate, producing no deviation of a light beam passing through the unit. 
One prism in each pair ‘5 rotatable about an axis perpendicular to its median 
plane and a small rotation of this prism relative to the second member of the pair 
produced a small deviation of the light beam. A deviation of the light beam by 
thirty seconds of arc required a rotation of the movable prism through an angle of 
halfadegree. One pair of prisms was used to correct errors of tilt in the horizontal 
plane and the other pair for tilt in the vertical plane. It will be appreciated that a 
combination of corner cube reflectors, with corrector prisms of the kind described, 
remains stable against small rotations of the corner cubes caused, for example, by 


vibration. 


Figure 2. Plan of complete apparatus. 
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3.2. Path-changing Prism Pee 
To produce the cosine signal, implied in expression (10), it is necessary to 
change 8 linearly with time. Tio ensure good chromatic coherence between the 


_ interfering beams, on the other hand, this path difference is limited to a variation 
- of about +50A. This was achieved by using a small angle prism whose angle was 


equal to 4-5 minutes of arc. This prism was reciprocated in the beam, with a 


4 length of stroke equal to 18 mm and a period of oscillation of 4 seconds, using an 


Archimedean cam. In this way a saw-toothed variation of 6 with time was pro- 


~ duced giving a frequency of 25 c/s for the varying component of the light flux. 


3.3. Pupil-shearing Mechanism 


The relative shear of the two interfering wave fronts must be capable of being 
varied over the complete range froms=0tos=2. Inthe latter case the pupils no 
longer ovelap, but just touch. If only because of vibration, lateral movement of 
the corner cubes could not be used for producing the shear. A simple solution 
was found in the use of two plane-parallel optical flats, mounted rigidly on a 


_ triangular plate, with one positioned in each arm of the interferometer. On 


rotation of this assembly about the vertical axis A (figure 2), the two wave fronts 
are laterally sheared with no relative tilt between them and the path difference in 
the two arms is also unaffected. ‘Two sets of shear plates, 0-15 inch thick and 
0-4 inch thick respectively, allowed two different ranges of shear to be obtained 
with a convenient amount of rotation of the shearing assembly. 


3.4. Optical-mechanical Mountings 


The complete optical and mechanical system is shown in the figure 2. An 
achromatic dielectric beam splitter BS and two solid glass corner cube reflectors 
CC,, CC, are carried on a heavy cast iron base plate of size 30 centimetres square. 
Each of these components has a conventional kinematic mounting and fine screw 
adjustment. The reflector CC, can be moved perpendicular to the optical axis 
on a kinematic slide thereby permitting an initial adjustment of the relative 
lateral shear of the interfering beams. Initial adjustment of the optical path 
difference in the two arms of the interferometer is made by displacing CC, along a 
similar slide arranged parallel to the optical axis. 

A cast iron bridge shown as I in figure 2 is supported independently of the 
main interferometer unit by three steel rods of adjustable length. This bridge 
carries both the pivot for the axis A of the shearing mechanism and a kinematic 
slide K carrying the path-changing prism W. Both the shear plates and wedge 
prism are mounted in light duralumin holders, fitted with fine screw adjustments. 
Mounted in this way these components could be rotated and oscillated respectively 
without communicating detectable vibrations to the interferometer proper. 


3.5. Light Paths in the Interferometer 

When used at full aperture any small errors in the angles of the corner cube give 
rise to a doubling, or even tripling, of the reflected image. Even a perfect cube 
can exhibit these effects, because of polarization and diffraction effects at the edges 
(Mahan 1954, Zernike 1957). The dihedral edges of acorner cube will also usually 
cause narrow strips of the aperture to be lost unless great care 1s exercised in 
production. ‘These disadvantages may be avoided if a collimated beam of small 
diameter is incident on, say, the upper left-hand part of the hypotenusal face of the 
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corner cube, for this beam then emerges after three reflections at a diametrically 
opposite position in the lower right hand field, without encountering the dihedral 
edges. Apart from small deviations arising from errors in the angles of the corner 
cubes, the reflected beam returns parallel to the incident beam, but completely 
separated from it, as shown in figure 1. This permits the use of three separate 
channels of which two only are utilized in the present instrument. - The incident 
beam, from the lens under test, enters the upper left-hand field of the instrument, 
so that the resultant interferogram is formed in the lower right-hand quadrant of 
the field. A reference beam, which serves as a standard for measurement of 
spatial phase shift, enters the upper right-hand quadrant of the field and gives an 
interference pattern in the lower left-hand corner of the field. For this reason two 
tilt compensators, one for each channel, are employed, which cover only the lower 
half of the field. Each shear plate, covering both channels, also occupies only the 
lower half of the field. ‘The prism W on the other hand covers both halves of the 
field. 

The diameters of the collimated light beams, that enter the interferometer 
from the lens under test, and the reference beam were restricted to about 5mm. 
For most lenses under test, it was consequently necessary to reduce the beam 
diameter and this was arranged by using, as a collimating lens beyond the image, 
a good microscope objective of appropriate focal length. The image of the exit 
pupil of the lens under test formed by the collimating lens was then easily arranged 
to coincide with one entrance pupil of the interferometric unit, conveniently 
chosen to be positioned a few centimetres before the beam splitter. ‘The other 
entrance pupil admitted light from the reference beam. A lens placed in the exit 
pupil of the interferometer was used to image these two entrance pupils of the 
interferometer in a convenient plane in the exit space. ‘The interference patterns 
could then be visually examined in this plane. For the measurement of the total 
flux in the interferograms the beams from each channel were directed to photo- 
multipliers, the photocathodes of which were made to coincide with the images 
of the exit pupils. To avoid errors arising from variations of sensitivity over the 
photocathodes, each light beam passed through a small diffusing element placed 
approximately 1cm in front of the cathode surface. These elements were 
scalloped gratings used in the manner described by Baker (1955b). A medium 
pressure mercury discharge lamp, operating at about lampere from a stable 
125 volt d.c. battery supply, free from any ripple, was used with a Wratten No. 77 A 
green filter to isolate the 54614 line. ‘To obtain uniform illumination of the slit 
it was necessary to image the source at the entrance pupil of the lens and include 
a field lens to image the condenser lens in the plane of the slit as indicated in 
figure 1. 

Because of the large number of air—glass interfaces, all the optical surfaces were 
“bloomed ’ with anti-reflecting films; the reflecting faces of the corner cubes were 
aluminized to improve the overall photometric efficiency of the instrument. 


§ 4. ADJUSTMENT AND AUTOMATIC OPERATION 


To obtain a complete response curve, the wedge prism W must be oscillated 
with constant speed and the shear plates S simultaneously rotated at a constant 
rate through an angle of about 12° from the normal position, with the plates 
perpendicular to the optical axis. ‘The former motion was derived from a rever- 
sible 1500rev/min synchronous motor run from the 50 c/s mains supply. 
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Adjustment of the length of stroke was made by varying the length of the operating 


lever L. The rotation of the shear plates was effected by means of the lever, steel 


tape and drum D also shown in figure 2. Rotation of the shear plates from one 
side of their zero-shear position to the other side allowed a symmetrical response 
curve to be plotted, the two curves on either side of the zero frequency position 
being mirror images, with the instrument in correct adjustment. The symmetry 


of this curve served both as a check on the adjustment and also for accurate 


location of the zero frequency point. The time to plot a response curve was 


~ variable over a range from one to twelve minutes. 


The mechanical systems were mounted on the bridge over the interferometer, 
the moving parts having only slow motions. The motor and a gear box (100 : Wy, 
were mounted independently of the heavy frame carrying the main apparatus, the 
drives being made through flexible couplings. With this arrangement there was a 
good isolation of the interferometer and the bridge assembly from vibration. The 
complete interferometer and bridge assembly were enclosed in a light-tight 
enclosure which provided also some insulation from local thermal fluctuations and 


_ stray air currents. 


When operated in the manner described above, the total light flux in the 
interferogram varies in accordance with expression (10) but with s changing slowly 
with time. The signal from the photomultipliers is amplified, passed through a 
simple low pass filter, transformed to a voltage signal of convenient amplitude, and 
fedtoapenrecorder. The chart paper was driven by a synchronous motor, syn- 
chronizing with the shearing of the wave fronts. The filter serves to reduce noise, 
arising partly from vibrations in the interferometric unit and also in the photo- 
multipliers. This circuit thus measures the sine-wave signal amplitude and 
therefore gives the modulus T (s, 5) of the frequency response, apart from a con- 
stant scale factor. 

The signal from a second photomultiplier, detecting the flux in the reference 
channel, is amplified and fed to the phase measuring circuit, together with a tapped 
part of the signal from the lens under test, this latter being further amplified to 
equalize, approximately, the two signals. The spatial phase shift 6 (s, #) is given 
by the phase difference between these two signals. ‘The circuit used for this 
measurement consists of a pulsing circuit, the pulses from which trigger a flip-flop 
circuit. Pulses from each of the two signals generate a square wave signal of 
constant amplitude and frequency, the mark-to-space ratio being a measure of the 
time between two corresponding pulses. Consequently the phase between the 
two sine-wave signals is obtained by integration of this square wave, the final 
signal being fed directly to a pen recorder, With suitable calibration this circuit 
gives directly the argument of the frequency response. 

With a diaphragm of 5mm diameter placed in the entrance pupil plane, the 
collimated beam entering the interferometer was confined to one channel. With 
the shear mechanism decoupled, fine adjustments for path equilization and zero 
horizontal and vertical shear could be accurately and easily made using the 
maximum output signal on the pen recorder as the criterion. Under these con- 
ditions a 3% to 4% ripple of twice the cam period was observed, which was reduced 
to below 1°%, by adjustment to the length of stroke of the wedge prism W by the use 
of the variable lever L. This ripple appeared to arise from discontinuities in the 
a.c. signal at the turning points of the prism. 

After completion of the adjustment of the interferometer in this manner, the 
shear mechanism was connected to the motor and a response curve plotted. 
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Calibration of the frequency axis was made in the first place by calculation from the 
measured constants of the shear plates and their mechanical drive. 


§ 5. EXPERIMENTAL RESULTS FOR AxIAL IMAGES 


One of the main purposes of constructing the instrument described above was 
the experimental study of the frequency response of lenses having known aberra- 
tions. Since it is now possible to calculate the frequency response associated with 
given monochromatic aberrations, such measurements afford a test of the validity | 
of frequency response methods applied to image formation and can serve to verify | 
the results of computations of frequency response. . 

An extensive series of measurements have been made on (1) an aberration-free 
lens in different planes of focus and (2) lenses having different amounts of primary 
spherical aberration viewed in different planes of focus. The first set of measure- 
ments were undertaken largely to test the experimental technique. The second 
set were used to make a comparison of the measured and calculated frequency 
response in the presence of aberrations. It will be seen that good agreement 
between these values was found. 


5.1. Frequency Reponse of an Aberration-free Lens 


A doublet lens of 50cm focal length was placed near the entrance pupil plane 
of the interferometer and centrally with respect to a 5 mm diameter aperture, which 
served as entrance pupil for the interferometer and as exit pupil forthe lens. For 
different positions of the slit object along the axis, the defect of focus #2) may be 
found from the formula 


Boys ss = 4n’ sin2af{1/[1 — (83/F?)(F —1’)]} 82 

where sin« is the angular aperture of the lens in the object space, dz is the axial 
displacement of the slit from the in focus position, and I’ is the distance of the 
aperture from the second principal plane of the lens, which latter is of focal length 
F. The correction factor (8z/F?)(F—I’) is necessary because the optical path 
difference used to specify the defect of focus has to be measured at the aperture 
stop, which implies a small change in angular aperture of the lens on defocusing. 
The parameter m was used by Hopkins in calculating, for integral values of n, the 
number of wavelengths of defocusing. ‘The curves obtained with the particular 
values of n are shown in the figures 3 and 4, the points being values obtained by 
interpolation, with the required accuracy to +0-01, from Hopkins’ (1955b) 
calculated values. 

For regions where the response 7(s) > 0-1, the agreement between calculated 
and measured values is within +0-01. Below this level a slightly larger dis- 
crepancy occurs, the experimental curves not falling exactly to zero. This 
appears to be due to the slow response of the recorder at the lower end of the scale, 
where it is largely determined by friction between the pen and paper. 

To check the measurement of spatial phase shift, the reference beam was 
brought into play, and the variation of phase shift studied for a case of a defocused 
lens whose amplitude response had already been obtained. ‘The phase jump of 7 
on passing through the first zero of D(s) was clearly demonstrated. A gradual 
drift of the curve was found, arising probably from a lack of exact parallelism 
between the test and reference beams. ‘The measurement of phase shifts is not 
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Figure 4. 
Figures 3, 4. Response curves for a defocused lens with no aberration. 


5.2. Lens with Primary Spherical Aberration 
Numerical values of frequency response were available for lenses in the pre- 


sence of primary spherical aberration and a direct confirmation of these results 
provided the next set of measurements. For this purpose a plano-convex lens, 
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numerically dbody (1958) are shown. In a very few 
fference between the theoretical and experimental results of the 
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Figures 5, 6, 7. Reseopes curves in the presence of primary spherical Prem, in 
diferent focal planes. 


order of + 0-02 was observed. ‘This appeared to be due to a small error in the 
focusing slide, but for the majority of curves agreement gave good confirmation 
of the theoretical results for primary spherical aberration. 


“s, 


§ 6. CONCLUSION 


The instrument described has proved to be capable of rapid determination of 
series of response curves for a lens when monochromatic light has to be used. No 
additional difficulty would be presented in testing lenses at different field angles 
and different azimuths. The only condition to be observed is that the line source 
itself must always be perpendicular to the shearing direction. The instrument 
proved to be very stable, retaining its initial adjustment over several days. Even 
after a few weeks only small adjustments for vertical shear and equilization of the 
path lengths between the two arms of the interferometer were required. This 
resetting requires between one and two hours. 

Detailed discussion of the curves obtained for cases of primary spherical 
aberration is not called for here. A full account of this has been given by Black 
and Linfoot (1957) based on theoretical results. It is sufficient to say that satis- 


factory confirmation of the theory has been obtained for many cases of axial image 
formation. 
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Abstract. ‘The effects of variations of the thickness of the individual layers of 
an interference filter made with dielectric multilayers are examined, with respect 
both to the displacement of the pass band and to its width as affected by random 
fluctuations in these thicknesses. It is ‘shown that the use of special multilayer 
stacks having a large dispersion of the phase change on reflection can yield a 
much greater resolution only in the case of perfectly uniform films. The 
insensitivity of the pass band to variations of the spacer layer is compensated by 
a correspondingly large sensitivity to variations of the layers constituting the 
‘mirrors’. It is also shown that the effect of random thickness variations is a 
minimum when the sensitivities of all layers are proportional to their thicknesses. 
Sample calculations and experimental illustrations are given. 


§ 1. INTRODUCTION 


filters, as described by Heavens (1955), would appear to open up the 

possibility of realizing band widths of avery few angstréms, or even fractions 
of an angstrom. By merely increasing the number of layers in the quarter-wave 
stacks constituting the mirrors, one may obtain reflectances that would in 
principle yield resolutions well in excess of 1000, corresponding to a band width 
of 5Aat5000A. In practice, however, it is common experience that a resolution 
above about 500 cannot be obtained in this way. The extremely close tolerances 
that are required for the thicknesses of the individual layers afford one obvious 
reason for this limitation. Thus a variation of only 0-5% in the thickness of the 
half-wave spacer (9-3 A change in the geometrical thickness of a cryolite spacer) 
shifts the peak of the band by 25 A. Such a variation being of the order of atomic 
dimensions, it is also clear that the structure of the films may play an important 
part. 

As was shown by Baumeister and Jenkins (1957), a promising way of over- 
coming this difficulty is the use of multilayers of a type that show a very rapid 
variation with wavelength of the phase change on reflection. ‘Theoretically, and 
at first sight practically, this high phase dispersion has a marked influence in 
narrowing the pass band. It has also been shown (Jenkins 1958) that the wave- 
length of the maximum of the band (or bands) is at the same time rendered 
relatively insensitive to variations of the spacer thickness. Interference filters 
thus ‘stabilized’ by the phase dispersion do indeed yield narrower bands, as 
was shown by Baumeister, Jenkins and Jeppesen (1958). In their work, however, 


Tt use of dielectric multilayers for the reflecting elements of interference 
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dth will be 


__—s« § 2, DISPLACEMENTS OF THE Pass BAND as A FUNCTION OF THE 
—— . ‘THICKNESSES 


1a 


_ indices, of the layers are negligible. One could take account of the latter by 
_ taking as variables the optical paths mt instead of the thicknesses ¢, but this would 
make the formulae unnecessarily cumbersome. It is also supposed, in order 
~ to simplify the expressions, that one is concerned with a symmetrical filter, such 
_ that the layers on either side of the spacer are mirror images. If the filter were 
unsymmetrical, it would suffice to substitute for the phase change on reflection # 
its average value for the two mirrors. 
The wavelengths of the pass bands are fixed by the condition 


p ¢ $+ 2p =2kn, : 
where & is any whole number and $= —47nt/A= —4znto, the phase difference 
between two successive transmitted rays that is introduced by the spacer. If 
one postulates that the thicknesses of the different layers (¢ for the spacer, 
t, for the ith layer of one of the mirrors) vary by 5t and 8d, the pass band shifts 

_ in wavenumber by dc such that © — 


ae og Ope (26 5%) 500 

: Bp ara htit (+255 Deh Sao Thar Wk e ci (2) 

= with - 

E em rag ee DDN ae atu (3) 
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a ot 
Here p is the ‘order of interference’ in the spacer layer; p=2nto. 
The term in parentheses in equation (2) may be expressed in another form 
by noting that if one makes special variations 5, such that 


one has 


wines 
Then $= —47nt/A does not vary and relation (1) shows that % also remains 
constant. Hence 
: Ob Oy 
/ = a Opt; = Ue 
; ag foot D 3p 0r7 
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6) If cay por spacer varies ernie he #0 f, in add 
dispersion is large, so that , 
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The insensitivity of the wavenumber to variations 6t=«at of the spacer thickness 

is thereby verified. SS : 
(c) If only the layers forming the mirrors vary («=0, «;= ea %»’), and if, 

the phase dispersion is still large, one finds 

do 
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_ This is essentially the same result as was obtained in case (a), namely the filter 
retains a sensitivity with respect to the thicknesses ¢; compensating for that which 
it lost with respect to the spacer thickness t. 

(d) If, on the contrary, the phase dispersion is small, so that 


Jes <2z7pd, 


one finds that the pass band is pe sere to the thickness of the component 
layers of the mirrors, but remains sensitive to that of the spacer. 
These results may be summarized by characterizing the sensitivity to 
variations of the various thicknesses (t; and t) by the quantities 
d (d0\ tao _ ~ dys dx; 
20-1 


oat, +2 >, dp/da, 


and 


: 
; 
I 
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sa() = 23 =~ a533, oe 


necessity for this conclusion can be shown by the following-dimensiona 
rations. Two filters are compared, one prepared for the wavelength A 


1e other for the wavelength \’ =A+6A. The latter can obviously be obtained 
ultiplying all thicknesses of the first filter by \’/A. If one assumes that the 
filters have a low sensitivity to the variation 5¢ = 5A/A in the spacer thickness, 
it follows that the passage from A to )’ must be primarily due to the variations 
_ 6t,=1,5A/A in the thicknesses of the layers constituting the mirrors. Conversely, 
_ when the mirrors consist of ‘classical’ quarter-wave stacks, it is mostly due . 
_ to dt, and very little to the 5¢;. In any other case, there is some combination 
_ of the two effects adding up to the same total. Phase stabilization with respect 
_ to the spacer will, therefore, not improve the resolution since, given a certain 
lack of uniformity inherent in the method of depositing the layers, suppression 
~ of its effect through the spacer layer will merely enhance its effect through the 
layers comprising the mirrors. One loses in the one respect exactly what one 
gains in the other. 


§ 3. INFLUENCE OF RANDOM VARIATIONS OF THE ‘THICKNESSES 
! ON THE BAND WIDTH 


It has been assumed in the above examples that the relative variations «; of 
the thicknesses ¢; were equal. This case often occurs in practice when one is 
concerned with thicknesses on different parts of the surface of the filter, and 
fe an illustration of its effect will be given below. But even over a restricted area 
__ of the surface, the inaccuracies of control during the preparation of the filter 
__will cause variations « and «; from the desired thicknesses. If the number of 
operations is large, these variations may be taken as random and independent of 

each other. Similarly, any very localized variations of thickness within the 
_ specified area, arising from fortuitous fluctuations in the directional emission 
from the crucibles during evaporation, or from the structure of the films 
¥ themselves, may also be considered as random and independent. 
_ __ _With this type of distribution of the departures « and «,, one can only obtain 
statistical results based on the mean square deviations. They involve the quantities 


da\2 = = 
B= G , Gf=a?, and a'=o7, 
a 


Since 8a/c is a sum of terms proportional to the z,, one obtains A? by adding the 
mean squares of these terms: 


$a? +S, (2 dyp/8ex)2a? 
a CS YOLEN 


In order to study this expression one could set the root-mean-square relative 

deviations of thickness equal to each other for all layers: a;=a;=4). It is more 

correct, and hardly more complicated, to take the r.m.s. thickness variation as 

proportional to the thickness itself, as it would be if each layer were equivalent 
212 
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which can also be written’ 
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This condition, closely related to the ‘ sensitivities’ defined above, can be simply 
expressed as follows: The different sensitivities should be proportional to the 
thicknesses of the corresponding layers. It is surprising that the condition thus 
obtained is independent of the order p of the spacer layer of the filter, since 
_$/t=—4nno. Mirrors satisfying condition (8) will therefore be adaptable to 
a filter of any order whatever. ‘This conclusion presupposes that the spacer layer 
is prepared by the same process as the constituent layers of the mirrors. The 
problem would present itself differently for a Fabry-Perot with an air layer 
(Giacomo 1958) or with a ‘ prefabricated’ spacer layer of split mica (Ring, Beer 
and Hewison 1958). 
The minimum value of f? is 


Tg’ See aie = eee ie | 

q . 

T being the total thickness of the filter and t) the mean thickness of one layer. 
The latter has the r.m.s. thickness variation a. Finally, one has the condition 


B= =e eee 9 
71 ae ia He 
The r.m.s. deviation 8 of the pass-band displacement da/o therefore has a lower 
limit, inversely proportional to »/7, but independent of all other parameters. 
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_ This lower limit is achieved when the different terms ¢/t, d5/0t;, are equal among 
_ themselves, as required by equation (8). 8 can be very much larger than this 
lower limit, particularly when these terms have a sum near zero and at the same 
time rather high absolute values (with signs sometimes positive, sometimes 
negative). ; 

The random variations of the pass band of an interference filter, measured 
by da/c, have a considerable practical importance. If one permits the fluctuations 
of thickness, even over a localized area of the filter, to spread the band over a 
_ range So, the band can obviously not be narrower than the dc imposed by these 
fluctuations. One could hope to attain, for a given type of filter, a limiting 
resolution amounting to 

R= 1 << vr : 


Fe voile 
It is therefore of primary importance, if high resolutions are desired, on the one 
___ hand to decrease this limit 8, and on the other to try to approach it as closely as 
. possible by using mirrors that satisfy condition (8). 
zs The lower limit of 8 depends only on T and k. One could consider increasing 
T, but the gain in 1/T would be compensated by the increasing difficulties of 
preparation. ‘To decrease k is the other possibility, generally considered as 
evident since one always strives to obtain layers of as accurate thickness as possible, 
and k=5t,/+/t,. 
The problem of satisfying equation (8) is one of choosing the design of the 
mirrors in such a way that the various oy/d#; shall be as nearly as possible equal 


: among themselves and equal to 47o. In filters of the classical type (A/4 layers 


sa ra 2 


of alternately high and low indices) this condition is far from being realized, 
since the layers furthest from the spacer have practically no influence on the 
phase shift (Giacomo 1956). The behaviour, as far as relation (9) is concerned, 
is just as though these layers did not exist. This circumstance probably furnishes 
the explanation of the fact already mentioned that attempts to augment the 
resolution of this type of filter by increasing the number of layers in the mirrors 
have proved fruitless. One merely loses rapidly in transmittance with no 
appreciable gain in resolution. The reason will be apparent from the numerical 
example given in the following section. 

The filters based on high phase dispersion come somewhat closer to the 
requirement of equation (8) but still fall far short of the ideal, as will be seen 
from the numerical results. The fact that the resolutions actually obtained are 
appreciably better than for classical filters cannot, as was shown above, be a 
direct consequence of the large value of dyt/ac. Indirectly, however, this has 
an influence, since if equation (8) is fulfilled it is necessary, in order to achieve 
high resolutions, not only to use a large number q of layers (thus increasing 7’) 
but also to have values of 05/d0 which increase with the thickness of the filter. 
Applying condition (8) to equation (4) one finds 

Op ab)  4annTm 
o an x t; a Savas 
where J'p is the thickness of one of the mirrors. Hence the desired condition is 
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The ‘broad-band’ multilayer mirror calculated by Baumeister and Stone (1956) 
comes close to fulfilling this relation. It has a total geometrical thickness of 
1:20... When two of these are incorporated in a filter with a cryolite spacer of 
index 1-35, one should therefore have |y/dc|=20-4. The computed phase 
dispersions for the actual multilayer, in regions of the spectrum where they 
are large, vary between 10 and 23. For a classical multilayer of comparable 
reflectance, the phase dispersion is only 1-7. ‘This necessary condition is, 
therefore, approximately fulfilled for the broad-band multilayer, but it 1s not 
a sufficient one since equation (8) must also be obeyed. The extent to which 
this is true will be shown below. 


§ 4, EXPERIMENTAL EXAMPLES 


The measured width at half-maximum of the pass band of a 19-layer classical 
filter prepared by Dr. J. M. Stone at Berkeley was 15-44. Since the peak 
wavelength was 51004, this figure yields a resolution of 330.f Several filters 
consisting of two 15-layer broad-band films separated by cryolite spacers of 
various thicknesses have subsequently been prepared by similar techniques 
and the widths of some of the narrowest bands measured. In the earlier 
measurements (Baumeister and Jenkins 1957) the filter was placed before the 
slit of a 21-foot concave grating in the Paschen mounting, and the band widths 
determined by photographic photometry. The results indicated minimum 
widths of 12 A corresponding to a resolution of 490 at 5900 A. Although showing 
some improvement over the classical filter, this result is still below the theoretical 
value of 770 calculated from the measured reflectance of 0-978 of one of the films 
and the computed phase dispersion of 10-1. 

The origin of this discrepancy appeared when, in order to observe the trans- 
mission of localized portions of the phase-dispersion filter, it was placed in the 
spectrum directly in front of the plate-holder, instead of in front of the spectrograph 
slit. Under these conditions, the transmission took the form of a ring, a 
photograph of which is shown in figure 1. The circle expanded and became 
narrower as the filter was moved towards shorter wavelengths. Furthermore, 
its centre was displaced 4-9 mm (6-7 A) toward shorter wavelengths from the 
geometrical centre of the filter. The width of the ring, when it was of the size 
shown in the illustration, was measured as 3-0 A, and its peak transmission, 71% 
(Baumeister, Jenkins and Jeppeson 1958). With the classical filters, also, a ring 
showing the same general characteristics, but considerably more diffuse, was 
observed in this manner. 

The cause of this circular symmetry lies in the fact that the filters, which 
were placed 20 inches above the crucibles, were continuously rotated during 
deposition of the films. The variation in film thickness from centre to edge 
clearly has a greater influence on the pass-band than does the variation of 
wavelength. To evaluate the former, it was observed that a displacement of the 
filter by 31 mm caused the ring to expand from the condition where it was a spot 
of maximum intensity near the centre of the filter to that where it was a narrow 
circle tangent to the upper and lower edges of the filter. Assuming that the 


t Although classical filters with a resolution higher than this have undoubtedly been 
produced, this filter will be best for purposes of comparison with other filters of different 
types that were prepared by the same technique. 
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thickness of all layers varies in the same proportion, this displacement corresponds 
_ to d0/o=8t/t=0-0073 from centre to edge of the filter. 


A> 


Figure 1. Transmission of filter when placed in the spectrum. The black square 
represents the entire area of the filter, of side 46 mm. 


In order to verify quantitatively this interpretation of the ring, data on the 
dy,/dt, and the sensitivities were needed. These were computed by the standard 
methods, using an IBM model 650 calculator. To illustrate the results, the 
table shows those obtained at c=17000K for a 15-layer broad-band film, and 
= at c=20000K for a 15-layer classical film tuned at the latter frequency. The 
substrate, the medium from which the light is incident on the stack, and the 
refractive indices of corresponding layers, are the same in the two cases. 


(1) Layer number; (2) thickness t,(u); (3), index n; (4) dys/Sti (U4); GS) beb/dai. 


Broad-band film—————- ——Classical film—— 
(1) (2) (3) (4) (5) (2) (4) (5) 
Substrate — 1:52 — = — = == 
Al 0-0751 2-30 0:32 0-024 0:0543 0-01 0-001 
2 0-1279 1°35 0:60 0:076 0:0926 0:02 0-002 
3 0:0751 2°30 1:97 0-148 0:0543 0:05 0-003 
+ 0:1235 1°35 1°85 0-229 0:0926 0:06 0-005 
5 0-0626 2°30 4-75 0:298 0:0543 0:16 0-009 
6 0:1299 1-35 4-60 0:597 0-0926 0:16 8 0-015 
CA 0:0681 2:30 11-68 0-795 0:0543 0:48 0-026 
; 8 0:0957 1°35 10-63 1:018 0:0926 0-48 0-044 
9 0:0566 2°30 30°85 1-746 0:0543 1:39 0-075 
10 0:0859 1:35 30°37 2-608 0-0926 1-39 0-128 
: 11 0-0504 2°30 78:33 3-948 0:0543 4-03 0-219 
: 12 0-0805 1-35 62:33 5-019 0:0926 4-()3 0-373 
| 1S} 0:0450 2:30 121:58 5-471 0:0543 11:69 0-635 
: 14 0:0767 1-35 65°41 5-015 0:0926 11-69 1-082 
15 0:0450 2:30 81°59 3-672 0:0543 33:92 1-843 
Medium 
of incidence — 1:35 — — — = = 
> 1:1978 — 506:8 30-662 1:0829 69°53 4-460 
} 
| 
| 
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Figure 2. Sensitivities of the layers in two types of multilayer. 
The remaining discrepancy must be attributed to the random errors of 


thickness and these may also be treated with the aid of the data of the table. 
The quantities A;=1,0%/0t;= 0ys/dx, given in the last column of each half of the 


table were used to compute the ratio between f and k by equation (7). The 


classical 31-layer filter gave B= 1-289k, whereas the phase-dispersion filter gave 
B=1:023k. Here k has units p1?. These two figures are to be compared with 
the value 0-652 k given by equation (9) for a filter of total thickness 2-35 » which 
satisfies the condition (8) for minimum f. ‘Two conclusions may be drawn from 
these results. The first is that while the phase-dispersion filter has some 
advantage over the classical one (since the limiting resolution equals 1/8 and 
k measures the accuracy of the layer thicknesses) the gain is relatively slight. 
Figure 2, which shows plots of the sensitivities against layer number for the 
two types of multilayer, indicates that while values of A;,/t; may be somewhat 
more nearly equal for the broad-band type, there is a rapid fall-off in both types 
for the deeper layers. 

The second conclusion is that if a value of B=1/500 is regarded as the 
practical limit for a classical filter, the errors involved in the preparation of the 
films must be about 1/1-294/t; of this figure, or 0-57%. It may well be that 
irregularities in the structure of the films may cause local variations of thickness 
of this magnitude, and there is evidence for such variations in the granulations 
visible in figure 1. 

Whether any conceivable design of filter might come close to fulfilling 
condition (8) for the minimum £ has not yet been determined. It seems certain 
that no arrangement of the refractive indices in a \/4 stack will accomplish it, 


since one can show that regardless of the indices of the layers, the value of dy5/dt, 


of the layer nearest the incident light asymptotically approaches 47m,/A, where 
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Properties of Solid and Liquid Solutions of Argon and Krypton 


By R. HEASTIE 
Department of Physics, Queen Mary College, London 


Commumcated by G. O. Jones; MS. received 15th August 1958, in final form 
4th November 1958 


Abstract. The vapour pressure P of solid and liquid mixtures of argon and 
krypton of a number of different compositions has been measured over a tempera- 
ture (7') range which includes the ‘ melting ’ and ‘freezing’ points of the mixtures. 
The solid—liquid phase-equilibrium diagram has been deduced by observation 
of discontinuities in slope of (log P, 1/T) graphs. _'The measurements show that 
argon and krypton are completely soluble in the liquid and solid states and that the 
solid solutions exhibit a positive deviation from ideality. 

The solid solution data are compared with theory. Although the experi- 
mental results are not in complete agreement with any of the theories considered, 
the cell theory predicts approximately the observed magnitude of the deviations 
from ideality of the vapour pressure. 


§ 1. INTRODUCTION 


of many types of solution have been made. The development of a theory 

of solutions is difficult but the problem is simplified by limiting consideration 
to solutions of components whose molecules (a) exhibit non-directional interaction 
forces, (b) have internal motions which are independent of the nature of their 
neighbours, (c) are of equal ‘size’. 

The first two requirements are satisfied by the molecules of the rare gases. 
While (c) cannot be exactly satisfied in this case, the difference between the 
molecular diameters may be as small as 7° (as in the case of A-Kr). It appears, 
therefore, that measurements of the properties of a binary solution of rare gases 
would serve as a useful test of the various solution theories. The choice of the 
particular rare gases used in the investigation described here was made because of 
the small difference in the molecular sizes and for experimental reasons. 


I the last forty years, extensive experimental investigations of the properties 


§ 2. ‘THE Use oF VAPouR PRESSURE MEASUREMENTS 


At the beginning of this investigation only one set of measurements of the 
properties of solid and liquid solutions of argon and krypton had been reported— 
the determination of the solid—liquid phase-equilibrium diagram (Veith and 
Schréder 1937). It was thought desirable, as a preliminary step, to redetermine 
this diagram. Because of the simplicity of the thermal analysis method employed 
by Veith and Schréder, it was decided to use this same method. An apparatus 
similar to that described in §3 was constructed and heating curves were plotted 
for condensed mixtures of eight different compositions. These experiments were 
not satisfactory because of the lack of ‘sharpness’ of the freezing and melting 
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points as shown by the temperature-time graphs and for the reasons given below 


an alternative method was adopted. 


Thermal analysis, while being a convenient method of determining phase- 


equilibrium diagrams, yields no additional information concerning the solutions, 


as may other methods. The measurement of total vapour pressure P is one of the 
common methods of investigating the properties of a solution. In principle, if P 


_ is known as a function of the composition of the solution and the temperature, the 


chemical potentials of both components may be evaluated. If the measurements 
of the vapour pressure of a solid solution extend into the heterogeneous region and 
are continued until the mixture is entirely liquid, the phase transition points may 
be determined from observations of discontinuities in the slope of the (vapour 
pressure, temperature) curve. This method, which has been adopted in this 
investigation, has certain advantages (Heastie 1956) over others. 

The vapour pressure measurements have been extended over a wider pressure 
range than is necessary solely to determine the phase-equilibrium diagram in 
order to obtain additional information about the solid solutions. 


§ 3. EXPERIMENTAL APPARATUS AND METHOD 


3.1. General Description of the Apparatus and Method 


The apparatus used is shown diagrammatically in figure 1. The argon and 
krypton were obtained commercially in glass cylinders and attached to the 
apparatus with cone and socket junctions C. The two gases were mixed in the 
glass vessels (V,, V. and V3) of known volume. The Bourdon gauge, B (range 
0-1 atm and accuracy to 1mm of mercury) was used in the measurement of the 
composition of the gas mixtures (§ 3.3). 

At the beginning of an experiment the cryostat D was evacuated by means of a 
diffusion pump and surrounded by liquid oxygen. The container F was filled 
with liquid oxygen through the tube E, which was then closed. This liquid 
oxygen was pumped off, cooling F and the attached calorimeter G to a temperature 
of about 60 °K. The valve S was opened and the gas mixture, passing through the 
heated tube K, condensed as solid into the calorimeter. The amount of gas 
mixture left uncondensed was in no case greater than 4%, of the total amount. 5 
was closed and F was heated to boil away any remaining liquid oxygen. 

When F was empty, the calorimeter was allowed to warm at a rate controlled 
by electrical heaters on the tube K and the radiation shield H. The maximum 
rate of heating was 4° per hour. ‘The temperature of the calorimeter was mea- 
sured at intervals of about } °K witha thermocouple. At the instant of recording 
the temperature, the vapour pressure of the mixture was measured with the 
mercury manometer M,, the bellows manometer M, being used as a null indicator. 
At the conclusion of the experiment, the valve 5 was opened, allowing the mixture 
to re-enter the vessel V3. 


3.2. The Cryostat 


The low temperature apparatus was contained in the outer brass case D which 
was sealed to the brass plate forming the top with Woods metal. Figure 2 shows 
the radiation shield H and copper calorimeter G and cooling pot F. In order to 
present a large cooling surface to the condensing gas, the double helix of copper 
wire was placed inside the calorimeter. To prevent condensation of the gas 
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Figure 1. The apparatus. B Bourdon 
gauge, C ground glass joints, F 
cooling pot, G calorimeter, H radia- 
tion shield, M, mercury manometer, 


M, pressure nullpoint indicator, N ee 
radiation shield, R Dewar flask con- Figure 2. The radiation shield and 
taining liquid oxygen. calorimeter. 


3.3. The Determination of Gas Composition 


The method employed for the determination of the composition of the gas 
mixtures was devised to use the minimum amounts of argonandkrypton. Because 
the krypton obtained for the first experiments contained 1° xenon, it was decided 
that an accuracy to $-1°% in the mole fractions of krypton in the mixtures would 
suffice. , 

The volumes of the vessels V, (V,;=314cm) and V, (V,;=1151cm3) were 
determined, previous to attachment to the apparatus, by weighing them, first 
empty and then filled with water. V, (80cm) represents the volume contained 
by the Bourdon gauge B and the tubes joining the various taps. The volume KF, 
was determined by a method involving the repeated sharing of dry air between it 
and the known volumes V, and V3, the pressures being measured by means of B. 

In preparing the gas mixtures an amount (n moles) of argon (approximately 
300.cm* of gas at s.T.P.) was diluted successively with increasing amounts of 
krypton. From the amounts of the gases mixed, determined from the known 
volumes, V,, V, and V, and the pressures recorded by the Bourdon gauge, the 


a 
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_ mole fraction X of krypton of each mixture was calculated. When X was slightly 


greater than 0-5, the mixture was discarded and a second series of experiments was 
started. In this case m moles of krypton was diluted successively with argon in 
stages until X was just less than 0-5. The overlap of the two sets of experiments 
provided a useful check on the experimental error in the gas composition measure- 
ments, which is estimated to be not greater than 1° in either X or 1—X. 


3.4. Measurement of Temperature 


The temperature of the calorimeter was measured with a copper—constantan 
thermocouple. This was calibrated at the sublimation point of carbon dioxide 
and the boiling point of oxygen, the method of Scott (1947) and the data of Southard 
and Andrews (1929) being used for interpolation. Below 90°K the thermocouple 
was calibrated by measurement of the vapour pressure of argon and use of the 
vapour pressure equation (Clarke et al. 1951). 

The measured triple point temperatures of argon and krypton are compared 
in table 1 with the latest determinations of other workers. 


Table 1. ‘Triple Point Data 


Argon T(x) 83-8 83-78+ 
P(cm Hg) 51-5, 51-57+ 
Krypton T(x) 115-8 115-94+40-03t 
P(cm Hg) 54-5, 54-940-15t 


+ Clarke et al. (1951). $~ Keesom, Mazur and Meihuizen (1935). 


3.5. Measurement of Vapour Pressure 


The vapour pressure of the condensed mixtures was measured with the 
mercury manometer M, and the bellows manometer M,. ‘The essential require- 
ment was that the amount of the gas mixture in the manometer should be small 
(see §5.2). It was for this reason that M, was used. M, contained a standard 
Hydroflex bellows, made of brass of thickness 0:004in. To reduce the volume 
available to the gas mixture, a brass cylinder was fixed inside the bellows. M, 
was used as a null indicator to balance the pressure (measured with M,) of dry air 
outside the bellows against that of the gas mixture inside. Movements of the 
bellows were detected by an optical lever. 

Vapour pressure measurements were normally made while the temperature 
of the calorimeter was increasing. ‘The pressure difference between M, and the 
calorimeter due to the flow of gas through the tube K (figure 1) was estimated to be 
less than 0-1mm of mercury. The absolute accuracy of the vapour pressure 
measurements is estimated to be to }mmof mercury. The triple point pressures 
of argon and krypton measured independently of the thermocouple calibration 
are compared with previously reported values in table 1. The disagreement in 
both transition temperature and pressure in the case of krypton could be accounted 
for by the presence of $% xenon in the krypton finally used. 


§ 4, RESULTS 


The vapour pressure of mixtures of 20 different values of mole fraction of 
krypton was measured over a range of temperature. In figure 3 a typical (log inp 
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a ‘Table 2. Three phase Pressure Data 7 
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TCs) P(cm He) 


83-80 51-58 
— 83-86 50-40 
83-92 50-06 
83-98 49-99 
84-04 49-92 
84-10 49-88 
84-16 © 49-86 
84-21 49-86 
84:27 49-88 
84:33 49-91 
84-39 49-96 
84-45 50-01 
84-50 50-08 
84-56 50-17 
84-62 50-25 
84-74 50-47 
84-85 50-71 
84:97 51-01 
85-08 51:31 
85-20 51-62 
85-49 52-50 
85-78 53-38 
86:64 56-32 
87-49 59-67 
88-34 63-11 
89:18 66-64 
90-01 70-35 
90:84 74-20 
91-66 78-12 
92-48 82-04 115-80 54-50 
93-30 85-96 


Of the 20 experiments performed, only one (for X =0-053) yielded any points 
near the minimum of the curve MCDN in figure 3. Because of the obvious 
interest of this minimum a separate set of experiments was carried out. The 
vapour pressure of dilute solutions of krypton in argon of four different values of X 
was measured. ‘The results of these experiments are incorporated in table 2. 


fs : 8% ee ae 
a, x 1/T x10* 
‘Figure 3. (log P, 1/T) graphs for argon, krypton and a mixture containing 75% krypton 
in molar proportions. M and N are the triple points of argon and krypton. MCDN 
is the measured three-phase curve; MREN is the three-phase curve calculated on 

the assumption that both solid and liquid solutions are ideal. 
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-— . Table 3. Phase-equilibrium Diagram Data 
x <7 Fie) Tk) x T,CK) T;(°K) 
a 0-0 83-8 83-8 0-523 98-0 90-2 
a 0-053 84-0 83-9 0-546 99-0 90:3 
_— 0-106 84-5 84-2 0-598 101°5 92:7 
| oan 0-148 85-0 84-5 0-646 103-8 95-0 
0-183 85-8 84-8 ~ 0-698 106-0 TED 
P 0-252 87-8 85-6 0-748 108-2 100-8 
0-299 89-1 86:0 0-800 110-2 104:°8 
¢ 0-351 90-9 86°8 0-853 i @) 108-7 
a 0-407 eo 87-6 0-896 113-3 1107 
es 0-456 95-1 87-9 0-950 114°8 = 
Z 0-502 — 89-2 1-000 1d 5:3 115:8 


- X=mole fraction of krypton, T,=‘ freezing point’ temperature, T,=‘ melting 
ag point ’ temperature. 


3 § 5. Discussion OF RESULTS 


5.1. The Three-phase Equilibrium Data 
The solid—liquid phase equilibrium diagram of argon and krypton may be 
drawn using the data in table 3. This diagram will differ from the usual (7, ~) 
phase equilibrium diagram. In a ‘normal’ (7, x) diagram the solidus and 
liquidus are the loci of the melting and freezing points of the mixtures, of different 
compositions, measured at a common pressure (very often latm). ‘Table 3 
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contains the ‘ melting’ and ‘freezing ’ points of the mixtures, each one having been 
measured at the equilibrium pressure of the solution corresponding to that 
temperature. (The value of the pressure at any one of these phase transition 
points may be obtained directly from the curve MCDN in figure 3 or by inter- 
polation of table 2.) The difference between the two types of phase equilibrium 
diagram may be seen by considering their derivations from the three-dimensional 
(P, T, x) figure of the system. The normal phase equilibrium diagram is an 
isobaric section of this figure while the diagram deduced from the present results is 
the projection of part of the three-phase surface in the (P, T, x) figure on to a 
constant pressure plane. Since condensed phase-transition temperatures are 
insensitive to pressure variations, the difference between the two-phase equilibrium 
diagrams for any one system is slight. 

The condensed phase equilibrium diagram drawn from the data in table 3 has 
been compared (Heastie 1955) with the ‘ ideal’ phase equilibrium diagram, 
calculated on the assumption that both solid and liquid solutions are ideal (Seltz 
1934). The measured solidus and liquidus are continuous and show no dis- 
continuities in slope, showing that argon and krypton are soluble in the solid and 
liquid states in all concentrations. For krypton-rich mixtures, the solidus and 
liquidus approximate to those of the ideal solutions. For other values of compo- 
sition the mole fraction of krypton in both the solid and liquid solutions in equili- 
brium exceed those in the ideal solutions at the same temperature. ‘The shape of 
the phase equilibrium diagram suggests that argon and krypton will be insoluble in 
the solid state at low temperatures. The vapour pressure measurements have 
extended down to about 65°x and no discontinuities in the slopes of the (log P, 1/T) 
graphs at a temperature lower than that of the solidus have been observed. 

In figure 3 is shown the three-phase (log P, 1/7) curve MRN that would result 
if both solid and liquid solutions were ideal. Comparison of this curve with 
the measured curve MCDN indicates, as in the case of the phase equilibrium 
diagram, deviations from ideality with the two curves approaching one another at 
high concentrations of krypton. 


5.2. Experimental Accuracy 


An estimate of the experimental error in the mole fractions of krypton X and 
argon 1—X in the gas mixtures has been made in §3.3. In the determination of 
the phase equilibrium diagram and in the calculations described in $5.3, it has 
been assumed that in two-phase mixtures the mole fractions of krypton in the 
liquid («,) or solid («,®) phases were equal to X. Owing to the presence in the 
calorimeter and manometer of a small amount of vapour of composition x", this 
assumption cannot be true. 

The ‘system’ composition X of a phase mixture may be defined by the 
equation 


lee 
Re aN Cut) (1) 


where the system of N moles contains N,' moles of krypton in the 7th phase. If N 
moles of a gas mixture of system composition X are completely transferred to a 
vessel to form a phase mixture of solid solution of composition x, and vapour 
(assumed to behave as an ideal gas) of composition x,“ at a pressure P and tempera- 
ture 7, it may be shown that 


(x9 — x) /(ef9—X)=NRT/PV — a. (2) 


tinh 


_ From a consideration of the shape of the phase boundary surfaces onthe (P, T, x) 
_ phase equilibrium figure it may be shown that 5x,® is always positive. Similar 
_ considerations apply to the corresponding error in composition (dx) in the case 
of a liquid—vapour phase mixture. 
_ In order to obtain an estimate of the magnitude of 5x, and 8x, at the phase 
‘transition points, it has been assumed that x.” is the equilibrium value of the vapour 
composition and that (xs — x92) = (x22 — x9), ie. that the two ‘loops’ of the 
complete three-phase equilibrium diagram are of equal width. Making allowance 
for the fact that part of the vapour is contained in the manometer at room tempera- 
ture, the values of the errors in composition at the phase transition points have been 
gs calculated using equation (3). The greatest value of the correction to the compo- 
__~ sition of the condensed solutions has a magnitude of about 1°% and occurs for solid 
solutions of composition of X ~ 0-75. 
b In the above calculation it has been assumed that the values of the vapour 
‘a compositions in the calorimeter G and manometer M,areequal. Since Gand M, 
were connected by a narrow tube, inhibiting the free mixing of the gas, this would 
in fact not be the case. Without a knowledge of the dependence of x on pressure 
and temperature the required correction, which would have the effect of increasing 
5x. and 8x.®, cannot be made. Since, however, the amount of gas evaporating 
from the condensed solution is small at low temperatures, the effect of the virtual 
isolation of the manometer from the calorimeter may reasonably be expected to be 
small. 


5.3. The Solid Solutions 


From the vapour pressure data obtained in this investigation, the chemical 
potentials of both components in the solid solutions may, in principle, be evaluated. 
It is considered that the accuracy of measurement is not sufficient to make this 
calculation (involving the interpolation of experimental results and the numerical 
integration of the Gibbs-Duhem equation) worth while. For this reason an 
alternative method of comparing the results with theory has been adopted. The 
comparison has been made for the solid solutions only, because (a) the tempera- 
ture range over which the measurements of the vapour pressure of the liquid 
solutions extend is small and (b) the systematic error in the determination of 
composition discussed in § 5.2 is greater than in the case of the solid solutions. 

The theories with which the solid solution vapour pressure measurements 
may be compared are (1) the strictly regular solution theory (Guggenheim 1952) 
(2) the cell theory (Prigogine 1957) and (3) the conformal solution theory 
(Longuet-Higgins 1951). Restricting consideration, in cases (1) and (2) to 
‘random mixing’, i.e. the zeroth approximation (Guggenheim 1952) and in 
case (2) to equal sized molecules whose interaction forces are dispersive, it may 


+ A calculation of o (see equation (4)) has been made using the first order approximation. 
The values of o obtained are sensibly the same as those given by equation (5). 
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gS p,° and p,” are the vapour pressures and V,® and aes are the SE voles 
in the solid state of the components 1 and 2 at temperature T and ae 
(8= (2B 1277 = B & Gi —~B a2) : ; 
Using the ean values of the vapour pressure of the solid solutions ze 
data for argon (Clarke et al. 1951) and krypton (Keesom et al. 1935), equation. 
(5) has been solved for c. Because the values of x, and x, are unknown it has. 
been assumed, as is common, that 8=0. The results show that, as is usual with 
liquid solutions, o decreases with increasing temperature. Of greater theoretical 
interest is the variation of o with composition at constant temperature. In 
figure 4 the values of o calculated at 82-9°k are plotted against the mole fraction 
of krypton. In this figure (and.in figure 5) the experimental uncertainty in the 
calculated quantity is represented by the length of the verticalline. This uncer- 
tainty has been calculated assuming random errors of the following magnitudes : 
vapour pressure, +0-05cm of mercury; temperature, +0-03° (corresponding 
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Figure 4. ‘The variation of the parameter o (eqn (5)) with the mole faccan of Resa a: at 
constant tetnperarere (82- — 


pression for G¥ (Prigogine 1957, eqn 10.4.17), which tal 
erence in size of the molecules of the two components, 
, of argon in the solid solution at 82-9°K has been calculated. Using 


le values for the configuration properties of argon it is found that py a 
joules per mole) is given by : pees tre | 3 


ee py = wy + RT In x, + 716( x2)? — 0-84 (x2)? + 1-9(x9)* 2 ..... (6) a 
where p,° is the chemical potential of solid argon at 82-9°x. If the terms in 

— (x2)8 and (x.)* are neglected, equation (6) is consistent with equation (4), the , 
value of o being 716 joules per mole. _ nf - 

The result of this calculation is compared with experiment in figure 5. In 

this figure the difference between the measured vapour pressure and that (Py or 

the ideal solution at the same temperature (T= 82-9°x) is plotted against «,®, the 

_ experimental errors being indicated as described above. Also on this diagram is 

shown the variation of P— P! with x,® where P has been calculated from equation 

_ (5) using the value of o calculated above and two other values (675 and 750 joules 

per mole). As figure 4 shows, the experimental results are inconsistent with 

equation (5). However, it may be seen from figure 5 that the curve drawn for 

_ ¢=716 joules per mole fits the experimental points closely. 
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Figure 5. The wvariation of P-Pi with mole fraction of krypton at 82-9°x. ‘The figures 
give the value of o in joule mol". 


The vapour pressure measurements may be compared with those of solid 
solutions of (1) argon and krypton(Singleton and Halsey 1954, Halsey and Freeman 
1956) and (2) krypton and xenon (Freeman and Halsey 1956). Both of these latter 
investigations show, in common with the present one, positive deviations of the 
solutions from ideality and an indication that o, as calculated from equation (5), 
is dependent on composition. For solutions of argon and krypton Singleton 
and Halsey report a mean value (calculated from measurements in the range 
xs = 0-4 to x®=1) of o/RT of about 1:3 at 77°K. The value of o/RT at this 
temperature and at x, = 5 from the present results is 1-23. 

+ The conformal solution theory is not considered here because of the large difference 


(about 40%) in the critical temperature of the two components. ae 
Bk 
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In the case of solutions of krypton and xenon, the value of o increases from 
1100 joules per mole at small concentrations of the heavier gas (xenon) to 1300 
joules per mole at equimolar proportions. (Freeman and Halsey point out that 
the higher values of o are subject to a large experimental error and consider that o 
is effectively independent of composition.) If this variation of o with composition 
is real, it is in the opposite sense to that determined in the present investigation for 
solutions of argon and krypton. Figure 4 shows that o decreases as the mole 
fraction of the heavier gas (krypton) increases. 


§ 6. CONCLUSION 


In the previous section it is shown that the prediction of the solution theories 
that the excess free energy G® of solid solutions of argon and krypton is propor- | 
tional to the product of the mole fractions of the components is inconsistent with | 
the experimental results. The precision of the present data is insufficient to allow 
the dependence of G® on composition to be determined and further measure- 
ments are being made. 
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An Investigation of the Energy Levels of ?°Al 


By S. HINDS anp R. MIDDLETON 
Atomic Weapons Research Establishment, Aldermaston, Berks. 


Communicated by K. W. Allen; MS. received 4th November 1958 


Abstract. The energy levels of 2Al have been investigated by magnetic analysis 
using the reactions ?”Al(He, «)?®Al and *4Mg(*He, p)?6Al at an incident energy 
of 5-Smev. The positions of 70 excited states of 2°Al are reported below an 
excitation energy of 6:865mMev. No evidence was found for a doublet at 
2:08 Mev. . 


§ 1. INTRODUCTION 


mass 25 (Litherland et al. 1958) has stimulated interest in other nuclei 

in this region such as “Al. The properties of the states of the latter can 
best be studied from the reaction °Mg(p, y)?*Al, but the investigation of this 
reaction has been considerably impeded by a lack of information concerning the 
precise positions of the energy states. In this communication are reported the 
positions of 70 excited states of 2°Al determined from the reactions *4Mg(#He, p)?*Al 
and 27Al(?He, «)?6Al. 

Previous to this work, Browne (1954, 1956) has determined the positions of 
the first six excited states by magnetic analysis of the «-particles from the reaction 
28Si(d, «)?Al. Measurements have also been made on the lower excited states by 
several groups of workers (see Endt and Braams 1957), using the reaction 
25Mg(p,y)22Al. The positions of some highly excited states have been reported 
from observations of the 2®>Mg+p resonances (Endt and Braams). 


T= recent successful application of the collective model to the nuclei of 


§ 2. EXPERIMENTAL PROCEDURE 

Singly ionized *He ions were accelerated in the Aldermaston Van de Graaff 
generator to energies in the neighbourhood of 5-8 Mev. After magnetic analysis 
the beam was allowed to strike thin targets of magnesium and aluminium and the 
charged reaction products were analysed in a high precision broad-range magnetic 
spectrograph. Several exposures were made with various thickness magnesium 
targets at angles of observation of 15°, 30° and 60°. In spite of the large angular 
acceptance of the spectrograph exposures were long, an average value being about 
3000 microcoulombs. It may be noted that this figure refers to the incident 
singly ionized *He and not to the ions entering the Faraday cup which are doubly 
charged. The latter are formed in the target which acts as an electron stripper 
of almost 100% efficiency. At least fourteen exposures of similar strength were 
made with aluminium targets at angles ranging from 73° to 95°. 

The magnesium targets were prepared from separated *4Mg isotope supplied 
by Atomic Energy Research Establishment, Harwell, in the form of magnesium 
oxide. The oxide was reduced during evaporation by the tantalum boat and the 
magnesium metal was collected on thin carbon films which had previously been 


‘ 
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mounted on the target holders. The films prepared in this way varied in 
thickness between 15 and 30ugcm~-* and an average thickness of the carbon 
backing was 8ugcm~*.. The aluminium targets, which were self-supporting, 
were also prepared by evaporation. Thicknesses ranged from 15 to 30ugcem~. 


i '§ 3.. RESULTS ~ ok “LES 

A typical «-particle spectrum from the reaction 2’Al(?He, «)?6Al, obtained 
at 30°, is shown in figure 1. ‘For this exposure the spectrograph field setting 
was 9395 gauss, which permitted «-particles of 5-24mMev to 13-5Mmev to be 
simultaneously. recorded on one plate; the exposure strength was 3000 micro- 
coulombs. “Additional exposures were made at thirteen other angles ranging 
from: 74° to95°. ee te ss 

Groups corresponding to states in *6Al were identified by their rate of energy 
change with angle. These are labelled in the figure numerically, 0 referring to 
the ground state. Two strong impurity groups were observed, from the reactions 
2C(8He,a)4C and O(?He,«)%O, both corresponding to ground state 
transitions, and are labelled in figure 1 by the symbol for the residual nucleus. 
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Figure 1. Energy spectrum of the a-particles from the reaction 2’Al(?He, «)?*Al obtained 
at an angle of observation of 30° and at an incident energy of 5-690 Mev. The 


spectrograph field setting was 9395 gauss and the exposure strength 3000 micro- 
coulombs. 
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Group 3 

Number (1) (2) (3) (4) (5) (6) and (7) 
56 6-236 (6227) 6-236 
57 6:260 - 6:261 6-260 
58 6:336 6°334 6°335 
59 6:351 —— 6°351 
60 6°386 6:391 6°388 
61 6:424 _— 6°424 
62 6:487 — 6:487 
63 6:544 (6°543) 6°544 
64 6:593 (6°590) 6°593. 6-608 (7) 
65 6668 6:673 6-670 6:680 (7) 
66 6°715 6°716 6°715. 6°723 (7) 
67 6:776 6°776 6:776. 6:780 (7) 

= ra = 6-797 (7) 

68 6-806 6°805 6°805 6°813 (7) 
69 6°840 6°845 6:842 6°856 (7) 
70 6°865 6:864 6°865 6°877 (7) 


(1) Present investigation from the ?’Al(*He, «)?*Al reaction; the experimental error 
is +10 kev except for the values in parenthesis for which +15 kev is possible. 

(2) Present investigation from the **Mg(*He, p)?8Al reaction; errors as for (1). 

(3) Mean values for the present investigation; errors as for (1). 

(4) Browne (1954, 1956), from the ?*Si(d, «)?®Al reaction. 

(5) Green, Singh and Willmott (1956), from the **Mg(p, y)?®Al reaction. 

(6) Kavanagh, Mills and Sherr (1955), from the ®Mg(p, y)?*Al reaction. 

(7) From the *®Mg-+ p resonances (see Endt and Braams 1957). 


At 30° the group from the former reaction is particularly intense and completely 
masks groups 52 and 53, and the low energy tail partially obscures groups 54 
and 55. The impurity group from the latter reaction completely obscures 
group 11. A weak group of «-particles was observed at a radius of 45-3 cm 
from the *Si(*He, «)?’Si reaction leading to the ground state of 2’Si. Groups 
corresponding to other states of ®’Si were not observed, since from a previous 
investigation (to be published) these are known to be considerably less intense 
than the ground state group. 

The energy of the *He ion beam was determined from measurements made 
on the elastically scattered groups from aluminium and carbon. A mean value 
of 5-690 + 0-015 Mev was obtained which leads to a Q-value for the 27Al(He, «)26Al 
reactions of 7:523+0-015 Mev. The latter is a mean of determinations made at 
four angles and agrees with the value of 7-528 Mev expected from the mass defects 
reported by Endt and Braams. 

Listed in column (1) of the table are the excitation energies of 70 states of 
*°Al determined from this reaction. The values quoted for groups 1 to 34 inclusive 
are the means of determinations made at angles of 15°, 30°, 45° and 60°. In 
almost all cases, the values obtained at different angles differed by less than 4kev 
from the listed mean values. For groups 35 to 70 inclusive, determinations were 
made at fourteen angles. It may be noted that groups 56, 64 and 67 consistently 
appeared to be broad and may well be doublets. The experimental error is 
+ 10kev, except for the values in parentheses for which an error of + 15 kev is 
possible. ms 

In figure 1 there are several unlabelled groups, beyond group 70, which 
almost certainly correspond to states in 26Al. Unfortunately, the excitation 
energies calculated at various angles did not agree well and consequently these 
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| 5 values are not listed in the table. This is thought due to many of the groups. 
3 being unresolved multiplets, the components of which vary in intensity with 


angle thus making it difficult to locate the mean position. 
Proton energy spectra from the magnesium target were measured at angles. 


_ of 15°, 30° and 60°. The spectrum observed at 15°, with a field of 8925 gauss. 


and an exposure of 2500 microcoulombs, is illustrated in figure 2.- As for the 
previous reaction, groups were identified by their rate of change of energy with 
angle and those corresponding to states in Al are labelled numerically. 
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Figure 2. Energy spectrum of the protons from the reaction “4Mg(*He, p)*Al obtained at 
an angle of 15° and at an incident energy of 5-893 mev. The spectrograph field 
strength was 8925 gauss and the exposure strength 2500 microcoulombs. 


As is evident from figure 2, there are considerably more impurity groups 
present than in the «-particle spectrum. Also these groups are relatively more 
intense and in some cases were uncountable. However, most of these arise from 
the same impurities, namely carbon and oxygen, except for a number of weak 
groups which were identified as due to the 1-1°% of °C present in natural carbon. 
All impurity groups are labelled with the symbols for the residual nuclei, the 
subscript referring to the corresponding state. The large number of impurity 
groups complicated the analysis of the *Mg(*He, p)*Al reaction, and inevitably 
several groups were masked at each angle investigated. In the spectrum shown 
in figure 2 proton groups 35, 59, 61 and 62 are obscured by impurity groups.. 


506 ...S. Hinds and R. Middleton 


Groups 20, 54 and 59 were observed to be weak at all angles and for these no 
reliable excitation energies could be determined. Apart from group 62, which 
was masked at all angles, and group 61 which was masked at all but one, all the 
other. groups observed in the ?’Al(He, «)?*Al reaction were identified in the 
24M g(8He, p)?6Al reaction. In column (2) of the table are listed the calculated 
excitation energies. Most of the values are the means of three determinations. 
When one group was masked .at a particular angle or was too weak to be. 
accurately located the values are printed in parentheses and are subject to an 
experimental error of + 15 kev. Other values are accurate to within +10kev. 

The energy of the incident 7He beam was determined from a short duration 
exposure made at 90°, with the spectrograph field set to record the elastically 
scattered particles. Three groups were observed corresponding to magnesium, 
oxygen and carbon and these yielded a mean value of 5-893+0-015 Mev. Using _ 
this value the ground state Q-value was calculated to be 5-928+0-015Mev. 
This agrees with the value of 5-933 expected from the mass defects. Incolumns(1) 
and (2) of the table are listed the excitation energies of the states of 7*Al determined 
from the °He reactions with aluminium and magnesium respectively and as may 
be seen, these values differ by more than 5 kev in only eight instances and by 
greater than 10kev in only two instances. In column (3) are listed the weighted 
means of these determinations and in columns (4)—(7) are the previously reported 
values. 

The agreement of the present values with those of Browne for the first 
six excited states are well within the experimental error of +10kev. The 
results of the latter were also determined by magnetic analysis, but using 
the reaction *8Si(d, «)?6Al at incident energies ranging from 5 to 7 Mev. 
Agreement is essentially good with the determinations made from y-ray 
observations, but it is clear that a number of states were not observed. Agreement 
with the states observed from the >Mg+p resonances is particularly gratifying, 
since, although one would expect the differences in energy between the various 
states to agree within a few kev, the absolute values of the resonance determinations 
are dependent on the mass defects of Al and >Mg. 
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§ 4. Discussion 


The first T=1 state of ?®Al has been shown to be at 0-228 Mev (see Endt 
and Braams). If on this basis the levels of 2*Mg are compared with those of 26Al, 
the second T'=1 state should be at about 2-1 Mev. Browne has investigated the 
reaction **Si(d, «)?®Al and although he observed a weak «-particle group corre- 
sponding to the 0-228 Mev state and thus violating the isotopic spin selection rule, 
he observed a strong group corresponding to a state at 2:064Mmey. Since the 
latter transition is strong this state is assumed to have T=0 and consequently 
there should be a second nearby state having T=1. Additional evidence favouring 
two nearby states comes from the y-ray results of Kavanagh, Mills‘and Sherr 
(1955) and Green, Singh and Willmott (1956). They conclude that the T=1 
state is at 2:09 Mev and the T=0 state at 2-08 Mev. 

In (*He, p) and (*He, «) reactions, transitions to both T=0 and T=1 states 
are allowed and therefore if there is a doublet in 2*Al of approximately 10 kev 
spacing it should have been observed in the present investigation. No such 
doublet was observed. However, it is possible that it may have passed 
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$1. THEORY ee 
METAL plate exposed to the plasma a ages arta will be t arded 
ye both electrons and positive ions. If ; the plate were at ‘the | Dotan ial 
of the plasma, the current of electrons would greatly exceed the current. 
of ions, due to the greater random velocities of the electrons in the plasma. 
An electrically isolated metal plate will therefore take up a negative potential 


with respect to the plasma, so that it attracts ions and repels all but the fastest 


electrons, and in equilibrium the net current vanishes. The equilibrium negative 

potential is usually known as the floating potential, and can readily be derived 

by the analysis of Langmuir and Mott-Smith (1924) and Bohm (1949). ‘ 
The negatively charged plate will receive a current density of i ions given by 


Ja= Nzlo0> te: ED . 
where n, is the density of ions, e, the charge on an ion, and @, the mean velocity 


with which ions reach the boundary of the sheath which separates the plate from 
‘the plasma. This velocity is given by - 


B= a(kT,/m,)? 
where mz is the ionic mass, 7, the electron temperature, and « is a factor of the 


order unity (Allen and Thonemann 1954). 


If the plate is at a potential V with respect to the plasma, the current density 
of electrons reaching it is 


Ji = $4210, exp (-eViRiy ee ee (3) 


where m, is the electron density, e, the charge on the electron and d, the mean 
random velocity of plasma electrons, given by 


0) = (8kT frm OS ee (4) 
When the plate is at the floating potential V;, the total current j,+ J2=0- 
With «=1, and e)= —e, for singly charged ions, the foregoing equations give 
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Figure 1. Alternative equilibrium potentials of isolated plate (a) without cathode spot, 
(5) with cathode spot. 


The circulating current is given by > 


" Ri, \ eV c eV: 
Ie= Ane, (5+) {exp ( a —exp(- ali ys 


where A is the area of the plate exposed to the plasma. ‘To maintain a stable 
cathode spot, a minimum current J, is necessary, the value of which depends 
on the material of the plate. Provided that J, is greater than J, the cathode 
spot, once initiated, will be maintained. 

Whereas the usual form of arc requires two electrodes and an external source 
of e.m.f., this are requires only one electrode and is maintained by the thermal 
energy of the plasma electrons. For this reason we call it a ‘unipolar ’ arc. 


§ 2. EXPERIMENTS 


Two experiments will be described in which a unipolar arc was maintained 
on a mercury electrode in the presence of a strong plasma generated by an 
electrodeless high-frequency discharge. For a cathode spot which is ‘anchored ’ 
at the meniscus of mercury and another metal, J, is about one ampere and V¢ 
about 8 volts. In mercury vapour, m,/m,=3-6 x 10°, and therefore V; exceeds V¢ 
when kT, is greater than 1-5 electron volts. 

The first experimental tube is shown in figure 2. ‘This resembled a conven- 
tional mercury arc tube with anode A and mercury pool cathode C, in which 
there was a cylindrical nickel spot-anchor F surrounding a dielectric starter 5S 
(a glass-coated tungsten rod). A sheet of nickel forming an almost closed 
cylinder fitted closely inside the tube and dipped into the mercury pool at its 
lower edge. The combined surface area of mercury and nickel was 350 cm?. 
The tube was evacuated to a residual gas pressure of less than 10-°mm Hg. 
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Figure 2. First unipolar arc tube: A, anode; C, cathode; “B; spot-anchor; S, starter; 
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A conventional direct current arc of a few amperes was first struck between 
the cathode and the anode A, by applying a high-voltage pulse to the starter S.- 
After a short period necessary for the mercury to ‘wet’ the nickel, the cathode 
spot anchored at the meniscus of the mercury at the inner surface of the 
cylindrical anchor. The spot could be observed through the window W and 
appeared as a bright line, whose length was approximately proportional to the 
current. 2 fis 

The high-frequency generator was then used to generate an intense plasma 
in the tube. The arc spot could still be observed through the plasma if viewed 
through a deep red filter, and as the high-frequency power was raised, the length 
of the cathode line increased. This indicated that the cathode was carrying an 
increased current, although the current to the anode remained nearly constant. 
With the generator at full power, the d.c. supply to the anode was turned off and 
all external connections removed from the tube. The cathode spot however 
remained clearly visible, and from its length it was estimated that it was carrying 
about four amperes in the unipolar mode. As the intensity of the high-frequency 
excitation was reduced, the cathode line shortened, and vanished abruptly when 


- its length corresponded to about one ampere. 


A second experiment was carried out in the tube shown in figure 3. This 
tube contained a nickel anode of area 85 cm?, and a small mercury pool cathode 
with a nickel spot-anchor. The circuit is shown in figure 4. When an arc of 
one ampere direct current was struck in this tube the voltage across the electrodes 


_ switch S, opened. «The 
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Ewes. 15v, cA: strong plasma was then generated in the tube by means of the coil 
wound round it; as the high-frequency excitation was increased the voltage 
_ across the electrodes fell, and at the full power of the generator became zero, 


or a fraction of a volt negative. At this point the switch S, was closed and the 
ammeter connecting the electrodes continued to record 


— 
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Figure 3,- Second unipolar arc tube: A, anode ar on patliode: 
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Figure 4. Circuit of second discharge tube (high-frequency circuit not shown). 


one ampere d.c. and the cathode spot was clearly visible. The tube was then 
operating in the unipolar mode. Since the area of the anode was about twenty 
times the area of the cathode, the electrons collected by the cathode surface 
made only a small contribution to the current in the cathode spot. The ammeter 
registered the circulating current. 

On account of the considerable power dissipation in these experiments, the 
tubes became very hot after a short period of operation. The unipolar arcs would 
then vanish and could not be reproduced until the tubes had cooled down. This 
was presumably because a rise in mercury vapour pressure was accompanied by 
a fall in the electron temperature, and as can be seen from equations (5) and (6), 
the conditions for the existence of the unipolar arc are very sensitive to 7}. 


§ 3. CONCLUSIONS 


The unipolar arc may be expected whenever a plasma of sufficient density 
and electron temperature is in contact with a metal surface of sufficient area. 
However, even though the conditions for the maintenance of the arc may exist, 
additional conditions are in general necessary for itsformation. Inthe experiments 
described here the arc was always initiated by means of an external circuit, but 
it is to be expected that under other conditions the bombardment of the metal 
surface by positive ions which have been accelerated through the sheath potential 
difference might initiate a unipolar arc. 

In addition to the steady-state experiments just described, unipolar arcs have 
been observed on the metal walls of high-current pulsed-discharge tubes, such. 
as zeTA, where they are responsible for contaminating the plasma with material 
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. HE excited states of 23Mg, which have not been studied previously (cf. Endt 
| and Braams 1957), are of interest for comparison with the levels of the 
mirror nucleus ?3Na. The reaction **Mg(*He,«)?8Mg was therefore 
investigated at a bombarding energy of 5-23 Mev using the Van de Graaff generator 
at Manchester University and the reaction products were analysed by means of 
a 90° broad range magnetic spectrograph (Barros et al. 1959). 

- Preliminary experiments indicated that in order to obtain reasonable yields 
from this reaction, moderately thick targets and large exposures would have to 
be used. A target of natural magnesium evaporated on to a plastic foil, previously 
coated with a thin layer of gold to ensure even deposition of the magnesium, was 
placed at an angle of 45° to the beam with the backing facing the beam. Exposures 
of up to 4500 micro-coulombs were made at angles of observation of 10°, 40° 
and 90° with respect to the 3He beam. The spectrum of alpha particles at 40° 
is shown in figure 1. 
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Figure 1. The 40° a-particle spectrum with a *He beam of 5:23 Mev. 


The variation of energy with angle of the observed alpha particle groups 
showed that four of the groups came from the reaction *Mg(#He, «)*7Mg. ‘The 
group of highest energy gave good agreement with the known ground state 
Q-value for this reaction (4-048 Mev). The remaining three groups were assumed 
to result from the formation of the first three excited states of ?8Mg and the 
excitations of these levels were found to be 0-449 + 5, 2-038 + 8 and 2:350 + 8 Mev. 

The certain identification of higher excited states of 23Mg proved difficult 
because the large yield from the reaction 2C(PHe, «)"C, O = 1-863 Mev, tended 
to obscure this region of the spectrum. The alpha particle groups from the second 
and third excited states of ?*Mg could not be observed at 10° because they were 
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very large proton peak from the reaction “O(He, pF, 
ae ee te ae ahs sist ie the reaction ##C(?He, «)#C, reper a 
No groups originating from the reactions 25g (®He, «)*4Mg and *°>Mg(*He, a)*>Mg 
were identified, but although these reactions have very high Q-values the 
proportions of ?°Mg and **Mg in the target are small. It is probable that alpha — 
particles from these reactions contribute to the background. 


Reaction *4Mg(#He, «)*?Mg 


Excitation of "Mg Differential cross section 
Group ~ -(mev) (mbn sterad-*) at lab. angles of : 
10° 40° 90° 
Og 0 0:55 0-48 0-10 
Oy 0-449 0:50 1-00 0-08 
Oe 2-038 — 0-15 0-16 
Os 2-350 — 0-35 0-14 


a 


The thickness of natural magnesium on the target was measured using an 
alpha particle thickness gauge and found to be 40ngcm™*. The absolute 
differential cross sections were calculated and are given in the table, with an 
estimated error of about 15%. ; 

A comparison of the observed levels of *87Mg with the known levels of its 
mirror 283Na (Endt and Braams 1957) are shown in figure 2. The correspondence 
between the excitations of successive levels in the two nuclei is good and is 
particularly striking in the case of the first excited state. 


52+ 


Yr 


Mg 23Na 
Figure 2, A comparison of the low-lying excited states of the mirror nuclei *Na and *Mg. 


Although the differential cross sections of the ground and first excited state 
groups were found for only three angles, an attempt has been made to compare 
the angular distributions with those expected on the assumption that the reaction 
proceeds by a pick-up or direct surface interaction process (Butler 1957, Butler 
and Hittmair 1957). A peak at approximately 40° in the angular distribution ~ 
of the «, group is consistent with an orbital angular momentum transfer of two 
units which would be allowed by a spin and parity of the first excited state of 
*8Mg of 5/2+, corresponding to the known values for the mirror level in 223Na 
(Endt and Braams 1957). However, the results from the three observed angles 
are sufficient to show that the angular distribution of the ground state group 
is unlikely to be explained on such a simple assumption. This is not surprising 
in view of the complicated configuration of the 28Na ground state (and therefore 
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scattering of electrons by atoms has been given by Moiseiwitsch (1951). 

This procedure, which is a generalization of the variational methods of 
__ Hulthén (1944) and Kohn (1948) for elastic scattering problems, was applied by 
Massey and Moiseiwitsch (1953) to the calculation of the cross section for the 
 1s~2s excitation of hydrogen atoms by electron impact, both when the possibility 
> of electron exchange is ignored and when it is taken into account. The results 
a obtained were found to differ considerably not only from those calculated using 
the Born and Born—Oppenheimer approximations but also from those obtained 
using the distorted wave modifications of these approximations (Erskine and 
- Massey 1952). Direct numerical solutions of the appropriate coupled differential 
'_ equations have recently been carried out by Bransden and McKee (1956) for the 
- case in which exchange is ignored and by Marriott (1958) for the case in which 
exchange is included. The cross sections of Massey and Moiseiwitsch differ 
considerably from these numerical results, although they are in general in better 
qualitative agreement with them than are the cross sections obtained by the other 
approximate methods. Huck (1957) has recently investigated the effectiveness 
of different variational methods for inelastic collision problems by applying 
: them to the solution of certain model equations which are so designed as to 
: simulate the actual differential equations which occur, but yet permit of exact 
In view of the results of Huck’s calculations, the difference between 
the cross sections obtained by numerical solution and those found by Massey 
and Moiseiwitsch is surprisingly large and this has led Huck to suggest that the 
work of these authors should be re-examined. F ollowing this suggestion, the 
. ons for the case in which exchange is neglected have been 
$4 repeated using the same trial function as was used originally. The results 
obtained are exactly the same as those which were obtained by Massey and 
h. Since the suspicion which attaches to the Massey—Moiseiwitsch 
s work applies as much to the case in which exchange is 
luded, it was considered unnecessary 
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to recalculate the cross sections for the latter case, it being evident that the 
variational method as applied does in fact yield unsatisfactory results. i: 

While it is to be expected that more accurate results would be obtained by 
employing more refined trial wave functions than those used by Massey and 
Moiseiwitsch, it is desirable, in view of the extensive analytical and numerical 
work involved, to have, before starting out on such a project, some idea of the 
order of the improvement in accuracy likely to be achieved. Huck, in his investi- 
gation, has tested the effectiveness of a trial wave function containing six para- 
meters which includes, besides the terms contained in the Massey—Moiseiwitsch 
trial function, other terms to allow for mixing of the elastically and inelastically 
scattered waves. As applied to Huck’s model equations the variational method 
using this trial wave function leads to values for the cross section which are 
within 5°%, of the exact values. However, some uncertainty attaches to the 
effectiveness of these model equations in describing the actual equations which 
arise in the problem and in view of the marked difference in the degree of accuracy 
obtained by Massey and Moiseiwitsch in solving the actual equations, and by 
Huck in solving the model equations using the same variational method with the 
original three-parameter trial function, it is clear that conclusions drawn using 
the model equations must be treated with some caution. As a consequence, 
it was decided to investigate directly the effectiveness of the addition of one extra 
term to the Massey—Moiseiwitsch trial function. The term chosen was one 
of those used by Huck to allow for mixing of elastically and inelastically scattered 
waves. In the notation of the paper of Massey and Moiseiwitsch the trial wave 
function adopted, which contains four variational parameters, is 


WY (ry 12) =72 1 fo(T2)%o(71) + filtaeiee es (1) 
where 
fol?) =Sit key (a0 ©) = €-* Cos kr es (2) 
and 
2 f(r) =(1—e™)d exp (thir) Fce™ sin’ kr. (3) 


The cross sections obtained by applying the variational methods of Hulthén 
and Kohn as generalized by Moiseiwitsch using this trial wave function are 
given in the tablet for two values of the energy of the incident electron. Included 


Variational Calculations of the Cross Section for the 2s Excitation of Hydrogen 
(exchange neglected) 


Cross section (units of 77a”) 


‘Three-parameter Four-parameter 
trial function trial function 
E N “HM KM HM KM 
13-5 0-204 0-076 0-075 0-139 0-142 
54 0:0155 0-0081 0:0085 0-0166 0:0187 


E=energy of incident electron (ev); N=numerical method (Bransden and McKee 1956); 
HM =Hulthén—Moiseiwitsch variational method; KM=Kohn—Moiseiwitsch variational 
method. 


+ The cross sections given are those calculated using corrected values for the variational 
parameter a which are obtained by following the proposal of Moiseiwitsch (1951). Huck 
(1957) has suggested a method whereby the parameter d might also be corrected but 
unfortunately this method was found to be inapplicable in the present case although it 
proved useful in Huck’s own calculations. 
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neter wave function suggested by Huck would provide cross sections very 
e to the correct values. oe 
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magnetic viscosity demonstrates the influence of 


HE phenomenon of 
| thermal agitation in disturbing ferromagnetic domains, and its occurrence 
sn Alnico has been examined by Street and Woolley (1949, 1950). ‘They 
concluded that their experimental results were consistent with the theoretical 
description of magnetic hysteresis in heterogeneous alloys, given by Stoner and 
Wohlfarth (1948), in which the principal magnetic constituent of the alloys is 
considered to occur as a precipitate of fine grains which behave as essentially 


g independent single domains. Here a quantitative consideration is given to the 


influence of thermal agitation on the magnetic moments of such domains to show 
that the relaxation time for decay of remanent magnetism according to this picture 
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would be of the order 5 x 10-®sec. While several modifications to the theory may ; 
be considered, an abandonment of the concept of single domain inclusions is 
indicated. 

The probability that in a time d¢ a domain will derive from thermal agitation 
sufficient magnetic energy to change its moment by overcoming a potential barrier 
of height £ is } 

dP=Cexp(—E/kT)dt, = wnaeee (1) 


where k is Boltzmann’s constant, 7 the absolute temperature and C is a frequency 
factor whose magnitude has been estimated by Stacey (1959). In considering 
single domain grains there are three contributions to Z, which are due to magneto- 
crystalline, strain and shape anisotropies of the grains, and the total E can be 
expressed in terms of coercive force. In this respect thermal activation theory 
does not differ significantly from that of Stoner and Wohlfarth (1948). 

In the presence of a field H, E is decreased for changes in one direction and 
increased for opposite changes; considering only changes whose probability is 
increased by the application of H we may write 


EE. —twHeAl, — 2 * ae oe (2) 


for a grain of volume v undergoing a vectorial change in moment AI per unit 
volume. J, is the height of a barrier in zero field. The factor } may be only 
approximate in the general case and arises from the fact that the second term on the 
right-hand side of equation (2) is the energy released by the domain in ‘ climbing 
up’ the potential barrier, which in the case of a symmetrical barrier is half the total 
energy released in the change. ‘Then if H, is the coercive force as observed in an 
experiment which takes a time 7 (of the order 1/27f in an a.c. measurement at 
frequency f) the integral of equation (1) over t becomes of the order unity : 


1=Crexp{—(E)— 3vHe- AI)/RT}. 


Assuming that H, is measured in the same direction as the A I which may occur in a 
grain, 
Ey = 30H. AI+kT In (Cr). 


That He is very little dependent upon 7 is evident partly from the fact that 
E,)>kT\n(C7r), except at high temperatures when E, becomes small, and in any 
case the large numerical value of C tends to mask the dependence upon vr. 

Apart from the addition of the second term on the right-hand side, equation (3) 
differs by a numerical factor from the theory of Stoner and Wohlfarth (1948), who 
calculated the coercive force of a randomly oriented assembly of prolate ellipsoids. 
Their result will be assumed, being in this respect more general. The same authors 
considered the forms of the contributions to Ey of the three anisotropies. For the 
present purpose it is sufficient to note that if either the magnetocrystalline or 
strain anisotropies or both together are predominant then an almost spherical 
form must be assumed for the single-domain inclusions and their maximum 
diameter is approximately 10~* cm (Stoner and Wohlfarth 1948, Kittel 1946, 1949). 

If shape anisotropy is predominant then the departure from spherical form 
allows a somewhat greater volume for the inclusions, which it is important to 
calculate. Assuming that each inclusion is a prolate ellipsoid of major and minor 
axes a and 5 then the ratio a/b and the maximum volume of one inclusion are 
readily estimated by using equations of Stoner and Wohlfarth (1948). From their 
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: equation (4.1) the difference between the demagnetizing factors in the directions of 
__ the minor and major axes is . 


N,— Nqg=2:09 Ae/Is | ee Een CF) 
where H, is the observed coercive force of an assembly of randomly oriented 
prolate ellipsoids each of spontaneous magnetization Is per unit volume. ‘Taking 
He. > 500 oersteds as representative and J; ~ 1700 e.m.u., which would apply if the 
precipitated phase is nearly pure iron, as Stoner and Wohlfarth (1948) suggest, we 
find that the observed coercive forces are explained by shape anisotropy if 


DSN, UE re Ts (5) 
requiring a/b ~ 1-1, which must be taken as the maximum value. The maximum 
possible volume of an inclusion which remains as a single domain is therefore 


1-17 
eae 
6 b 


7a 
6 
where b is given by equation (6.12) of Stoner and Wohlfarth (1948) for an iron 
ellipsoid as 


Y) == 


maximum 6=4:35x10-7Da-M?, sn ae es (7) 
To estimate the factor D,,—1? we may note that D,, = N,,/47 and that 
Nol Am. oO ere (8) 


Combining equations (5) and (8) we find NV, = 4-0-4) and D, =0-30,; so that 
equations (6) and (7) give 


maximum v~3 x 107! cm?. nies at = (9) 


In the case where hysteresis is principally due to shape anisotropy of prolate 
ellipsoids, the factor AJ in equations (2) and (3) is equal to 2/s, so that substituting 
equation (9) into equation (3), using the previously assumed values of J; and He 
and neglecting the term kT In (C7), we obtain 

maximum E,=2:09v HeIs=5 x 10m erg: - 1 ease, (10) 
The numerical factor 2-09 is included to account for the fact that the observed He 
must be assumed to apply to an assembly of randomly oriented ellipsoids. 
Equation (10) gives the maximum value of E, which can be allowed on the single- 
domain inclusion theory. 

At room temperature kT is 4 x 10~ erg so that E)/kT is 12:5. Using this 
value in equation (1) and assuming Stacey’s (1959) value of C the probability of 
the moment of an inclusion undergoing a spontaneous reversal under the influence 
of thermal agitation during an interval dt second becomes 2:2 x 10’ dt. ‘Thus the 
remanence of an alloy of the dispersion-hardened type would decay spontaneously 
ina time of the order 5 x 10~8sec if it depended upon single-domain inclusions, or 
in other words it would have no observable remanence. This problem is not 
avoided by choosing another value of C; if the single domain inclusion theory is 
to survive this criticism the following alternatives must be considered: (i) that the 
maximum size of single domains has been grossly underestimated, (ii) interactions 
between the inclusions are important. 

It appears unlikely that sufficient revision of the estimated maximum size of 
single domains can be made; if the second alternative is selected then the inter- 
actions must be so strong that the concept of independent domains loses its 
meaning. ‘Therefore it appears that the precipitated phase must be considered 
merely to break up the domain structure into a finer pattern rather than to form 
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new independent domains. If the inclusions are the important magnetic 
constituent, as seems probable, and if they are essentially independent, it may 
be necessary to consider them as multidomains, similar to those occurring 1n rocks, 
in some of which high coercive forces are also observed. 


Shas ena 
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r | ‘HE Heusler alloys form a well-known group of ferromagnetic alloys 
composed of non-ferromagnetic elements. The general composition is 
Cu,MnX, where X may be Al, In, Sn, and possibly Ga, and ferromagnetism 

is exhibited when the structure is highly ordered, being body-centred cubic 

with a face-centred cubic superlattice (figure 1(a)). The properties of these 
alloys have been summarized by Bozorth (1953). The early work of Heusler 

(1904) also indicated that As, Sb or Bi may replace the Al or Sn of the original 

alloys but it has not been established whether the ferromagnetism is here 

associated with a Heusler-type structure or to the presence of the ferromagnetic 
binary phases MnAs, MnSb, or MnBi. 


(a) (4) 


oCu @Al @Cu @Mn OAu (lattice 1) @Min and Al (lattice 2) 
Figure 1. (a) Structure of Heusler alloy Cu,MnAl. (6) Structure of alloy AugMnAl. 


No completely satisfactory explanation of the ferromagnetism of the Heusler 
alloys is yet available. In general the necessary requirements for ferromagnetism 
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_ are incomplete groups of electrons and positive exchange interaction. The 


latter is dependent on the ratio R/r of the atomic diameter (i.e. the internuclear 


_ distance between interacting atoms) to the diameter of the incomplete electron 


shell. Slater (1930) has shown that in general positive interaction occurs when 
R/r>1-5. For the Heusler alloys the R/r values for the Mn atoms lie between 
2-84 and 2-98 and are considerably larger than those for the normal ferromagnetics. 
It has been suggested (Coles, Hume-Rothery and Myers 1949) that direct Mn—Mn 
interaction is the predominant factor in the ferromagnetism of these alloys but 
with R/r approaching the critical value at which ferromagnetism will disappear. 
The alternative explanation of Slater is that interaction could occur between 
Mn and Cu atoms existing in a divalent state in the alloys. Finally Zener (1951) 
has suggested that the ferromagnetism is due to coupling between the unfilled 
d-shells of the Mn atoms and the conduction electrons. 

In an attempt to throw further light on this problem we have begun a search 
for new Heusler alloys by replacing Cu by Ag or Au, the similarity of the binary 
phase diagrams of many elements with these noble metals suggesting that similar 
structures may exist in the corresponding ternary systems. No reference to any 
of the Au ternary alloys could be traced but Potter (1931) has investigated some 
Ag-Mn-Sn and Ag-Mn-Al alloys. For Ag-Mn-Sn he found that the observed 
ferromagnetism is due to the presence of the ferromagnetic phases of the binary 
Mn-Sn system. For Ag-Mn-Al the most magnetic alloy corresponded to the 
composition Ag,MnAl which was believed by Potter to be a homogeneous. 
face-centred cubic solid solution similar to Ag. This alloy is now available 
commercially as a permanent magnet alloy under the name Silmanal. The only 
subsequent investigation of this system we have traced is that of Geisler (1950), 
who showed that Silmanal is a precipitation-hardening rather than an ordering 
alloy but the identity of the precipitate could not be established. Some evidence 
was obtained for the existence of a Heusler-type structure in the Ag-Mn—Al 
system, but Ag,MnAl was always found to contain a large proportion of Ag-rich 
solid solution, and the Silmanal problem remains unsolved. 

It is the purpose of this note to report our findings to date on alloys of nominal 
composition Ag,MnAl, Ag,MnIn, Au,MnAl, and Au,MnIn. All the alloys. 
could be machined but the two Au alloys were hard and fairly brittle. In none 
of these have we observed a Heusler structure but in contrast to the two silver 
alloys the gold alloys exhibit strong ferromagnetism at low temperatures. More 
detailed results are given below. 


Ag Ternary Alloys 
(a) Ag.MnAl. 

At room temperature powders quenched from 700°c and 530°c consisted 
almost entirely of face-centred cubic «-solid solution. One or two very faint 
extra lines were observable but they could not be identified as belonging to a 
Heusler-type structure. Similar results were found when the samples were 
photographed in a high-temperature camera. After heat-treatment at 250°C 
quenched powders consisted of x-solid solution and a B-Mn structure similar 
to Ag,Al. 

These results establish that no single-phase Heusler structure exists at the 
composition Ag,MnAl, and after all heat-treatments the alloy was practically 
unaffected by a bar magnet even when cooled in liquid air. 
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(6) Ag.MnIn. — | . 2 ; 

This alloy was always found to be single phase with a hexagonal structure 
similar to Ag,In, and was paramagnetic down to liquid air temperature. 

The Ag alloys thus bear little if any resemblance either structurally or 
magnetically to the corresponding Cu series. 


Au Ternary Alloys 
(a) Au,MnAl. | 

Powder samples quenched after three hours at 800°c, 40 hours at 580°c, 
and 88 hours at 160°c respectively all showed similar single-phase structures of 
CsCl type, with a lattice parameter of 3-179 A at 23°c. The CsCl structure may 
be regarded as two interpenetrating simple cubic lattices 1 and 2, and the 
observed intensities of the diffraction lines in our alloys indicate that Au atoms 
lie on lattice 1, with Mn and Al on lattice 2 (figure 1(b)). It is clear that if the 
Mn and Al atoms could be induced to order on lattice 2 in such a way as to form 
two interpenetrating face-centred cubic lattices the Heusler structure would be 
attained, the unit cell having an edge of length 6-358 A. No superlattice lines 
corresponding to regions of long-range order of this kind were however 
detectable on our photographs. The postulated unit cell is in fact considerably 
larger than that of Cu,MnAl (5-954), Cu,MnSn (6-161 A) and Cu,MnIn 
(61864), and the greater space available for the Mn and Al atoms in the 
body-centred sites of the Au alloy may make it energetically less favourable for 
ordering of these atoms to occur here. We are however subjecting our specimens 
to a prolonged low-temperature anneal in an attempt to develop a higher state 
of order. 

The room-temperature magnetic susceptibility of the alloy is very high 
(416 x 10-6 e.m.u. g-4), and the (1/y, T) curve below 100°c shows a convexity 
to the T axis similar to that exhibited by most ferromagnetics just above their 
Curie points. The alloy was very strongly attracted by a bar magnet when 
cooled in liquid air, but as this is at present the lowest temperature attainable 
by us we are not able to study the ferromagnetic properties in detail. The 
(1/y, T) curve gives an approximate value of —40°c for the Curie temperature. 
X-ray photographs taken at liquid-air temperature showed the structure to be 
still of CsCl type so that the onset of ferromagnetism cannot be attributed to a 
gross structural change. Ferromagnetism is thus exhibited although the Mn 
atoms are not apparently highly ordered on the simple cubic lattice 2. 


(b) Au,MnIn, 


This alloy also possessed at room temperature a CsCl structure similar to 
Au,MnAl, except that it was not entirely single phase, possibly due to slight 
departure from stoichiometry. This second phase has not been identified. 
Again the alloy was ferromagnetic at low temperatures but an additional feature 
was now found viz. that the CsCl structure had suffered a slight tetragonal 
deformation on cooling to liquid air temperature. This cubic-tetragonal 
transformation sets in at about —37°c, the estimated Curie temperature of the 
tetragonal structure being —130°c. 

Our preliminary results clearly call for more detailed investigation. We are 
unable at present to study the ferromagnetic behaviour exhibited by these alloys 
at low temperature, but are investigating the possible development of a state of 


1958), which is believed to be of antiferroma origin. 

Nos, however, the (y, 7) curve showed no mar ed anomaly at 

. asmall peak occurred near 190°c. Finally we have found that Au.Mn Zn, 

t having a structure similar to Au,MnAl and Au,MnIn, shows neither a 

fetragonal transformation nor ferromagnetism at least down to liquid-air 

mperature, which indicates that the magnitude if not the nature of the 
nteractions is influenced by the third element in the alloys. 


ee We wish to thank the Council of the Royal Society for a Grant-in-Aid and 
; Professor E. R. Andrew for his encouragement. 
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ionizing particles has been shown (Storey, Jack and Ward 1958) to vary 

with density of ionization. The apparently limiting values of 7 for electrons 
' and alpha particles in the energy range of a few Mev are 0-70 usec and 0-42 psec 
: respectively, in standard crystals (molar concentration of thallium, 0-1°%) at room 
temperature. 

The technique described here has been developed to make use of this pheno- 
menon to eliminate effects due to backgrounds of electrons in measurements of 
energy spectra of heavily ionizing particles. A block diagram of the apparatus is 
shown in figure 1. Integrated current pulses from the photomultiplier are 
recorded in the usual way by the pulse height analyser when a gate pulse is supplied 
by a circuit which effectively inspects the decay time of the current pulse from the 
. photomultiplier. The circuit is arranged to produce no gate pulse when the 
Ise was due to an electron in the CsI(T1) crystal. This is done 
se at the peak height to obtain a narrow pulse of the 


Te decay time 7 of the fluorescence produced in crystals of CsI(T1) by 


original current pu 
by clipping the current pul 


dt 
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opposite polarity which is used to charge up a condenser through two crystal 


diodes. The value of a leakage resistor in parallel with the condenser can be 
varied (or ‘tuned’) to make the decay time of the pulse across the condenser 
coincide with the value of 7 for electrons. When this pulse is mixed with the 


(0:1, 100) 
Crystal Amplifier 


Amplifier Tuner 
(041,100) 

Pulse -Height (3,10 
Analyser 


Clippin 
hie’ 


Figure 1. Block diagram of the apparatus. The numbers shown in brackets are the 
integration and differentiation time constants in the amplifiers. The integration 
time constant is given first. 


original current pulse the sum of the two is very small for electrons and sufficiently 
large for alpha particles to overcome the bias in a discriminator on the input of a 
pulse shaper which supplies a suitable gating pulse to the pulse height analyser. 
The circuits for the ‘tuner’ and-‘mixer’ in figure 1 are very simple but are given 
for convenience in figure 2. The amplifiers used are I.D.L. type No. 652. 


Tuner Mixer 


Figure 2. Circuits for the ‘ tuner’ and ‘ mixer’ in figure 1. 


The operation of the circuits is illustrated by the pulse height distributions in 
figures 3 and 4, which were obtained using alpha particles from polonium and 
gamma rays from Th.C” (£Z,=2-6 and 0-5 Mev). Figure 3 is the pulse height 
distribution of pulses from the ‘ mixer’ when the CsI(T1) was exposed to 2:5 Mev 
alpha particles and gamma rays. It can be seen that the bias on the discriminator 
following the mixer can be set above the height of pulses due to electrons. Statis- 
tical fluctuations in the peak heights of the original current pulses are the main 
cause of the relatively large width of the peak due to alpha particles and the finite 
size of pulses due to electrons. ‘The latter sets an upper limit to the electron 
energy if pulses due to electrons are to be avoided completely. 

The pulse height distributions shown in figure 4 are for the integrated current 
pulses from the photomultiplier. Figure 4(a) shows the usual distribution 
obtained by allowing the pulse height analyser to record all pulses. Figure 4 (5) 
shows the effect of the gating pulse in selecting only pulses due to alpha particles. 


Research Notes 525 


A 
aa 


r The positions of the gamma-ray source and the polonium source were kept fixed 
in obtaining the distributions in figures 3, 4(a) and 4(b), and the counting time 


4 in each case was two minutes. ‘The gamma-ray source was removed to obtain 
m the distribution in figure 4 (c) which was measured by allowing the pulse analyser 
3 to record all pulses, again for two minutes. The points in figures 4 (b) and 4 (c) 
6 above the peak for 2:5 Mev alpha particles are due to alpha particles from polonium 
- on the thin reflector foil above the CsI(T1) crystal. 
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Figure 3. Figure 4. 


Figure 3. Pulse height distribution of pulses from the ‘ mixer’ due to 2:5 mev alpha 
particles and 0-58 and 2-6 Mev gamma rays. 


Figure 4. Pulse height distributions of integrated current pulses from the photomultiplier. 

In (a) and (6) the CsI (Tl) was exposed to alpha particles and gamma rays for the 
| same time and under the same conditions in which the distribution shown in figure 
3 was obtained. In (a) all pulses were recorded by the pulse height analyser. In 
(b) the gating pulse was used to select only pulses due to alpha particles. In (c) the 
gamma-ray source was removed and all pulses recorded by the pulse height analyser 
for the same time as in (a) and (5). The peak due to 2:5 Mev alpha particles is 
indicated by an arrow, pulses above this peak in (0) and (c) are due to higher energy 


alpha particles. 

In the use of CsI crystals for measuring the energy specrtum of high-energy 
heavily ionizing particles, the size of the crystal is determined by the range of the 
highest energy particle to be detected. This lower limit on the thickness of the 
crystal usually results in unduly large electron backgrounds especially in the lower 
energy region of the spectrum. A comparison of figures 4 (a), 4 (b) and 4 (c) shows 
clearly that such large backgrounds of electron pulses can be eliminated. 
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HE theory of moving striations in positive columns is proving difficult to 
develop accurately on a quantitative basis (Watanabe and Oleson 1955, 
Walsh 1957), because of the complexity of the phenomena and because 
the oscillations have large amplitude and require a non-linear theory. It is 
therefore of some interest to seek further guidance from data found experi- 
mentally, and to look for empirical relations between the quantities involved and 
attempt to account for these in the first instance on rather general grounds. 
Although several papers on various experimental aspects of moving striations 
have appeared within the past few years (cf. Donahue and Dieke 1951, Pigg, 
Burton and Oleson 1957) the most extensive and useful data available appear 
still to be those of Pupp (1935). These have been summarized by Druyvesteyn 
and Penning (1940) and, more recently, by Francis (1956). Pupp’s measure- 
ments were made in inert gases, although moving striations are not confined 
to these. The range of pressures covered was about 0-2-5 mm Hg, and currents 
up to 15 a were used. 
Within a column sufficiently long for end effects to be negligible, the striations 
in a cylindrical tube of radius R are fairly well characterized by a spacing A and a 
velocity v, related to their frequency f by the formula 


feulke 0 EN - 3 a san (1) 
Actually v may vary with position in the tube and with time at a given position, 
but we shall neglect these complications, which are possibly connected with the 
non-linearity of the waves. 
If p is the gas pressure (reduced to 0°c, to allow for temperature changes, as 
it is largely the density which matters) and 7 is the current, Pupp found that 


(a) NR=WNPRUR), eee (2) 


(0) RoR, = (3) 

(c) f varied only slightly with 7, 

(d) if fRM is plotted against pR/Vi, where M is the atomic weight and Vj is 
the ionization potential, the points for krypton, argon and neon lie nearly on one 
line, and those for helium a little above it. Using c.g.s. and volt-ampere units, 
F lies between about 9 and 3, and fR between 2 x 10? and 4 x 10%, corresponding 
to striation velocities—towards the cathode—between 10* and 10° cm sec. 

We will now make an attempt to see whether equations (1), (2) and (3), 
and the results of (d), can be used to obtain further information, recognizing 
that this is likely to be at best only semi-quantitative. 

Taking first equation (3), we notice that it would be similar to equation (1), 
if the striation spacing were a constant multiple of the tube radius or 


A=AR)) Cy. ee (4) 
where Aisaconstant. In this case equations (1) and (3) give 


e=Ad(bR)... + ee (5) 


ys ee 
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Since p is inversely proportional to the atomic free path, equation (5) indicates 
that the velocity of the striations considered in equation (1) would depend on 
the ratio of tube radius to free path. Alternately, with the relation (4) assumed 
between R and A, it would show that the velocity depends only on the number 
of free paths between neighbouring striations. y 

Equations (1), (2) and (3) can also be combined to give 2 


: was Pear lsat |e ose i! dn reyes <itisete tx (6) 
where ¢ is a new function. ; 

In order to explain at all the more complex relation (d) between fRM and 
pR/V;, more detailed consideration of the processes taking place in the striations 
is necessary. ‘The simplest assumptions seem to be that (a) the occurrence of M 
indicates that the mobility » of the ions is involved; and (b) the appearance of 
V; is connected with the mean longitudinal field X in the column. 

If the relation (4) is valid, and the further likely assumption made that the 
potential difference between striations is Vj, or is proportional to or not much 
different from it, pR/V; becomes proportional to the reciprocal of Townsend’s 


- parameter X/p. A simplified form of the empirical relation involving M and Vj; 


can now be found if the striae were to have their speeds determined by the mobility 
motion of the ions in the mean longitudinal field, and the striation speed were 
equal to (cf. Druyvesteyn 1934) or proportional to the longitudinal drift velocity 
of the ions. Assuming for simplicity equality of the speeds and that the potential 
difference between striations is Vi, we have from equation (4) 


pl Veta yee | ES OEE eT (7) 
For inert gas atomic ions in their parent gas (except He* in He for which the 
mobility is less) the value of » at atmospheric pressure, ji is given approximately by 
FT 11 bees | ln al Ree Pe (8) 


where M,, is the atomic mass of neon, and the units the conventional 
vemsecones. At pressure p mm 


p= 760po/p=3040My,/(Mp). eee (9) 
The velocity (equation (7)) becomes 
c=3040ViM,,/(ARMp) ss wetees (10) 


Eliminating v between equations (1) and (10), using equation (4) to eliminate A, 
and rearranging, with M,,=20-2, 
fRM=614 10*A4/(pR/Vi). ~~ peas (11) 

According to this, the relation between fRM and pR/V; should be hyperbolic. 
The graph connecting them is roughly of this form (Druyvesteyn and Penning 
1940). The product is not however accurately constant, being for example 
for the Ne-A-Kr line about 8 x 10% and 6 x 10° for pR/V; equal to 0-2 and 0-02 
respectively ; this could be due to changes in A, which are known to occur for 
smaller currents than those in most of Pupp’s discharges. For He the products 
are also about 30% larger; this might be due to the ratio of molecular ions to 
atomic ions tending to be greater than for the other gases, resulting in a larger 
value of effective mobility (Hornbeck and Molnar 1951). For Ne-A-Kr, 
the constant of proportionality in equation (1 1) would have the mean experimental 
value of 7 x 108, if the value of A were approximately 3. A value of 8 can be 
deduced from data given by Pupp (1935, figure 8), Close agreement cannot be 
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looked for in view of the approximations and assumptions made, but the grouping 
of p, R, M, p and Vj; in equation (11) is definitely in agreement with Pupp’s 
empirical relation and the form of the latter reproduced rather closely. The use 
of what is essentially uniform column theory for a longitudinally periodic column 
may be tentatively justified by the fact that the flux of ions at any pointis maintained 
jointly by the local concentration and potential gradients, and that the mobility 
is proportional to the diffusion coefficient. 

For smaller currents where equation (4) is not satisfactory and the relation (c) 
not valid, similar, but less simple, relations are also likely to exist. It must how- 
ever be remembered that the purity of the gases may have been different in high 
current and low current experiments done hitherto; if, therefore, the properties 
of the striations depend to any considerable extent, for example, on cumulative 
ionization via metastable or other excited states, the behaviour of the high current 


and low current discharges may not be strictly comparable. 
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§ 1. INTRODUCTION 


P ARK showed in a recent paper (Park 1957) how to improve the first Born 
approximation using, essentially, the unitarity relation of the S-matrix. 
He applies his theory to S-wave square-well potential scattering and finds 
that his method was better for angles less than 20°. 

. It is the purpose of this work to generalize such an approach to all orders 
in the interaction potential. We start from the well-known S-matrix theory 
(Lippmann and Schwinger 1950, Klein 1956, Garrido 1959) and introduce 
the unitarity relation in the expression for the phase shifts. By expanding in 
powers of the interaction we obtain an approximation that, with certain 
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§ 3. APPROXIMATIONS 


_ Born’s n-order approximation consists mainly in the simultaneous evaluation 
of the real and imaginary parts, R, J, of (3) utilizing the n first terms of (1) and 
substituting the results into (2). . 

E It is evident that this way the unitarity relation (4) does not hold for the 
successive approximations. 

___-However unitarity is preserved if we evaluate the imaginary part from 


| T= ee (Fs -R)" (5) 

- a, + \Gp : A Se. 

; Both solutions are valid. In this case the phase shifts are given by 

iJ tan 6)= — aR! = (1 = 40°R2)9| = eectt) 
. Here R must be approximated by means of (3) and (1) as above. The minus 
b sign of (5) yields the phase angles between 0° <8,<45° and 135° <68,< 180° 
while the plus sign yields the angles between 45° <6,< 135°. 

Eg According to what has been said above, Born’s (n+1)-order phase-shift 
ie approximation is given by 

‘a ee 2 | ere 

tan dgn41= —7TRrw 7 Raa 

e and the unitary 7-order phase shift is - 

fis, == Tk {1 ¢ (1-47? R,,?)"}. 
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when the square well is defined by 


The results of the calculations when ka = 77/4 are given in the table in agreement _ 


V(r)=0 


with what was said before. 


~~ 
Vo/R? tan 6 tan dy tan Sp 8 eun(%) —€p(%) 
0-1 0-:01456 0:01435 0:01427 0° 50’ 1:43 2-0 
0:5 0:07879 0:07246 0:07134 4° 30’ 8:03 9-45 
1:0 0:17589 0:14566 0:14269 gets 54 11-0 13-2 
1:5 0:29890 0:22485 0-21405 16° 38’ 24:8 28-8 
2:0 0:45980 0:31344 0-28540 ~ 24° 41’ 32:6 37-9: 
2°5 0-68005 0-41841 0°35675 34° 13’ 38-4 47°5 
0:56454 ee 43-5 
3-0 1:00000 1°77142 0:42807 45° 0 77-4 57:2 
3-1 1:0823 1:6571 0:-44237 47° 16’ 53 59 
3:2 1:1728 1:5410 0:-4566 49° 33’ 31:5 61-2 
3°3 1:2730 1:4186 0-47091 Ey ale 11-5 63°5 
3:4 1:3900 1:2795 0:4852 54° 17 7:95 65 
3°5 1:5125 1:0485 0:4995 56° 32% 30-6 67 
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ance for the theory of paramagnetism in crystals because of the simplicity of 

the lattice. We have studied the paramagnetic resonance spectrum of Fe#* 

in corundum at a frequency of 9 Gc/s and temperatures of 299, 77 and 4:2°K, 

using a synthetic sapphire containing 0-005 ionic percentage of Fe?* and a natural 

sapphire with 0-13. The spectrum of a 0-1% sapphire has also been studied, 

at room temperatures and frequencies of 25 and 40 Gc/s, by Kornienko and 

Prokhorov (1957) (hereinafter referred to as KP), but neither the relative nor 
the absolute signs of the coefficients were determined. 

In accordance with KP we find two spectra which coincide when the magnetic 


ar HE behaviour of paramagnetic ions in corundum (A1,03) is of some import- 


- field is parallel or perpendicular to the trigonal axis of the crystal. For other 


directions the spectra are distinct, each exhibiting trigonal symmetry about the 
axis with the variation of one spectrum displaced 60° in azimuth from the other. 
Thus there are two types of ion with Hamiltonians identical except for a 60° 
axial rotation. We were unable to detect the further splitting into four spectra 
reported by KP; if it exists it must correspond to an azimuthal separation of less 
than 5°. We do not consider it to be expected from the space group (R3c) 
since the four metallic ions in unit cell are related in pairs by inversion. 
Our results confirm the spin-Hamiltonian of KP, which is of the same form 
as that found by Bleaney and Trenam (1954) in the dilute ferric alums: 
H=g6B.S+D(S2— %) +}4a(SA+S,+S3- 4 
+5 F(SA- 8582+ 3 
where g, 8 and S have their usual meanings, S=5/2, B is the magnetic induction, 
and é, » and ¢ are a set of orthogonal axes with respect to which z (the trigonal 
axis of the crystal) is the (111) direction. The é¢ axes of both spectra lie in 
ac planes, one set being related to the other by reflection in the rc planes. ‘This 
reflection produces the 60° displacement between the two spectra, and is associated 
with the c glide plane of the lattice. 
Values of the Spin-Hamiltonian Coefficients, with D, a, and Fin units of 10 cine: 
The results in the last column are taken from Kornienko and Prokhorov 


(1957) 
T(°K) 4-2 77 299 ~290 (KP) 
g 2-003 + 0-001 2-003 + 0-001 2-003 + 0-001 2-003 + 0-001 
D +1719+1 +1716+1 +1679 +1 1684 +3 
al 224+4 236+4 241 +4 262 +20 
a—F +339+2 $3372 432942 KE ey 


All the lines of the parallel spectrum, ranging from 1000 to 10 000 gauss, are 
fitted within the experimental error of +5 gauss by the values of the coefficients 
given in the table. 

+ On leave from the Department of Physics, University of Otago, New Zealand. 
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The relative signs of a— F and D were determined by the line positions, and 
the absolute sign of D by the change of relative intensities observed between 
77 and 4°x. ‘The sign of a cannot be determined because, owing to the trans- — 
formation of the Hamiltonian under the 60° azimuthal rotation by which the 
two types of lattice site are related, a given spectrum may be attributed either to 
one type of site with one sign of a or to the other with the opposite sign. ‘The 
determination of a from the parallel spectrum is unusually precise because at 
9 Gc/s two transitions occur in a region of crossing energy levels where the 
normally second-order effect of a becomes almost of first order. . 

The narrowest observed half-widths at half-height of the resonance lines . 
were 6 and 35 gauss in the 0-005 and 0-13 % specimens respectively. ‘The line- | 
widths attributable to paramagnetic neighbours, calculated by an adaptation of 
the formula of Kittel and Abrahams (1953) are 1 and 20 gauss respectively. 
Since Pound (1950) has found a width of only 1-5 gauss in the nuclear resonance 
of 27Al in corundum, it appears that the line-width in the more dilute specimen 
is mainly due to crystal imperfections. In neither specimen was hyperfine 
structure from *’Fe observed. 

A study of the recovery from saturation at 4-2°K in the 0-005°%, specimen 
yielded a spin-lattice relaxation time of 7 + 2 milliseconds. 

The zero-field eigenstates and energies calculated from the spin-Hamiltonian 
for 4-2°K are 

| + 4) +0-032| ¢ 3 at zero frequency 
| + $)at 12-03 + 0-02 Ge/s 
and | + 3) — 0-032 | F 3) at 31-30 +0-04 Ges. 


Owing to the state-mixing of the highest and lowest levels a transition 
probability of 0-02 free-spin units exists between them. Sapphire is thus suitable 
for a zero-field maser (Bogle and Symmons 1959) with pumping and amplifying 
frequencies of 31:3 and 12:0 Ge/s. For magnetic field masers sapphire offers a 
wide range of frequencies with high transition probabilities, and the fact that the 
splitting of the | + $) states in a small field B perpendicular to the axis is nearly 
6BB will permit the use of unusually low fields. A concentration of not less 
than 0:05°% would be desirable. 

The specific heat may be expected to show a Schottky anomaly at temperatures 
of a few tenths of a degree absolute. This property, coupled with the robustness 
and high thermal conductivity of sapphire, should make it useful for demagnetiza- 
tion experiments in that temperature region. 
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The Variability of the Recombination of Hydrogen Atoms on 
Metal Surfaces 
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Department of Physics, University College London 


Communicated by H. S. W. Massey; MS. received 22nd December 1958 


§ 1. INTRODUCTION 


HE measurement of the heat of recombination of H atoms on certain 

| metallic surfaces has frequently been used to determine atomic concen- 

trations in mixtures of atoms and molecules (Poole 1937). The probability 

of recombination y has usually been assumed constant for a particular metal 

(Bonhoeffer 1924, Katz, Kistiakowsky and Steiner 1949). ‘The purpose of this 

note is to emphasize the variability of y that may occur, particularly in relation 
to calorimetric methods of determining atomic concentrations. 


§ 2. CALORIMETRY 


We have had considerable experience with two distinct types of calorimeter. 
The first, a continuous-flow calorimeter, consists essentially of a rhodium-plated, 
bafled tube around which a steady flow of water is maintained and through 
which the mixture of atoms and molecules is pumped. In the second, a micro- 
calorimeter, atoms and molecules effuse through an orifice system into a small 
platinum box and the steady temperature of the box is measured by athermocouple, 
the elements of which provide the predominant path for loss of heat from the box. 
An electrical heating coil fixed to the box is used for calibration. Latterly the box, 
has been replaced by a baffled tube. Our experiments with micro-calorimeters 
have been characterized by a decrease of reading with time, even after baking out 
the whole instrument. This phenomenon has been consistently observed using 
atoms produced from dry or damp hydrogen in d.c. or r.f. discharges, both in 
phosphoric acid-coated, and clean glass systems. The surface of the calorimeter 
evidently becomes progressively poisoned, probably by substances formed in the 
discharge or by chemical reactions involving H atoms in other parts of the system. 
The poisoning may become so severe that atoms can survive multiple collisions 
in, and emerge from baffled tubes. The poisoned surface can be reactivated by 
baking out, by bombardment with an intense flux of H atoms and by exposure 
to a discharge plasma. 


§ 3. THe Errect OF "TEMPERATURE ON POISONING 


The poisoning and reactivation process is well illustrated by some experiments 
in which a thermocouple probe (Pt-Pt-Rh) was moved axially along a clean 
glass tube down which a mixture of atoms and molecules was pumped. One 
junction of the thermocouple, a sphere of diameter very small compared with 
the mean free path, was exposed to the atoms, the leads being sheathed in fine 
silica tubing. Some typical results are shown in figures 1 and 2. In figure 1 
AB represents the variation of e.m.f. generated by the thermocouple as the hot 
junction is moved downstream, the atomic concentration decreasing owing to 
recombination of atoms on the glass tube and to pumping. The junction is left 
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junction is activated when starting at A and provided other conditions, Be , 
discharge, wall surface, are constant. ‘The irreversibility is only observed if the 
temperature of the junction at B is less than a critical value in the neighbourhood 
of 150°c; the poisoning is more pronounced the longer the probe is maintained 
at B. 
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Figure 2. Clean up by H atom bombardment. ‘This curve refers to portion CA of figure 1. 


The thermocouple probe suffers from the disadvantage that no independent 
control of the temperature of the recombining surface is possible. ‘This is overcome 
by using a fine wire heated by a variable electric current. The resistance of the 
wire and the electrical power dissipated in it are measured with the wire in 
molecular hydrogen and then in a mixture of small atomic concentration at 
sensibly the same pressure. At a given temperature, as determined by the wire 
resistance, the difference in electric power dissipated in the two cases is equal 
to the power generated at the wire surface by recombination of atoms. In this 
way it is possible to study the variation of y as a function of wire temperature. 
We have carried out experiments with wires of platinum, tungsten and palladium 
and have observed a similar irreversible behaviour to that of the thermocouple 
probe. It appears that y increases with temperature up to about 150°c for all 
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LETTERS TO THE EDITOR 


Radio Observations of the Lunar Surface 


Recent lunar observations by radar methods found that the surface is 
surprisingly smooth to centimetre and metre length waves, and that, in contrast 
with the behaviour at optical wavelengths, the reflection is almost specular. 
Evans (1957) gives a power scattering law P(6)=cos®°6 at a wavelength of 
24 metres; Trexler (1958) finds that at 1} metres 50°%, of the returned echo 
power is received within 50upsec of the front edge of the pulse, equivalent to a 
similar law; Yaplee, Bruton, Craig and Roman (1958) observe that at 10cm 
short pulses are reflected mainly from a similar region. The purpose of this note 
is to show from a statistical consideration of reflection and diffraction at the 
surface that the above results are explicable by a quite reasonable terrain, and 
to indicate that further experiments could reveal some characteristics of the 
surface. 


Reflection by an irregular surface. 


An electromagnetic signal originating from the earth reaches the moon with 
a wave front which is almost plane. If the surface features which intercept it 
are smooth over areas greater than several Fresnel zones, specular reflection will 
occur, and the power leaving the whole surface will be distributed over angles 
equal to twice the surface gradients. If the r.m.s. surface gradient of undulations 


on a plane is y, the reflected power is distributed with r.m.s. angle from the 
normal 6) = 2. 


Diffraction by an irregular surface. 


If the surface irregularities are much smaller than the Fresnel zones a 
diffraction treatment is necessary. Suitable theory, summarized by Ratcliffe 
(1956), has been developed for the study of irregularities in the terrestrial 
ionosphere. Let the height of a plane surface fluctuate about the mean 
with standard deviation h, and suppose the spatial correlation coefficient 
of the height variations as a function of distance along the surface, p(d), follows 
a Gaussian law, p(d)=exp (—d?/2d,”). d,) is known as the structure size, being 
that value of d for which p(d)=0-61. If plane waves of length A are incident on 
the surface, the phase corrugations imposed on the reflected wave front will 
have standard deviation ¢ =47h/A radians and structure size d). The modulation 
is said to be shallow if ¢<1; then the structure size J, in the receding wave 
equals d). But if the modulation is deep, ¢>1, a smaller structure /,=d,/¢ will 
appear in the receding wave, and at great distance will dominate. Bowhill (1957) 
showed that at a great distance from the surface the random power of the initial 
phase variation becomes equally shared between fluctuations in the phase and 
amplitude of the signal, both having r.m.s. value ¢/4/2. Moreover, the linear 
structure size in the wave front will be the same whether measured from the 
phase or amplitude variations. The apparent power spectrum is the Fourier 
transform of the spatial correlation coefficient, and can be represented by 
PUG ye exp(— 6°/26,) where 8)=A/27l, for small 6). Hence, shallow modulation 
on a distant surface gives a power spectrum width @,=A/27d,, and deep 
modulation gives 6,=¢A/2md)=2h/d,. At metre and centimetre wavelengths the 
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lunar surface will impose deep modulation. These formulae are rigorously 
true for irregularities which extend in one dimension only, but have been 


found numerically close to computations for the two-dimensional case which 
concerns us. 


_Lunar scattering. 


The scattering properties of the lunar surface can be determined by radar 
from the earth because signals scattered through an angle 0, by whatever 
mechanism, are received only from an annulus on the moon at which the earth’s 
zenith angle is $0. A specular moon only returns signals from an area in the 
centre of the lunar disc and at the point nearest the earth, whereas a diffusing 
moon returns signals from the whole hemisphere facing the earth. It has been 
shown that areas greater than the Fresnel zones distribute the radiation over an 
angle 6,=2i), and irregularities less than the Fresnel zones over an angle 

)=2h/dy. The radius of the first Fresnel zone is 1-4km at A=2}m, 300m at 
A}=10cm, and about 1-5m for visible light. Clearly, both mechanisms are 
relevant, and it is of interest that each gives a numerically similar result, since 
jy ~h/d, (Longuet-Higgins 1957). Thus the observed spectrum is determined, 
first, by the average gradient of the surface, sampled in areas a few Fresnel zones 
in magnitude, and, second, by the diffraction within those areas, which depends 
on the average gradient within them. The result of Evans, P(@) =cos*® 8, is 
closely represented by a Gaussian with 6)=0-18 radian. Therefore h/d, <0-09 
and yj, <5°, implying average gradients not greater than about 1 in 10, which is 
likely to be the case in natural terrain sampled in areas several kilometres across. 
Reduction of the wavelength reduces the Fresnel zones and the size of the 
samples; the resolution of observation to smaller surface objects is thereby 
increased. If the shape of the irregularities is independent of their size, so 
that the average values of #, over the larger irregularities and h/d, over the smaller 
ones remains constant, 9, should not vary with the observing wavelength. The 
uniform brightness observed visually is evidence that the average gradient 
increases if the samples are sufficiently reduced. This would be expected of an 
undulating surface covered with smaller, rounder, objects such as rocks and 
stones. Radar observations at shorter wavelength should be able to determine 
where the spectrum broadens, so giving some interesting statistical information 
about the features of the moon’s surface. 

This approach may also find application to some terrestrial problems, such 
as the back-scattering of radio waves from the ground. 


I am indebted to Dr. J. V. Evans and Dr. F. G. Smith for helpful discussions. 


9 Red Lane, J. K. HARGREAVES. 


Frodsham, 
Nr. Warrington, Lancs. 
27th November 1958. 
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emission of, e | many-line spectrum in 


on a 1-m grazing incidence vacuum AT Ne that it extend 
to 1800 A: at the long wavelength end the spectrum cuts off ae at. 


2375 A. We have photographed the spectrum in the range 1980 to 2375 A on) . = 
Hilger E.478 large quartz spectrograph, using ordinary HCl, H®°Cl and DCl. 
Of the 2000 lines measured in the HCl spectrum about 1000, including most of 
the strong lines, have been assigned to 15 bands involving v’=0, 1 and 2 in 
viz+ and v"=10 to 16 in x!£+. The agreement between the infra-red and 
ultra-violet constants for the ground state of H®*Cl is illustrated in figure 1. 
Constants for vi=+ are as follows: T,=76210, we=880cm7!, re=2-43 A. 
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Figure 1. Values of AG,, ,,1 and of B, plotted 

against v for the ground state of H*®°Cl. 

Black circles and squares represent points 

from the vibration—-rotation spectrum 

(Herzberg 1950). Open circles and squares 

represent points from the present analysis of 

the ultra-violet bands. 
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Figure 2. Potential energy—distance 
curves for the known states of HCl. 
The state viX+ is shown as 
dissociating to H++Cl-: in fact 
it is more probable (Mulliken 
1937) that the dissociation products 
are H+Cl (3p* 4s p). 


Potential curves for the known states of HCI are given in figure 2. The 
separation v—Q in HCl (at r=re") is 3-6 ev, in good agreement with the separation 


A°Lt+-x*7I1 (at r=re”) of 3-8, ev. 
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REVIEWS OF BOOKS 


A Handbook of Lattice Spacings and Structures of Metals and Alloys, by 
W. B. Pearson. Pp. x+1044. (London, New York, Paris, Los Angeles : 
Pergamon Press, 1958.) 123 guineas. 


This Handbook is Volume 4 of the International Series of Monographs on ~ 
Metal Physics and Physical Metallurgy, under the general editorship of | 
G. V. Raynor. It contains information on all binary and ternary alloys | 
examined up to 1956, presented in tabular form and followed by detailed and 
critical summaries of the relevant publications. A rapid scrutiny revealed full 
coverage of the literature, and no errors, in the sections selected for test. 

It seems doubtful whether the elementary general introduction in Part I is 
really needed for those who will use Part II, but as Part I occupies less than 
8%, of the whole volume its deletion would not have reduced the deplorably 
high price from the level where only libraries can buy, to one within the reach 
of the individual scientist. W. H. TAYLOR. 


Les Ondes Centimétriques, by G. Raoutt. Pp. viii+401. (Paris : Masson, 
1958.) 6.500 fr. (linen cardboard, 7.300 fr.). 


The author, who is Professeur 4 la Faculté des Sciences de Clermont- 
Ferrand, bases the book on a course given to the students there. The aim is 
successfully achieved of providing, in the French language, an introduction to 
the study of microwave techniques, which can be appreciated with the 
minimum of mathematics, thus linking conventional physics textbooks with 
the more advanced and specialized literature on the subject. Thus the book, 
comprising some 400 pages, is a worthwhile addition to those available to the 
French student, who, unlike his English counterpart, has had to read much of 
the work on microwaves in a foreign language. 

The first five chapters, dealing with the transmission of microwaves, are 
well illustrated, a good feature being the inclusion of worked examples, such 
as the use of the Smith chart to evaluate impedances. Waveguide components 
and various high frequency measurements are described in the next four 
chapters. Klystrons and magnetrons are then treated in fair detail and brief 
mention is made of travelling-wave-tube amplifiers and backward wave 
oscillators. ‘The chapter on microwave detection extends from a consideration 
of energy levels in a semiconductor to the physical form of point contact diodes 
as video detectors or as microwave mixers. Aerial theory necessarily involves 
rather more mathematics, but the balance of the chapter is maintained by clear 
diagrams of horns, guide-fed dipoles, linear arrays, dielectric radiators, etc., 
together with the polar diagrams obtained in practice. The use of quasi-optical 
devices in microwave instrumentation is discussed as an illustration of optical 
theory. ‘The two short final chapters deal with two uses of microwave 
techniques in branches of pure science, i.e. radio-astronomy and paramagnetic 
resonance. ‘The appendices are devoted to units and some of the underlying 
electromagnetic theory. 

‘Taken as a whole, the book is logically planned and the task of selecting 
the topics which can be covered in one volume of this size has been accomplished 
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well. An especially attractive feature is the large number of clear diagrams, 
which should be of great assistance to a physics student in enabling him to 
appreciate, for example, the electric and magnetic field patterns of various 
modes of propagation in a waveguide and their use to explain coupling into 
other structures, and also dissected perspective views of valves such as cavity 
magnetrons. ‘There are a few small points about which the expert may quibble, 
but these do not detract significantly from a textbook which succeeds in giving 
a general background to the subject, against which the student may more 
profitably read the specialized literature. The book is well bound and clearly 
a printed on good paper, the clear diagrams and photographs completing an 
__ attractive appearance. C. R. DITCHFIELD. 


Integral Equations, by F. Smiruies. Pp. viit172. Cambridge Tracts in 
Mathematics and Mathematical Physics No. 49. (Cambridge : University 
Press, 1958.)2 2/5. 6d, 


It would not be proper for this reviewer to attempt to pass judgment on 

- the mathematical worth, or even content, of a volume such as this which 
appears to set forth in beautiful clarity the theory of linear integral equations 
of the second kind. It is entirely proper, however, if he indicates whether a 
mathematical text is likely to be useful to physicists, and comments upon it 
from this point of view. Integral equations of the second kind are now the 
most fashionable tool of theoretical physicists, particularly of those engaged in 
the quantum theory of scattering processes. Furthermore, there is a regrettable 
shortage of textbooks which deal appropriately with the techniques involved in 

= solving these integral equations. The physicist is therefore only too glad to 
welcome a new text if it shows him how to solve equations similar to those with 
which he is faced. Unfortunately, this book is not of this kind; for it restricts 
itself to non-singular equations and thereby rules out many of the more 
interesting applications to scattering theory from the beginning. Moreover, the 
fact that few examples are given explicitly and those merely to illustrate more 
pathological features, is more likely to irritate than to educate the average 
physicist. Finally, our dispirited physicist may well wonder why, out of 25 
presently available Tracts in Mathematics and Mathematical Physics, so called, 
only two seem to have any bearing on mathematical physics. If it were merely 
that the Tracts were misleadingly named, this would not matter : but there is 
a real need for books of just this size, price and scope, which do genuinely deal 
with the more specialized methods of mathematical physics. B. H. FLOWERS. 


Applied Analysis, by CorneLius Lanczos. Pp. xx +539. (London : Pitman, 

19575) cD 2Se 

The titles of the seven chapters are : Algebraic Equations, Matrices and 
Eigenvalue Problems, Large-scale Linear Systems, Harmonic Analysis, Data 
Analysis, Quadrature. Methods, and Power Expansions. There are also 
Appendices containing formal and numerical information relevant to the 
processes which are described in the text. i , ; 

The kernel of Lanczos’ thinking in this book is that, in numerical analysis, 
the problem is not the absolute accuracy of the ‘ pure’ mathematician to obtain 
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a desired accuracy with a minimum of means, but to obtain the maximum © 
accuracy which can be obtained by limited means, and for this kind of process 
the author has coined the word ‘ parexic’. These portmanteau chapter 
headings, however, give only the vaguest indication of the variety of topic and 
the fertility of suggestion which each chapter contains. 

Lanczos’ contributions to various branches of Numerical Analysis are well 
known to those who work in the subject. ‘They have an imaginative originality 
and this is characteristically evident in the book under review. 

This is not a treatise, but a collection of longish, loosely connected chapters, 
dealing with those topics upon which Lanczos has thought and worked, and his 
freshness of outlook permeates the book. 

The first chapter, one of the shorter ones, is one of the least convincing, but 
in the chapters on matrix processes and on harmonic analysis and its applications 
the author is on surer ground. 

The author has not been well served by his. proof-readers, and printing 
errors are too common. There are also some numerical mistakes—not mere 
printers’ errors—and, here and there, quite unintelligible sentences. These 
defects, however, cannot hide the merits of the book, and, although the tyro 
must read it with care, none who has more than a cursory interest in numerical 
analysis can afford to ignore this stimulating and suggestive book. W. G. B. 


Classical Mechanics, by J. W. LeecH. Methuen Monographs on Physical 
Subjects. Pp. ix+149. (London : Methuen ; New York: John Wiley, 
1958.) 12s. 6d. 


This is a very useful little book. No one can understand physics who is 
not familiar with the elements of classical mechanics: and for the under- 
standing of quantum mechanics, more than a superficial acquaintance with 
classical mechanics is required. There is therefore a real need for a concise 
treatment of classical mechanics, which is admirably fulfilled here. 

The exposition is always clear and crisp. The premisses of any argument 
are clearly stated and when their analysis would lead beyond the scope of the 
book, as in the critical discussion on the basis of Newton’s laws of motion, this 
is frankly said without any attempt to gloss over the omission. Starting from 
Newton’s laws, their application to mechanical systems, along the lines of 
d’Alembert’s principle, is developed. Lagrange’s equations, Hamilton’s 
canonical equations, Hamilton’s variational principle and the Hamilton-Jacobi 
transformation are discussed in separate chapters. ‘The analogies between 
geometrical and wave optics, and between geometrical optics and particle 
mechanics are succinctly brought out. 

There is a separate chapter on Poisson brackets, whose importance in 
classical mechanics is enhanced by the simplicity of their quantum-mechanical 
definition. The chapter on relativistic mechanics gives the relativistic 
generalizations of the previous classical mechanics of particles, first with the 
time, and then with the proper-time, as the development parameter. ‘There 
are chapters on continuous systems, and fields, whose relevance to quantum 
field theory has no need to be stressed. 

This is a book which deserves high praise. It contains all that it should 
and nothing that it should not. M. H. LE. ES - 
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Concepts of Classical Optics, by JoHN STRONG. Pp. xxii +692. (San Francisco: 


W. H. Freeman; London: Bailey Bros. and Swinfen, 1958.) $9.50. 


This book contains an introduction to optics (370 pp. on wave-theory and 


_ 100 pp. on geometrical optics) followed by 16 appendices whose total length is 


about 300 pages. Each of the first 15 appendices is an article on some modern 
development by a specialist in the appropriate field. In the text the standard 
propositions of classical optics are developed “‘ with mathematics of modest 
rigour ” and the sixteenth appendix introduces the reader to this mathematics. 
‘The main topics of wave theory are treated at a level between that of a general 
degree and a special honours physics course in a British University. In regard 
to technical optics and practical applications, the book goes beyond the standard 
of most of our special honours courses.+} The author has omitted or treated 
very briefly (a) the interaction of radiation and matter, (6) quantum theory, 
(c) spectroscopy and (d) crystal optics. The section on geometrical optics is 


_ divided into four chapters on (i) Images of Points by Single Surfaces (this 


includes something on aberrations and on aspherical surfaces), (ii) Images of 


Points by Systems of surfaces, (iii) Aperture and Field and (iv) Aberrations. 


In the main text the author quotes zm extenso from original papers and from 
other books. Most of the appendix material has been written by other writers. 
This plan has both advantages and disadvantages. With regard to the main 
text the author might fairly retort to a critic that he quotes with acknowledg- 
ments (and with permission when the author is living), whereas others para- 
phrase without permission. The choice of a different writer for each appendix 
gives the reader immediate contact with several very distinguished workers in 
optics. Zernike’s account of microscope image formation in relation to phase- 
contrast is just what is needed in this book and only Zernike could have written 
it so well. The article by Jacquinot on Apodization is also very good but some 
of the other material is not suitable for separation into short articles. Five of 
the appendices are on Applications of Interferometry (a reprinted chapter of 
W. E. Williams’ book), Interferometers (Dyson), Késter’s Prism (Saunders), 
Savart’s Plate (van Heel) and Interferometric Spectroscopy (Vanasse and 
Strong). Each of these is good in itself and a teacher of optics who can fill in 
the gaps may like to have the material presented this way. For the student it 
would be better to have the subject treated as an integrated whole in the main 
text. 

Even though the feast is rich something must be omitted. The author has 
probably omitted the application of information theory and spatial frequency 
analysis because he considers them too difficult for his readers. I wish that 
Bergstrand’s method for the velocity of light had been described (instead of 
Anderson’s) and the Benoit, Fabry and Pérot determination of the metre 
(instead of Michelson’s). However, these are small grumbles. I wish to 
recommend this highly individual and interesting book especially to university 
lecturers and young research workers. R. W. DITCHBURN. 


+I refrain, with some difficulty, from discussing whether this pinpoints a fault in our 


courses. 
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Solid State Physical Electronics, by A. VAN DER ZieL. Pp. xiit+604. (London: 
Macmillan, 1958.) 37s. 6d. 


This book sets out to give a comprehensive discussion of the physical 
mechanisms which are called into play in the operation of a large number of 
devices which now make use of the electronic properties of solids. In such a 
‘ comprehensive ’ treatment there is a grave danger that in attempting to instil 
a little knowledge of everything one ends up with an adequate knowledge of 
nothing. The present text does not altogether avoid this danger, and while a 
number of topics are dealt with fairly fully, many are treated in a very sketchy 
fashion. Nevertheless the author succeeds in giving a panoramic view of the 
vast field which he has attempted to cover. ‘The book is intended as a course 
for students of electrical engineering, and while it should serve as an introduction 
to the subject, a good deal of wider reading will be needed to provide the student 
with an adequate knowledge of any one of the many types of device discussed. 

The book is divided into four main sections. ~ The first deals with the basic 
atomic and solid-state physics used in the discussion of devices in the later 
sections. It seems a great pity that the first two chapters have been included in 
a book already over-crowded: they deal with very elementary quantum theory 
and simple atomic spectra. A large number of excellent elementary accounts 
of these topics is already available and it seems stretching the word ‘ compre- 
hensive’ a long way to include them in the present book. There is perhaps a 
little more justification for the inclusion of the next two chapters on elementary 
quantum statistics, crystal structure and the electronic structure of solids, though 
the treatment is so sketchy that it might have been better to be content with 
reference to existing literature. 

The next main section of the book deals with thermionic emission, the photo- 
electric effect and devices such as vacuum tubes, photocells, photomultipliers 
etc. Then follows a section on semiconductor devices such as transistors, 
junction diodes, solar batteries etc., and the book ends with a discussion of the 
properties of dielectrics and magnetic materials and of their uses. The treat- 
ment varies greatly, some devices being discussed clearly and concisely while in 
other instances the treatment is very sketchy. 

The printing and general presentation are good and the price, for a book 
containing such a wealth of information, is very modest. The treatment is 
generally clear and concise as should be expected from a well-tried course of 
lectures from which the book originated. It should serve its intended purpose 
as an introduction to this rapidly growing and important subject. R. A. SMITH. 
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: 0 mesonic capture of pions stopped in liquid hydrogen. 
urement agrees well with the value expected from the charge-exchange 
and photoproduction of pions. . 
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ye § 1. INTRODUCTION 
“HE experiments carried out by Panofsky, Aamodt and Hadley (1951) 
, | on the capture of negative pions in hydrogen and deuterium gave a number 
of results which were vital to pion physics. They showed that the charged 
_ pion has odd parity and gave values for the masses of the neutral and negative 
_ pions. Shortly after, Anderson and Fermi (1952) showed, by a simple theoretical 
argument, that the hydrogen experiment provided a link between meson photo- 
production experiments and the charge-exchange scattering of negative pions 
. _ by protons. 
= Panofsky’s experiments with hydrogen studied the radiative and mesonic 
~ capture of negative pions in mesonic hydrogen atoms, the reactions being 
pees 6 ok Siler ll epaeass (1) 
a—+pent+7?. eeeeote) 
__ The gamma rays from these processes were studied with a high energy pair 
spectrometer and their energies and relative intensities studied. It has been 
— shown by Wightman (1950) and by Brueckner, Serber and Watson (1951) that 
by far the most probable fate of a negative pion slowed down in liquid hydrogen 
ind is that it should form a mesonic atom and then be captured by the proton from 


a K-orbit. 

Anderson and Fermi pointed out that if one measured the relative rates of 
reactions (1) and (2) and deduced the absolute rate for radiative capture from 
' meson photoproduction data, then one could deduce the absolute rate of the 
| mesonic capture, which corresponds to charge-exchange pion—proton scattering. 
This gives a value for (a3 —a1)/n =0-19 + 0-04 radian (Bethe and de Hoffmann 
1955) where «, and «, are the S-wave phase shifts for pion—nucleon scattering in 
the T7=3/2 and T=1/2 states. The value deduced by Orear (1954) from the 

best fit to the scattering data is (a3 —«)/y =0-27 + 0-03 radian. 

Because of this discrepancy it was clearly important to check the original 
measurement of Panofsky. We have used a pair spectrometer with focusing 
properties rather different to those of Panofsky’s instrument to do this. We have 
i + Now at Atomic Energy of Canada Ltd., Chalk River. 
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wedge magnet. The we 
a contamination of 4% j mesons and 15% electrons. The beam was monitored — 
by a small scintillation counter and then slowed down in a block of polythene. 
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Figure 1. Layout of experiment. 


A proportion of the pions finally stopped in a spherical liquid hydrogen target 
of diameter 16in. As a check on the monitoring, a scintillation telescope with 
a lead converter detected the gamma rays from mesons stopped in the liquid 
hydrogen target. Figure 2 shows the counting-rate in this telescope as a function. 
of polythene absorber thickness. 

The pair spectrometer is ‘180° focusing’ (Walker 1948), and has two banks. 
of five scintillation counters each. This type of focusing has two main advantages : 
firstly, the gamma-ray energy is proportional to the detector separation and is. 
independent of the horizontal position of pair creation in the converter; and 
secondly, the angular effects in the resolution are minimized. ‘The phosphors 
are blocks of plastic scintillator 1 in. x fin. x 3{ in., the 3# in. x 1 in. face being 
presented to the electrons. Adjacent phosphors are separated only by a thin 
aluminium foil which acts as a light-seal. The light is transmitted to photo- 
multipliers outside the magnetic field of the spectrometer by Perspex light guides. 
The distance between the central phosphors of each bank is 22 in., which gives. 
an energy resolution of 43% (see §5). 

The magnet has a maximum field of 15000 gauss across a 3}in. gap. The 
pole pieces are shaped so that there is a clearing field 9 in. long before the gamma 
rays reach the converter. The field was electronically stabilized to better ied 
0-1%, and the field for all magnet settings was measured during experimental 
runs to better than 0-1% by a nuclear resonance magnetometer. The general 
field shapes were plotted using the magnetoresistance of a bismuth spiral. The 
deviation of the electron tracks from perfectly circular arcs amounted to 1-4% 
at the highest field settings. A correction was made for this effect. : 
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Figure 2. Figure 3. Block diagram of electronics. 


. Before all experimental runs, the spectrometer was set up and its performance 
checked by observing the gamma rays from an internal target bombarded by 
protons. 
§ 3. EXPERIMENTAL PROCEDURE 
Because of the limited energy range of the spectrometer (1+ {)# for a mean 
energy E, each run was broken up into four different magnetic field settings. 
At each of these field settings the converter thickness was chosen so that the 
Coulomb scattering of the electrons into the pole pieces remained the same. 
In this way no corrections need be made for this effect throughout the energy 
spectrum. The thickest converter used in a normal run was 0-017 in. A thicker 
set of converters was used to check resolution and efficiency and this will be 
_ discussed below. 
4 The background due to unwanted gamma rays was measured by removing 
_ the hydrogen from the target, and was found to be negligible. The background 
» from other effects was measured by removing the converter. It was found that 
this background was nearly independent of the magnetic field setting. However, 
as thinner and so less efficient converters were used at the lower energies the 
_ background was most troublesome here, and for the lowest energy channels was 
~ equal to the effect. 


§ 4. RESOLUTION AND TREATMENT OF THE EXPERIMENTAL DaTA 
Although the radiative and mesonic gamma rays were resolved, it was still 
essential to know the resolving power of the instrument so that the experimental 
points could be fitted by the correct resolution curve. The main components 


of the resolution are (a) finite detector width, (0) energy loss of the electrons in 
2N2 


(a) Nonleaiten phen ; = 
For the thinner converters a eral correction to the energy scale was 2a 
for this effect. For the thicker ones a Landau distribution was used. = 
Figure 4 shows the resolution curve of these effects separately and a comets 
resolution curve from their combination. . 
The radiative capture peak, which is a natural line spectrum, provides an 
excellent check on these calculations (figure 5). As a further test the whole 
experiment was repeated using a set of converters which was four times as thick - 
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as the set used in a normal run. To make this test more sensitive the two sets of 
results were subtracted and an analysis carried out-on the difference. 
fitted by the calculated resolution curve are shown in figure 6. 
Resolution curves for the mesonic capture spectrum were obtained by folding 
the instrumental resolution curve with the natural spectrum shape, which is 
rectangular. ‘The experimental results obtained for the mesonic capture peak 
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_ Figure6. Difference spectrum between - Figure 7. Low energy spectrum. 
thick and thin converters. 


(3%), dependence of the efficiency on the fractional energy given to the electron 

_ (4%), and corrections for electrons or positrons detected in more than one 
channel (5%). The correction for the overlap of the spectra of the two reactions 
was less than 1%. 


§ 5. Discussion 


Cassels et al. (1957) have measured the Panofsky ratio with a total energy 
— Cerenkov counter. Their result, together with ours and Panofsky’s, is given in 
' the table and the weighted mean calculated. The errors quoted are standard 
deviations. 
ee ee a ee 


Panofsky et al. Cassels et al. This paper Weighted mean 
0-94 + 0°30 1:50+0-15 1:-60+0-17 1-525.01T 


ee 
ie One can deduce the absolute rate of the mesonic capture reaction at zero 
energy and hence (#3—4)/n, if one knows the Panofsky ratio and the absolute 
value of the radiative capture reaction. A value for the latter may be deduced 
from the photoproduction experiments y+p—>7t+n and the ratio at threshold 
o(y+d>n+p+P) 
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If one assumes that 

5 o(y +n>7 +P) 

a : = re 

é . o(y+po7t+n) 

- then one can deduce a value for o(y+n-7-+p) and hence of its inverse. 


Beneventano et al. (1956) give a value for the S-wave part of the reaction 
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— same ratus de companion paper on hydrogen 

used to study the radiative capture of pions in liquid deuterium. The 

It es well with previous measurements and the value expected from the 
ct on of pions in nucleon-nucleon collisions. . 
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§ 1. INTRODUCTION : 
-T was shown by the experiments of Panofsky, Aamodt and Hadley (1951) 

| that the following reactions could occur when the pion in a mesonic 
deuterium atom was captured: 

gw +O2nt+Bty — .. bhtene (Lye 
a—+d>n-+n. Ey bi gtene ee ae: Vs) 


The reaction 7-+dsn+n+7° was not observed. As gamma rays only 
__-were detected in these experiments, the existence of the non-radiative capture 
was inferred by observing the relative rate of gamma-ray production in mesonic 
hydrogen and deuterium atoms. In hydrogen the reactions 7” +p-n+y and 
a~+p—-n+7° are the only reactions which can occur and if the relative rates 
of these are known, then the non-radiative part of the deuterium capture can 
be deduced. That this reaction occurs at all was perhaps the most important 
result of Panofsky’s experiments, for Ferretti (1946) had shown earlier that 
if the capture takes place in an 5S-state, as it does in this case (Wightman 1950), 
then the pion must have odd intrinsic parity. Panofsky obtained for the relative 
rate of non-radiative capture to radiative capture in deuterium, the value 


eg 
Be 237+0-75. 
4 
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Brueckner, Serber and Watson (1951) have shown too that this ratio can be 

used to link the photo-production of positive pions to their production in 

__- proton—proton collisions. Because the values of the Panofsky ratio of mesonic 
ba to radiative capture in the mesonic hydrogen atom which have been determined 
; recently (Kuehner, Merrison and Tornabene 1959, Cassels et al. 1957) are 
: considerably different from Panofsky’s original value, it was clearly imperative 
to repeat the deuterium experiment to see whether there is now any serious 
discrepancy between the photoproduction and proton-proton production data. 
We have used the external pion beam of the Liverpool synchrocyclotron and a 
large pair spectrometer to do this, as we did in our similar experiment with 
hydrogen (Kuehner, Merrison and Tornabene 1959). Essentially the experiment 
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compared the number of gamma rays from pions stopped in identical volumes: 
of liquid hydrogen and liquid deuterium. As in Panofsky’s experiment, the 
ratio of non-radiative to radiative capture in deuterium can then be inferred. 


§ 2. APPARATUS AND EXPERIMENTAL ARRANGEMENT 


The experimental arrangement differed principally from that used for the 
hydrogen experiment only in the target. In the present experiment a target 
vessel was used which could be filled either with liquid hydrogen or liquid 
deuterium. This target was designed by Dr. S. G. F. Frank of this laboratory. 
The hydrogen (or deuterium) is condensed from the gas phase into the target 
in a condenser surrounded by liquid hydrogen. ‘The target also has the very 
important facility that it may be emptied and then refilled quickly, so that 
background runs may be made. 

The pair-spectrometer was visually positioned so that its collimator channel 
was in line with the target. The useful height of the target was defined by this 
collimator while the width was defined by the diameter of the target. It was 
assumed in the calculations of the energy resolution of the spectrometer that 
this area acted as a uniform source of gamma rays. 

The meson beam was monitored independently by a small scintillation counter 
and an ionization chamber in the beam. These monitors agreed to within 2%. 
To reduce background counts to a minimum a large amount of shielding, in the 
form of lead bricks and iron-loaded concrete blocks, was placed between the 
pair-spectrometer detectors and the meson beam. 

The experiment was first run with hydrogen and was broken up into runs of 
one to two hours duration. The total running-time on this part of the experiment 
was 18 hours, of which about one-third was spent in measuring the background. 
The change-over to deuterium took three days, and then 25 hours total running- 
time were spent with the deuterium target, of which 6} hours were spent 
measuring the background. The counting rates were approximately 0-7 count 
per minute with either hydrogen or deuterium in the target and 0-1 count per 
minute with the target empty. 


§ 3. RESULTS 


The pair-spectrometer was set to cover an energy range from 100-140 mey. 
The ‘tails’ on both the hydrogen and deuterium spectra extend below this. 
The tail in the hydrogan case is, of course, due solely to the experimental 
resolution of the instrument and had been investigated thoroughly in the previous 
hydrogen experiment. In the deuterium spectrum there is a natural broadening 
as it represents a three-body decay, and we have used the theory of Watson and 
Stuart (1951) and the experimental results of Phillips and Crowe (1954) to 
estimate this effect. Watson and Stuart’s calculations extend down to 120 Mev 
only. Fortunately, however, most of the gamma rays are emitted with energies 
above this. In fitting the results above 120 Mev we used a value of fica = — 12 MeV, 
where « is the inverse of the scattering length for the singlet neutron—neutron 
force. ‘The spectrometer was also set in one run to observe the gamma rays 
between 40 and 80 Mev but no significant number of gamma rays was detected 
here, 

The procedure used to determine approximately the shape of the energy 
spectrum between 80 and 120 Mev was to draw in a set of smooth curves and, 
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Figure 1. Gamma-ray spectra for hydrogen and deuterium. 


If we now assume that only radiative and non-radiative capture takes place 
in deuterium, and only radiative and mesonic capture takes place in hydrogen 


then we can write: 
(D)on = (H)n+y Fees +1] as | 
(D)mn+, (D)in+, (H)n+, 
The ratio (H),.,o/(H),+, is given in the previous paper (Kuehner, Merrison 
and Tornabene 1959) as 1-50+0-15. Using this value we obtain the ratio 


Non-radiative capture in deuterium 
Dsl 14 tikes eelieaaeibatacs = 2°35 ta 0-35. 
Radiative capture in deuterium 


This values agrees very well with the 2:37+ 0-75 found by Panofsky, Aamodt 
and Hadley (1951). 


§ 4. DISCUSSION 
The argument connecting the pion photoproduction from hydrogen to the 
production in nucleon-nucleon collisions (see figure 2) depends on first 
separating out the S-wave part of the photoproduction. This may be done from 
the results of Beneventano et al. (1956) to give a value for 
os(y tpomt+n)= (1-43 + 0-02) x 10-*8 cm? 


where 7 is the pion momentum in units of yc. Beneventano et al. also give a 
value for the ratio of the photoproduction of negative pions to positive pions 
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Figure 2. Connection between photoproduction and nucleon-nucleon production of 
mesons. 


is based on the impulse approximation and calculates the different phase space 


available for the one neutron in the hydrogen case and the two neutrons in the 
deuterium case, to arrive at 


o3(7—+d>n+n+y) is 2 
os(7- + p>n+y) oF 


And so we can deduce a value for og(7~+d+n+n+y), and hence from the 
present experiment a value for os(7~+d-+n+n). Again by detailed balancing 
one arrives at os(n+n+7~ +d)= (0-17 + 0-03)y x 10-*’ cm?. This agrees very 
well for the directly measured value for the charge symmetric reaction (Crawford 
and Stevenson 1955) of os(p + p>7*+d)= (0-14 + 0-01)» x 10-2? cm?, and shows 


that any deviations from charge symmetry near threshold in these reactions is 
small. 
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§ 1. INTRODUCTION 
HE emission of pairs from nuclei has been studied so far mainly as a tool 
| for determining the multipolarity of electromagnetic transitions (Horton 
1948, Rose 1949, Goldring 1953). It has already been noted (Devons 
and Goldring 1954) that this information is most appropriately obtained in 
measurements on pairs in which the angle between positron and electron is large, 
where the ‘ large ’ angles © are defined by 1—cos @ > 1/k, and 2 is the transition 
energy in units of mc?. In this region of large angle pairs both the angular 
distribution and the spectrum at any given angle depend strongly on the multi- 
polarity of the transition. Other features of this region are weak dependence 
of the pair emission intensity on the transition energy, and a rather complicated 
dependence on the orientation of the momenta in space in cases where the y-ray 
emission is not isotropic. A different region with quite distinct characteristics 
is the ‘small angle’ region 1—cos @<1/k. Here the emission intensity is 
almost independent of multipolarity but strongly dependent on &, and the spatial 
distribution of the momenta is very simple: it will be shown in the following 
paragraph that it is essentially the same as the angular distribution of the y-rays 
emitted in the same transition. 

The difference between the two regions can be understood qualitatively in 
the following way: the small angle pairs are produced at a large distance from 
the nucleus, in the radiation zone of the multipole field where the electromagnetic 
field approximates the field pattern at infinity, whereas the large angle pairs are 
produced close to the nucleus, in the ‘near zone’, where the field depends 
mainly on the structure of the radiating multipole. 


§ 2. GENERAL CONSIDERATIONS 


The number of electron positron pairs emitted per quantum into solid angles 
dQ,,dQ_ and positron energy interval dW, in any given transition, may be 
computed from the transition matrix elements given by Goldring (1953). We 
shall deal specifically with integrated distribution functions which are obtained 
from the original functions by integrating over the energy W., and by averaging 


ES 
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f4(@) are angular distribution functions; /! is the distribution function for _ 
he y-rays emitted in the given transition (as determined by the degree of polariza- 
_ tion of the nucleus before emission), and f,/is the distribution function of a spinless 
iP rticle emitted in the same transition with angular momentum J.« is the fine 
_ structure constant, and natural units (=m =c=1) have been used. 


Figure 1. @,/(k,¢) as a function of ¢ for Figure 2. @,(k, 0) as a function of k 
various values of k, 1. A,k=6; B, k= 10; for various values of /. 
C, k=15; D, R=32. Values of Jas in A. 


* The integration over W,, has in this case beén carried out for a fixed position 
é of the vector q. This does not correspond to the situation usually encountered 
in experimental arrangements where the integration over W., is carried out for 
2 fixed positions of the vectors P;, P_- However, if p,, p_ are nearly parallel, 
the distinction becomes unimportant, and this is in fact one of the reasons for 
the relative simplicity and ease of interpretation of the small angle emission. 
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Figure 3. Qg/(k, 9) and @yl(k, 1/2) as functions of k for various values of I. 
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It is therefore convenient to introduce a new kind of distribution function 
which gives the number of pairs in solid angles dQ.,, dQ_ per quantum emitted 
in the same direction as q and into solid angle 477; we, designate it by # (k,<) and 
(for high energies and small angles) one gets from (1): 


for M/ transitions: 
~ ~ ak? 
Pry (Re )dQ.,.dQ_ = 74078 ®,'(k,€)dQ.,dQ_ ale aeite) 


for E/ transitions: 


a 2 
Py (kye)dQ.,dQ_ = a ®,!1(h,e)dQ.,dQ_. 


The ratio of small angle pairs to quanta emitted in any direction is therefore 
determined uniquely by the function ©,/(k, «). If more than one multipolarity 
occurs in a given transition, the appropriate ®’s are simply added with the proper 


weights, since it can be shown that under the conditions considered here no | 
. . : 
interference terms will appear. | 
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§ 3. APPLICATION TO y-YIELD DETERMINATION 


The main difficulty in the absolute counting of y-rays lies in the fact that all 
‘y-counters ” are actually electron counters and the y-rays can only be detected 
through some intermediary process (photo effect, Compton effect, or external 


_ pair creation). In counting internal pairs one gains the advantage that the 


electrons are produced in the primary electromagnetic transition, and their 
number (and hence the transition intensity) can be determined directly. 

Small angle pairs afford particular advantages for this application: (i) the 
rather weak dependence on multipolarity allows one to determine the total 
transition probability from pair measurements even in cases where the multi- 
polarity is not known; (ii) because of the similarity in spatial distribution of 
y-rays and small angle pairs, one can determine the angular distribution with a 
y-counter and the pair measurement can be carried out at one fixed position. 

We consider a counter system which counts electrons (of both signs) in 
coincidence in sold angles Q,, Q, close to zero angle, for all energies but with the 
sum of the energies in both counters always being k — 2. The number of coinci- 
dence counts per quantum (in the same direction as the pair) is given by 


ak? 


aes Pil(F0)GQ2, 2 


N,=2 | Py (2,e)dQydQ, = 2 | Pray i(hye)dQ,dQ, = 


The factor 2 has been introduced because it is assumed that in both Q, and Q, 
electrons and positrons are counted indiscriminately. G is a geometrical factor 
which corrects for the fact that the counters have a finite angular separation 
and finite solid angles. G can be calculated quite easily since ® can be approxi- 


mated very well by 
®=a+b0?+c0* 


with constant a, b, c; where one may also put for simplicity © = +/2e/k. 

For two identical rectangular counters, subtending given solid angles at the 
source, one gets the maximum G for rectangles having sides in the ratio of 1/7 :1, 
touching along their longer sides. If the longer side subtends at the source an 
angle corresponding to «=2, one has G=0-88 for all /<2 and all R>4. From 
(3) one finds for this case: 


c . 0,'(k,0 
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§ 4, PRACTICAL CONSIDERATIONS 


All the foregoing considerations were based on the assumption that the 
azimuthal angle of p,, p_ about q has been averaged over. This condition may 
be realized by averaging the azimuthal distribution over two positions which 
differ in 90°. (The azimuthal angle 6 enters into the expression only as cos? 6 and 
sin? 5.) In practice this averaging procedure will hardly ever be necessary, 
as the difference in the distribution function for the two positions will always 
be small. This difference will of course be zero for isotropic emission ; for the 
anisotropies normally encountered in y-distributions, and for the range of « here 
considered the relative difference will be 0-01 or less. 

The solid angles ©,, 2, are limited by the requirement that the various approxi- 
mations made in the calculation should be justified, namely: the constancy of 
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n a previous paper, a variational principle was introduced for 1—p, 
ure probability for neutrons slowing down in a homogeneous medium 
e extent. In the present paper, the variational principle is used together 
mple but accurate trial functions to obtain expressions for (i) corrections 
to the commonly used ‘narrow resonance’ formula for capture and (ii) inter- 
ference effects in the capture of neutrons by closely spaced resonances. 


- , 
ie 


ith si 


—_— 


a § 1. INTRODUCTION 


"N studying the slowing down of neutrons in, say, homogeneous media of 
infinite extent one is quite interested in the probability that a neutron will 
be captured by a nucleus of the moderating material during the slowing 

down process. A typical slowing-down medium might consist of a mixture of 

light moderator (hydrogen, carbon, ...) and heavy fertile or fissile material 

_ (thorium, uranium, ...). The capture probability will be related to the neutron 

_ absorption cross section of the heavy nucleus. This cross section shows in 
_ general a characteristic resonance structure, and the existing analytical approxi- 
mations for the capture probability take the effect of this violent variation into 

- account only poorly (see for example Sampson and Chernick 1957). 

|. The most popular analytical expression is based on the narrow resonance 

_ approximation, in which it is assumed that a given resonance covers such a 

' narrow energy range that a single scattering collision with any nucleus in the 

medium will degrade the neutron energy below the resonance. ‘This approxi- 

mation leads to a neutron collision density through the resonance that is identical 
with the unperturbed, asymptotic density. It does not take into account the 
finite width of the resonance or the possibility of interference between resonances. 

A second approximation, called ‘infinite absorber’ denies the heavy nucleus the 

power to moderate neutrons (heavy nuclear mass tending to 20), so that only 

collisions with the light nuclei can knock nucleons out of the resonance. This 

' last approximation is useful for the broad resonances which occur at the lowest 

energies. It is not difficult to see that most resonances encountered satisfy neither 

the narrow resonance nor the infinite absorber conditions. 
In this paper we use a quite accurate variational technique, introduced by 
one of us (Corngold 1957) in an earlier paper. We obtain analytical results for 
corrections to the narrow resonance formula in single resonances and for the 
interference effects in capture by closely spaced resonances. 
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ate 


h,(u) = Swi Se 


and ¥***, © are respectively macroscopic scattering and total cross se 
ys, is the ritiston density solution to an idealized slowing-down problem in 
mixture under consideration; it obtains when all the g,(u)=0 and neutrons — 


produced by a source at u=0 make their first collision with a nucleus of type s. - 


ay has its customary meaning. The functional J[$, $*] is equal to 1/[fay(1— py] 


when ¢(u) is the collision density solution to the full slowing-down problem — 


and ¢*(w) is stationary with regard to small changes 64, 5¢* in these solutions. 

From the form of the equations defining ¢, ¢* (Corngold 1957), it appears 
that d)=¢)t =1/€ay is a good first guess at trial functions. Insertion of this 
value into (1) leads to what we shall call (1—p)yar. That this value isa considerable 
improvement over the narrow resonance value—which we obtain by discarding 
the double integral in (1) and again choosing ¢)=¢)* = 1/€ay—is apparent from 


the structure of the double integral and is borne out by actual numerical 


computation. The last statement holds also for the broad, low energy resonances. 
where the variational result lies close to the infinite absorber results. For 
_convenience we rewrite (1), with the choice discussed above for ¢ and ¢+, as 


(T=plar = i ¥e 
a == xm 1] | "> ss(uyau eae 
Te | *Sgi(u) du | i di S Flu w BW y vane (25) 
(1—P)we = x. 2 8.(u) du. Saath ee 


The error in the narrow resonance formula (2c) is due to the replacement 
of (uw) by its asymptotic form 1/ay in regions where it may deviate considerably 
from this value. By its stationary nature, the variational principle is much less 
sensitive to such variations in ¢(w). 

An analytical treatment of equations (2) is mane difficult by the discontinuous 
nature of the functions %, and the fact that the investigation involves integration 
over domains containing several singularities of %,. Thus direct substitution 
of %, into the double integral (2b) leads to exceedingly complicated algebra. 
We have found the double integral to be much more tractable if handled by 


mas eee 
cet. v _ §3. SINGLE RESONANCE ABSORPTION 


_We now seek to evaluate (25) for the case of absorption by one isolated 
resonance. To this end we write the 


es [See Falun) du 


appearing in (26) as the Laplace inverse of its Laplace transform 


dias INT , , 1 een w = INTs , ’ 
[Sse vhate—wy dum fT em |S sound Fa 
_ 0 8 : 2nt T—io 0s . 
; ars ECR re prt Unies cio (3) 

where the Laplace transform is defined by 
a: L{b(u)} = | Roa tt en ee (4) 
ia F 0 
f . The contour is any line lying to the right of all singularities of the integrand 
_ in the 7 plane. We insert (3) in (20) and interchange the order of integration 
/= whence 
ba 1 T'+i0 s A = 
: Tape [ Se LEO eee (5a) 
ae Tm J T—io | 8 


(- where 
: oe | S10 a eae (55) 


(4 and ,(7) may be written in terms of the scattering kernel K, (1) which characterizes 
the scattering by an s-type nucleus. 


ew Gaia 
K,(u)= a q,2uz9, g,=1n ee: — Ina, 
ee: =0 eisewhete@e = 9 7 ee 6 Wetec (6a) 
Z Pn K 
3 &.(n) = pole MMOMee oaciprs > sci (6) 


ies Yh,(0)K.(n) 
It is easily shown that lim #,(w)=1/Eav. 
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Pacers, i st lem in 
close to universal in that sieeey are pe bake — I 
section peak. As long as we choose and fone Pores for g,(u) v 
are cut off at a certain number of practical widths, %,(7) will have no oe i 
finite plane and the form of g,(u) modifies only the residues in our integral 
We have examined the consequences of using triangular and parabolic 
and we obtain results that have functional form similar to those obtained with 
the rectangular profile, but with magnitudes that are somewhat smaller, 
The terms ‘resonance height’ and/or ‘resonance width’ will henceforth 
refer to the characteristics of g,. Using (4), (56), (6) and (7) in (24) we find that 


jd Oe #(7—)\(E=) 818s 1a, exp(—9s7) 
2a1, T—ioo 1 n ls : — Ks ‘ h,(0) : 
ia 2 po {ie Oy exp( = an) 
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The simplest non-trivial case is that of hydrogen (s=1) mixed with some 
heavier resonance absorber (s=2). In this case (8) may be expressed via the 
substitutions 


Ve Se Se ts Ye= eee v=qon 


i 


as integrals of the form 
iper 1@ Caos eP’ dp 
2nt A | rato M(y/yg+e = 1)’ 
where p takes the values a@/q., —a/qs, 0, (@—q2)/q2, —(@+42)/G2, —2/q2. Note 
that the identity —A+2/q.=0 holds. 

The integrals (9) are inconvenient to evaluate directly by the method of 
residues, since (v/y)+e~”—1)~ has a simple pole at the origin and an infinite 
set of complex-conjugate pole pairs in the left half-plane extending out to infinity. 
This portion of the denominator, it should be emphasized, is due to %,(7). The 


chosen functions g,(7), ,(— 7) have no singularities in the finite part of the plane. 
Consider the expansion 
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This is readily shown to converge for Zv>0, since in this region |(e~” — 1)/»|? <1 


_ and 0<y,<1. This expansion has an interesting physical significance. It is 


essentially an expansion of (65) in the form 
Foon) = Koen] 1+ ZORA) = (¥ OK) | eee AY 


which represents source neutrons making successively 1, 2,... collisions. On 
summing the successive integrands which result when (10) is inserted into (9) 


_ we will get the contribution to the resonance capture due to neutrons making 


1, 2, 3, ... collisions in the resonance. 
Next we expand (e~”—1)* by the binomial theorem and interchange sums 
and integrals to obtain 
sy lsc <u ery Sal 
yea oe a TEN ie 
ae Pep air (—1)'(y2) atk Dot asain: (12) 
The sum over j is also physically interesting. Each term represents, as will 
become more apparent when the integration is performed, the full contribution 


- to the capture due to a region of width q, at distance jg, from the source. 


The integral (12) will now be evaluated in the customary manner by closing 
the straight line path with a curved contour whose radius is made to approach 
infinity, and upon which the integral approaches zero. When p—j<0 the 
closed contour extends to the right of the original path, when p —j>0 it extends 
to the left. In the case p—j<0 the contour encloses no singularities of the 
integrand and J’=0. For p—j>0 we have the residue of a pole of order 3+k 
at the origin. This means that j takes on a maximum value equal to the largest 
integer less than p, symbolized as [N] <p. Performing the integration for yo 
and expanding (*) we get as a result: 


7 es (-1Pee-9 as 
BX, im FD AFAR) 
From the values that p takes on and the above discussion regarding choice 
of contours, we see that only two values of p gives non-zero contributions. 
p=alq,, a>0; p=alqz—1, a> 92. (8) then may be rewritten as 


1=(3e)| POs ee a 222 1(a—a) | ee (14) 


where it is understood that the second term vanishes if a<q,. It may readily be 
verified that (13) may also be written as the single sum: 


era 5 (CM) Fl |}. ee (15) 
jade ad eels Tiara 

The sums converge very rapidly with ;. Four terms (j <3) give accuracy to 
approximately 0-1% for the largest argument yop we have calculated (y2p = 0-94, 
corresponding to a resonance 209, wide in a 10:1, H—-*38U mixture). This is 
equivalent to the usual statement in the literature that ;,(w) reaches its asymptotic 
value within 3g, of sources or sinks. 

With these results, we may write (2a) in a particularly instructive form: 


a= [ives (Fe) ~ 0,8 (A) |. we (16) 
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narrow resonance result. . a vies 


3.1 Non-Hydrogenous Systems 


The case of systems in which the heavy absorber is mixed with moderator — 


other than hydrogen is more complicated algebraically than the previous case 
but follows the same lines. The last term in the denominator of %,(n) becomes 


h.(0) 
2 {— X 


e—%" instead of ha(O)t9 oan, 
— by 

The denominator is first expanded as in (10). Two binomial expansions are 
now necessary; one in j, measuring distances in units of g, and one in 7, 
measuring distances in units of g,. The only non-zero terms contributing to 
the integral (8) are for p=a/q,, a>0; p=(a—4qz)/Go, A> qo; and p=(a—4q,)/qo, 
a>q, For practical moderators (carbon or lighter), the last case would 
represent an unrealistically wide resonance and may be ignored. With this 
proviso (13) becomes 


oS fs 2. Ron aes ) 
rO)\=, > 2 = renee 


yy and A are as defined previously, but they now obey the relation 


\—%2 _%1— 0, where WS EO) egy ; 

1l-a, 
For mixtures containing hydrogen y,=0, and these expressions reduce to ones 
quoted earlier. J’ is still related to. by (14) and the discussion following (16) 
applies here as well. 

In order to consider the expression for p») in some detail, we must examine 
the quantities h, and g,. In all cases 0<h,(u) <1, B,4,(0)=1 and —1 <g,(u) <1. 
If we assume that the light material does not capture neutrons we can deduce 
further that g,(u)>0, while g. can have either sign. Since 1/(1—a)> 1/(1—a,) 
the sign of &,g,/(1—«,) and of the correction depends largely upon the sign of go. 
From its definition it will be seen that if g.>0, 0<g)<h,(0), and is generally 
quite small. However, when g, is negative its magnitude may be of the order 
of unity. Therefore the corrections for resonances characterized by 222 0} 
which will henceforth be called absorption resonances, will be less than those 
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A=10-1 Hue SCATTERING RESONANCE 
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Figure 1. Ratio of variational to narrow resonance calculations of capture in single 
resonance in variety of systems. Resonance width is measured in lethargy units of 
SIZE go. 


of h,(0) (potential scattering per heavy atom). Thus 40:1, C-U is to be 
compared with 10:1, H-U. 

Note that for scattering resonances p> 1 since the narrow resonance result 
ignores the build-up of the collision density in the resonance, which would lead 
to greater capture. For absorption resonances py < 1 since the narrow resonance 
result ignores the depletion due to absorption, which would lead to lower capture. 


§ 4. INTERFERENCE BETWEEN RESONANCES 

We now consider two resonances, of width a and b, each with g,(u) of the 
rectangular shape discussed above, with edges located at u=0, a, at+l,a+b+l. 

If the transform of such a function is inserted into (5a) we may separate the 
integrand into four groups of terms with the following physical significance. 
Two are equivalent to (8) and represent the effect of the two resonances acting 
independently. ‘Two are ‘nteraction terms, one of which represents the effect 
of the second resonance on the first, which we expect should be zero. Indeed 
it is found that the normal form (9) of this integral contains only integrands 
with p<0, all of which integrate to zero, following an earlier discussion. The 
fourth group we call the interference integral J.- It has the form 


1 es 
ig a Bro +f 


dat“; fea s 
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Note that if a or b equals zero, the integral vanishes, as it should. If /=0, the 
numerator becomes e@+#”—e”—e+1. The last term does not contribute, 
the second and third terms cancel the contributions from the integrals which 
represent a and b acting alone, and we are left with the contribution of a resonance 
of width a+b. 

The integration is exactly that which we have performed previously. For 
the case of a general mixture 
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where J’ is related to J in the same way as I’ is related to J (14). Note the J” is 
a sum of four series of the form (17). The sum over m is an artifice to take care 
of the four terms in (18). (19a) holds if all p,,<4q,/q2, certainly the case in 
hydrogen-moderated systems. New terms start to enter when any of the p,, 
become greater than q,/q,. Note that the upper limit of the sum over j may 
be different for the different p,,,. 

It may be shown that the series converges as /, and hence all the p,, become 
very large. The result, which we term J,,, is equal to ¥,¢,,2.8.,(4b/Eav) which 
is independent of / as expected on physical grounds. J,, is easily shown to be 
the portion of (18) due to the »=0 pole of %,(7), i.e. the asymptotic value 
#(u)=1/ay in the u-plane. It is related to the ‘bite’ taken out of the flux by 
the first resonance. We will subtract this portion from J in the numerical work. 

Finally, we exhibit the form of the correction in analogy with equations (2), 


(1—p)var Fiat Pg 1 
(iti. | texrr eee (20a) 
I,+1,+J AG 
X= ——— Ya os =e 205 
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I, and I, refer to (17) applied to resonances a and b respectively. For 
the interference studies we define p,= 1/(1+X) and use the parameter 
P2=(p—p1)/p1= —p, Y/(1+ p,Y) to indicate the magnitude of the interference 
effect. py, is the ratio of captures due to interference to non-interference captures. 


§ 5. NUMERICAL RESULTS 


The basic series (17) is very rapidly convergent. Convergence in j has been 
previously discussed, and the series in k converges like the exponential, as 
indicated by (15). Thus for any given system specified by Ag, and y, with resonance 
width or spacing specified by the f,,, it is a simple matter to generate the series 
by hand computation, or, as we have done, with a small computing machine. 

Specific results are presented below in the form of figures. These are based, 
of course, on the rectangular profile chosen for &;(u). Examination of the 
consequences of refining the profile has convinced us that the results here 


presented are a slight overestimate of the values to be obtained for real 
systems. 


to captures. obtained 
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gure 3. een 2. Here a scatter- 
ing resonance of fixed width scatters. 
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Figure 5. ie fone 2. Weconsider two differ- 
ent mixtures of C-?88U and interference 
between two identical scattering resonances. 
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F eure 1 deals with capture by a single resonance in typical C*U, HU 


mixtures and displays the ratio (1—p)var/(1—P)yp a8 @ function of resonance 
width. Figures 2 to 4 display the interference effect py as a function of resonance 
spacing /q, for several systems. In figure 2, two scattering resonances of varying 
width in a 10:1 H-®8U system are studied. The notation (a, 6) for each curve 
tells the width in units of g, of the first and second resonances respectively. 
In figures 3 and 4, which also deal with a 10: 1 H—*88U system, the first resonance 
is of fixed width g, and is of scattering, then absorption type, while the second 
resonance is of varying width and varying type. The sign of the interference 
effect is governed by the function ¥,g,#, and it is not difficult (Corngold 1957) 
to predict the result found in these figures, that perturbations in the collision 
density caused by a [Sattcring ] resonance cause a [positixe, ] interference effect. 
Figure 5 shows interference effects in two C-*88U systems. Here the curves 
do not fall rapidly to zero because the effect of carbon scattering does not 
disappear for several g, from the resonance, and the calculations have only been 


done to points slightly less than q,. 


§ 6. SUMMARY AND DIscuSSION OF RESULTS 


We believe that the following conclusions regarding real systems of moderator 
and resonance absorber may be drawn from our work. 


1. The narrow resonance approximation may be very bad in any given 
resonance, especially one in which the resonance is of the order of or larger than 
gq and/or X,g./(1—«,) is significantly different from zero. Similar conclusions 
may be found in the studies of Spinney (1957) and Schermer (unpublished), 
the latter quoted partially by Corngold (1957). ‘They deal with 1:1 H—*8U 
mixtures, and thus it is not surprising that the corrections are even larger than 
those calculated above for a 10:1 mixture. The overall error in calculating 1—p 
using the narrow resonance approximation for all resonances may be comparatively 
small however due to cancellation of large errors of opposite sign. Such a 
calculation has been shown by Spinney (1957). The correction is positive for 
“scattering ’ resonances, negative for ‘absorption’ resonances. The distinction 
of resonance type is based on the sign of ¥,g,/(1—«,) generally, although non- 
hydrogenous moderators have other considerations. This is essentially Spinney’s 
parameter in his ‘modified narrow resonance’ calculations. 

2. The corrections increase with heavy atom concentration, although the 
dependence is not a strong one. 

3. The (single resonance) correction decreases with moderator mass, the 
scattering cross section per heavy atom being held constant. 

4. ‘The corrections are not necessarily larger for resonances with larger peak 
cross sections. It is the fractional scattering probability which is important 
(this we have called h,). However for the very small resonances encountered 
in the high energy range the correctiens will be much smaller than those exhibited 
here. ‘These are resonances in which the peak heights are of the order of the 
potential cross sections. 

5. ‘The interference portion of the correction term is quite small even at its 
largest values. 

6. ‘The interference at essentially zero spacing is a maximum for two resonances 


both on the order of $q, to g, wide. It is smaller for both narrower and wider 
resonances, 
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Abstract. The mobility, thermoelectric power and weak field Hall coefficient 
have been calculated when the charge carriers of a polar semiconductor are 
scattered by an optical mode of vibration of the lattice. The collision operator 
derived by Frohlich, and Howarth and Sondheimer was used, and the Boltzmann 
transport equation was integrated directly on an electronic computer. Results 
are given for 20>T>06/2 and 5>y>-—2. (my is the reduced Fermi level, 
6=vh/k, and v is the frequency of the longitudinal optical mode.) These 
results are compared where possible with those obtained from a different method 
of calculation by Howarth, Lewis and Sondheimer. Rough values are also given 
for the Lorenz number and weak field Ettingshausen coefficient. 


§ 1. INTRODUCTION 


N this paper numerical values are given for the conductivity, thermoelectric 
] power, Lorenz number and the weak field Hall and Ettingshausen 

coeflicients when the charge carriers in a polar semiconductor are scattered 
by an optical mode of the lattice vibrations. The collision operator which was 
derived by Frohlich (1937) and by Howarth and Sondheimer (1953) was used. 
These authors assumed that the interaction between the lattice and a charge 
carrier was weak, that the energy band was spherical and the density of states 
parabolic, that the phonons of the optical mode had a single frequency »; and 
that they lay in a sphere in wave vector space. The collision operator is such that 
a relaxation time can only be defined at very high temperatures when RT'S hv 
or at very low temperatures for non-degenerate material, and consequently 
the usual methods of determining the transport coefficients are not applicable. 
Numeral values for the thermoelectric power, conductivity and Hall coefficient 
have been calculated by Howarth and Sondheimer (1953), and Lewis and 
Sondheimer (1955). These authors used Kohler’s variational principle. In the 
present paper a different method of calculation was used, and the results of the 
two methods are compared in § 4. 

Optical mode scattering has been considered for sintered CdO by Wright 
and Bastin (1958), for PbS by Finlayson and Greig (1956) and also by Petritz 
and Scanlon (1955), and for Mg,Si and Mg,Ge by Morris, Redin and Danielson 
(1958). Ehrenreich (1957) has given a detailed discussion of the electron mobility 
in intrinsic InSb. He extended the theory to cover the non-parabolic density 


of states in n-type InSb, and used Howarth and Sondheimer’s method to calculate 
the conductivity and thermoelectric power. 


<< 
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§ 2. METHOD OF SOLUTION 
It is convenient to define a temperature @ associated with the longitudinal 


_ optical mode of frequency 1) by RO=hy. The Boltzmann equation in weak 


magnetic fields can be reduced to a second-order finite difference equation, 
relating the values of a certain distribution function f at energies E, E—k0, and 
E+k6. The details are given in Howarth and Sondheimer’s paper. ‘These 
authors used Kohler’s variational principle to solve the equation. ‘The unknown 
distribution function was represented as a power series in energy, and the 
coefficients were determined by making a certain integral a maximum. ‘The 


~ transport coefficients were then expressed as the ratios of infinite determinants. 


Howarth and Sondheimer broke off the determinants after two or three rows 
and columns in order to obtain numerical values for the transport coefficients. 
This is equivalent to taking two or three terms in the power series for the 
distribution function, and the conductivity calculated in this way is always less 
than the exact value. The difficulty in this method is to estimate the importance 
of the omitted terms in the determinants. 

The results given in the present paper were obtained by integrating the 


Boltzmann equation numerically on an electronic computer. The method used 


was roughly as follows. 

The number of charge carriers must be finite and so f must tend to infinity 
less rapidly than exp (E/RT) as E tends to infinity. If E/R@ is written as 7+4, 
with r an integer and 0<a<1, the Boltzmann equation can be written as 


Ly ee ey ay ee ne (1) 


f, is the distribution function at E= k6(r+a), and A,, B,, C, and D, are known 
functions of 6/T, y, a and r. Ina particular calculation the first three of these 
are fixed. It is assumed that f, is known from fy to f,,_, and it is shown how f, 
was calculated. Equation (1) was used to calculate f, (for r>n) in the form 


f= G.I, oii. Dormiaead (2) 


with G, and H, known functions of A, B, C and D. 

It was found that as r tends to infinity G, and H,, both become proportional 
to exp (mr), and that m is a positive constant. So if f, is to satisfy the boundary 
condition, f,, must be determined by 

ewes 
ee Se ee eee 3 
yee G. 3) 
This process was used to calculate f,, from f, to the point where f made a negligible 
contribution to the transport integrals. ‘This established f from E = R@aat intervals 
of RO. The calculation is repeated for different values of a until f is known at 
sufficiently close values of E. Generally this must be at intervals of $k’ or less. 


§ 3. NUMERICAL RESULTS 


Results were obtained for 26> T7240 and 5272 —2. The conductivity 
was expressed as 


(Carre eiatataca ae 
°= 30 (1)? C(2; 9)- (4) 


V is the volume of the unit cell, / the reduced mass of the ions, 1) the frequency 
of the longitudinal optical mode, s=6/T7, 7 the reduced Fermi level and e* is 


| + Calculated assuming a relaxation time rocE+?, tees 


” =2 a 0 1 a7 
x | 


+0 5-00 4-12 3-29 2-59 1-67 1-17 
0-5 489 3-98 3-16 2-43 — — 
1 4-40 3-47 —" * 222 1-44 0-98 
iso — — — 1-90 1:25 0-86 
2-0 3-70 7 1:56 ta -PL06795 


+ Calculated assuming a relaxation time tOoCE*+1?, 


Table 3. Rnec 


n ty 4 0 1 3 5 
Be 


+0 1-105 1-094 = 1-068 1-04 1-02 
0:5 1-05 1-04 1-02 ee On = 
1 1-10 1-09 = 1:01(5) 1-01 1-00 
1:5 ba. — = 1:05 1-01 1:00. 
2:0 1:34 1-33 =. 1:13 1-02 1-01 


+ Calculated assuming a relaxation time Toc E+1/?, 


The thermoelectric power Q, is givenas Qe/Rintable2. k/eis 86-17 uv deg. 
Rnec is given in table 3. Ris the Hall coefficient and m is the number of charge 
carriers. ‘These results should be accurate to at least 5%. 

Results for non-degenerate material were not calculated specifically, but those 
for 7= —2 can be used to estimate what they will be. It was not though worth 
while to extend the results to lower temperatures, as for most semiconductors 
other scattering mechanisms must be included below T= 436. Strong field effects 
can be calculated in a similar way to the method used for weak field effects, but 
no numerical results are reported here. 


Table 2. The Thermoelectric Power x e/k * a 


a 


a 


ee 
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Table 5. The Dimensionless Lorenz Number Ly defined in equation (8) 


—f. 


a eae irene Lio Se nae Ne 
3-0 tS 3-0 a 3-06 eae 
2-2 2-2 21 ® me ak 
2:5 = a oe pe 24 22 
a wise — 1 1-9 1-7 
14 11 be 1-6 1-5 1-4 


+ Calculated assuming a relaxation time FOC 


The distribution functions that were used to obtain the results of tables 1, 2 
and 3 can also be used to calculate the Lorenz number and weak field Ettingshausen: 
coefficient. These two effects depend on the difference of two similar numbers. 


and the results of tables 4 and 5 are of low accuracy. In particular, the 


Ettingshausen coefficient could be wrong by 100%, but the results reported should 


be qualitatively correct. It is convenient to define dimensionless quantities Ep, 


L, as follows. 
For the Ettingshausen effect one has 


dT _J,(RHa) RT , ; 

pps geers a SRR PIO) es Th seer (7) 
ca is given in table 4: «tis the total thermal conductivity. The Lorenz number 
is written as 


Ke k2 73 (8) 


5 ala e ee a eee ae ee 


Ly is given in table 5. 


§ 4. DISCUSSION 


The method used by Howarth and Sondheimer to solve the difference 
equation works best +f the distribution function is a slowly varying function of 
energy. Some of the distribution functions calculated by the method of this 
paper for T less than # have maxima and are clearly not slowly varying functions. 
Even so the results of Howarth and Sondheimer for the thermoelectric power 
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Controlled Vapour Pressure 
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Abstract. ‘The diffusion of phosphorus into silicon has been studied and a 


_ relationship between the surface concentration of phosphorus and the vapour 


pressure of the phosphorus ambient is presented. It is shown that control of 
the surface concentration over the range 3 x 101° atoms/cm’ to 5 x 10!* atoms/cm? 
has been achieved. Factors setting the limits to the range are discussed anda 
method of raising the upper limit to 10®° atoms/cm? is indicated. The results 
are discussed in relation to the theory presented by Smits and Miller. 


§ 1. INTRODUCTION 


IFFUSION of phosphorus into silicon from an infinite source, that is, 
te) one which is large compared with the total quantity diffused, gives a 

surface concentration of about 102° atoms/cm?, a value which apparently 
only depends on the solubility of phosphorus in silicon at the diffusion 
temperature. Measurements made in this laboratory suggest, in agreement with 
the theoretical considerations of Thurmond and Struthers (1953), that the 
solubility is practically constant over a range of diffusion temperatures from 
about 900-1300°c. 

For some applications it is desirable that the value of surface concentration 
be controllable and this paper describes a method using a controlled vapour 
pressure of phosphorus, which has given values of the surface concentration in 
the range 101* to 5 x 10!8 atoms/cm’, and a technique for extending the upper 
limit to 102° atoms/cm? is indicated. The experiments are described in some 
detail as it is believed that consistent results depend markedly on the correct 
procedure. A preliminary report on the results has been published (Coupland 


1958). 


§ 2, EXPERIMENTAL DETAIL 


A diagram of the apparatus is shown in figure 1. Boron-doped p-type 
silicon slices from vacuum-pulled crystals are lapped on Unirundum 85 powder, 
thoroughly cleaned in an ultrasonic wash and finally polished to a mirror finish 
in an etch of 4HNO,:HF, about 100 being etched off each face to ensure 
freedom from working layers at the surface. Slices with visible imperfections 
are rejected. ‘The slices are mounted vertically in a ‘toast rack’ of vacuum 
pulled silicon of better than 200 ohm cm resistivity, and placed in a quartz tube. 

Pure distilled yellow phosphorus is dropped into a thin-walled glass phial, 
previously partly filled with solid CO; to displace oxygen, pumped to a vacuum 
of about 10->mb and sealed off. The phial is placed in an extension of the 


+ Now at British Joint Services Mission (Navy Staff), Washington, D.C. 
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quartz tube, in a constant temperature bath, together with a steel ball used later 
to break it open. The whole system with the end containing the silicon slices 
held in a vacuum furnace is sealed to a pumping system and care taken to arrange 
that the phosphorus is in the coldest part of the system, heating tapes being used 
where necessary. 

The furnace is raised to 700°c over a period of about 2:5 hours, the system 
being pumped to a hard vacuum to ensure thorough outgassing of the quartz 
and some measure of vacuum clean-up of the silicon. At 700°c the tube is sealed 
off from the pump, the phosphorus phial broken and the temperature slowly 
raised to 1000°c over two hours to allow the phosphorus vapour to come to 
equilibrium throughout the system. The furnace is then rapidly raised to the 
desired diffusion temperature and controlled to within + Dog oF 


High Vacuum 
cua Rough 
Vacuum 


Figure 1. 


It is believed that consistency of the results depends largely on the cleanliness 
of the silicon surfaces and the lowest possible level of residual gas in the system. 

After diffusion and cooling, at a rate of 10 deg min“ at the maximum 
temperature, the slices are clean in appearance but have a matt surface. 

The junction depths for each batch are measured by lapping a 5° bevel and 
staining, to show up the p-region. ‘The impurity concentration through the 
surface layer is then determined by successive etching and four probe conductance 
measurements, both techniques being described by Fuller and Ditzenberger 
(1956), the variation of mobility with impurity concentration needed in this 
determination being taken from Morin and Maita (1954). This technique gives 
close agreement with values found by radio-activation analysis. 


§ 3. RESULTS 

Table 1, columns (1)-(6), gives details of the experimental results. It will be 
noted that several experiments were tried at — 43°c and only one was successful. 
The value of surface concentration given for that experiment is probably only 
reliable to + 100%. The negative results do show, however, that the junctions 
are not produced by heat treatment effects, presumably due to the fact that 
crystals are vacuum pulled. 

Figure 2 is a plot of surface concentration and phosphorus vapour pressure 
against temperature. The phosphorus vapour pressure has been reported by 
McRae and Van Voorhis (‘Tennessee Valley Authority 1950) for the range + 20° 
to +40°c and these results fitted to an equation which has thermodynamic 
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riment No. ; (2) slice resistivity (ohm cm); (3) diffusion temperature (°C) ; 
‘time (hours) ; (5) phosphorus temperature (°c) ; (6) surface concentration 
¢t7) Res 48) S/K (Seem). - - . 


lity. The curve given here is an extrapolation of this equation but as a 
. the vapour pressure at 0°c has been determined. This value is shown to 
in good agreement with the extrapolated value. 


— Theoretical Curve 
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Cy =10'° at alle 
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° Experimental Points 


Surface Concentration (atoms/cm*) 
C ( atoms/cm’) 
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oi 30 350 x Depth (4) 
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Figure 2. Figure 3. 
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Figure 3 is a typical curve for impurity concentration against diffusion depth. 
The solution of Fick’s law for an infinite source of diffusant at the surface «=0, 
which is of the form 

C(x, #) = C, erfc x/2(Dt}* none a 

(D = diffusion constant), has been fitted both to the measured value of Cy at x=0 
and to the measured value of x for which C (x, t)=106 atoms/cm*. ‘This is 
plotted as a full curve in figure 3, the reasonable agreement with the individual 
experimental points showing that equation (1) is obeyed under the conditions of 
the experiment. From the fitted curve a value of D can be deduced, and when 
averaged from over all the measurements at 1200°c this gives D=2-7 + 0:5 x 10-¥ 
cm? sec! for phosphorus in silicon at 1200°c. This value agrees closely with 
that given by Fuller and Ditzenberger (1956), but the individual scatter amounts 
to +50%, due to uncertainties on the temperature and concentration 
measurements. 


§ 4. Discussion 
4.1. Use of Yellow Phosphorus 


Red phosphorus would be easier to handle than yellow, but there is consider- 
able uncertainty as to its composition and to whether, under the usual methods of 
preparation, it has a unique vapour pressure (‘Tennessee Valley Authority 1950). 
Early experiments with red phosphorus at temperatures of 200°c gave inconsistent 
results. Yellow phosphorus which is readily available in a highly purified form 
is therefore used. However, at some temperature, which seems to be uncertain, 
the vapour will condense in the form of red phosphorus, a deposit of which is 
found on the tube in all these experiments. It may be argued as follows that 
under certain conditions this will not affect the results. 

Suppose the temperature of conversion from yellow to red is 7, which lies 
between the furnace temperature and the cool source temperature, corresponding 
to a vapour pressure of red phosphorus of P,, and let the vapour pressure of 
yellow phosphorus at the source temperature 0 be P,. If then P,<P,, the 
system will reach equilibrium at a pressure P, by the condensation of red 
phosphorus into parts of the tube at a temperature T such that P,=P,. Under 
this condition @ will control the vapour pressure in the system at P,. 

However, if P,>P, it is supposed that red phosphorus will be produced 
regardless of pressure at some limiting temperature 7’, the vapour will distil 
from the cold regions and convert to red phosphorus until the supply is 
exhausted. Under these conditions control will be lost. 

There is only limited experimental evidence to support this hypothesis: 
(i) Control is evident from —45°c.to +34°c although red phosphorus is formed. 
(ii) A study of the vapour pressure data and the temperatures quoted for 
conversion from red to yellow phosphorus suggests that control will be lost for 
@ greater than 40°c. The single experiment at @=78°c seems to confirm this 
since, if control does not break down, the value of the surface concentration 
should be much higher. It is noteworthy that in this case the yellow phosphorus 
had entirely been converted to the red allotrope. 


4.2. Theory 


Diffusion of antimony out from germanium has been studied theoretically 
and practically by Smits and Miller (1956, 1957), and also by Lehovic et al. 


ill either diffuse into the bulk mat ial or re-evaporate. 
kinetic t the number N of molecules striking unit area of a surface 
time is given by N=}NeV where V is the mean molecular velocity. 
ese only a fraction S will have sufficient energy to overcome the barrier 
ential and hence the number attaching to the surface will be {SNgV where S 
esents the fraction of molecules such that } mu? > E, where u is the molecular 
ity. The number re-evaporating will be proportional to the surface density, © 
t is, KNe where K=a rate constant. At equilibrium, then, 7 


—  KNe=iN2VS 
Det 
Ne= KR FamkTH ieee te) 


where p=diffusant gas pressure determined by the temperature 0, m= mass of 
impurity molecule, 7=temperature of the solid, k= Boltzmann’s constant. 
Since S and K are independent of the phosphorus pressure, Ne should be 
— proportional to p for constant 7. This is verified by the results in figure 2. 
; Equation (1) is only strictly true when diffusion into the solid has ceased, 
but it will be shown later that a state of ‘ quasi-equilibrium ’ exists where the 
surface concentration is effectively constant and the rate of flow of impurities 
into the solid is very much less than the number re-evaporating; here this 
equation becomes a good approximation. From the experimental results values 
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Figure 4. 


of kg and S/K are deduced and given in columns (7) and (8) of table 1. Fora 
given diffusion temperature the ratio S/K should be constant ; the values obtained 
show some variation, which is not correlated with the phosphorus temperature 
and is probably due to the different states of the surfaces in different experiments. 
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Smits and Miller have shown that the value of the barrier potential E may 
be estimated from the slope of the curve of kg plotted against J /T shown in 
figure 4. Then, assuming a Maxwellian velocity distribution in the gas, and 
applying the condition }mu> E, the value of S may be estimated, and a value 
for K follows from the experimentally determined ratio S/K. Application of 
this analysis to the results in figure 4 gives H=1-4 ev and hence 

S=10-4, K=10~ sec at 1200°c. 

The solution to the diffusion equation under the particular boundary con- 
ditions of constant diffusant density (in the gaseous phase) and zero concentration 
in the solid-at t= 0 is given as 

N(y,2)/Ne=expy? [exp (y*) erfe y— exp {(y +2)} erfe (y+2)] =/(y, 2) 


‘ quasi-equilibrium ’ state. 
At the surface x=0 and equation (3) reduces to 
N(0, 2)/Ne=1- exp (z?) erfe 2. 
Hence the state of ‘quasi-equilibrium’ exists when exp (z”) erfc 2 is less than 
the. experimental error of the measurements. 


— ——_ 
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Figure 5. 


Curves of N(0, z)/Ne plotted against time are shown in figure 5 for various 
values of the parameter K. These apply to diffusion at 1200°c. Since experi- 
mental values of N(0, 2) are probably only accurate to about 50% a value of 
K>10-* gives a state of ‘quasi-equilibrium’ for diffusion times greater than 
1 hour or so. 

The experimental values show no significant variation with the diffusion 
period; this fact, coupled with the estimate given above for K, shows that under 
these conditions time can be employed as an independent parameter to produce 
varying junction depths. 


4.3. Limitations of Application 
The simple theory outlined above takes no account of the evaporation of 
silicon during diffusion. ‘This could be expected to affect the theory in two ways: 
(i) by causing sufficient loss of material during the diffusion so that the 
boundary conditions leading to equation (2) no longer apply, (ii) by collision 


re and reference to figure 2 indicates the approximate lower limit of 

concentration set by this effect. 

se values are given in table 2 with values of silicon vapour pressure 
reported by Honig (1957). 


7 


I Table 2 
5 ‘Temperature (°C) | 1100 1200 1300 1350 
Surface concentration (atoms/cem*) 3x10 2x 105 2x10% 102? 


Silicon vapour pressure (mm Hg) 3x10-* 2x10-% 2x10 10-3 


Reference to table 1 shows that difficulty has been found in producing junctions 
with surface values of 3 x 10% atoms /cm® at 1200°c which supports the above 
conclusions. It should, however, be possible to lower the surface concentration 
below 3 x 10% atoms/cm® by diffusion at a lower temperature, at the expense 
m of very much longer diffusion times for a given junction depth. The upper 
_ jimit in these experiments is about 5 x 10%* atoms/cm®; however there appears 
to be no reason why a similar process could not be used for red phosphorus, 
provided this could be obtained in a pure unique state. Values in the range 
1018-102° can readily be obtained by the two stage diffusion process. Phosphorus 
is diffused from an infinite source to produce a thin layer with the saturated surface 
concentration value, the total amount of diffused phosphorus then being calculable 
as a function of diffusion time. A second stage of diffusion with no external 
source, then causes the phosphorus to diffuse further into the solid to the required 
depth. Since the total number of phosphorus atoms is now constant, the 
concentration at the surface must decrease. The surface concentration is a 
function of the first diffusion time, but practical limits gives about 1018 atoms/cm?® 
as the lowest value attainable by this process. 


§ 5. CONCLUSION 
A method has been described which enables phosphorus diffused junctions in 
silicon to be prepared with a given surface concentration within the range 
10265 x 1018 atoms/cm® and a given junction depth. A method of extending 
the upper limit is sndicated. The limitations have been discussed and the results 


agree with the theory by Smits and Miller. 
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- Abstract. Excitation functions have been measured for the (y, n), (y, p) and 


(y, pn+y, 2n) reactions in *8Ni and the (y, p) reaction in Ni, from threshold 
to 32 Mev. A preponderance of protons is found from **Ni with the ratio 


32 32 
| sG@epydk / | Gly, nd 2235 40-20; 
0 0 


The shapes of the (y, n) and (y, p) cross sections are found to be very similar, 
peaking near 19 Mev with widths of about 4:3 Mev. The 58Ni (y, pnt+y, 2n) 
cross section increases monotonically from threshold to 32 Mev, and the integrated 


~ cross section is about 12° of the total which is 


32 
{ [o(y,n) +0(y,p) +o(y, pn +y, 2n)] dE = (0°84 + 0-10) mev barns. 
0 


The Ni (y, p) reaction is found to have an integrated cross section of (0-13 + 0-02) 
Mev barns and to peak at 22 Mev, with a width of about 5-2 Mev. 


§ 1. INTRODUCTION 


X PERIMENTS on the competitive modes of decay of medium-weight nuclei 

Kk bombarded by charged particles with energies of about 20 Mev have showna 

preponderance of protons among the reaction products (Cohen and Newman 

1955, Cohen, Newman and Handley 1955, Cohen 1957, Ghoshal 1950). It is 

therefore of interest to see whether a similar preponderance of protons occurs 
among the photodisintegration products of medium-weight nuclei. 

58Ni is a suitable nucleus for this work since the (y, p), (y, 0), (vy 2m) and 
(y, pn) reactions all lead to radioactive products so that a comparison of, in par- 
ticular, the (y, p) and (vy, n) yields can be made very simply. This method should 
lead to a better estimate of the relative proton and neutron yields than can, for 
example, be obtained by combining the *8Ni (y, n) activation data of Katz et al. 
(1951) with the data of Halpern and Mann (1951), who counted the photo-protons 
emitted from foils of natural nickel. ‘The photo-proton and photo-neutron yields 
for ®8Ni estimated from these two experiments are approximately equal, whereas 
Cohen, Newman and Handley (1955) find that for °N1 

o(p, 2p)/{o(p, pn) + o(p, 2n)} =2°8. 

The reactions which have been studied in the present experiment are listed in 
table 1, together with their thresholds and some properties of the residual radio- 
active nuclei. Further-details of the decay schemes are given in the next section. 

The four listed reactions in *8Ni, taken together with ®8Ni (y, «) (Spicer et al. 
1957), should virtually exhaust the total absorption cross section thus permittin g a 
meaningful comparison with sum tule calculations. The ®Ni (y, pn) reaction 
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Table 1 

1 (2) (3) (4) (5) 
ot n) 67°8 11:7 36 hr ®’Ni y+, 123, 1360 
58Ni(y, p) 67°8 ae 270 day ®’Co 127 
58Ni(y, 2n) 67:8 22°8 6-4 day **Ni Many 
58Ni(y, pn) 67-8 19-3 77 day *Co —_—y*, 845, 1200 

etc. 

Ni(y, pn) 26-2 19-8 72 day ®Co —y*, 805 
®2Ni(y, p) 3-66 11-3 99 min ®1Co 70 


= 
(1) Reaction; (2) target % abundance; (3) threshold (mev) ; AGe) product activity; 
(5) prominent y-rays (kev). y+ indicates positron annihilation radiation. 


gives rise to a complication that will be discussed below, while the “Ni(y, P) 
reaction provides an interesting comparison with the (y, p) reaction in °*Ni. 
The approximate symmetry of *8Ni (Z = 28, N =30) makes a careful measurement 
of the (y, p) and (y, n) cross section shapes of some interest from the viewpoint of 
the single-particle theory of photon absorption (Wilkinson 1956) insofar as the 
giant resonance behaviour is expected to reflect the properties of the nuclear 
potential seen by neutrons and protons. 


§ 2. EXPERIMENTAL PROCEDURE 


Samples of nickel metal (<0-1°% cobalt impurity) were irradiated in the 
bremsstrahlung from the Canberra electron-synchrotron in 1-Mev steps from 
12 to 32mev. The lower limit of 12 Mev was that at which no yield from the 
58Ni (y, n) reaction was observed after a six-hour irradiation. Although the 
58Ni (y, p) threshold is some 4 Mev lower in energy, owing to the very long half- 
life of the product nucleus *’Co (270 days) and the shape of the cross section 
(figure 2), prohibitively long irradiation and counting times would have been 
required to extend the measurements below 12 Mev. Irradiations were of dura- 
tion from six hours to one hour as the bremsstrahlung energy was increased. 
Target samples were cylinders of }-inch in diameter and of two different thick- 
nesses: 390 mgcm~-? (thin) and 5gcm~-? (thick). Two cylinders were irradiated 
simultaneously with two thin foils of tantalum metal on each side of the thick 
sample and with the thin sample on the side of the target facing the synchrotron. 
This procedure was necessary owing to the long half-lives of some of the reaction 
products of interest. ‘The tantalum foils were used to monitor the dose per 
irradiation through the yield of the 18'Ta(y, n) reactions. The radioactive 
product yields} were measured with the aid of a scintillation spectrometer, a 
detailed description of which has been published (Carver and Turchinetz 1958). 
The procedures adopted for each particular reaction are outlined below. 
*SNi(y,n). Relative yields were determined from the intensity of the annihilation 
radiation and the 1-36 Mev gamma radiation. The absolute yield was obtained 
by comparing the yield of the annihilation radiation with the annihilation radiation 
from ®Cu produced by simultaneous irradiation of similar nickel and copper discs 
and counting in the same geometry. The "Ni decay scheme adopted was that of 
Konijn, Hagedoorn and Van Nooijen (1958), and the ®*Cu decay scheme was taken 
from the compilation of Way et al. (1955). The contribution of the uncertainties 
in the decay scheme of *’Ni to the probable error in the absolute yield is about 10%. 


t All radioactive yields have been corrected for decay during irradiation. 


ee ed 


The absolute yield of the ®Cu (y, n) reaction was taken from the work of Berman 
and Brown (1953) which is the adopted standard in this laboratory. Berman and 


- Brown estimate their uncertainty in the ®*Cu (y, n) integrated cross section as 5%. 


In this work it is estimated that the integrated cross section for the **Ni(y,n) 


4 reaction is known to within 15°, while the ordinate of the excitation function 


(figure 2) may be in error by as much as 20%. . 
88Ni(y,p). Because *’Ni decays to form *’Co, the total 5’Co activity some weeks 


after an irradiation is an index of the combined (y, p+y,n) yield. Owing to the 


presence of a line at 123 kev in the spectrum of 57Ni, it was necessary to allow the 
5?Ni to decay and to determine this combined yield by measuring the intensity of 
the 127 kev line in the **Co spectrum. To separate the contributions of the (y, P) 
and (y, n) reactions to the total Co activity a chemical procedure was used.t Ten 
grams of finely divided nickel powder (<0-01% cobalt impurity) were irradiated 
at 30 Mev for three hours, at the end of which a modified cobalti-nitrite separation 
of the cobalt fraction allowed a measure of the (y, p) yield. After two weeks a 
second cobalt separation gave a measure of the (y, n) yield through the same 
activity. This procedure has the obvious advantage of eliminating all uncertainties 
from the ratio of (y, p) and (y, n) yields, except those due to counting statistics 
and chemical extraction efficiency. In both separations, 5 mg of Co carrier was 
used and better than 99% recovery could be achieved in 45 minutes. From the 
ratio (y, p)/(y, n) obtained in this way and the (y, n+, p) activation curve derived 
from the *7Co yield, the (y, p) activation curve was extracted. 

The half-life of 57Co is 270 days; hence to measure the (y,n+7; p) activation 
curve with adequate statistical accuracy (within 3 0/,) in reasonable irradiation and 
counting times, it was necessary to use the thicksamples. To check on the possible 
effect the use of the thick sample might have on the shape of the activation curve 
through differential absorption of the bremsstrahlung spectrum, measurements 
were made of the ratio of the yields (y, n)/(y, n+yY, p) at three different energies 
(14, 24 and 30 Mev) in both the thin and the thick samples. From the agreement 
of these ratios, within 3°%, for the two thicknesses of target it was concluded that 
this expedient introduced no appreciable systematic error in the (y,n+y; P) 
yield curve. : 

S8Ni(y,pnt+y,2n). The half-life (6-4 days) and the characteristic radiation of 
56Ni are such that it was not possible to extract from the counting data a reliable 
activation curve for the reaction **Ni (vy, 2n). Fortunately, however, °®Ni decays 
to form **Co which is also the product of the reaction *8Ni(y,pn). Thus by 
measuring the **Co yield about 40 days ( ~ 6*®Ni half-lives) after the irradiation, it 
was possible to determine the combined (y, pn+y,2n) activation curve. The 
most prominent features in the ®8Co y-ray spectrum are the positron annihilation 
line and a line at 845kev. Owing to the presence of **Co, which is produced 
through the (y, pn) reaction in the 26-2% isotope ®Ni, and whose y-ray spectrum 
comprises two lines at 511 and 850 kev, the *°Co yield was determined by counting 
the y-rays in a broad group centring at about 1-25 Mev. To estimate the absolute 
yield the decay scheme proposed by Diddens et al. (1958) was adopted. 

®Ni(y,p). Aseparate series of 1-hour runs, using the thin targets, was performed 


to measure the activation curve for this reaction, via the 99-min Co activity. 


+ We are indebted to Dr. R. Mills and Mr. M. J. Vernon for performing the chemical 
separations. 
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Figure 1. Activation curves for the photodisintegration of nickel: A, **Ni(y, p)/>®Ni(y, n); 

B, SNi(y, im) Cc. ENG), Pp); 2 SEIN, P); E, SNi(y, npt+y, 2n). _ The ordinates 

for curves B, C, D, E are in arbitrary units, while those for curve A give the ratio 
absolutely. = ‘ 


34 


and suggests a small but real difference in the shape of the giant resonance for the 
(y, n) and (y, p) reactions. The excitation functions derived from the activation 
curves by an iterative method (Carver and Lokan 1957) are shown in figure 2. 
In table 2 are collected the parameters relevant to the discussion that follows. 


~ 


Table 2 
ee ee eee 
(1) (2) (3) (4) (5) 
58Ni(y, n) 0-032 4-4 19-0 0:22+0-03 
SNi(y, p) 0-093 4:2 19-5 0:52+0-09 
8Ni(y, pn+y, 2n) 0-013 — <= >32 >0:10+0-02 


SNi[(y, n) +(y, p)+ 
(y, pn)+(y, 2n)] 0-125 4:8 19°5 0-84+40-10 
®2Ni(y, p) 0-019 5-2 22 0-:13+0-02 
ee ee eee 
(1) Reaction; (2) Omax (barns); (3) T(domax) (Mev); (4) Eoyyax (Mev); 
82 


(5) | " odE(Mev barns). 
0 
The **Ni (y, n) cross section has been measured previously by Katz et al. (1951), 


who obtained the value 0-33 Mev barns for the cross section integrated to 22 Mev. 
Part of the difference between this and the present value of 0-22 + 0-03 Mev barns 


i 
' 
{ 
: 
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is due to the fact that present data are normalized to the value 0-55 + 0-03 Mev 
barns for the “Cu (y, n) cross section integrated to 30 Mev (Berman and Brown 
1953), whereas the Saskatchewan data relate to a value of 0-66 Mev barns for this 
__ cross section integrated to 22 Mev. 

Fe The value obtained for the ®8Ni (y,p) integrated cross section, 0:52 + 0-09 
Mev barns, is considerably larger than that which can be inferred from the data 
f of Halpern and Mann (1951). These authors measured the proton yield from 
foils of natural nickel and if, on account of its low (y, p) threshold, all the protons 
are assumed to come from **Ni, their cross section integrated to 22 Mev is 
0:32 Mev barns. The absolute proton yields of Halpern and Mann may have 
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Figure 2. Excitation functions for the photodisintegration of nickel: A, "®Ni(y, p); 
153 B, ®Ni(y, n); C, @Ni(y, p); D, *NiQy, np +y, 2n). 


been underestimated, however, since the low counting rates required the use of 
thick (~5 Mev) targets and involved substantial corrections for self-absorption, 
which corrections are difficult to make owing to uncertainties in the initial proton 
energy spectrum. It is noteworthy that the (y, p) yields of this group, and those 
of Johansson (1955) who normalized his data to those of Halpern and Mann 
(1951), when combined with (y, n) yields in the same elements, fall below the 
integrated absorption cross section predicted for electric dipole radiation, whereas 
the present results show that, for BaING; 


32 
[o(y,n) +o(y, p) +o(y, pn +7, 2n)]dE = (0:84 + 0-10) Mev barns, 
0 


which may be compared with the value 0-87 mev barns required by the sum rule 
with zero exchange parameter (Levinger and Bethe 1950). That the present 
estimate is a lower limit to the total integrated cross section is evident from the 
presence of high-energy ‘tails’ on both the (y, p) and (y,n) excitation functions 
and from the fact that up to 32 Mev the cross section for the (y, pn+y, 2n) reaction 
has not reached its maximum but has already contributed about 12°, of the total 
integrated cross section. In addition, Spicer et al. (1957) have reported that the 
yield of «-particles from nickel is about 3% of the proton yield for 17-5 Mev 
bremsstrahlung. 

The ratio fo(y, p)dE/Jo(y, n) dE is independent of the absolute scales and, 
in the present work, is 2-35 compared with about 1 as determined from the 
combined results of Katz et al. (1951) and Halpern and Mann (1951). In the 
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present experiment the yield ratio depends only on the counting statistics and the — 


chemical extraction efficiency and is known to within 5% as judged from the 
self-consistency of four separate determinations at 30 Mev. An additional 
uncertainty of about 10% exists in the ratio of the integrated cross sections owing 
to the necessity of unfolding the bremsstrahlung distribution from the yield 
curves to get the excitation functions. This uncertainty is always least when the 
activation curves are similar, as is approximately the case for **Ni (y,p) and 
58Ni (vn). 

The present experiment clearly shows the predominance of protons among 
the photodisintegration products of *Ni. It is interesting to compare this 
result with those of Cohen and Newman (1955). Cohen, Newman and Handley 
(1955) and Cohen (1957) who bombarded *SNi with 21-5 Mev protons and 
found that the (p,2p) reaction was the most probable process with the cross 
section ratio o(p, 2p)/{o(p, pn) +o(p, 2n)}=2-8. These and other data obtained 
by Cohen and his collaborators for medium-weight nuclei are difficult to explain 
in terms of the statistical theory, and Cohen suggests that direct interactions play 
an important role in these reactions. The incoming proton is assumed to have 
a large chance of being re-emitted after making one or, at most, a few collisions 
within the nucleus. This explains the observed preponderance of (p, pn) 
reactions over (p,2n) reactions but does not explain those cases, such as **Ni, 
in which the (p, 2p) reaction is much more important than the (p, pn) reaction. 
A similar result has been obtained in this laboratory by Purser and Titterton 
(1959), who bombarded ®*Ni with 14 Mev neutrons and find 

o(n, np)/o(n, 2n)=4:5 + 0-9. 
Thus for proton and neutron bombardment and for photon-induced reactions, 
proton emission from excited ®*Ni appears to be favoured over neutron emission 
by about the same factor.t 

These results are difficult to understand in terms of the usual statistical theory 
(Blatt and Weisskopf 1952). However, the recent measurements of Butler and 
Gossett (1957) on the radiative capture of protons by *8Ni and ® Ni show that 
large fluctuations in level density occur near the closed shells N, Z=28. Butler 
and Gossett find that ®'Cu with five particles outside the doubly closed f,/. shell 
has five times the level density of °®Cu with three particles beyond the closed 
shells. ‘Thus one would expect *’Co, with one hole in the f,), proton shell and two 
neutrons outside the f,). neutron shell, to have a much higher level density than 
57Ni which has one neutron beyond a doubly closed shell. A difference of about 
a factor of 15 between the level densities of °’Co and *’Ni could account for the 
observed predominance of proton emission. Within the framework of the 
statistical theory an enhancement of proton emission can also be obtained by 
rounding off the Coulomb barrier (Scott 1954), 

However, the energy and angular distribution measurements of Cohen (1957) 
on the (p, 2p) reaction and of Lijkin et al. (1956) on the (y, p) reaction indicate 
that a substantial number of protons are emitted in direct processes and that this 
direct proton emission probably exceeds the total neutron yield. This latter 
observation is difficult to reconcile with the direct interaction theory of photo- 


- In both the particle-induced reactions it seems proper to regard one of the emitted 
particles as being identical with the incident particle so that these experiments are measuring 
relative proton and neutron emission from excited ®8Ni. 
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disintegration discussed by Wilkinson (1956). According to this theory, in 


4 58Ni with N = 30 and Z= 28, the total E1 photon absorption must proceed through 


the same transitionst in both the proton and neutron shells. ‘The effect of the 
two ‘valence’ neutrons is expected to be small. Whether an excited nucleon is 
captured into a compound nucleus state or escapes in a ‘resonance direct’ process 
depends essentially on its mean free path in the nucleus, and to ask that this be 
larger for protons than for neutrons, when both are in the same state, would be to 
conspire against the charge independence of nuclear forces. 

The other nickel isotopes for which photodisintegration data are available are 


~ Ni and 2Ni. For Ni Goldemberg and Katz (1954) report that the integrated 


(y, n) cross section is 0-42 Mev barn, while the present experiment has yielded for 
62Nj an integrated (y, p) cross section of 0-13 + 0:02 Mev barn. Assuming that 
the (y,n) and (y,p) yields add up to the same value for each isotope (0-74 Mev 
barn for **Ni), a steady decline in the proton yield is evident as A increases. That 
this trend is due in part to the increasing proton threshold with A is suggested 
by figure 2, curve C, where the peak in the *Ni (y, p) cross section (threshold 
11-3 Mev) is about 2:5 Mev higher in energy than that for *8Ni (y, p) (threshold 


7-7 Mev). 


Similar trends are apparent in other elements, Fe and Cu, for example, where 
the neutron yields of the lightest isotopes, **Fe (Carver and Lokan 1957) and 
6§Cu (Berman and Brown 1953), appear to be anomalously low, and Mo where 
the photoproton yield of Mo is again very high (Butler and Almy 1953). ‘These 
observations have led D. C. Peaslee (private communication) to suggest that in 
those isotopes for which the charge-to-mass ratio is too large, as revealed by a 
low proton binding energy, the proton distribution could project far enough 
beyond the nuclear mass distribution to result in an abnormally high associated 
electric dipole matrix element for proton emission. Electron scattering experi- 
ments (Hofstadter 1957), however, indicate that the mean square charge radius 
for ©°Ni is not much different from that of °*Ni. 


+ The fact that o(y, n) and o(y, p) have peaks at about the same energy and are of 
approximately equal width (see figure 2) implies no great differences in the potential wells 
seen by protons and neutrons. 
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Abstract. The internal resonance, revealed by measurements of the complex 
permeability, has been investigated in nickel over the temperature range 5°-100°c. 
The resonant frequency is found to be a decreasing function of temperature and, 
over the range studied, the variation is roughly from 450 to 300 Mc/s in the case 
of a polycrystalline disc, and from 270 to 40 Mc/s in the case of a colloidal 
suspension of nickel particles. This behaviour is consistent with the view that 
the resonance is due to the internal magnetic field associated with the anisotropy 
energy and a quantitative interpretation is attempted using the available 
experimental values for the anisotropy constants. 


§ 1. INTRODUCTION 


investigation of the complex permeability of iron-nickel alloys was described, 

with particular reference to the resonance phenomenon observable in the 
frequency range 300-400 Mc/s. This resonance may be interpreted in terms of 
the internal magnetic field in the crystal, arising from the anisotropy energy. 
In I the resonant frequency was measured for a series of compositions and the 
resulting variation was shown to be similar to that which would be expected on 
the basis of the known behaviour of the principal anisotropy coefficient upon 
which the internal field depends. 

The measurements described in I were carried out on polycrystalline speci- 
mens at room temperature and the information obtained was essentially of a 
qualitative nature. Inorder to extend these experiments various other techniques 
have since been devised, primarily with the object of making measurements over a 
range of temperature, and the present paper deals with the results which have been 
obtained in the case of nickel. In this work, in addition to the study of polycrystal- 
line samples, an attempt has been made to discover a specimen for which quantita- 
tive information can be deduced, i.e. for which a reliable value for the internal 
field can be calculated from the anisotropy coefficients. In view of the difficulty of 
producing a nickel single crystal suitable for apparatus covering a wide frequency 
range, it was decided to investigate the resonance in a dilute suspension of colloidal 
nickel particles. 

The resonant frequency exhibited by the colloidal suspension is considerably 
lower than that for the polycrystalline specimen, as might be expected, and in 
both cases the frequency decreases with temperature over the range 5°-100°c. 
This behaviour is in accordance with the interpretation discussed in I and, in 
2Q 


I an earlier paper (Anderson and Donovan 1957, to be referred to as I) an 


PROC. PHYS. SOC. LXXIII, 4 


594 ¥. C. Anderson and B, Donovan 


fact, the results for the small particles may be correlated to a reasonable extent 
with the available experimental data on the anisotropy coefficients. 


§ 2, EXPERIMENTAL DETAILS: Disc SPECIMEN 


The fundamental quantities to be measured are the real and imaginary parts 
of the complex permeability and in the earlier experiments, described in I, the 
method of Wieberdink (1950) was used, involving a coaxial transmission line 
with the test specimen forming the inner conductor. In view of the manifest 
unsuitability of this method for measurements over a range of temperature, a 
modification was introduced for polycrystalline nickel in the present work and 
the specimen took the form of a disc terminating the coaxial line. ‘This technique 
proved eminently suitable for covering the frequency range 250-450 Mc/s in 
which the resonance was observed. 

The outer conductor of the coaxial system was a silver plated copper tube of 
internal diameter 3-82 cm and the inner conductor was a solid silver rod of 
diameter 0-33 cm. The terminating disc (thickness 0-26 cm) was produced to 
special order from pure electrolytic nickel by the Mond Nickel Company. The 
final anneal was at 1000°c in an atmosphere of dry hydrogen and the subsequent 
rate of cooling was about 100°c per hour. The disc was electrolytically polished 
before being fitted to the apparatus. Heating was provided by a current of hot 
air, guided by a brass tube; the temperature was measured by two thermistors. 
attached to the inside of the disc and it was found relatively simple to maintain 
the temperature constant to within 1°c. 

The relevant transmission line theory (see, for example, Jackson 1945) may 
be put into a form whereby the surface impedance of the termination may be 
derived from measurements of the position of a short-circuiting piston on the line. 
The positions actually determined are those corresponding to the maxima of the 
first and second peaks of current in the terminating disc, and also those at which 
the magnitude of the first peak is equal to the maximum of the second. The 
current in the disc was measured (apart from a constant factor, which need not 
be known) by means of a galvanometer reading the direct current from a crystal 
rectifier connected to a pick-up loop close to the disc. 

Having obtained the surface resistance and reactance the appropriate skin 
effect equation may be solved, bearing in mind that the thickness of the disc is 
much greater than the skin depth, and explicit expressions may be derived for 
the real and imaginary parts of the complex permeability, =p, — iu, ‘Lhe only 
other parameters required (apart from the operating frequency and the radi 
of the coaxial system) are the d.c. resistivity of the disc and its external self- 
inductance, which may be evaluated using a disc of identical form made of non- 
ferromagnetic metal. 


§ 3. EXPERIMENTAL DeTaILs: COLLOIDAL SUSPENSION 
3.1. Preparation of Specimen 


The magnetic properties of small ferromagnetic particles have been studied 
extensively and it is well known that particles of sufficiently small size behave as 
single domains. This property was demonstrated in the case of nickel particles by 
a significant experiment, described by Kittel, Galt and Campbell (1950), relating 
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_ to very dilute suspensions in which the magnetic interactions between the particles 
could be neglected. 

3 The method of preparing the colloidal suspension in the present work was 
_ similar to that used by Kittel et al. and involved the decomposition of nickel 
_ formate in diethyi phthalate. The latter was first distilled under partial vacuum 
_ and the middle fraction taken to ensure freedom from phthalic acid. ‘The mixture 
__ was heated to 250°c under a reflux condenser until the reaction was complete. 
_ After filtering to remove the larger particles of nickel, the solution was boiled 
__-until the volume was halved and finally stabilized by the addition of a few drops. 

of 1% soap solution. 

A quantitative analysis of the solution was undertaken, using the nickel 
dimethyl glyoxime complex, and from comparative measurements with a Zeiss 
spectrophotometer the concentration of nickel was found to be 0-05% by weight. 
The particles were shown by electron micrographs to be approximately spherical 
in shape, with diameters in the range 25-504. This is considerably less than the 

_ critical diameter for single domain behaviour, estimated by Kittel et al. to be in 
the region of 600 A. 


3.2. Measurement of Permeability 


The resonance phenomenon was observed to occur in the colloidal specimen 
at a considerably lower frequency than in the case of polycrystalline nickel. 
Accordingly an entirely different technique was developed for the measurement 
of permeability, in which the specimen could be placed inside a coil carrying an 
induced current of the desired frequency. When the specimen is inserted in 
the coil the magnitude of the induced current changes by an amount proportional 


© to |u|= (41? +2"), and there is also a phase shift of tan"(tg/u,). “The measure- 


ments of amplitude and phase were carried out by means of a modification of the 
Foster—Seeley discriminator circuit which, in the form developed, proved suitable 
for covering the frequency range 10-300 Mc/s. 

A detailed description of the apparatus, together with the theory of the method, 
will be published elsewhere (Anderson 1959) and a brief outline only will be given 
here. L,, L, and L, (figure 1) are three coils wound on a common former, 


to Amplifier 
Grids 


Cs 
Figure 1. Phase discriminator used for measurements of complex permeability of colloidal 
suspension. 


into which a small test-tube containing the colloidal sample can be inserted. 
The primary coil L, is situated between the other two, which are wound in opposite 
directions and form the two identical halves of the secondary. A signal generator 
with high internal impedance is connected across L, and the primary elm. f.ais 
measured by means of the valve voltmeter V. The capacitance C, is used to 
2Q2 


in th 
Ly and Le +14 ar 


a4 2 . ; frequency. | i 
. The method is essentially comparative, a ‘ blank ’ specimen of pure diethyl — 
phthalate being used asa reference. With this ‘ blank ’ specimen in position Cis — 


Rk primary voltage. Under this condition the voltages across R, and R; are equal in. 
magnitude and opposite in sense and the output observed at the amplifier is zero. — 
a When the ‘ blank ’ specimen is replaced by the colloidal sample the phase difference 
between the primary and secondary voltages departs from 90° by a small amount, 
and the net output produced may be measured in terms of the reading on a micro- 
ammeter connected between the anodes of the amplifier. In addition, the 
amplitude of the e.m.f. induced in the secondary coil may also be obtained from 
measurements at the amplifier, which is calibrated beforehand. 

The variation of the temperature of the colloid raised practical difficulties, 
since no heating coil could be introduced into the test-tube owing to its effect 
on the electrical characteristics. The method finally adopted was to maintain 
the specimen at a constant temperature, insert it rapidly into the apparatus and 
take readings immediately. Separate measurements with a thermistor thermo- _ 
meter enabled the fall in temperature to be evaluated for the time interval of the 
operation. A similar procedure was adopted for the “blank ’ specimen, but no 
change in the readings was detected for a temperature variation of + 5°c. 

The values of permeability for the colloidal suspension are, of course, very 
different from those obtained for polycrystalline specimens by the method 
described in §2. In fact, as can be seen in figure 3, 1. is very small and yp, is very 
nearly unity; nevertheless, the resonance phenomenon, as discussed in I, is 
clearly exhibited. The error in the permeability measurements is estimated to 
be about 0-0005, i.e. of the order of 1% in py and 0-05% in p44. 


§ 4. DiscussION OF RESULTS 


The real and imaginary parts of the permeability have been derived for the 
polycrystalline disc at a series of temperatures varying from room temperature 
to 100°c. A typical pair of curves, obtained at 20°c, is shown in figure 2, in 
which p, and p, are plotted as functions of the free-space wavelength A). The 
dispersion phenomenon shows up very clearly and it will be seen that the resonance 
peak, exhibited by zg, is remarkably sharp ; the experimental error in the determin- 
ation of the resonant frequency is estimated to lie between 1 and 2%. When 
the resonant frequency is plotted as a function of temperature a reasonably smooth 
curve is obtained, as shown in figure 4, the downward trend of which indicates 
that the internal field diminishes with increasing temperature. It may be noted 
in passing that the frequency of 416 Mc/s obtained here at 20°c is slightly higher 
than the value of 378 Mc/s quoted in I for a long nickel wire. 

ein the case of the colloidal specimen the measurements were extended to 
5°c and typical results, obtained at 55°c, are shown in figure 3, in which , and py 
are plotted directly against frequency. In this case a small subsidiary peak appears 
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Figure 4. Variation of resonant frequency with temperature for polycrystalline disc and 
colloidal suspension. The crosses show the values obtained from the anisotropy 
constants listed in the table; experimental errors are indicated by vertical lines. 


2 For abbreviations see footnote to table. 
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which is rather reminiscent of the behaviour described in I. The resonance is 
found to occur at a considerably lower frequency than that for the polycrystalline 
disc but the temperature dependence, shown in figure 4, is of similar form. 

This decrease in frequency as the temperature is raised is to be anticipated 
according to the interpretation given in I, since the value of the principal anisotropy 
coefficient in nickel is known to be small in the neighbourhood of 100°c._ For a 
precise comparison one requires the internal field in a cubic crystal with the easy 
direction of magnetization parallel to the (111) axis, as is the case for nickel. 
Following the general method of Kittel (1948), the calculation shows that the 
effect of the crystal anisotropy may be regarded as equivalent to a magnetic field Hi, 
along the (111) direction, given by 


ete 18 
Hi= 37 (Ki + =*), 


where K, and K, are the first and second anisotropy constants and /; is the satura- 
tion magnetization. This expression is also relevant in connection with micro- 
wave resonance experiments (cf. Dillon e¢ al. 1955). 

Several experimental determinations of K, and K, have been reported, 
but in view of the diversity of the values obtained the situation is in general 
rather unsatisfactory. Some of the more recent results are summarized in the 
accompanying table. 


Anisotropy Constants for Nickel 


Temp. (°c) K,(ergcem-)  K, (erg cm-*) Reference 
x 104 


x 10? 
20 —4-26 +1-09 N 
20 —4-6 —3-6 R 
20 — 6:06 — 6:06 BS 
26 —455 + 2:34 SC 
50 — 1-83 _ BS 
100 — 0:49 +0-49 BS 


BS, Barlow and Standley (1958); N, Nakamura (1955); R, Reich (1956); SC, Sato 
and Chandrasekhar (1957). 


While some measure of agreement exists for the room temperature values of K,, 
there is a puzzling discrepancy regarding the sign of K, as determined from 
microwaveresonance experiments (BSand R) and from static methods (SCand N). 

Using the above datat and the values of J; given by Corner and Hunt (1955), 
the internal field Hj may be evaluated and the corresponding resonant frequencies 
are shown in figure 4. The points are labelled according to the references given 
in the table and the effect of the experimental errors is indicated by a vertical line. 

It will be seen that, although the results for the polycrystalline specimen are 
not of quantitative significance, those for the suspension of small particles do, 
in fact, suggest the possibility of an explanation in terms of the calculated internal 
field and good agreement is obtained at 50° and 100°c. At lower temperatures 
the situation is obscure on account of the conflicting experimental values for Ko. 
The magnitude of the internal field in this region, derived from the present work, 
is smaller than any of the values given by the ‘ theoretical ’ expression, even 


+ Ky, has been taken as zero at 50°c. 
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_ though these are spread over a range of 2:1. The main conclusion to be drawn 


is that a more consistent picture may be obtained with the present results if the 
value of K, in the neighbourhood of room temperature is positive. 
A further relevant point which may be mentioned is the correction due to 


-magneto-elastic coupling and its effect on the anisotropy constants. —Baltzer 


(1957) has pointed out that the ‘intrinsic ’ magnitudes of K, and Kk, are slightly 
larger, in the case of nickel, than the ‘ effective > values obtained from static 
experiments. It seems likely that at the high frequency (3-5 x 10" c/s) employed 
by Barlow and Standley mechanical relaxation effects are insignificant and there- 
fore Baltzer’s correction is not relevant. In the present work, on the other hand, 
the ‘ effective ’ values of K, and Ky are required, but the effect on the internal 
field is comparatively small and a genuine comparison is not possible until the 
discrepancy in the sign of K; is resolved. 


§ 5. CONCLUSION 
The experimental results presented here confirm the view that the internal 
resonance is due to the crystal anisotropy and the temperature dependence of the 


~ resonant frequency for both polycrystalline specimens and single domain particles 


is generally in accordance with observed values of the anisotropy constants. 
In the case of small particles the results may be quantitatively explained in terms 
of the internal field calculated for a single crystal, though the agreement is least 
satisfactory in the neighbourhood of room temperature. nis 
Several attempts have been made to explain the temperature dependence of 
the anisotropy constants by a formal theoretical treatment (cf. Carr 1958) but 
over the restricted temperature range of the present work a comparison does not 
prove enlightening. The main difficulty is associated with the lack of agreement 
between the experimental values of the anisotropy constants, and particularly 
with the sign of K, at room temperature. So far as the present measurements 
are concerned it is clear that, with a positive value of K,, closer agreement with the 


observed resonant frequency may be obtained. 
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Abstract. The shapes, intensities and end-points of the three strong components 
of the 44Pr beta spectrum have been measured with a prolate spheroidal field. 
spectrometer and coincidence techniques. A spin of 0~ has been assigned to 
the ground state of 14Pr on the basis of these measurements. It is shown that 
the pure axial vector correction factor for a AJ=0(yes) transition provides a 
good fit to the ground state spectrum. The spectrum of the f-transition to the 
695 kev level in 444Nd has a unique first forbidden shape. 


§ 1. INTRODUCTION 


AUBITZ (1956) found evidence for a large value of the coupling constant g, 
[i= the pseudoscalar (P) interaction in B-decay by studying the shape of 
the 6-spectrum between the ground states of Pr and “4Nd. It was 
assumed that these states had zero spin but differing parity so that the scalar S 
and vector V interactions could not contribute. At that time there was strong 
evidence from the decay of “He (Rustad and Ruby 1955) that the axial vector A 
coupling constant was very weak in comparison with the tensor T coupling. 
Laubitz showed that the 'T or P interactions acting alone could not explain the 
shape of his spectrum, but he found a good fit with the combined T + P correction 
factor of Rose and Osborne (1954). It was, however, necessary to adopt a very 
large value greater than 100 for the ratio g,/g,. Alaga, Kofoed-Hansen and 
Winther (1953) have shown that such a large pseudoscalar coupling would 
influence the shape of allowed spectra with AJ=+1. An attempt to explain 
the shape using the P +'T combination has also been made by Alaga, Sips and 
Tadic (1957), using a correction factor which contained additional terms taking 
into account the influence of nuclear forces. 

It seemed desirable to remeasure the spectrum with special attention to the 
avoidance of distortions due to source thickness and instrumental resolving 
power and to the contributions of partial B-spectra. In addition it was important 
to test the fit provided by the A interaction in view of new measurements which 
support the V+ A combination and indicate that the S + T combination is weak 
or absent. These measurements include recoil experiments on positron emission 
in A (Herrmannsfeldt et al. 1957) on electron emission in *He (Herrmannsfeldt 
et al. 1958), on K-capture in “Eu (Goldhaber, Grodzins and Sunyar 1958) and 
on the decay of polarized neutrons (Burgy et al. 1958). 

It is shown in §6 that the shape found in the present work differs somewhat 
from that found by Laubitz and can, in fact, be fitted satisfactorily by the axial 


t Now at Atomic Weapons Research Establishment, Aldermaston, Berks. 
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Figure 1. The decay scheme of !Pr. 


Recently, Firsov and Bashilov (1957) have shown that three other gamma 
rays of energy 1-1, 1-7 and 2-8 Mev are present in the decay scheme. The intensity 


of these y-rays (<2% of the 2-18mMev gamma ray) is too low to affect our 


conclusions. 
Previous reports listed in the table reveal some discrepancies in the intensity 
of the beta-ray components. In particular the measurements of Emmerich, 


Auth and Kurbatov (1954) from allowed Fermi—Kurie plots were a factor two 


greater than corresponding estimates from the gamma-ray intensities. This 


_ suggests that some or all of the spectra have non-allowed shapes. 


Summary of Previous Results 


B-ray energy (Mev) y-ray energy (mev) Be-ray int. (%) ; log ft 
Pes Pi Bae a P8S es Rorwbs © Bs B Bo Bx Bs 
a 22965. 2:3 0-86 2:185 148 0695 ~90 ~5 ~5 a 6:6 
9.07. 2-27 0°78 +. 2:185 1-497 0-696 >98 <1 <a a 6:53 
3 2:98 2:28 0-80 OSS) (i728) 4 a 6S) B10 
4 2185 1:49 0-695 97-3. 1:44 1:26 b 
5 3°12 0-92 2:18 1:49 0-688 98:5 1:5 a 
6 315 245 0-90 95 3 2 a 67 78 60f 
7 2-984 2-293 0-803 2-181 1:49 0-691 Oeil GS 1:0 b 
SB 2992 2-3 0-82 2:18 1:49 0-695 97-30 Us) eZ c 6:55 7:9 6:3 


Column A. References: 1. Alburger & Kraushaar 1952, 2. Porter & Cook 1952, 
3. Emmerich et al. 1954; 4. Kreger & Cook 1954; 5. Cork et al. 1954; 6. Hickok et al. 1958; 


7. Graham et al. 1958; 8. present work. 
Column B. Method: a, from Fermi-Kurie plot; b, from y-intensity; ¢, from coinci- 


dence spectra. 
+A higher value of 6-2 for log ft seems to be compatible with the energy and intensity 


given by Hickok et al. 


n the first case, and i 
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Figure 2. Fermi—Kurie plots of spectrum in coincidence with the 695 kev y-ray; 
a, allowed plot; b, corrected by unique first forbidden correction factor; c, allowed 
plot of low energy component. 


More direct evidence is provided by the unique first forbidden shape found 
in figure 2 for the f-transition to the 2+ level in “4Nd. This shape demands 
a spin change of 2 units with a change of parity. Graham, Geiger and Eastwood 
(1958) have reported measurements of B—y coincidence spectra and f~y corre- 
lations, with results consistent with the spin assignments in figure 1. In 
agreement with the present work an allowed shape for the 820 kev and a unique 
first forbidden shape for the 2-3 Mev transition were determined. Their measure- 
ment of the (2-293 Mev)—y(0-691 Mev) directional correlation did not exclude the 
possibility of a 1~ assignment to the spin of the ground state of 4Pr but they 
point out that no other AJ= 1 (yes) transitions are known with a shape resembling 
that of the unique first forbidden spectra. Grace, Johnson, Scurlock and Taylor 
(unpublished) using a nuclear alignment method have found J=0 or 1 for “Pr. 
The latter value is possible if the nuclear moment is very small. 
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i § 3. SoURCE PREPARATION Pa Fao 
The beta rays were measured with a source of Pr in equilibrium with the 
_ parent nucleus ™4Ce (7j.=285 days). The maximum energy of the “Ce 
beta rays is 320kev (author’s measurement), which is below the energy range 
_ plotted in figures 2-6. _ : 
High specific activity Ce was supplied as a solution of Ce(NO;), in 
1 NHNO, by Atomic Energy of Canada Ltd. The 5 mm diameter disc-shaped 
sources were prepared by vacuum distillation of the cerium nitrate from a 
tungsten filament on to a 250ugcm~ aluminium leaf strengthened by a nylon 
backing of thickness 50ugcem~*. According to Owen, Cook and Owen (1950) 
no back-scattering distortion above 50 kev is apparent with a backing thickness 
of less than 1-6mgcm-®. The deposits were of a uniform blue colour, suggesting 
that the chemical form was Ce,O,. The uniformity and centricity of the activity 
was verified by counting scintillations due to collimated B-rays emerging from 
a 0-5 mm aperture which was moved across the source in two directions at right 
; angles. 
The source thickness was estimated to be 15gcm~* from the figure given 
~ by the suppliers for the amount of solids per millicurie of the solution. Evidence 
of the quality of the source was obtained from the linearity of the Fermi plot of 
the 196kev f-spectrum of Ce in coincidence with the 134kev y-ray. No 
detectable difference was recorded between the line shape of the 92 kev conversion 
line and the F-line of ThB with sources of the same size. 


§ 4. BeTa AND GAMMA SPECTROMETERS 


ig B-y coincidence measurements necessitate a high transmission in both B- and 
y-counters to attain the required statistical accuracy in a reasonable counting 
time. However, to avoid distortions in the shape of the beta spectrum, a good 
resolving power is also desirable. A prolate spheroidal field spectrometer (Evans 
et al. 1958) combining the two requirements was used with the baffle system 
adjusted to give a resolving power of 1-3°% and a transmission of 2°6% of 47 
with a 5mm source. The mode of focusing in this instrument reduces the 
likelihood of recording scattered electrons. 

The beta particles were detected by a ring-shaped N.E. 102 plastic phosphor. 
Light from the phosphor was piped through the iron polepiece to a 13-stage 
E.M.I. type 9514B photomultiplier by means of a #in. diameter 10 in. long 
Perspex rod. ‘Tests indicated a detection efficiency of 100% above 40kev. 
The Bp values of Siegbahn and Gerholm, Siegbahn (1955), for the A, Bak, bk 
and X lines of Th(B+C+C”) were used as a momentum calibration. ‘The 
gamma detector was a 14in. diameter 1 in. long Harshaw Nal(T1) crystal, 
optically coupled with silicone fluid to a 9514B photomultiplier. The instrument 
was capable of a 9% resolution for the 661 kev y-ray of 4°’Cs. 

The photopeak efficiency was determined from measurements on single y-ray 
sources (e.g. 1Ce, ?%Hg, 137Cg, 65Zn) with the aid of tables giving total 
efficiencies computed by the Mathematics Panel at the Oak Ridge National 
Laboratories (private communication from P. R. Bell). The efficiency thus 
found was checked at 661 kev by a measurement with a 87Cs source of known 
strength. The tables of Davisson (in Siegbahn 1955, p. 857) were used to correct 
for the absorption in the aluminium window, MgO reflector and the 4 in. thick 
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Perspex needed to absorb the 3 Mev f-rays. Variations in pulse height due to 
the magnetic field of the spectrometer were precluded by surrounding the 

photomultiplier with an iron cylinder. To achieve stability of operation at high 

pulse rates the photomultiplier circuits were modelled on a design by L. R. Jenkin 

(private communication) which incorporated neon stabilizers between the later 

dynode stages. An overall stability of at least +3% was maintained. 

Pulses from the photomultiplier anodes operated a modified Bell, Graham 
and Petch (1952) coincidence unit with a resolving time of 27=2:5 x 10-* sec. 
Gamma-ray energy discrimination was achieved by feeding the output of the 
fast coincidence unit to a slow coincidence unit (27=5 usec) gated by a pulse 
height analyser fed from the 8th dynode of the gamma photomultiplier. The 
coincidence efficiency was found to exceed 99°, by measurements of the pulse 
distribution at the output of the fast coincidence unit. 


§ 5. EXPERIMENTAL PROCEDURE 


The total B-spectrum was measured in 30kev steps with the statistical 
standard deviation of each point varying from 0-4°% at the centre of the spectrum 
to 0:6% at the edges. 

To obtain the ground state spectrum it was necessary to subtract the partial 
spectra to the 695kev and 2-185Mev levels in “4Nd. The f-spectrum in 
coincidence with the 695 kev y-ray was recorded in 60kev steps from 450 kev 
to the end-point. From the Fermi plot in figure 2 it was possible to resolve the 
spectrum into two components of maximum energy 2-3 Mev and approximately 
800 kev (see §6). ‘The spectrum in curve c is due to those f-transitions to the 
2-185 Mev level which are followed by the 1-49 and 0-695 Mev y-transitions in 
cascade. Assuming the intensities of the competing 1-49 and 2-185 Mev y-rays 
to be in the ratio of 3:10 (Kreger and Cook 1954, Firsov and Bashilov 1957) 
the intensity of all B-rays to the 2-185 Mev level was calculated. From these 
results the ground state spectrum from 450 kev to the end-point was computed. 

Since the intensity of the B-rays to the 695 kev level is approximately 1-5°, 
of the total, a statistical accuracy of 10°% in the coincidence spectrum is sufficient 
to limit the errors introduced into the ground state spectrum to less than 0-2%. 
Errors in the 820 kev 6-spectrum will be rather larger owing to the uncertainty 
in the relative intensities of the 1-49 Mev and 2-185 Mev y-rays. This, however, 
only affects the results from 450 kev to 820kev. 

The coincidence spectrum was recorded with a standard deviation of 8% 
at the centre and 10% at the edge. 


§ 6. "THE COINCIDENCE SPECTRA 


All Fermi plots were made using Fermi functions and screening corrections 
eae by the National Bureau of Standards (Applied Mathematics Series 
No. 13). 

, Figure 2, curve a, represents the allowed Fermi plot of the B-rays in coincidence 
with the 695 kev y-ray. Above an energy of 3mc? the graph is distinctly concave 
to the energy axis. Application of the correction factor corresponding to the 
Bij matrix element (Konopinski and Uhlenbeck 1941) yielded a linear plot with 
an end-point of 2-3 Mev (figure 2, curve b). In this analysis no correction was 
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made for the variation with energy of the anisotropy of the B-y directional 
correlation. Addition of the y-ray energy of 695kev, measured with the 
scintillation spectrometer, gives a value of 2-995 Mev in good agreement with the 
end-point energy of 2-992 mev found for the ground state spectrum. 

After correcting for the efficiency of the y-counter the intensity of the 2:3 Mev 
spectrum was determined to be 1:540:2%. Using the curves of Feenberg and 
Trigg (1950) a log fot value of 7-90 was calculated. Davidson (1951) showed 
that comparative half-lives of unique first forbidden spectra are more precisely 
represented by log f,¢ where: 


WaT We Willa ase (1) 
W,=maximum energy in units of mc2, and a, b are computed functions of Z. 
The calculated value of log f,;t = 7-98 lies well within the range 7-3 to 9-1 reported 
by Davidson. 
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Figure 3. Allowed Fermi plot of spec- Figure 4. Fermi plots of ‘Pr spectrum: 
trum in coincidence with y-rays of a, allowed plot of total spectrum; 3, 
energy 694 kev. allowed plot of ground state spectrum, 

c, ground state spectrum corrected by 
Cy, with x=0. 


Subtraction of the unique spectrum from the total coincidence spectrum 
yielded the B-rays in coincidence with the 1:-49mev y-ray (figure 2, curve c). 
The Fermi plot is expected to have an allowed shape (§ 2). This was verified 
by measuring the f-rays in coincidence with y-rays of energy greater than 695 kev. 
The result of this experiment gave an end-point of 820 + 20 kev as indicated 
in figure 3. The intensity of the 820 kev component was calculated to be 
1-2+0-3%. This corresponds to a value of log fot =6°3, suggesting that the 
transition is first forbidden. The spin of the 2-185 Mev level in 144Nd would 
then be 1+ in disagreement with the angular correlation results of Steffen. 


§ 7. THE GROUND STATE SPECTRUM 


Figure 4, curve a, represents the allowed Fermi plot of the total B-spectrum. 
A straight line fitted to the points above 2:4 Mev by the method of least squares, 
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Figure 5. Correction factors for pure tensor T, pure pseudoscalar P and T-P mix 
in the region of destructive interference. + 
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Figure 6. Correction factors for-pure axial vector A with various values of 
xX=i/y;/fo.r 


The Fermi plot of the ground state spectrum showed a slight curvature as 
indicated in figure 4, curve b. The shape of the spectrum is given by 
N(p)(ap) = (const.) F(Z, W)p?(W,—W)2C(W) dp... (2) 
The deviation from linearity is shown more clearly in figures 5 and 6 where 
W is plotted against the shape factor: 
N, . 
Ca ee, cements 
(W.-W) : Se 


+ es tea 
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where f=p?F(Z, W) and Ny=N(p)/Bp. The experimental points are plotted 


for three values of maximum energy Wy. The figure shows that a value of 


- W,= 6-856 (2-992 Mev) is the most reasonable choice. The errors indicated are 
_ due only to the counting statistics. 


An attempt was made to fit the points to the theoretical correction factors given 


. by Rose and Osborne (1954), and more recently by Morita and Morita (1958). 


The functions Loy My, No, etc. were taken from the tables of Rose, Perry and 
Dismuke (in Siegbahn 1955), and a nuclear radius of R=1-41 x 10-843 cm 


_ was chosen. 


The correction factors for pure tensor and pure pseudoscalar interactions are 
given in figure 5. Application of either to the Fermi plot would merely increase 
the deviation from linearity. 

The T-P correction factor was next tried. The shape is given by 
CS ee Cig teeter tS Ci 0 ree (4) 
where g, and gp are the coupling constants for the T and P interactions. 
Equations 60, 61 and 62 of Rose and Osborne were used to evaluate the T and P 


-eorrection factors C)y and C\> and the interference term Cjpp- These formulae 


are still valid in the two component neutrino theory if invariance under time 
reversal is assumed. It is apparent from the curves given in figure 5 for values 
of gp/gp=90 to 110 that a fit to the experimental data cannot be achieved by this 
method. 

In view of the recent evidence (see §1) for the size of the axial vector 
interaction in B-decay, the experimental curve was compared with theoretical 
shapes calculated from Cy, of Konopinski and Uhlenbeck (1941) in the form 
given by Rose and Osborne: 


am a | Zz 
on = o.r ge ar BENT 


-a( fo) f2-) Eee} Lf 4 


where & is a convenient normalizing factor and K=W,—W. The graphs were 
normalized at W=4-123 and are presented in figure 6 for the values y=0, 3, 9, 
18 and oo where y=/Jy;/(Jo-r)- The best fits were obtained for values of x 
ranging from 0 to 10. In figure 4, curve c, the Fermi plot of the ground state 
spectrum is shown corrected by C,, corresponding to |{o.r|? alone. 

It is of interest to compare the values of y with the theoretical predictions of 
Ahrens and Feenberg (1952) who estimated it to equal A«Z/2R where A. has. 
a value between 1 and 2 and « is the fine structure constant (= 137-0), Z= nuclear 
charge and R=nuclear radius (= }A1!) in units h/2amc. ‘The corresponding 
range of values for x is from 11:5 to 23. If the sensitivity of the experimental 
shape above W=4-5mc2 to small variations of maximum energy W, is taken 
‘nto account, it is possible to fit the curve for all positive values of x. The 
curvature between W =2 and 3-5, however, is better fitted by values of x below 20, 


in accord with the theoretical estimate. 


§ 8. CONCLUSION 
Since this experimental work was completed Graham, Geiger arid Eastwood 


(1958) have reported similar results for the shape of the *Pr spectrum. They 
conclude that a pure axial vector correction factor fits the experimental points, 
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and that a combination of A with T is only possible with the A interaction 
predominating. . 

Hamilton and Langer (1958) have measured the spectrum and found a 
Fermi plot which was linear to within + 1% between 2:4 and 3 Mev. 

Both of these reports are consistent with the present experimental results. 
We conclude that previous estimates of the deviations from linearity were 
incorrect, and that the pure axial vector correction factor is sufficient to fit the 
experimentally observed spectrum. ‘This conclusion provides independent 
evidence for the inclusion of the axial vector interaction in the theory of B-decay. 
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Abstract. The problem of electron-phonon coupling is investigated using the 
Born—Oppenheimer expansion. The expansion is carried out in this paper to 
second order in the expansion parameter (m/M)¥4. It is shown that to this order 
the expansion can be conveniently generated by a canonical transformation. 
The advantage of the canonical transformation is that a direct comparison can be 
made with the usual theories of the electron-phonon interaction. The frequency 
spectrum, and matrix elements of the electron-phonon interaction, of a mono- 


valent metal are calculated and shown to be essentially identical with those 


derived by Nakajima and Bardeen and Pines. To second order in (m/M)"4 the 
effects on the specific heat and spin susceptibility are calculated and found to be 
negligible at all temperatures. 


§ 1. INTRODUCTION 


NE of the outstanding problems in the theory of metals is to give an 

adequate description of the coupling of the electronic and ionic motions. 

This problem, which is usually referred to as the electron-phonon 
interaction problem, has received considerable attention recently. A review of 
this work has been given in detail by Bardeen (1956). ‘The purpose of this and 
a subsequent paper is to discuss to what extent it is possible to obtain a 
satisfactory treatment of this problem by a straightforward application of the 
Born—Oppenheimer expansion. At this point it will be helpful if we outline the 
methods that have been used in this problem and then compare them with the 
Born—Oppenheimer expansion. 

Firstly, it is always assumed that in some sense the displacements of the ions 
from their equilibrium positions are small. ‘This assumption is used to justify 
the replacement of the exact Hamiltonian by one which contains only linear 
and quadratic terms in the displacements. A set of normal coordinates are then 
introduced to describe the motion of the ions and the problem is then easily 
reduced to the standard electron-phonon interaction problem. ‘To simplify the 
problem further it is assumed that the electrons only interact with the longitudinal 
vibrations. The Hamiltonian H can then be written in the form 


A= He + Hiz+ Apn + Aint 


where He) is the Hamiltonian of the electrons moving in the static field of the 
ions, Htr is the Hamiltonian of the transverse vibrations, Ayn that of the 
longitudinal vibrations and Hint is the interaction term, linear in the normal 
coordinates, between the electrons and the longitudinal vibrations. It is clear 
that since Hint couples the electronic motion to the longitudinal vibrations we 
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must expect that the frequency spectrum of these vibrations will in some way 
be influenced by the electronic motion, and equally one must expect that the 
electronic motion will in some way be influenced by the longitudinal vibrations. 

The first attempt to deal with this problem was due to Bardeen (1937). He 
essentially showed, by a simple extension of the usual Hartree method, that the 
effect of the Coulomb interactions between the electrons on the electron-phonon 
interaction could be taken into account by introducing a screened Coulomb 
interaction for Hint. 

Frohlich (1952) approached the problem in a more general way. However, 
the Hamiltonian he started from was not the same as that described above. He 
assumed that Hint is given by a screened Coulomb interaction and that the 
vibrational frequencies vanish in the limit of small wave numbers. These 
assumptions actually make it difficult to calculate the effect of the Coulomb 
interaction between the electrons. This is because a large part of their effect 
is already included in the assumptions and care must be taken not to count these 
effects twiceover. Fréhlichavoided this difficulty by simply ignoring the Coulomb 
interaction. He found a canonical transformation that would eliminate Hint 
from the Hamiltonian and replace it by a modified Hp» and an interaction term 
between the electrons. The transformation was carried to second order in the 
electron-phonon coupling constant. A more fundamental treatment of the 
problem was given by Nakajima (1953). He found a canonical transformation 
that would remove Hint from the basic Hamiltonian, with the Coulomb terms 
included. 

The results of this transformation are, to second order in the electron-phonon 
coupling constant, 

(a) that the frequencies are renormalized so that they vanish in the limit of 
small wave numbers, whereas the frequencies in the basic Hamiltonian do not 
(Bardeen 1956), 

(b) the electron-phonon interaction is screened out at large distances and 
can effectively be replaced by a screened Coulomb interaction, and 

(c) a new interaction term between the electrons is introduced into the 
Hamiltonian. 

Results (a) and (6) were, as we have mentioned, assumed by Frohlich. 

The new interaction term, which is of second order in the effective 
electron-phonon coupling constant turns out to be identical with the one obtained 
by Fréhlich (1950) using second-order perturbation theory. The derivation by 
Nakajima is, however, more satisfactory for it shows clearly how the renormaliza- 
tion effects due to Hint arise; it also shows how the Coulomb interactions between 
the electrons reduce the strength of the electron-phonon matrix elements. Very 
similar results have been obtained by Bardeen and Pines (1955) who extended 
the work of Bohm and Pines (1952) to give a collective description of the 
electron-phonon interactions. ‘This method has been discussed in detail by 
Bardeen (1956) and we shall not describe it here. It is hardly necessary to remark 
that the additional electron interaction term introduced into the Hamiltonian 
by the canonical transformation is assumed to be the interaction responsible for 
superconductivity (Bardeen 1956, Bardeen, Cooper and Schrieffer 1957). It 
seems to us that two important approximations are inherent in all of these 
methods. Firstly, the displacements of the ions are assumed to be small so 
that all cubic and higher order terms in them can be neglected. Secondly, the 
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effective electron-phonon coupling constant is assumed to be sufficiently small 
80 that the canonical transformation need only be carried out to second order 
Bal 10s. ee 
_ Inthis paper we shall abandon the assumption that the effective electron-phonon 
coupling constant is small and we shall show how a systematic application of the 
_ small displacement approximation leads, in second order, to essentially the same 
renormalization of the phonon frequencies and to the same effective 
4 electron—phonon interaction as were found by Nakajima. In a subsequent. 
__ paper we shall discuss the higher order terms in the expansion in powers of the 
- ‘displacements. ‘The systematic application of the approximation that the 
displacements of the ions from their equilibrium positions are small, is of course 
___ identical with the Born—Oppenheimer expansion (Born and Oppenheimer 1927). 
It is appropriate at this point to make some general remarks on the validity of 
_ this expansion when applied to this particular problem. The expansion provides 
a method of calculating the energy levels and wave functions of a system of 
interacting electrons and ions in powers of (m/M)*. It is of course just because 
’ this expansion parameter is always very small (<10-*) that it seems well 
-worthwhile to explore the application of the expansion to metals. The criterion 
for the convergence of the expansion is usually stated to be that AU/I<AE 
(Peierls 1955, Section 1.2). Here U is the average velocity of the ions, / is a 
length characteristic of the rate of variation of an electronic wave function due 
to the motion of the ions and AF is the separation between the electronic energy 
levels. This criterion is clearly violated in a metal where the electronic levels 
form a continuum. 

Now the question whether or not the Born—Oppenheimer expansion converges 
~ in this case seems to be closely analogous to the question whether ordinary 
perturbation theory can be applied to a system whose unperturbed energy levels 
form a continuum. ‘The conventional criterion for the convergence of a 
perturbation expansion is that 7<AE where V is some measure of the strength 
of the perturbing potential and AE is the separation of the unperturbed levels. 
This criterion is quite meaningless for a system whose unperturbed levels form 

a continuum. However, for the ground state of such a system, it is likely that 

ordinary perturbation theory can in fact be applied, and a perfectly reasonable 

criterion for convergence can be given. For example, it follows from the work 
of Euler (1937)+ that we may expect the perturbation expansion to converge 
for a Fermi—Dirac system if the two conditions Vleg<1 and ap'3 <1 are satisfied. 


Here I is the strength of the perturbing potential, a is the range of the potential, 
c, is the kinetic energy of a particle with wave number equal to 27/a and p is the 
number of particles per unit volume in the system. These criteria were obtained 
by comparing the size of the first and second order terms in the perturbation 
expansion. Now the Born—Oppenheimer expansion may be regarded as a kind 
of perturbation expansion in which the perturbing term is the kinetic energy 
of the ions. Consequently this example suggests that, at least under some 
conditions, it may be quite legitimate to apply the expansion to a metal. We shall 
in fact show that the expansion leads to what are qualitatively perfectly reasonable 
results for both the frequency spectrum and the electron phonon matrix elements 
of a monovalent metal. It is not profitable to discuss the question of convergence 
in any more detail until we have examined some of the higher order terms in the 


+ We are indebted to Professor J. Levinger for drawing our attention to Euler’s work. 
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expansion. We shall do this in a subsequent paper where we shall show that the 
expansion can be expected to give a good approximation to the ground state of a 
non-superconducting metal. ‘The expansion does not, however, converge at all 
well if we attempt to use it to calculate the thermodynamic properties of a metal 
at very low temperatures. On the other hand for temperatures considerably 
greater than the Debye temperature, the expansion again appears to converge 
very rapidly. 

In the next section we outline the Born—Oppenheimer expansion. This 
method of deriving the expansion from equation (10), though quite straight- 
forward, does not appear to have been given before. We then remark that identical 
results can be obtained using-a canonical transformation. This canonical trans- 
formation has the advantage that it allows a very direct comparison to be made 
with the usual theories of electron-phonon interaction. 

In §3 we use the Born—Oppenheimer expansion to calculate the frequency 
spectrum and electron-phonon matrix elements of a monovalent metal, and 
show that our results are essentially the same as those due to Nakajima and 
Bardeen and Pines. 

In §4 we calculate the effects on the specific heat and the spin susceptibility 
of the second order terms in the expansion. We find that the effects are small 
at all temperatures. 


§ 2. THE BoRN—-OPPENHEIMER EXPANSION 


In this section we first outline one of the conventional methods of deriving 
the Born-Oppenheimer expansion; afterwards we show how the same results 
can be obtained by applying a canonical transformation to the Hamiltonian. 

We start from the Hamiltonian H given by the equation 


H=Tat+VeatTiont Vion+Hint ~ «es. (1) 


where Tion and 7 are the kinetic energies of the ions and electrons respectively, 
Vey and Vion are the Coulomb interaction energies of the electrons and ions, 
and Hint is the Coulomb interaction energy between the electrons and ions. 
It should be emphasized that we have assumed that both Vion and Hint are given 
by sums of two body Coulomb interactions. This is likely to be a good 
approximation as long as the separation between any two ions or between an 
electron and an ion is large compared with the ionic radius. For separations 
smaller than this the Coulomb potential will be considerably modified; we shall 
see that for the purposes of this paper the details of this modification are not 
important. We next define an electronic Hamiltonian He) by the equation 
Ha=TatVei + Hint. 
He is the Hamiltonian for N electrons moving under the influence of their 
mutual Coulomb repulsions and the static field provided by Aint. This 
interaction term depends parametrically on the positions of the N ions. To 
emphasize this dependence we shall sometimes write H)(R) for Hei, R standing 
for the set of all the position vectors R;. Since He) is an Hermitian operator 


it, together with suitable boundary conditions, defines a complete set of 
eigenfunctions given by the equation 


He(R)b, = Et, CHEV COGS (3) 


where E,, is the nth eigenvalue of He) and %, the corresponding wave function. 


tiplying by ¥,,* and ir grees. 
‘We find that x,,, must satisfy the following equation 


a7 7 (Tion+ Vann Ekin ” ConXmnl=OmXam -++++ (6) 
where | yo ; 

a ) Cun =Angt Bay Sd ES, 

; bc ee 2 ae 

aa on | LeManiedapiak eo oceeiiss: (8) 
and 

Fi eae, IN 
= 2m ~ i a gp yetic dB os Ee ly ee ye (9) 


In equations (8) and (9) M is the ionic mass and the integrations are over all the 
coordinates of the electrons. We shall assume that there is no magnetic field 
present and we can therefore take the y,, to be real. In this case, we see at once 
that A,,,=0; it is also convenient to separate B,,,, from the sum over all n’ in 

- equation (6), which can then be written in the form 


(Tion aie Vion + E, re Bin) Kean ms > Cia Mian =GmXmn" seeee8 (10) 
nén’ 


This equation is due to Born (1953).. We may remark here that if the C,,,, are 
in some sense small and can be neglected in equation (10) then the system can 
be accurately described by an adiabatic wave function Xn}, Where Xmy satisfies 
the equation 


¥ 


Ny ite Aa 


(Tion+ Vion tint Bk Xn = OmXmn. 8 pepe (11) 


It is now a straightforward matter to derive the Born-Oppenheimer expansion 
from equations (3) and (10). The spirit of the expansion is to treat the 
displacements of the ions from their equilibrium positions as small quantities. 
We therefore set R;=Rj+«u; where « is some dimensionless expansion 
parameter, R,® is the value of R, when the ion is at its equilibrium position, 
and xu, is the displacement of the ion from that position. 

Since the displacements of the ions must vanish identically in the limit of 
infinite ionic mass « must also vanish in this limit ; since «x must be dimensionless, 
this suggests that it is equal to (m/M)* where m is the mass of an electron and 
a is a positive number. Finally, if the kinetic energy of the ions is to be of the 
same order in « as the quadratic terms in the expansion of the Hamiltonian 
then « must be equal to 1. We now proceed as follows: in equation (3) Hei 
depends on the u,’s through Hint. We expand Hint in a power series in the 


ae 
es 
ee 
¢q 


‘that the expansions of Bn, anc : 
‘Equating equal 5 powers of x on both sides of equation Ab) we Pein the ee 


system of equations - : = sg Bates © 
= (VignO FEO) xo = Ci Nery . am Sales a 
(Vion +E, — Em )Xmn® = (Emo — Vion® —E,)xmnns ico 


(Vion + E,, — E mn) Xan =(&,,) O— Vio, 9 —E AGA) Ei ; 
4(E,O= Vin ET ion) Xan. vie eee 


Since Vion and E, are constants we see from equation (13a) ie 
En = Vion + E,™ and consequently this equation does not determine Xn, 
From equation (135) we see that &,,° = Vion ®+4+E ®; since Vion and E,, are 
linear in the displacements u; we must have 6, ®=0, This is of course just 
the condition that the ions be in equilibrium under the forces acting on them. 
Equation (13 c) therefore becomes 


(Tion at Vion® +E, a) 5 ee O—€ ee o. se eeee (14) 


This equation determines the motion of the ions to the lowest order in x. It is 
important to notice that the frequency spectrum of the ions, as given by this 
equation, is not determined solely by Vion®, but by Vion®+£,,@. It is just 
this extra term that is responsible for the renormalization of the frequencies. 
The quantity E,,® is easily shown to be given by the equation 
Qs (2) [<a|FZint®|n’ >P 
E,,® = (n|Hint®|n) +2 E.O-E@ ~ STS 

Thus to the second order in « the energy levels of the system are given by the 
equation 


En = €_ = EOE — See (16) 
while the wave functions are given by 
Din = Xn (Pn + pO + Yn) sean (17) 


where ¢,, is the solution of 
HOY Oe FOO eee (18) 

and 5, and %,,° are given by the standard first and second order formulae of 
perturbation theory. ‘The wave functions given by equation (17) are of course 
adiabatic wave functions. We shall not calculate any higher order corrections 
to the energy levels or wave functions in this paper. 

We now remark that it is a straightforward matter to show that these results 
can be obtained by a canonical transformation that eliminates the term linear 
in « from the Hamiltonian. If S is this transformation then it must satisfy 


; [H, S]+«H®=0. aL) 
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_ ‘This equation in fact uniquely determines S. With S defined in this way the 
transformed Hamiltonian H’ is to second order in S, 


(re => vay 4+ Ve + Vion + «(Tion + Vion™ + Ee), oeeeee (20) 
where E,,® is given in terms of S by the equation 
E, = (n|H®|n) + 55 (n|[H®, Slr). seve (21) 


This Hamiltonian obviously leads to the same set of energy levels and wave 
functions as those given by equations (16) and (17). 

The advantage of using a canonical transformation to generate the 
Born—Oppenheimer expansion is that it will allow us to make a very direct 
comparison with the other theories of electron—phonon interaction. 


§ 3. APPLICATION OF THE BORN—OPPENHEIMER EXPANSION TO METALS 
To apply the Born—-Oppenheimer method as we have outlined it we must 
solve equation (19) for the canonical transformation S. It turns out that it is 
not possible to do this exactly and we have to content ourselves with an approximate 


solution. This solution does, however, give a very reasonable description of the 


longitudinal vibration spectrum in the limit of small wave numbers. We shall 
discuss the approximation that is necessary to solve equation (19) in more 
detail later. 

The Hamiltonian, correct to second order in the displacements, is given by 


EHO 2 aaitHOe. 2 eS. (22) 


where the symbols have the same meaning as before, and we have dropped 
Vion since it can be assumed to vanish identically. It is convenient to work 
in a second quantization scheme for the electrons and to introduce a set of normal 
coordinates for the ionic degrees of freedom. ‘Two simplifying assumptions 
will now be made: (a) we assume that the lattice vibrations are either longitudinal 
or transverse, and (b) we assume that only the longitudinal vibrations are coupled 
to the electronic motion. These assumptions are merely introduced to simplify 
the calculations and are not essential to the method we use. Bardeen (1956) 
has shown that with these assumptions the Hamiltonian can be reduced to the 
form 
H=He+Air+ Apn t+ Aint™ Serateene (23) 

where we have absorbed the « and «? factors for convenience. The symbols 
in equation (23) have the following meanings 


Ha= DC ACuet PIMP eo (24) 

HF 3 (eePiet + Buca) ee (25) 

Hyn=43 > (eb? aoe ga) ee 0 ee (26) 

ene ee (27) 

where P= > Ce Le p41 x OPC rae (28 a, b) 

Vi= -(NM)"? { oe | Ye. V,0(r—Rj)exp(“if. R,) | ‘pg a (29) 
j 


and 
MPaAret tees (30) 
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The operators C,,* and C,, are the usual creation and annihilation operators for 
the electrons, «, is the energy of an electron with wave vector k and y, is the 
corresponding wave function. In these last two definitions we assume that the 
effect of the periodic lattice is included. The g are the normal coordinates of 
the lattice degrees of freedom and p, are the conjugate momenta. M is the mass 
of an ion and N is the number of ions and electrons. The term 4>M,*pp-4 
represents the Coulomb interaction of the electrons, M/? is the Fourier transform 
of the Coulomb interaction. Finally, v(r—R,®) is the Coulomb interaction 
energy of an electron with the ion at R,®. As we have remarked earlier, 
v(r—R,) is not strictly a Coulomb interaction for all values of (r—R,); it 
certainly deviates considerably from Coulomb form for values of (r— R,)~a 
where a is the radius of an ion. However, it is easily shown that the matrix 
element V;' will be essentially independent of the behaviour of the potential for 
small values of |r—R,| provided fa<1. Since a is certainly less than an 
interatomic distance, we merely have to limit our consideration to frequencies 
corresponding to wavelengths greater than one or two atomic distances. 

The frequencies Q, that appear in equations (24) and (25) are the frequencies 
defined by the Hamiltonian Tion+ Vion® and will be referred to as the ‘bare’ 
frequencies. Similarly, the matrix element V; will be referred to as the ‘bare’ 
matrix element. Our main task is to show how both Q, and V,' can be replaced 
in the Hamiltonian by ‘renormalized’ values w, and V,. Since Hint” only 
affects the longitudinal frequencies, the transverse frequencies will retain their 
original values. 

The equation for S is, in the notation of this section, 


: a, Si4 Hae O ee ee (31) 


At this point, we have essentially to guess a suitable form for S. Since S and 
Hy¢ appear linearly in equation (31), S must be linear in the normal coordinates 
q;; for the same reason it must depend linearly on V,’. Finally, since H,,,, 
contains a sum of operators C,*C,_, it is reasonable to assume that S will also. 
These considerations lead one to suggest the following form for S 


S=1h 2 > CoC, V faze(k, 1) 


where ¢(k, f) is an unknown function of k and f to be determined from 
equation (31). If we set 1S/h=—S’ then 


S'= > > CFC. Vege ee (32) 
and we easily find that 
[> C#C.e,, s'| = TEVA cree (33) 
[22 Mien" | = S MAb S14 bed ooeees (4) 
where 
[pp S’]= > > Viged ELC Cp 4 Ce Cpe) eee (34d) 


and a similar equation holds for [p_,,S’]. It is at this stage that we introduce 
an essential approximation. In the expression given by equation (346) for 
[p,, S’] we shall keep only the terms in the sum for which f’=f. This is, as 


| 
| 
| 
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- Bardeen and Pines (1955) have pointed out, a Hartree type of approximation. 
_ For in doing this we are neglecting diagonal exchange terms in the commutator. 
_ The same approximation is made by both Nakajima and Bardeen and Pines. 
~ However, the latter authors make it plausible that this simplification is correct 
at least at long wavelengths. This conclusion is confirmed by the fact that the 
‘f approximation leads to essentially reasonable results for the renormalized 
3 frequencies and matrix elements. A more detailed justification of this approxi- 
mation would, however, be desirable. With this approximation we find that 


# , E > MfPpp_s>S | = 2 > MPV (GCS Cys 2 $(k’, f)[m(k’ — f) =k). 
pa ee (35) 


If we now substitute the expressions given by equations (33), (34) and (35) 
into equation (31), we find that ¢(k,f) must satisfy the following equation 


Me S Hk, f)In(k—#) SFrbles) Wedlk: fle. <p eel Aten (36) 


Since 


2, (k’, f)[a(k’ — f) —n(k’)] 


is independent of k we must have ¢(k, f)(<,—«,_,) independent of k as well. 
So we may set 4(k, f)(«,—«,_4)=x(f) and then we find that x(f) is given by 


x(f) = E +Me see iz are (37) 


Finally setting V,=x(f)V;,' we have 
Pe 2 COL Ake een Ee ee (38) 


Thus S’ depends only on the renormalized matrix element V,. From equation (19) 
we see that the renormalized frequencies which we shall call w, are defined by 
a Hamiltonian which contains the two terms (n|[Hint®, S]|\v> and (n|H®|n). 
The term H® is easily shown to have no diagonal part and consequently can be 
neglected. We therefore have to calculate the diagonal part of [Hint™, S] in 
order to determine the w,. Now, 


x [Hin®, S]= — $[Hint®, S’] 


and using the above definition for S’ we find that 
— $[Hint®, S’]= 2 yz > Y VV UG b(k, 2) gl re Cyse* Cy]. 
Rintie 


Therefore the diagonal part of [Hint”, S] is given by the equation 
= Hind, S']= FEE VEY sg dl NUH) KO} ooo (39) 
: This last expression enables us to write down the following equation for a, 
i Oe w2=-—V IVY 2 b(k, f)[W(k)—(k—f)] sees (40) 
where 7i(k) is the expectation value of the operator m(k) in state In). If we now 
substitute for 4(k, f) we find that 

02 a2=—VV, 2 [7(k) —70(k —f)]/(ee— et): ee (41) 

k 

: 


ur final expressions for the renormalized matrix 
these expressions with those 


Equations (31) and (41) are o 


elements and frequencies, and we now compare 
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given by Nakajima and Bardeen and Pines. These authors define the matrix 
elements by the equation 


V,=x' (V;' 
where He. Sy AK Sn eee a ae (42 
) x()=[1+ms po | Me) 


while their equation for a, is eee ce 
~~ i(k) —n(k— 
sig a og rina a os 
The only difference therefore between our definitions and theirs is that all the 
energy denominators in their expressions have an extra term fw, in them. 
Now it is easily shown that 
Sa Ee HM) -1+0(F), to (44) 
k €k—€k—f Kk &k— x4 t hen c 
where k is Boltzmann’s constant, 6 is the Debye temperature and ¢ is the Fermi 
energy. In evaluating the sums in equation (44) we have assumed that the 
#(k) correspond to the Fermi distribution. Since k@/¢ is always less than a few 
per cent for the alkali metals, we see that there is no essential difference between 
our results and those due to Nakajima and Bardeen and Pines. 

We end this section by making a few qualitative remarks about the significance 
of our results. Firstly, it is easily seen that V, and ow, differ qualitatively, not 
merely quantitatively, from the bare matrix elements and frequencies. For 
example, V,~f for small f, whereas V,)~f- for small f. Again w,=C|f|f for 
small f while Q, is essentially the plasma frequency of the ions and is a constant 
for smallf. From the quantitative point of view, both V,and aw, are in reasonable 
agreement with the value determined experimentally. For example, the 
longitudinal velocity of sound calculated from equation (41) agrees within 20% 
with the experimental values for the alkali metals (Bardeen and Pines 1955), 
while the electron-phonon interaction constant which is contained in V, is 
always with a factor of 2 for the monovalent metals, and often considerably 
closer. This degree of agreement between theory and experiment seems to be 
quite striking when one considers the simplicity of the model. 

Finally, we remark that if the lattice degrees of freedom are treated classically, 
as presumably they may be when T>6, then the difference between our 
expressions and those given by Nakajima and Bardeen and Pines vanishes. 
This is simply because the fw, that appears in their denominators arises from 
commutators of the form [,,q,]: these commutators are obviously zero if 
the lattice degrees of freedom are treated in a classical approximation. In a 
subsequent paper we shall discuss the higher order terms in the Born— 
Oppenheimer expansion and their effects on the thermodynamic functions of a 
metal, and we show that while they give a good approximation at high temper- 
atures (7'> @) they do not give a good approximation at low temperatures (T’< 6). 


§ 4. THE THERMODYNAMIC FUNCTION 
In the last section, we have shown that the longitudinal frequencies of a 
monovalent metal depend on the electronic configuration. This fact is explicitly 
expressed in equation (43) where w,2 is given as a function of the occupation 
numbers 7i(k). In other words for an electronic configuration defined by a set 
of occupation numbers 7(k) there will be a different set of longitudinal frequencies 
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w,. This at once implies that the free energy of the metal will no longer be the 


sum of an electronic free energy and a lattice free energy. We shall show, 


however, in this section that in practice the free energy is given very accurately 


by the sum of an electronic term and a lattice term, the corrections to this sum 


BN Mckee WSNUT SQ SIAN PNG RTE 9 CTE Sera ug nS gel RR rN AG 


being less than a few per cent for the alkali metals. Consequently, both the 


- specific heat and the spin susceptibility of the system are given to within a few 


per cent by their usual free electron values. It is in fact easy to see why the 
corrections to the free energy are so small. The important point is that even 
though the frequencies do depend on the electronic configuration, the electronic 


" configurations we have to consider in a metal, at least at the usual temperatures, 


are all very close to the ground state configuration. For example, on a simple 
free electron model the number of electrons above the Fermi surface at a 
temperature Tis of order kT/¢. Since RT/C is only about 1% in the alkali metals, 
even at their melting point, we see that for all practical purposes the frequencies 
will be the same for all electronic configurations. We now outline an explicit 
calculation of the thermodynamic functions for the system which will confirm 
this qualitative argument. 
- The free energy F is given as usual by 


See oe eh i | = Poe ee aes eee (45) 
where 
Ze rlexo BH \le es O-uie.) 4 pote (46) 
and the eigenvalues E,,, of H’ are given by the equation 
Ee re FR NER hs (47) 
Here E,, is an eigenvalue of the equation 
Hp, O=E OG = nts (48) 
and E,,® an eigenvalue of the equation 
Rien ee al Ei Xo (49) 


The argument we have just given leads us to expect that the wave functions 
Xni and energy levels £,, {® will be essentially the same for all electronic states Bn 
Consequently, in equation (49) we replace EZ, by E,® and treat the difference 
E,®—E,® as a small perturbation in the equation. Then to first order in this 
difference we find that 
E,, = Eq® + QE, ° - Ely neers (50) 

where |/) is an eigenstate of the Hamiltonian Tion+ Vion + £,.®. If we now 
substitute this expression for E,,° in equation (47) we obtain the following 
approximate expression for the free energy, 


Pare pete A) Re eae (51) 
peal a= =hT log | > See pz.) | ee. (52) 
F,=—RkTlog | > Lye BE.) | ees (53a) 

and i 

Fo= (E,2 — Ey [Ly exp [— B(En® + E,i”)] 
n Ut 
x ¥ dS exp[-B(L,+ Ey). eee (53 b) 
nt 


Thus F is the sum of the usual two terms F., and F, together with a correction 


to itis it Asiene “Firstly, we set V_ pes nye bere ee is given by | 


equation (37), we next approximate V2 [hey By C|f| where C is related to the « 
usual interaction constant g by the equation (Frohlich 1952) 


ih hs ‘ote 

rextd a” Fs ar ree 

where G the volume of the system. Finally x(f) is replaced by the expression 

1+ aoko?/f? where a» = e?|k|)/27¢ and Ry is the wave number of an electron at the 

Fermi surface. This last approximation was obtained by replacing the function 
. 0(k) — o(k—f) = 


C= 


k €k — kf 
by its mean value over all allowed values of f. Since the function varies slowly 
for almost all values of f this should be a good approximation. With these 
approximations it is a simple matter to evaluate F. We find that 


(RT)? RO 


(@) T<8, Feb TOE ew.2r(v) 
a (59) 
_ n® (RTP ROT 
(d) Ts 8, aber Boas So st Nea 


Here N, and N, are two numerical factors which depend only on the density 
of the metal ao r(v)=(2)-8 for a monatomic metal. In the table below 


ké - 
Metal r(v)g t x 10-5 N, Nz FL FH 
Li 11 6-93 —0:514 —2-33 — 7-84 x 10F, —44-6x 10-3 (3) Fo 
Na 0:3 440  -—0-:567 — 2:56 — 150: < 10-37, —8:50x 10-3 (3) i, 
K 0:23 4:01 —0:629 —2:-80 — 1:16 x 10-3, —6:51 x10 (3) Fy 
ipa BRT 


a 
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_ we have tabulated the various quantities for the three alkali metals, Li, Na and K. 
We see that in no case does the correction to the free energy exceed a few per cent 
_ of the thermal energy Fy of the free electrons. Consequently, the correction to 


_ the specific heat will be quite negligible in all these substances. We have 
also calculated the corrections to the spin susceptibility y and find that” 

e 

oF 

y ké — 

i Rapa GO Ee Ke Kop BM si 

eee a rt Ah T hepntecaaee “PERT (60) 

%, k6T 

= (6) T>8, Xe= xo Gs Na 


where yc is the correction to xy. The corrections to the susceptibility are therefore 
exactly the same in form as those to the specific heat and are hence quite 
negligible. 
In conclusion we should like to mention the connection between our calculations 
_ of the correction to the specific heat and the calculation carried out by Jones 
_ (1957). Jones is concerned with exactly the same corrections but with a different 
_ model; namely one in which the Fermi surface is extremely close to a zone 
- boundary. In such circumstances he showed that one can expect to find a very 
large correction to the free electron specific heat. Although his method of 
calculation is quite different from ours the result can be interpreted quite simply 
in our language.t The large effect that he finds arises because in the sum over 
electron wave numbers in equation (57) very large contributions come from terms 
which correspond to Umklapp transitions; such transitions take place with 
great frequency when the Fermi surface is very close to a zone boundary, leading 
to a very large correction to the specific heat. It will be of considerable interest 
to see if this effect is observed experimentally. 
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Abstract. Some aspects of the behaviour of group II, IV and VI elemen 
impurities in InSb, InAs, GaSb and GaAs have been studied. It is of particular 
interest to know whether these behave as donors or acceptors. In some cases, 
which are discussed, e.g. magnesium in GaAs, abnormal behaviour is observed. — 


§ 1. INTRODUCTION 


HE study of impurities in germanium and silicon has proved of considerable 

| interest and technological value. ‘The III-V compounds, although not 

yet developed or understood to the same degree, are increasingly important 

and it was considered that investigation of the behaviour of impurities in the 
latter semiconductors would be valuable. 

With germanium and silicon a natural starting point was to study the behaviour 
of group III and group V impurities which occupy substitutional sites. The 
principal effects were those of strain on the lattice affecting the covalent bond 
energy etc. and the production, at room temperature in the case of germanium 
and at higher temperatures in the case of silicon, of a free carrier and a localized 
charge centre. This situation, compared with the case of interstitial impurities 
is easier to understand and the more susceptible to calculation. The case of 
III-V compounds is more complicated since the impurity may substitute for 
either element singly or ina pair for an adjacent group III and group V atom; 
the question may be complicated by the stoichiometry of the compound. 
Similarly, there are positions in the lattice in which an interstitial atom could 
have four nearest neighbours of the group III element or four of the group V 
element. Consequently, it was decided to investigate first those elements which 
were most likely to occupy substitutional sites and to determine whether they 
acted as donor or acceptor centres. Magnesium, zinc, cadmium of group II, 
silicon, germanium, tin and lead of group IV and sulphur, selenium, tellurium 
of group VI were chosen as impurities in InSb, InAs, GaSb and GaAs. Work 
along partly similar lines has been reported by Smirous (1955, 1956) Schillman 
(1956), Folberth and Schillman (1957), Kolm, Kulin and Averbach (1957) and 
Jenny and Braunstein (1958). The results of the present work are not completely 
in agreement with those of some of the authors mentioned above. 


§ 2. EXPERIMENTAL PROCEDURE 


The method employed to prepare the material was to take about 5 grammes 
of the compound, as pure as possible, and to melt this in a small evacuated 
quartz tube with a few milligrammes of impurity. To GaAs a little arsenic was 


ihe InAs were m 
s on these materials are scarc 
crystals was not essential. In a few cases the 
zone pass after initial freezing (see table 1). 


_ af ; § 3. RESULTS | 

pA Values of R were obtained in most cases at room temperature and, if necessary, 
also at 90°K. Table 1 indicates which impurities were donors and which 
acceptors. When more than one ingot was doped with a particular impurity or 
__ when several specimens were measured, the lowest value of R was taken; that 
- is, the figures quoted are the maximum concentration of carriers in the extrinsic 
range. It follows that unless an impurity produces more than one carrier per 
atom, the solubility of the impurity is at least that represented by column (3). 


: Table 1 
(1) (2) (3) (4) (5) 
InSb Mg 2-4 5-7 A 
Zn 0:7 0-9 A 
Sit ~0-002 2:5 A 
Get 0-053 0:96 A 
Snt 0-034 0-52 D 
a Pbt ~ 0-012 0-30 D 
2 Te 0-78 0-92 D 
iq InAs Mg 0-52 6:2 A 
Zn 0-022 0-085 A 
> Cd 1-6 = A 
ba Te 0-9 0-7 D 
ba GaSb Mg 2-9 5-7 A 
ra Zn 1-1 5-7 A 
‘4 Si 2-1 2-1 A 
F Ge 1-2 1-1 A 
é Sn 0-029 0:7 D 
4 Te 0-28 26-0 D 
bg GaAs -— Mg 0-27 5-7 D 
i Zn 0-57 1-6 A 
i 4 Si 0-42 3-9 D 
fe Sn 0-048 1-0 D 
e Ss 0:45, 2-6 D 
4 Te 0:35 14-0 D 
ie (1) Compound ; (2) impurity ; (3) no. of carriers (101° cm~*) ; (4) average impurity 


added to compound (10/%cm~*) ; (5) impurity type : A=acceptor, D=donor. 


4 + These ingots had one zone pass. 


af 


and agitation probably improved the mixing UE IE 1S: NOR CeEaR 

sufficient. — ‘ } 

(b) Some ingots showed a non-uniform concentration of 

due to segregation. zs : int " 
(c) Some of the impurity may have frozen out at grain boundaries. = 


Ce a 
#2 


impurity, 


2 
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(d) Some of the impurity may have vaporized and, on cooling, condensed on 
the walls, or diffused into the quartz. 2 
Despite these uncertainties some conclusions, which are believed to be 
reliable, may be drawn from the results. Table 2 contains the results from the 
present work and other sources showing which impurities are donors or acceptors _ 
in the four compounds mentioned above. The results in each left-hand column 


Table 2 
a eS 
Group Element InSb InAs GaSb GaAs 
II Mg A (A) A? A Att D 
Zn A (A) A? A> A 
Cd A A?* AS x A 
IV Si (A) A? IDE A De 
Ge A At Dp! 4 A Al jo 
Sn (GD) 9 IDE D4 (A) At (D) 
Pb (Db) Ot Ol oO}! 
VI S D? D4 
Se ibe D4 D5 
Te IDL ay IDE D D> D 


O = insoluble 

1 Folberth and Schillman (1957) ; ? Harman (1956) ; * Hulme and Mullin (private 
communication); 4 Schillman (1956); ® Smirous (1956); ® Jenny and Braunstein (1958); 
? Welker (1954). 
are those of the present work, in the right-hand column from the references 
indicated. The results in brackets are those in which there is some uncertainty 
either because the solubility was small (e.g. tin in GaSb) or because there was 
some evidence that the impurity might behave in more than one way (e.g. 
magnesium and zinc in InAs). 

To obtain some insight into the behaviour of the above impurities, we record 
their tetrahedral radii, given by Pauling, and compare them (see figure) with 
those of the relevant group II] and V elements. Of course for an ionized impurity 
atom some modification in its radius should be considered due to the charge: 
for example a group IV element replacing a group III element would be 
positively charged and the radius smaller; on the other hand a group IV element 
replacing a group V element would be negatively charged and the radius larger. 
Pauling (1940) has given a rule for estimating the change in radius; according 
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Values of tetrahedral radii (after Pauling). 
BS 4.2. Group IV Impurities _ 
= Itis thought that the impurities silicon, germanium, tin and lead enter the 
lattice of any of the four compounds by substitution and at most will be singly 
charged, either positively or negatively. Three possibilities may be borne in 
mind, that the group IV element replaces only one of the two lattice atoms, as 
suggested by Welker (1952), that the group IV element can occupy either a 
_ group III or a group V site but one with a greater probability than the other, 
and thirdly that it enters the lattice partly or wholly in pairs of atoms (Kolm et al. 
1957), since this may be energetically favourable. 
Initially we shall neglect the question of solubility and consider only whether 
» the impurity acts as a donor or as an acceptor. Two criteria are examined: 
that the impurity replaces the larger of the two parent atoms (Welker 1952) 
_and that the impurity replaces the parent atom to which it is nearest in size, thus 
causing least distortion of the lattice. The evidence is in favour of the first 
hypothesis. Firstly, with the exception of germanium and probably silicon in 
InSb, all the group IV elements silicon, germanium, tin and lead are donors 
_ where the group III element is the larger; and acceptors where the group V 
element is the larger. With the exceptions noted these results are consistent 
with the first hypothesis but not with the second. For example, silicon and 
_ germanium are much nearer in radius to arsenic than to indium; yet they both 
_ replace indium in InAs. Folberth and Schillman (1957) have suggested there 
| is a tendency for preferential substitution in the group V site to explainthe 
» p-type role of germanium in InSb. Our results with silicon in InSb have not 
been quite consistent, presumably due to the smallness of the changes observed 
and the presence of some other impurities in small (but significant) amounts. 
Using very pure InSb, however, silicon was found by Hulme and Mullin and by 
the author to be an acceptor impurity like germanium. 

A feature of table 1 is that in most cases the value of the apparent impurity 
concentration in the ingot, derived from the Hall constant, does not correspond 
to the relative amounts of impurity and compound. This may be due to one of 
the reasons mentioned earlier such as segregation, or it may be due to the pairing 
of impurities in adjacent sites or the possibility of the impurity occupying either 
site; otherwise it means that the impurity is not sufficiently soluble. The best 
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agreement occurs with silicon and germanium in GaSb, and tellurium in InSb 4 
and InAs; it may be significant that in these cases it is the group Velement which © 
is replaced. 

On the other hand some solubility of impurity, indicated by changes in Hall 
constant and resistivity has been found where no change was observed by other, 
workers; for example, in the cases of lead in InSb (Folberth and Schillman 1957) 
and silicon and tin in GaAs. Kolm et al. (1957) report no change in resistivity — 
in the latter two cases and assume the impurities are distributed in pairs. It is 
believed that the initial resistivity of the GaAs was too low (~ 0-003 ohm cm) 
for them to detect any change. In the present work changes in R from —88 
to —1-5cm®coulomb-! were observed in the case of silicon and from —35 to 
—13cm®coulomb- in the case of tin. Jenny and Braunstein (1958) have also 
observed the donor behaviour of germanium in GaAs. Nevertheless the general 
conclusion of Kolm et al. that most of the impurities are distributed in pairs is 
likely to be correct. Rhoderick (1959) has also obtained measurements on nuclear 
magnetic resonance which confirm that Si atoms enter the GaAs lattice in two 
forms, one of which acts as a donor while the other is electrically neutral. 


4.3. Group II and Group VI Impurities 


The second factor which governs the ‘choice’ of sites is that impurities tend 
to displace the group III or group V atom in such a way as to avoid local centres 
of excessive charge. For example, zinc replaces gallium in GaSb, sulphur 
replaces arsenic in InAs although from consideration of the tetrahedral radu 
alone this behaviour could appear unlikely. However, there is at least one 
exceptional case; magnesium, contrary to expectation, acts as a donor impurity 
in GaAs. It is probable that a negatively charged magnesium atom would have 
a large radius, too big to allow it to substitute for gallium (see figure). On the 
other hand, if it lost one or both of its two outer electrons (i.e. acted as a donor) 
its size would be much reduced and the atom might occupy an interstitial position. 
While this behaviour would be in accordance with the present observations it 
is still rather surprising that cadmium, which is also a large atom, acts in the 
normal way as an acceptor. 

There are also indications of abnormal behaviour from magnesium and zinc 
in InAs. That of zinc in InAs has been described by Folberth and Weiss (1956). 
Some magnesium doped specimens of InAs have been found to be n-type, others 
p-type. These elements may possibly act as donors (interstitially) at low 
concentration and acceptors (substitutionally) at high concentrations. Another 
important factor may be the heat treatment of the ingot after solidification as 
in the case of zinc in InAs (Dixon 1958) and the possible diffusion of impurity 
from the surface. 
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Measurements of Sonoluminescence from Pure Liquids and some 


Aqueous Solutions 


RYE; JARMAN 
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Abstract. An exhaustive study of sonoluminescence has been made at a 
frequency of 16:5 ke/s. ‘The temperature dependence of the luminescence from 
15 pure liquids and some aqueous solutions has been determined in the range 
4°c to 80°c. The intensity of luminescence was correlated with various para- 
meters; the best correlation was found with (surface tension)?/(vapour pressure). 
Photographs have been taken showing that sonoluminescence generally occurred 
as a single discrete flash once every sound cycle. This flash appeared to occur 
within a tenth of a period from the sound pressure minimum with non-volatile 
liquids like water ; with volatile liquids, the flash apparently occurred shortly 
before or at the sound pressure maximum. Sometimes a secondary flash occurred 
shortly before or after the main flash. No sonoluminescence was detected from 
any liquid when the cavitation bubbles collapsed, i.e. shortly after the sound 
pressure was a maximum. 

The results would appear to substantiate the theories that sonoluminescence 
is caused by electrical microdischarges occurring within the cavitation bubbles 
and by the photochemical recombination of dissociated molecules at the nascent 


surfaces of these bubbles. 


_—_ 


§ 1. INTRODUCTION 


ONOLUMINESCENCE isa weak luminescence that occurs in liquids when 
S they are cavitated by sound fields of a few watts per square centimetre. 
Cavitation is the process whereby a gas bubble expands and collapses as 
the net pressure within the liquid becomes negative and then increases to above 
atmospheric. ‘These conditions occur, for example, around ships’ propeller 
blades, in flow through a narrow orifice and in sonically irradiated liquids. The 
initial diameter of the gas bubbles in the case of sonically induced cavitation 
using ultrasonic frequencies in the megacycle region is thought to be a few 
microns; with magnetostrictive oscillators at frequencies of 10 to 100 kc/s, the 
bubbles may be larger. Sonoluminescence is most intense in the nodes or 
antinodes of a stationary wave system and can be seen, by a dark-adapted eye, in 
water and other non-volatile liquids. ‘The addition of certain non-polar organic 
solutes like carbon disulphide enhances the luminescence; the addition of 
highly volatile liquids like ether inhibits it. Restrictions on parameters like 
frequency, bubble size, sound and hydrostatic pressure, which control the onset 
of cavitation, will also control the onset of sonoluminescence. 
Since a review of existing knowledge about sonoluminescence has just been 
published (Jarman 1958) only a brief mention of previous work will be given 
in this paper. Chambers (1937) has published the only available results of a 
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comprehensive visual examination of sonoluminescence from some thirty liquids, 

which were cavitated using a magnetostrictive transducer at a frequency of 
8-9 kc/s. He advanced an empirical law that the intensity of luminescence 
was proportional to the product of the dipole moment and the viscosity of the 
liquid. Recent quantitative work (Griffing and Sette 1955, Srinivasan 1955) 
has concentrated on the chemical effects associated with cavitation and on the 
influence of the gas dissolved in cavitating water on the intensity and spectral 
_ distribution of the luminescence. (See also Guenther et al. 1957). 

There are four existing theories of sonoluminescence: the electrical micro- 
discharge theory (Frenkel 1940, Bresler 1940, Natanson 1948, Harvey 1939), 
which supposes that lens-shaped cavities are produced in the liquid by the sound 
field and that the electrical double layers surrounding these cavities are torn 
apart and discharges occur; the mechano-chemical theory (Weyl and Marboe 
1949, 1951), which assumes that free ions are formed when molecules are 
mechanically dissociated at nascent surfaces created by the sound field, and that 
light is emitted when these ions recombine; the hot spot theory (Neppiras and 

-Noltingk 1951), which shows that sonoluminescence is merely black body 
radiation from incandescent gas inside the cavitation bubbles when they collapse ; 
finally, the chemiluminescence theory (Weissler 1951, Griffing and Sette 1952, 
Rust 1953), which, like the mechano-chemical theory, attributes the luminescence 
to the photochemical recombination of dissociated molecules but, in contradiction, 
presumes that the molecules are thermally dissociated when the cavitation bubbles 
collapse. 

No quantitative work has so far been published on the different intensities of 

= sonoluminescence from a series of pure liquids and solutions, but Wagner (1958) 
has recently published some work concerning the phase of the luminescence 
with respect to the sound cycle. He worked with krypton saturated water at 
200 kc/s and obtained some excellent photographs showing a series of plane 
fronts of luminescence at the antinodes of a stationary wave system. He proved 
that the luminescence occurred as a single discrete flash once every sound cycle 
and within a tenth of a period of the sound pressure minimum. The effect 
of reducing the temperature of the water to about 5°c and the occurrence of 
secondary flashes is discussed by Wagner. The present work was designed to 
give quantitative information on these aspects of sonoluminescence. A magneto- 
strictive transducer was used as cavitation effects are enhanced at the lower 
frequencies and it was desirable to compare the results with those of Chambers 
(1937). 
§ 2. EXPERIMENTAL WORK 
2.1. Preliminary Work 

A preliminary qualitative study of visible sonoluminescence was made using 

a 25 kc/s window-type transducer coupled by a double exponential velocity 

transformer to a small glass tank containing about a litre of liquid. Cavitation 
and sonoluminescence occurred but they were localized exclusively in a small 
region adjacent to the transducer stub. ‘The luminescence could just be seen 
in tap-water by the dark-adapted eye; it was enhanced by the addition of a few 
drops of carbon disulphide or carbon tetrachloride whereas it was suppressed 
on the addition of a few drops of ether. A bright luminescence was seen 1n 
glycerine provided it contained a small quantity of water. A rough examination 
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of cavitation noise was made with a noise analyser and considerable sub-harmonic 
content was found (Esche 1952). This form of transducer was thought to be 
unsuitable as the cavitation occurred only at the transducer stub and it is known 
that solid surfaces enhance cavitation. A toroidally wound cylindrical nickel 
transducer, resonant in its radial mode at 16:5 kc/s, was used instead. | This 
gave a focused region of cavitation-along’its axis‘and, by using polythene beakers 
as liquid containers and as coupling media, a whole series of liquids could be 
cavitated well away from any solid surface. ‘This solved the problems of spurious 
cavitation and of contamination bv chemical action at the metal—liquid interface. 
It is believed that this is one of the first experiments to use a radial magneto- 
strictive transducer to provide a convenient focus of cavitation in a range of 
liquids. A theoretical account of this type of transducer has been given by 
Butterworth and Smith (1931), and some account of its use is given by Richardson 
(1957) and Crawford (1955): Kou 

Attempts were made to measure sonoluminescence quantitatively with 
moderately sensitive nine stage photomultipliers using d.c. and chopper techniques. 
Rough observations were obtained from those liquids giving large (visible) 
intensities of luminescence. Some attempts were made to detect r.f. radiation, 
which may originate from electrical microdischarges near to the surfaces of the 
cavitation bubbles or from some other mechanism associated with cavitation, 
but these attempts were unsuccessful : the experiments did not however con- 
clusively exclude the possibility of any such radiation. 


2.2. Apparatus 


Figure 1 shows the light-tight assembly, which was designed to include a 
highly sensitive photomultiplier and a continuously cooled cylindrical transducer. 
The photomultiplier, an E.M.I. type 6256, has thirteen dynodes together with a 
photocathode and an anode collector, which give an overall gain of 10° when 
connected to a high tension supply supplying 150 volts per stage. The dark 
current limits its sensitivity to about 2x 10-1! phot at the photocathode. A 
quartz window is sealed on to the tube so that ultra-violet light can be detected. 
The transducer has an internal diameter of 6 cm anda height of 4-5 cm; it is fed by 
an oscillator-rectifier circuit giving a d.c. polarizing current of 5 amperes and 
an a.c. supply at 16:5 ke/s, which can be adjusted up to a maximum of 250 watts 
electrical power input to the transducer. A thin aluminium cylinder, closed 
by a + in. quartz window, shields the photomultiplier with its leads from the 
vapour of the liquid underneath; another horizontal shield protects the cavitated 
liquids from the vapour of the cooling water. The photomultiplier can be 
moved up and down along its own axis; usually it was clamped so that the quartz 
window of its shield was just above a cleaned polythene beaker, which contained 
about 150 cm? of liquid. Cavitation occurred along the axis of the transducer 
when the sound pressure amplitude in the liquid exceeded a threshold of one to 
two atmospheres. Sonoluminescence was detected just above this threshold. 

The signal from the photomultiplier was measured by a simple Miller 
integrating circuit in which charge was stored up in a 250 pF electrolytic condenser 
in a grid-earth circuit of a pentode. The object of this integrator was to average 
the luminous flux over an interval of about half a minute as the instantaneous 
reading of a microammeter in the anode-earth circuit of the photomultiplier 
was unsteady due to the rapid changes of the cavitation pattern within the various 
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Figure 1. Apparatus. 


The photocathode, which was 1 cm in diameter, was placed about 7 cm above 
this region so that about a hundredth to a thousandth of the available luminescence 
was detected assuming that the luminous flux was isotropic. At higher power 
inputs to the transducer, the cavitation broke up from the axis into a ring near 


to the walls of the beaker. 


2.3. Quantitative Work with a series of Liquids 


‘Zz . 
ee The object of this work was to determine the dependence of sonoluminescence 
__ onthe temperature, vapour pressure, viscosity, surface tension and dipole moment 
ver i ; 
es 


of the liquid. Some twenty pure liquids with widely different properties were 
chosen (see table). ‘The flux from the non-volatile liquids contained a larger 


proportion of ultra-violet than did the flux from the volatile liquids. 


-.. history of 


or of carbon tetrachloride were added to cavitating water, which are sufficient ; 
for saturation at room temperature, the intensity of luminescence increased 
by ten times with carbon disulphide, and by three times with carbon tetrachloride. 
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Figure 2. Sonoluminescence—temperature Figure 3. Sonoluminescence-reciprocal 
distribution for secondary butyl vapour pressure graph at a series 
alcohol. of temperatures for secondary butyl 
alcohol. 


Sonoluminescence was measured over a temperature range from 15°c to 
80°c for all the liquids except chlorobenzene and the aromatic hydrocarbons, 
which attack polythene when they are hot. In each case, the luminescence 
took a minute or two to develop (see Levsin and Rzevkin 1937). ‘This time 
lag before the luminescence reached its maximum intensity was independent 
of the initial temperature of the liquid. It was probably due to the time taken 


Sonoluminescence Sonoluminescence 
Flux at 40°C Flux at 40°C 
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Figure 4. Sonoluminescence-reciprocal Figure 5. Sonoluminescence—(surface 
vapour pressure distribution for 15 tension)®/vapour pressure distribution 
pure liquids. for 15 pure liquids. 


- Key to liquids: 1, dimethyl phthalate; 2, ethylene glycol; 3, tap water; 4, O-xylene; 


5, isoamyl alcohol; 6, chlorobenzene; 7, n butyl alcohol; 8, isobutyl alcohol; 
9, toluene; 1, secondary butyl alcohol; 11, n propyl alcohol; 12, isopropyl alcohol; 
13, ethyl alcohol; 14, benzene; 15, tertiary butyl alcohol. 


Figure 2 shows a typical temperature distribution and figure 3 shows the 
correlation between the intensity of luminescence and the reciprocal vapour 
pressure of the liquid. There was a similar correlation when viscosity was 
plotted instead of the reciprocal vapour pressure. 

(The units of sonoluminescence flux refer to the intensity of illumination 
at the photocathode in 3 x 10~™ phot. These units are somewhat arbitrary as 
they take into account only visible light. The photomultiplier was calibrated 
with a tungsten lamp at a colour temperature of 2850°K; the above units are 
corrected for an equivalent colour temperature of 9000°K (Srinivasan 1955). 
For most purposes, it is best to regard these units as relative. ) 

The intensity of sonoluminescence for 15 pure liquids at three temperatures 
is given in the table and in figure 4 the intensity of luminescence at 40°c for these 
liquids is plotted against their reciprocal vapour pressure. Liquids like water and 
chlorobenzene appear to have an unusually large intensity of luminescence but 
if their surface tensions are taken into account, as in figure 5, the correlation 
is better. Other parameters have been considered for correlation with the 
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Figure 6. Graph showing the inhibitory effects of primary alcohols on the intensity of 
sonoluminescence from tap water. 2% vol/vol solutions of the following alcohols 


were used: 1, isoamyl; 2,n butyl; 3, isopropyl]; 4, ethyl; 5, methyl; 6, none (tap 
water only). 

A further series of sonoluminescence-temperature runs were made with 
colourless inorganic solutions. The effect of each solute was determined where 
possible at three different concentrations. The solutions were prepared by 
adding normal solutions of the salts to tap water, which had been standing for 
at least two days. The salts used were potassium iodide, thorium nitrate, 
mercurous nitrate, mercuric chloride, sodium carbonate and sodium bicarbonate. 
In general the intensity of luminescence was not significantly different from that 
of tap water. However, the luminescence from some N/10 to N/100 solutions 
was inhibited by a factor of ten if they were cavitated immediately after they had 


been prepared. ‘This inhibition disappeared after two or three days. 


2.4. Determination of the Phase of Sonoluminescence Flashes with respect to 
the minimum of the Sound Cycle 

The photographs (figures 7-10, Plate) show clearly that sonoluminescence 
generally occurred as a single discrete flash once every sound cycle. Sometimes 
there was a secondary flash shortly before or after the main flash. 

The potential difference developed across a 5000 ohm resistance in the anode-— 
earth lead from the photomultiplier was displayed on the upper trace of a double- 
beam oscilloscope. The other plates were connected across the transducer so 


cheval 


beaker as wer input was increased. The bubbles cavitat 
s were out of phase with those cavitating along the axis since the p 
the sound pressure was different in these two regions. Along the axis ther 
pressure antinode of the stationary wave system and at 16-5 ke/s, and 1 


t 


there was a nodal ring about 2.cm in diameter. Therefore the differen in 
phase between the two sets of bubbles was about 37/4. ‘There was also cavitation | 


between the walls and the axis and consequently the luminescence sometimes 


appeared to be continuously spread over two fifths of a period of the sound cycle 


with a maximum corresponding to the majority of cavitating bubbles along the 
axis. This can clearly be seen in figure 8. At higher inputs, the cavitation 
broke away from the centre into a ring near to the walls of the beaker. The 
luminescence then appeared as a discrete flash about 37/4 ahead in phase of the 
discrete flash associated with the low power inputs. 

Figures 7 and 8 also show a secondary flash. This occurred rather arbitrarily 
before or after the main flash. The flashes of sonoluminescence were received 
by suitably adjusting the oscilloscope but this kind of resolution was necessarily 
limited by the time constants of the external input circuit and of the oscilloscope 
itself. Figure 10 shows a flash of luminescence resolved as much as possible. 

The phase of the electrical input to the transducer with respect to the minimum 
of the sound cycle in the liquid was determined with the help of a small cylindrical 
probe hydrophone made of barium titanate. ‘The phase characteristics of this 
hydrophone were determined by impulse methods. The signal from the 
hydrophone was fed through a filter to the oscilloscope and a number of phase 
correlations were made with the hydrophone immersed at various positions 
within different liquids. 

The main flash of luminescence, for non-volatile liquids like water, appeared 
to occur within a tenth of a period of the sound pressure minimum. ‘The flashes 
of luminescence for volatile liquids appeared to occur nearly half a period later, 
shortly before or at the sound pressure maximum. Often secondary flashes 
were seen from volatile liquids; for example, with isoamyl alcohol, the main 
flash of luminescence occurred just before the sound pressure maximum and a 
secondary flash occurred shortly afterwards. With chlorobenzene the secondary 
flash occurred before the main flash which was at the sound pressure maximum. 
In general the phase of the main flash of luminescence tended to move towards 
that for water as the liquid became less volatile. 

No liquid gave any luminescence when its cavitation bubbles collapsed, 
i.e. shortly after the sound pressure was a maximum. 


§ 3. Discussion 
The sonoluminescence-temperature studies with pure liquids showed that 
the best correlation of the intensity of luminescence with other parameters of 
the liquids was with (surface tension)?/vapour pressure. The effect of reducing 
the surface tension was further demonstrated in the studies of aqueous solutions 
of alcohols. Chambers’ visual observations were found to be substantially 
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correct, but he should have been able to see sonoluminescence from chloro- 
benzene and the aromatic hydrocarbons; his glycerine could not have been 
free of water. There was little correlation between the intensity of luminescence 


~ gas content of the liquid, but their growth and collapse depends on vaporization 
A (Beeching 1942). Sufficient vapour might evaporate into the bubble as it 
~ expands so that the occurrence of any electrical microdischarges, the temperature 
increase inside the bubble when it collapses and the erosion pressure exerted 
_ by the collapsing bubble, would be essentially governed by the amount of vapour 
within the bubble. It is this vaporous cavitation which gives rise to sonolumin- 
escence since it is found that the amount of luminescence is inversely proportional 
to the vapour pressure of the liquid. This would account for the large difference 
in flux from liquid to liquid and for its temperature dependence. However, 
the flux does not increase indefinitely as the vapour pressure of the liquid 
diminishes, for there comes a stage when the bubble will contain more dissolved 
gas than vapour. There should be a maximum intensity of luminescence for 
any liquid at any temperature which would depend on the gas content of the 
liquid and the number of cavitation nuclei rather than its vapour pressure. This 
upper limit is suggested by the observations on the luminescence from ethylene 
glycol and dimethyl phthalate, which appear in figure 4 and 5. These liquids 
gave too little luminescence for a straight line correlation. ‘The cavitation in 
these two liquids was presumably therefore predominately gaseous. 
© The effect of reducing the surface tension of a liquid, ie. of reducing the 
surface energy of the gas-liquid interface, is to diminish the surface electrification 
of the bubble that results from a tearing apart of the Helmholtz double layer 
around it (see Lenard 1915, Frenkel 1940). A change in surface tension would 
also affect the size, growth and collapse of the cavitation bubble which, in turn, 
would modify the temperature increase and the erosion pressure (Neppiras and 
Noltingk 1950). Both these effects, -electrical and physical, would influence 
considerably the intensity of sonoluminescence obtained on cavitation. The 
observations on aqueous solutions of primary alcohols as in figure 6 agree well 
with some work on the fixation of nitrogen in an ultrasonic field (Virtanen 
and Ellfolk 1952). This fixation was also inhibited by the addition of primary 
alcohols in proportion to their effect on the surface tension. 

The work with inorganic solutions has shown that sonoluminescence was 
not affected by the presence of an electrolyte. The intensity of luminescence 
did not appear to depend appreciably on either the dipole moment or the con- 
ductivity of the liquid. ‘The temporary inhibition, which was noticed in some 
dilute solutions, can be attributed to some kind of adjustment of the cavitation 
nuclei or of the dissolved gas. 

There are two possible explanations as to why small quantites of carbon 
disulphide or of carbon tetrachloride considerably enhance the sonoluminescence 
from water. ‘These non-polar organic molecules may act as ‘holes’ in the 
tetrahedral lattice of water molecules ; these holes could act as cavitation nuclei 
and they are known to decrease the tensile strength of water (Weyl 1951). 


638 P. Farman j = 


Alternatively, the organic ‘molecules might easily dissociate in an ultrasonic 
field and recombine with the dissociated water molecules; this action could be 
photochemical (Weissler 1951, Rust 1953). The reason why carbon disulphide 
enhances the luminescence from water more than carbon tetrachloride may be 
that carbon disulphide molecules are more effective * holes’ in the water lattice 
than carbon tetrachloride molecules, or that the energetics of the photochemical 
reactions may favour the dissociated carbon disulphide molecules rather than 
the dissociated molecules of carbon tetrachloride. 

The results should be considered together with the other quantitative work 
of Srinivasan and Griffing and Sette. Their work showed the effect of dissolved 
gas on luminescence and Srinivasan found that the intensity of luminescence 
was proportional to the solubility of the gas. His spectrophotometric studies 


showed that the luminescence from the monatomic gases argon and helium 


corresponded to black-body radiation at 11 000°K (a maximum intensity at 
27004), and that from the diatomic gases oxygen and nitrogen corresponded 
to black-body radiation at 8800 °« (maximum intensity at 33004). Srinivasan’s 
results do not necessarily implicate the hot spot theory of sonoluminescence as 
the spectra of electrical discharges or of chemiluminescence, particularly bio- 
luminescence, are also closely similar to that of a black body radiating at about 
10 000°. It would require instruments with very high resolution to discriminate 
between the different spectra and it is doubtful whether this could be done with 
the very small intensities of sonoluminescence. Duca et al. (1958) have shown 
that the physical conditions realized by cavitation in water are sufficient to 
dissociate the water molecules into free radicals which ultimately recombine to 
produce hydrogen peroxide, but they are insufficient to dissociate the oxygen 
molecules in the dissolved gas. A puzzling feature of Srinivasan’s work is that, 
in spite of using sensitive absorption spectrophotometrical and microanalytical 
methods, he could not detect any chemical products from water saturated with 
argon or helium although these liquids gave large intensities of luminescence. 

All these results taken together slightly favour the electrical microdischarge 
and mechanochemical theories rather than the chemiluminescence and hot spot 
theories of sonoluminescence, but the work on the phase of sonoluminescence 
flashes does decide for the first two theories. The other theories, which depend 
on the adiabatic compression of the contents of the cavitation bubbles, are invalid 
if the flashes of luminescence do not occur at the stage of the sound cycle when 
the bubbles collapse. ‘This observation is in agreement with that of Wagner 
(1958). 

The apparatus was not particularly well suited to this kind of work as there 
was only one pair of nodes and antinodes in the stationary wave system. ‘This 
meant that the cavitation often occurred simultaneously in regions where the 
phase of the sound cycle was different. An account has already been given of 
how this difficulty was overcome but it would have been better to have used a 
plane wave system at a higher frequency with a whole series of nodes and anti- 
nodes. The motion of the cavitation bubbles would then have been more 
coherent and it would have been worthwhile to have increased the resolution 
of the oscilloscope signals. Fortunately such a system was used by Wagner. 

If Srinivasan’s results with argon and helium saturated water are valid, 
then only an electrical microdischarge theory could account for the sonolumin- 
escence from water. This theory has not received any serious attention in the 
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_ last twenty years although more is now known about static electrification (Loeb 
_ 1957). At the stage of the sound cycle when sonoluminescence flashes occurred, 


the bubble surface is expanding rapidly, by a factor of a million times in a micro- 
second according to Neppiras and Noltingk (1950), so there could be considerably 


_ more surface electrification than that which occurs in waterfall or cataphoresis 


experiments. With the exception of these few results of Srinivasan, the mechano- 
chemical theory is just as promising for it is now established that free radicals are 
formed in cavitated liquids (see Weissler 1958, who assumes that the molecules 


_ are dissociated by electrical microdischarges). Some recent work on cavitation 


erosion has shown that it is due, partly at least, to chemical action initiated by 
free radicals created by the sound field (Wheeler, unpublished). 

It is significant that the flashes of luminescence occurred at a later stage of 
the sound cycle with the volatile liquids. This may be because the cavitation 
bubbles have to be much larger before the combined pressure of the gas and 
vapour within the bubbles is sufficiently low for a discharge to take place. The 
frequent occurrence of a secondary flash would suggest that an electrical micro- 
discharge takes place shortly before or after a photochemical reaction. 

There is a unique report on the observation of luminescence in cavitation 
induced by hydrodynamic flow around a cylindrical profile; this was thought 
to be due to electrical microdischarges (Konstantinov 1947). If this work is 
considered together with some work on the cavitation cycle and erosion by 
Rasmussen (1949) and Shalnev (1956), it would appear that these discharges 
occurred where the cavitation bubbles were forming and breaking away down- 
stream and not where they collapsed, although the author takes a contrary view 
which is also substantiated by the work of Knapp (1955) and others. 
Konstantinov’s observations, therefore, may be in agreement with Wagner’s 
and with those presented in this paper. Some experiments to study luminescence 
from hydrodynamically induced cavitation are in progress. 
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a § 1. INTRODUCTION 


HIN plate-like crystals of ferroelectric barium titanate can be produced 

in which the only direction of polarization is the normal to the plate (the 

c axis). The sense of this polarization may be reversed (“switched *) by 

applying an electric field between electrodes on the two opposite crystal faces, 
and this switching is of possible interest for computer applications. Ferro- 

_ electricity is more common than was once supposed, so that it may also be of 

* more general interest to understand the switching in this material, which has a 

relatively simple crystal structure. 

The reversal process is apparently accomplished by the passage of long thin 
domains of reversed polarization (Merz 1954) growing lengthwise through the 
crystal from face to face when the field is applied. It is convenient at times to 
call these ‘microdomains’ to distinguish them from the much larger twinning 
domains excluded from this discussion. The resultant current in an external 
circuit (‘the switching current’) may be partly due to the formation of ‘nuclei’ 
of these antiparallel domains and partly due to their growth. It is not known 
with any certainty to what extent such nuclei may be present before the application 
of the field, nor how they change in size, shape and number during growth. 
One of the reasons for this uncertainty is the small size of these * microdomains’ 
(of the order of a micron thick) and another is the rapidity of the motion, which 
may be completed in a few microseconds. One of the most direct representations 
of the process is the switching current, which has been observed, for example, 
by Merz (1954) and Wieder (1956), and in this laboratory. Its variations with 
the time and with the magnitude of the applied field are shown in figure 1, and 
the problem is to explain these variations in terms of domain motions, and to 
explain the domain motions in terms of the properties of the material. 

2 Too many factors are involved to retain them all in a manageable description ; 
this paper suggests one particular simplification, which appears to be capable of 
explaining the observations. The possibilities of explaining the switching 

currents are discussed, and the relative significances of the nucleation and growth 

processes. It is shown that simple models of the growth process, which may 
aT 
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Figure 1. The switching current. 


§ 2. NUCLEATION 


When studying the variations with field EZ, the variations with time are usually 
put aside, following Merz, by extracting two parameters to describe them, 
viz. 7, and ts, using the notation of figure 1(a). Merz supposed that the 
low-field portions of the 7(£) and 1/ts(Z) curves were largely due to nucleation 
rather than growth, and he found they could be described in terms of a nucleation 
rate proportional to exp (—«/E) (« is a function of the temperature 7, but this 
paper is wholly concerned with room-temperature observations). He did not 
discuss the variation of nucleation rate with time. 

Nothing is known about the size and shape of the nuclei, and little about them 
during subsequent growth. ‘To make predictions from known properties of the 
material, such as the polarization P and the domain wall energy o, we must severely 
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limit the allowed shapes (e.g. to cones or to ellipsoids) in order to describe the 
_ domains in terms of a few parameters; success of the predictions is entirely 
dependent upon this arbitrary selection of a model. Merz’s ‘daggers’ use three 
_ parameters per domain; so would an ellipsoid. If the microdomains are 
‘symmetric about the c¢ axis, as electron micrographs taken in this laboratory 


suggest, a thickness parameter r and a length parameter / may suffice. The 


free energy F of a domain as a function of these two parameters exhibits what 


is sometimes called a ‘saddle field’, in topological or contour terms (e.g. 


Landauer 1957). The position (r,/) of the saddle defines critical dimensions 


for the domain; a smaller domain will shrink, a larger one will grow. The 


height of the saddle defines an activation energy; this is the minimum energy 
a domain must obtain in order to reach the critical dimensions. We shall define 


a smaller domain as a ‘nucleus’, a larger one as a ‘growing domain’. 

Let us make the usual assumption that all nucleation occurs at the face. Merz 
found for the nucleation current ipu, inu~ dn/dt ~ exp (—«/E). We shall suppose 
that the mean nucleation rate is also proportional at any instant to the amount 
of face not yet nucleated, dn/dt =b(m)—n) where b=k’ exp (—«/E) so that 
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Here n is the total number of microdomains under the electrodes, and mp the 
maximum possible number. Our observations show that ‘coagulation’ of 
microdomains occurs during growth, but the attempt in this paper is to set up 
a very simple picture, and for this purpose coagulation is ignored. One might 
suppose that the amount of charge released for each nucleus formed is 2Pa, 
where a is the area of face occupied by the nucleus, so that 
iny =2Pa ster ehoreie (3) 

Some considerations of Landauer’s however (Landauer 1957, especially figure Oh 
show that this view is incorrect, and my next section confirms this experimentally. 


§ 3. GROWTH 


It is possible to set up models which predict the domain parameters (such 
as the length /) as functions of ¢ for a single domain (see Appendix). ‘The current 
due to charge u, moving across the crystal thickness d with velocity v, is uv/d, 
so that contributions to the growth current 7g from the various parts of the various 
domains can now be calculated. For a single domain the solutions initially have 
the forms shown in figure 5(b) and we might identify these curves with the 
rising part of figure 1 (a) by supposing separate domains to grow similarly and 
simultaneously. But the variations of these curves with field are not correct, 
i.e. they do not show the experimental form of figure 1(b) (see Appendix). 

However, if the growth process is controlled by nucleation according to 
equation (1), and if the growth-time is suitable, the rise of i(z) is largely controlled, 
not by figure 5(b), but by the successive appearances of the nuclei from the 
time t=0 when £ is switched on, according to equation (1). What is required 
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the curve, which is chosen (see / in figure 2(a)) to represent the charge a 
passed during the growth of a microdomainf. Successive nuclei make heh 
appearance under the electrodes at intervals 7, given by 1/7,=dn/dt; 7, may 
be millimicroseconds or less. n 
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Figure 2. Growth currents controlled by nucleation (schematic). See text. 


To see readily what conditions must be imposed on 7¢ to obtain the correct 
variations with EF, let us temporarily suppose 7, to be constant in time (=m), 
cf. equation (2)). The growth current zg is the sum of the micropulses, and under 
this supposition of unvarying 7, it will rise at a constant rate h/7,, =hdn/dt until 
the first micropulse ends at t=7¢, as shown in figure 2(b). This figure is drawn — 
for the case 


Py TO MoT ye ee ee (4) 


(If 7,,>7¢ successive micropulses do not overlap at all.) The flat top results 
from the dynamic equilibrium when successive micropulses are appearing and 
disappearing at an equal rate. We may define a ‘critical’ amount of overlap 
by t,,=7c/M, when ig takes the form of figure 2(c); for ‘overcritical overlap’ 
T, <Te/My we have figure 2(d), where the time parameters tT. and mg7,, are now ~ 
interchanged. Here the flat top represents the schematic flat top of figure 2 (a), 
and would not occur with a less idealized form for the micropulse. 


+ Variations of E simply change the 7 and 1/t scales by the same factor. This is true 
for micropulses from the form of the model equations in the Appendix, and also for t, in 
equations (5) following. The similarity of figures 1(b) and 1(c) is a consequence, 
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tT,» the definition of critical overlap. 
same qualitative conclusions can be drawn. 


Figure 3. (a) Variations of 7, with E (equation 6). Broken lines: 7, constant; 
(6) initial rise of 7,. 


ig still rises at a rate dig/dt =h dn/dt until t= r¢ so that ig=hn, but this is now not 
~ a uniform rise but 
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using equation (1) and h from figure 2(a). When the first micropulse ends 


ie 
the 


there is a discontinuity (figure 2(e)) and thereafter the slope is negative, 


_ dig/dt = (Pa' |r¢){dn]dt — (dn/dt),_,,} so that 


bp cl 
te= = fexp (bre) — 1} exp (— dt). peng) 
The maximum value is 
adower 500% 
ig= < {1—exp(—bre)} | ee) 


and figure 3 (a) shows the form of this i,(E) for various values of k’r¢ where 
k're is the field-independent factor in the exponential index br. in equation (6) 
(see definition of b above equation (1)). Figure 2 (f) shows overcritical overlap, 
which gives the incorrect variation with E; the discontinuities in figures 2 (e)-(f) 
are due to the abrupt termination assumed in figure 2(a). Figure 3 (6) shows 
a more realistic version of the initial rise. 

Figure 2 (e) falls exponentially from the peak value 7g at 7¢ with a time-constant 
1/b, so if we define ts (see figure 1(a)) by a suitable choice of a small integer p 
such that fs is that time at which the curve has fallen to ¢g/exp p, then ts— te = p/6, 
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from equation (56) and figure 2(e). Then from equation (2), 1/(™7n) at = 0 3 
is p/(ts— tc) and falls off as exp(—$t) after t=0. So the condition for the 
correct E variation for ig is te <(ts—7c)/P, that 1s, the peak must occur before 
half the time ¢’ at which 7=7/e. ; 

Figure 1 (a) shows that in fact it occurs close before that time, though the 
simplified form of figure 2 (d) does not allow a more precise statement ; that is, 
the extent of the overlap must be not far short of critical, and the initial 
nucleation interval (7,),-) must be rather more than half of t’ |N9. 


3.1. Numerical Comparison 


If we include the expression for iny from equation (3), we have 
i=inu+ig=2Pa dn/dt + (Pa'/t:)n = Pn,[2ab exp (— bt) + (a’/7-){1 — exp (—4t)}]. 


With a’~a, ig would be about }{1—exp(—1)} of (énu)-o, Say $(tnu)s=0- The 
initial part of z(t) is always obscured in practice by a superimposed spike which 
may be associated with nucleation or may represent the charging of circuit 
capacities, but no spike has been seen so great as this would suggest. Observed 
spikes suggest that a could not exceed about $a’; probably inu is better thought 
of as indistinguishable from the initial stages of ig; its precise nature remains 
to be explained. Using ig only, writing the electrode area A for ma’ in spite 
of the observed fact of coagulation, and writing }t’ for 7;¢, we find a value for 7 
about three-quarters of the experimental value (see Appendix); it is not very 
sensitive to te (because this appears in both numerator and denominator); 
Tc =4t' gives only 8% greater peak current. 


3.2. Viscous Opposition 


In drawing our conclusions we have not needed to know the form of the 
micropulse. More detailed examination would depend upon the arbitrary 
selection of a domain model. Models considered in the Appendix are very 
simple, but probably order-of-magnitude conclusions could be drawn from 
them. In particular, it has been pointed out that figure 1 (a) shows that the overlap 
is not far short of critical, and it is interesting to note that reasonable choices of 
the adjustable parameters in the models indicate velocities several orders too 
high to agree with this, unless a viscous opposition is inserted (see Appendix). 
It is possible that impurities or imperfections may provide such an effect. 
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APPENDIX 


If the choice of model is suitable, a domain in any state will have a 
representative point on the energy contours of §2. Growth is described by the 
motion of this point on the contours; the path of steepest descent describes 
growth in which all inertial and viscous effects associated with a domain are 
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neglected, so that it is not possible to predict growth as a function of time. 
_ Consider whether the inclusion of an inertial term allows an adequate description 

of the switching current. The behaviour of one domain may be thought ot as 
the motion of the representative point, no longer following a path of steepest 
- descent, because it now has an effective mass (which may be variable). Since 
~ ‘non-conservative forces’ have been excluded the growth is given by a suitable 
oe solution of the equation 


¥ 1Mv? + F=constant. ce eeee (7) 


When E changes the contours change, and the new set of solutions will describe 
the way growth varies with field. 
ca F has elastic and electrostatic contributions, which may conveniently be 
grouped into those associated with domain walls and those associated with the 
remaining volume of material. Of the former, it is usually supposed that the 
_ dipolar interaction energy and the elastic anisotropic energy are significant, 
~ and from this Merz (1954) showed that the wall thickness is about one lattice 
_ spacing and that these energies together amount to about o=7ergscm™~ in zero 
applied field. It is these equilibrium energies which are required for the 
contributions to F. It is possible that the anisotropic energy will differ slightly 
when a field is applied, but since applied fields are very much smaller than the 
internal fields, this is neglected. ‘The volume energies to be added include 
what is usually called the depolarizing energy. This is proportional to the 
domain volume, but it also depends on the domain shape, and for use only for 
growing domains, which we know to be long and thin, the term will be small, 
and is neglected; this may lead to unreliable results near the start of growth, 
if the critical dimensions are not also slender. Finally there is the electrostatic 
energy due to the presence of a polarized material in an external field. This may 
be regarded as providing the prime driving force, and with respect to the ideal 
virgin state when no antiparallel material exists, it may be written as a negative 
contribution to F of magnitude 2EP per unit volume of antiparallel material. 
So we have F= — (2EP x domain volume) + (o x domain wall area), and it can be 
seen that the driving force tends to increase the microdomain volume, but is 
opposed by an effect in some ways analogous to a surface tension, tending to 
decrease the domain wall area. 

If the driving field is suddenly removed, only the opposing effect remains, 
and the growing domains will collapse. However, if growth and coagulation 
of neighbouring domains had at that time occurred in such a manner that some 
original (rather than reversed) material was enclosed in a domain wall (see 
figure 4, Plate), this wall would also collapse, so that the switching process is 
furthered rather than undone. Both these predictions are contrary to observations 
made in this laboratory (to be published), and this probably reflects the fact that 
no term has been included in F to represent the effects on the elastic energy of 
impurity inclusions or lattice imperfections. ‘This omission, which concerns 
largely the zero-field condition, is not further discussed in this paper. 

Little is known about the domain shapes so that the following models are 
chosen for simplicity rather than realism. 

Model 1: Suppose a microdomain to be a cone of fixed angle 20. Then 


F(l) = — 2EP(xF tan? 9)/3 + onl” tan O sec 0. 
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Figure 5. Domain length and microcurrents, according to models (J) ~d/50 in model 4). 
Model 2: a wedge of fixed angle 26, and of indefinite sideways extent. 


A similar procedure leads to the equation K2xx? = q(x — 1/2q)? where 


q= (EP sin 6)/c, K?= (12m sin? 0)/2o 
with the solution 


1/2 
oa = 9 (81) = (=) feoth-1 (2gx)}— coth— (29)!2}. 


Integrated, uv/d is proportional to xx; for large x this is proportional to 2. 
Model 3: a cylinder of fixed circular base, radius ry. This model does not 
exhibit a critical length, but r must exceed o/EP. 
= —2EPnr*l + o2nrl. 
So equation (7) is F(/)+4mar?V2=F(1)). The solution is ]—] =t?(EP—o)/m. 
Integrated, wv/d is Par?V/d, which is proportional to t. 
Model 4: acone of fixed base, and consequently with 0 decreasing. A somewhat 
awkward integration over the cone shows that equation (7) is here 
— 2EPrr*(1—1y)/3 + onr(U! — 1p’) + mni2/121 =0 
where /?=[? +72, For lr and /> I), this becomes V = BI where 
B?=4(2EPr —30)/mr?. 
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The solution is /=/,exp (Bt). Integrated, uv/d is one-third of that of model 3, 


and here is proportional to exp (Bt). 


Figure 5(b) shows these microcurrents normalized to represent the same 
quantity of reversed polarization for each, in an equal time. 

After making ‘impact’ with the far side of the crystal, a large part of the 
moving charge no longer contributes to 7g and it is plausible that the remaining 


_ uv product should first become constant and then decrease, to account for the 


fall of ig. But from the footnote of §3 it follows that the form of f(E) can be 


_ seen from the leading portion only, figure 5 (b). In each model E occurs together 


with a term in o, which can be neglected if o<EPr in each case. Writing 
75000 e.s.u. for P, and with r of the order of a micron, this is E> 1e.s.u. em=?: 


_ Thus for fields significantly above the coercive field (which is about 3 e.s.u. enact*)} 


the leading term remaining in each model is of form approximately t./Eal 
(log Jin model 4) so that the time to reach impact at ]=d is inversely proportional 
to «/E. It follows that f(E) ~ /E. 

Viscous opposition. In these models the impact times are three orders too 
small (and, incidentally, an order less than the time for passage of a sound wave). 
For in the rather crude model 3, which has no adjustable parameters, writing 
say E=13e.s.u.cm~ (4kvcm~) and m~10-gcm~? (Kittel 1951), we find 
for 1=d=9x10-8cm, the impact time 0:95 x 10-®sec. Models 1 and 2 give 
respectively 1-2,/sin20x 10-® and 0-43 ,/sin@x 10-®; if @ is taken as large 
as 5°, these values are 0-48 x 10-® and 0-38 x 10~° sec respectively. te must be 
of the same order, but compare the experimental value tyead-5 x 107* sec: at 
that field. If we suppose the domains travel so much more slowly because 
of some sort of ‘viscous’ opposition, model 3 becomes approximately 
dV |dt =2EP|/m— RV, with solution 

]=2EP{kt—1+exp (—At)}/mk? =~ 2EPt/mk. 
k=%x 10sec will give an impact time 0-3x10-* sec. Notice that in the 
viscous model f(£) ~ £. 

Values of ig. If we define ts by p=3 (see text), which corresponds to a fall 
of current to 7/20, we have ts—Te=3/b, t' —te= 1/0. Taking te 3t’ we find 
te=its, br-=1, so that equation (6) becomes tg=(4PA/ts)(1—e7*). With 
the figures quoted, this is 2:5 x 104macm-?2 compared with an experimental 
value of 3-3 x 10*macm~™. 
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Abstract. A method is developed for determining the angular-dependent 
solution of the Fermi-Thomas equation for the potential within a body-centred 
or face-centred cubic lattice, calculations being performed for iron. By com- 
parison with the spherically symmetric solution of the form obtained by Slater 
and Krutter it is possible to obtain estimates of the errors involved in the use of 
a spherically symmetric potential field. For iron the correction to the potential 
causes an increase of 0-67 ev in energy of the Fermi level, a decrease of 1-32 ev 
in the potential energy barrier between atoms and an increase of 3-0 ev in the total 
energy per atom. The total energy per atom of any metal, in the angular- 
dependent case, is reduced to a sum of integrals over the surface of the atomic 
polyhedron. 


§ 1. INTRODUCTION 


ARIOUS methods are available for the calculation of energy band structures 
Ve solids based on the one-electron approximation. In such calculations 

it has generally been necessary to make the additional approximation of 
assuming the potential field within the unit polyhedron to be spherically symmetric. 
This assumption is essential in the Wigner—Seitz cellular method but, in calcula- 
tions using, for example, the augmented plane wave or orthogonalized plane 
wave methods, its necessity has arisen from the great increase in labour which 
would be involved were an angular-dependent potential to be used. In mona- 
tomic body-centred and face-centred cubic lattices the approximation will incur 
an error which is small but in crystals whose unit polyhedra depart more widely 
from a spherical form, the error is expected to be greater. In calculations on 
PbS (Bell et al. 1953) the assumption of spherical symmetry was found to be 
poor and an attempt was made to include an angular-dependent term in the 
potential field. Leigh (1958) has made estimates of the effect on eigenvalues of 
including the angular-dependent part of a potential of the type used in augmented 
plane wave calculations. 

Pincherle (1954) suggested that a first approximation to an angular-dependent 
potential might be obtained by solution of the Fermi-Thomas (FT) equation 
and such a potential could then be used in his variational-cellular or some other 
suitable method for the calculation of electronic band structures. Such an 
attempt to solve the FT equation was made by March (1954, 1957) but apparently 
it was not taken successfully beyond the inclusion of a single angular term. The 
method developed here for obtaining an angular-dependent solution of the FT 
equation for a body-centred or face-centred cubic lattice is similar to the method 
used by March but avoids the very rapid increase in numerical work which he 
found with the inclusion of each extra term in the series expansion for the potential 
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on 
at all points on the surface of the polyhedron. We shall select the metal for which 
the solution is to be obtained and make use of the experimental value of the 
— lattice constant so that x(p) is uniquely determined for that metal, by equations 
= (1) to (3). ; 7 
_ ‘The potential V(r) possesses the full symmetry of the lattice. For the body- 
centred and face-centred cubic lattices, taking the origin of coordinates at the 
nucleus, the potential within the atomic polyhedron may be written 
x(¢) = xs(p) + Axo(p) + Bexa(p) + Cixe(e)+Dkxs(p)+ veo (4) 
Here the functions ys, Xo. Xa --- depend only on the radial distance, 
p= (2 +7242)? 
while 1, g, 7, k, ... are Kubic Harmonics (KH) possessing the symmetries of the 
full cubic group and are of order /=0, 4, 6, 8, .-.: 
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The KH g and i have been used previously and are listed by Bell (1954). The 
author has not seen mention of the KH k. This and further KH may be deter- 
; mined without the construction of group character tables, etc. by a direct applica- 
3 tion of the operators, under which the atomic polyhedron is invariant, to the full 
é series expansion of the potential in terms of spherical harmonics. This is the 


method used by Howarth and Jones (1952). 
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For p small, the well-known power series solution of (5) which satisfies (6) is — q 
given in table 1, and ist se 
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A slight variation of the parameter b causes an appreciable variation in the value 
of p, for which the boundary condition (7) will be satisfied. Latter (1956) has 
published a set of solutions of the SK problem corresponding to various values. 
of the atomic radius py. By interpolation between these tables it is possible to 
obtain a good approximation to the value of the parameter b for which (7) is 
satisfied for a radius close to the radius py of the chosen metal. The solution of 
(5) for this value of b may then be found by the usual integration procedures, the 
initial values being calculated from (8). A second approximation to the solution 
of the SK problem which satisfies (7) at the required value py may be found by 
replacing ¢s(p) by ¢s(e)+Asdo(p) in equations (5) to (8) and assuming that 
| As¢o/¢s|<1 for p<po. The resulting differential equation for ¢,(p) =pxo(p) and 
the series expansion when p is small are given by equation (14) and table 1. The 
The constant A; is determined by the boundary condition corresponding to 


(7), viz. 
d (¢s+ Asbo 
: a) =) tat pao. ee (9) 

In calculations for iron, ¢s(p) was determined for b= — 1:58778000 and the 
condition (7) was satisfied at p=8-72 whereas for iron py=8-9063. The value 
of As given by (9) was — 0-000 028 3(1). The SK potential for iron has therefore 
an initial slope 6 + As = — 1-587 808 3(1) and | As¢o/¢s|=0-0598 when p=po. 


§ 4. THE ANGULAR-DEPENDENT POTENTIAL 
Write (1) in the form 


V>xs(p) + V*{x(e) — xs(p)} 


= xa"? + bys ¥8(x— x0) + bx 2(x—NXe)tteess caw ee (10) 
The SK potential ys(p)=4s(p)/p is defined by equations (5) to (7). Hence 
Vix xs) = Bat ca) Byer Ge yuo Se ere (11) 
We will now assume that the expression 
emetic bth, 27 70 a0 et eh Peat (12) 


t The initial slope b has been denoted variously as B by SK, —a, by March and others 
while in the formulation of Latter (1956) it is equal to (poro/u)-1 (db/dx?),9. It should be 
noted that the value quoted by Latter is in error and differs from this value by the omission 
of a factor — 1/9 where ¢, is the value of Latter’s function ¢ at x=0. 
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(p)/p). Multiplying (13) by one of the KH 
e surface of a sphere and dividing by 4p we are 


oe. $e" =1G(0) + 20/0") Pee, (18) 
me ne $6 =[G(p) + (42/p) bo, canetn Glue 
_ and so on, where $o(p)=pxo(p), ¢4(e)=Pxal(e), etc. For small values of p, the 
_f st few terms in the series expansions of G(p), ¢o, $4 and dg are given by the 

coefficients listed in table 1. It may be noted that each of the series expansions 
involves the parameter b, for which a suitable value, for any chosen metal, has 
previously been found in the SK approximation. Equations (14) to (16), and 
others if needed, may now be integrated independently. 


Table 1. Coefficients in Series Expansions for p small 


Power of p 0 ioe 3/2 2 5/2 3 7/2 
— Cp) ne A 0 26/5 1/3 30*/70 
r p22G(p) 3/2 36/4 1 307/16 —b/S (—8+9b%)/96 957/35 
ie p~*do(p) 1 C2 2/5 0 32/35 2/15 — b/84 
ik p—d.(p) 1 G-- =2/21 0 3B/115 2/63 —~ 35?/700 
—— p*be(p) 1 0 2/29 0 3b/155 2/87 — b?/308 
s 2 
Power of p 4 9/2 5 11/2 
. 992b+455! 
3 (Pp) 2b/15 (56 — 3b*)/756 b2/175 aoe 
ba p'G(p) (352b—75b4)/1280 
i pop) 2b/175 (248 + 45%) /11880 4b?/525 
Ps p*da(p) = 186/10465 (40 + 63b*)/40824 5080?/140875 
p~"help) ~135/76415 (56+ 2616°)/219240  — 2092b?/741675 


This procedure may be contrasted with the method of March (1954, 1957). 
Whereas the above method depends on expansion (4) which involves two spheri- 
cally symmetric terms Xs and Ax», March included only one spherical term ys, say 
(different from the SK solution). Again, whereas we here neglect the third term 
hand side of (10), March chose his function iss so as to retain the 
histerm. This however has the grave disadvantage 
that the differential equation for the term #3 now involves a term which is quadratic 
in Byy, Cxe +++. Since the equations for x4, X --- involve ibs, March had to 
use an iterative procedure for solving the set of equations for ys, By4, CX¢ - -- until 
a consistent set of solutions was obtained. It is apparent that this method greatly 
increases in complexity with the addition of each angular-dependent term to the 


potential. 
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In contrast, when using the method developed above, the labour of computa- 
tion is not greatly increased by the addition of a further term to the potential, 
for the previously included radial functions xs, Xo; Xa--- do not need recalculation. 
It remains to evaluate the constants A, B, C,.... 


§ 5. BounDARY CONDITIONS ON THE POLYHEDRON 
It will not be possible to retain more than a few terms of the expansion (4), 
and (3) may only be satisfied at a finite number of points. The selection of sets 
of points at which (3) is to be satisfied is at best somewhat arbitrary, though a 
systemetic procedure has been developed by Howarth and Jones (1952). An 
alternative method, is that used by March (1957), viz. the minimization of 


oe { (5%) as ai (17) 


the integration extending over the surface of the polyhedron, S. Neither this 
nor the previous procedure of point-matching will lead to an electrically neutral 
atom. The condition for charge neutrality is that 


f-| sXas=0. 1s (18) 


A potential field for which the atomic polyhedron is electrically neutral may be 
obtained by the use of an ‘undetermined multiplier’ to minimize (17) subject 
to the condition (18). Retaining the first four terms only of (4), four equations 
are derived from which A, B, C, and the ‘undetermined multiplier’ may be 
obtained. 

Each of the above three methods for estimating the constants A, B, C, was 
tried but, in the subsequent numerical calculations, the values adopted were 
those obtained by minimization of % subject to ¥ =0. 


§ 6. ToTaL ENERGY PER ATOM OF THE METAL 


SK showed that, provided the atomic polyhedron is electrically neutral, the 

total electronic kinetic and potential energy per atom is 
pat <" | gape arme Peeieyee 
ae |, x?*(p) | 

where b+ A is the initial slope of y(@) in the expansion (4) and the integration 
is Over the volume V of the polyhedron. ‘The volume integral was evaluated, for 
the spherically symmetric approximation, by Milne (1927) who found that it 
could be expressed simply in terms of the value of the potential ys(p) on the 
surface of the sphere. For the angular-dependent potential y(e) the volume 
integral may again be reduced to a surface integration. 

Using (1) and Green’s theorem 
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The surface integral is to be evaluated over the atomic polyhedron S and over a 
small sphere S, surrounding the origin. he last integral in (19) may be 
transformed : 
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iF Figure 1. Atomic polyhedron of the body-centred cubic lattice. 

It may be noted that for the exact potential x(p), when all the terms in (4) are 
retained, the condition (3) is satisfied at all points on the polyhedron, in which 


case [,=0. 
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Bale Pp ‘ 
6-0 72882(—6)t 46788(—3)t 13711(0)t Beate 
6:2 “91084 SN _- 51228 "Se a ~ 1646! 53832 
6:4 69590 55996 19659 68162 
6-6 68387 61116 23365 ta, S572 
6:8 67462 66608 27643 10712(2) , 
7-0 66807 72499 32566 13306 
7-2 66412 78816 | 38212 1643558 
7-4 66273 85586 44668 ~)'F20992 
7-6 66385 92843 52031 24685 
7-8 66745 10062(— 2) 60408 30036 
8-0 67352 10896 | 69915 36384 
8-2 68207 11789 80682 43890 
8-4 69310 12748 92852 52734 
8-6 70665 13775 10658(1) 63124 
8:8 72277 14878 12205 75293 
9-0 74151 16062 13944 89509 
9-2 76294 17333 15897 10607(3) 
9-4 78716 18699 18087 12532 
9-6 81425 20167 20540 14765 
9-8 84435 21747 23286 17349 
10-0 87758 23449 26355 20333 
10:2 91410 25282 29784 23774 
10:4 95409 227259 3364 27735 
10:6 99773 29393 37881 32286 


+ The numbers in parentheses are the powers of ten associated with the entries, e.g. 
$, (6-0) =0-072 882. 


At prominent points on the surface of the polyhedron, the boundary 
condition (3) reduces to conditions as follows: at M (p =7-833): a radial condition 
(M,); at L (p=9-044): aradial condition (L,); at Q (ep =9-593) : a radial condition 
(Q,); at P (ep =9-593): a radial condition (P,=Q,) and one transverse condition 
(P,); at C (p=10-112): a radial condition (C,) and one transverse condition 
(C,). By selecting suitable combinations of three of these conditions, sets of 
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values of A, B, C were determined and their values are listed in table 3. For 
reasons similar to those listed by Bell et al. (1953), the combinations (L, M,Q,) 
and (L,M,C,) are likely to give the most reliable estimates of the constants 
_ A, B, C but the values given by these two combinations do not agree sufficiently 
_ well for any reliance to be placed on the values of the physial parameters which 
will subsequently be calculated with their aid. a 


. Table 3. Values of A, B, C obtained from various Boundary Conditions and 
_ net number of Electrons in Polyhedron 


4 Net no. of 

ot Type of boundary condition Ax 105 Bet Op G10? electrons 
SK approximation $,+ A,¢, — 28-31 — — +0-0163 
Point conditions L,M,Q, + 2-960 — 2-369 + 22-62 —0-0561 
Point conditions L,M,P, —7:267 — 2-307 + 46-78 — 0:2736 

; Point conditions L,M,C, + 0-887 — 2-357 +27°51 —0-1001 

_ Minimization of g —0-0990 — 2-395 +4:702 —0-0317 

: Minimization of .g when Y=0 +0-2285 — 2-406 +4-710 Zero 


The second procedure mentioned in §5, the minimization of (17), gave the 
values listed in table 3. This method is more cumbersome than the method of 
point matching but it avoids the arbitrary character of the latter. However, the 
polyhedron has a net charge as was also a defect of the method of point matching. 
This defect does not arise with the third method—the minimization of (17) 
subject to the condition (18). This method is but slightly longer than the 
- minimization of (17) alone. ‘The corresponding values of A, B, C are again 
listed in table 3. It is these values which have been used in subsequent calcula- 
" tions, particularly because the derivation of (24) assumes the charge neutrality of 
the atomic polyhedron. 

In equation (11) the ratio of the second to the first term on the right-hand side 
is given by expression (12) and 
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The largest value of (26) occurs at the point L at which its value is — 0-0412. The 
value of (26) decreases rapidly on moving away from the surface into the poly- 
hedron. It appears therefore that the assumption that (12) is very small is 
justified for calculations on metals possessing a body-centred cubic lattice though 
the neglect of the second term on the right hand side of (1 1) may not be adequate 
for calculations near the surfaces of atomic polyhedra of other lattices. 

Figure 2 shows contours of constant charge density on the faces of the poly- 
hedron, for iron. ‘The minimum value of x(@) on the surface of the polyhedron 
occurs at L, the centres of the square faces. At these points x has the value 
6-8878 x 10-3 while in the spherically symmetric approximation the least value is 
7-7307 x 10-8. SK suggested various ways in which the arbitrary constant in the 
potential might be determined. The method which is the more reasonable 
physically is to choose the constant so that the x-ray levels shall be independent of 
the lattice spacing. Ina wave-mechanical calculation, these levels are determined 
by the potential near the nucleus. We therefore determined the constant terms 
in the potentials for the metal, in both the spherically symmetric and angular- 
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dependent approximations, to be equal to the constant term for the px 
isolated atom. Then — 


barrier between atoms is 


(Ze*|.)[(A— Ag) + x(min) — y,(min)] a. 


where x(min), x,(min) are the least values of y in the respective approximations 
referred to above. In the calculations for iron, the energy of the Fermi level 
increased by 0:67ev while the potential barrier between atoms decreased by 
1:32ev. Figure 3 shows the calculated form of the potential (ge) betweem neigh- 
bouring atoms along the (1, 0, 0) and (1, 1, 1) direction passing through L and M 


respectively. : 
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Figure 3. Graphs of the SK approximation, XstA Xo (dotted curves) and of the angular- 
dependent approximation, x,+Ay)+Bgy,y+Cix, (full curves) for iron, plotted 
between nuclei along the (1, 0,0) and (1,1, 1) directions through L and M 
respectively. i Jen eee 1 ; ; 
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; The total energy per atom in the angular-dependent field is found using (24). 
For iron the integrals (21) to (23) took values I, = 0:5683 x 10+; 7,=0-0222 x 10+ 
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I, =0-0132 x 10-8, hence (7u/3Z%e?)T = —1-587200 while for the spherically 
symmetric field, from (26) (7u/3Z%e?)T, = —1-587315. The total energy per 
atom is increased by 3-Oev. For the isolated atom, the corresponding value 

b= — 1588 07102 (Latter 1956). The angular dependent terms introduce 
correction of about 15% in the value of T;— T.,. It may be further noted that I 

which would be zero for the exact potential, corresponds to about 15% of T— Ts. 
It may be that the estimate of T— Ts is in error by as much as 15%. : ; 


Figure 4. Diagrams show the regions on the surface of the unit polyhedron in which the 
Kubic Harmonics g, i, k are positive or negative. 


Figure 4 shows the variations in sign of the KH g, i, & on the surface of the 
polyhedron. From these, we can see the type of contribution made by each of the 
terms of expansion (4). In the calculations for iron, it has been found that the 
terms Bgy, and Cix, have considerably reduced the integral % but dx/dn is still 
appreciable close to L and M and along the edges. -% would apparently be con- 
siderably reduced and the accuracy of the field increased by the inclusion of the 
next term of (4) beyond those used in the present calculations. 


§ 8. CONCLUSIONS 


A method has been developed for calculating angular-dependent potential 
fields which, at least, is suitable for body-centred and face-centred cubic structures. 
The method is similar to that used by March (1957) but has the advantage that 
whereas March’s procedure required the use of a self-consistent procedure which 
rapidly increased in complexity with the retention of a second angular-dependent 
term in the potential, here the radial functions x, Xa Xe--- are evaluated 
independently. 

The total energy per atom T for the angular-dependent field has been reduced 
to an integration over the surface of the atomic polyhedron. The reduction 
assumes the charge neutrality of the atom. By means of a Lagrange ‘undeter- 
mined multiplier ’, a suitable boundary condition yielding an electrically neutral 
atom may be used without greatly increasing the labour of computation for such: 
calculations are again needed in the computation of the total energy. Calculations. 
of the potential field of iron have led to estimates of the changes in 7 and in the 
height of the potential barrier between atoms, resulting from the angular-depen- 
denttermsinthe potential. Inthe present calculations it appears that the accuracy 
of the field and of the parameters obtained from it would be appreciably increased 
by the retention of one or perhaps two more terms in the series expansion of the 


potential. 
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Developments in the Comparison of Lengths using Fringes of 
Superposition in White Light 
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Abstract. When two Fabry-Perot etalons are placed one in front of the other, 
and the length of one is a small multiple of that of the other, fringes are seen. 
in white light and have been used in the past to compare the lengths of etalons. 
In the study reported in this paper these fringes have been observed photo- 
electrically while the optical length of one etalon is varied by changing the pressure 
of the air inside it. It is shown that the variation of intensity with path difference 

is the sum of two Fourier integrals involving an intensity function and the phase 
shifts at the reflecting surfaces. By forming cosine and sine Fourier transforms. 
these quantities can be obtained separately and a correction applied for the error 
introduced into the comparison of lengths by the change of the phase shifts with 
wavelengths. It is shown that phase shifts can be measured more accurately 
by this method than by other interferometric means. It is possible to compare 
a metre length with a 20 cm length to about 1 in 10°. 


§ 1. INTRODUCTION 


parallel to each other as shown in figure 1, so that the separation D of 

one pair of plates, 1, is a small multiple of the separation d of the other 
pair, 2. If a collimated beam of light is incident on the plates, light which is 
reflected once between the pair 1 will be retarded by the same amount as light 
which is reflected n times between the pair 2. In these circumstances interference 
fringes may be seen between the two reflected beams and since the path difference 
is nominally zero, the fringes will be seen in white light. Such fringes known 


S UPPOSE that two pairs of plates with semi-reflecting surfaces are set up 


D a 


Fe arab tape 
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Source Collimator Etalon 1 Etalon 2 Telescope Focal 
Lens Lens Plane 


Figure 1. Arrangement for observation of fringes of superposition. 


as Brewster’s fringes, or fringes of superposition, have often been used to compare 
one length with another and in this way a length which is too great to measure 
directly in terms of a standard wavelength by optical interference may be compared 
with a shorter one which can be so measured directly. By this means the metre 
has been evaluated in terms of standard wavelengths of light despite the fact 
that with visual radiations interference cannot be obtained over so great a path. 
difference. 
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If light incident sri on an etalon is reflected between thé eh HH the 
retardation it suffers may be represented by a vector R normal to the plates and 
of magnitude proportional to the separation of the plates multiplied by the number 
of reflections. If the incident light makes an angle « with R, the retardation is 
Rcosa, that is R.n where n is a unit vector parallel to the incident light. When 


two etalons, not necessarily parallel, are placed one in front of the other, the 


difference between the retardations is (R;—R,).n. We denote the difference 
vector R,—R, by 6 (figure 2). In general the scalar product 6.n will be zero 
only if a and n are perpendicular, and a bright white fringe will be seen if the 
etalons are observed in a direction perpendicular to §. As the angle between 6 
and n is altered, there are ranges on either side of the central white fringe in which 
§.n is equal to $A for some visible radiations. These correspond to ‘dark’ 
fringes on either side of the central fringe. At greater deviations coloured fringes 
are seen, the contrast being reduced as the magnitude of 6.n increases. 
Directions n for which 6.n has a specified value form a cone about 6 as axis 
and the fringes therefore appear as the intersections of these cones with the focal 
plane of the telescope used to view the fringe system. A general discussion has 
been given by Cabrera and Terrien (1941).. 


é Direction perpendicular 
tod 
/ 
Dark ; — Central White 
Fringe EC Bog Fringe 
/ 
I Focal 


T 7 7 Plane 


Directions for 
which 6.n =} A 


Figure 2. Vector diagrams showing relations between retardations in the two etalons and 
the positions of the fringes. 


In the system used by Sears and Barrell (1932) in their determination of the 
metre in terms of the wavelength of the Cd red radiation, the etalon for which 


(a) 


e 3. Use of white light fringes for comparison of lengths. (a) System of Sears and 
_ Barrell: vectors R, and R, of constant magnitude, angle 6 varied; (b) present 
system: R, and @ fixed, magnitude of R, varied. , 


If however, the magnitude of R, can be varied by changing the pressure of 


the air in the etalon, the angle between the etalons can be fixed at a very small 
- value and & can be made perpendicular to R, by altering the magnitude of R, 


_ (figure 3(b)). It is this method which is used in the apparatus described here. 
A telescope is set up with its axis, as defined by a pinhole in the focal plane, 


_ parallel to the axis of one of the etalons, the axis of the other making a small angle 


Tish 


with the telescope axis. The pressure of the air in the first etalon is varied and 
as the fringes move across the pinhole the current from a photomultiplier behind 


the pinhole varies correspondingly. 


§ 3. InTENsITY DISTRIBUTION AND PHASE SHIFTS 


Let the current from the photomultiplier be a function I, dv of wave number. 
This function is the product of the emissivity of the source, under the conditions 
of use, of the transmission function of the glass in the optical train and of the 
response function of the photocathode. 

If the difference of phase between the two beams of light reflected in the two 
etalons is ®(v) then the current from the photomultiplier due to a component 
of wave number v may be taken to be 


1,{1+cos ®(v)} dv. 


The intensity distribution of monochromatic light transmitted by two etalons 
in line has been given by various authors (see, for instance, Schuster 1924) 
and is the product of two Airy distributions. This may be expanded in a series 
of terms proportional to cos®(v), cos2@(v), ..., but the method of analysis 
developed below takes account only of the fundamental term and ignores the 


As the optical len e on is , the curt 
multiplier attains uld when 6 was zero 

shift ¢ were zero. Since ¢ is in general not zero, the maximum ma occur | 
some non-zero value, 6’ say, and in consequence, if no allowance were made 
phase shifts, the estimated length of the longer etalon would be in error. Since 
the length of the longer etalon is unknown initially, the values of & determined 
from pressure changes in the short etalon can only be expressed as differences” 


from the value 6’ at which the photomultiplier current attains its greatest — 
maximum. : 


We therefore write 


@(v) = 2nv(5 +8’) +.2(n— 1) 4(v) 


and ‘ <, 
jpals iate | " L,cos {2nv(8+8")+2(n—1)p}dv, 
where 9 
hee | mae 
Then : 


I-Imn= i. I, cos {27v8’ + 2(n—1)d} cos 2av8 dv 
0 


oO 
2 | T, sin (2nvd! + 2(n— 1)4} sin 2av8 dv 
0 
showing that J—Jm, the measured variation of current, may be expressed as 
the sum of cosine and sine Fourier integrals. 
Taking the Fourier transforms of the current fluctuation, we have 


I, cos {2mvd' + 2(n— 1)¢}=7-1 ihe 


elo teas 


+00 
I sin 28 eee eee i (I—Im) sin 2av8 dB. 


From these two expressions, J, and 278’ 
may be found separately. 
In using these white light fringes to deter 


mine the mechanical length L 
of the longer etalon in terms of the mechanical length / of the shorter, we have 
8’ =2(nl—L). 


v+2(n—1)d, to be denoted by 6, 


i 


ey AE it 
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By measurements of the order of interference in the shorter etalon at wave 
_ number v we obtain the optical length /, say, equal to (/+¢/7v). Hence 


or oS ge 


v 2nv 

The optical length of the longer etalon may therefore be found if 6, is known. 
For mechanical measurements it may be necessary to know L for which purpose 
the value of ¢ is required. ¢ cannot be obtained in absolute terms from optical 
measurements alone and the precise significance to be attached to it will depend 
on the way in which L is actually defined. The variation of ¢ with wave number 
can be found from interferometric methods such as those using multiple beam 
_  Fizeau fringes (see Barrell and Teasdale-Buckell 1951) and is the quantity 
required for applying corrections in the accurate comparisons of wavelengths. 
It is also given by the variation of 0, with wave number and is in fact the only 

significant part of @, because any constant term in ¢ is inseparable from 6”. 
The precision with which 6, may be determined is discussed at the end of § 5. 


§ 4. APPARATUS 


The experimental work was done on the wavelength comparator of Sears and 
Barrell (1932) using the 1m etalon and a 20cm etalon. The reflecting plates. 
= of each etalon were coated with aluminium films of about 80% reflectivity. The 
axis of the 20 cm etalon was parallel to that of the telescope as defined by a pinhole 
(of diameter about 0-8 mm) in the focal plane. The angle between the etalons 
was adjusted so that the width of the fringes was large compared with the diameter 
of the pinhole. The pressure of the air in the 20 cm etalon could be varied by 
a piston which was either adjusted by hand or else was driven by a constant speed. 
motor. . 

The incident light was interrupted at 200 c/s by a rotating sector disc shutter. 
The light passing through the pinhole fell on a photomultiplier behind it and the 
output from the photomultiplier was amplified and rectified to give a direct 
current proportional to the intensity of light falling on the pinhole; this current 
was either measured with a galvanometer or recorded on a potentiometric recorder 
with constant paper speed. 

If this system is to be used to measure the longer etalon in terms of a standard 
wavelength the optical length of the shorter must be known in terms of this. 
standard at the pressure for which the central white light fringe falls on the 
pinhole; to preserve the precision of the electronic setting the pressure should 
be known to a few thousandths of a millibar for a 20cm etalon. The difficulty 
of measuring the pressure so accurately is avoided if the length of the shorter 
etalon is measured in terms of the standard wavelength simultaneously with the 
white light comparison, for then the pressure needs to be known only with the 
accuracy, to about 1 mb, needed to obtain the integral part of the order of 
interference in the short etalon; it is supposed that the optical length as a function. 
of air pressure has been found in preliminary measurements. 


photomultiplier current varies = centre of th 
so enabling the order of interference at a given pressure in the short etalot 
determined. — iar aie vases. Ghee: ~ 
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Figure 4. Block diagram of apparatus for simultaneous observation of white light and 
2 monochromatic fringes. 


The output of the photomultiplier is connected alternately to two amplifiers 
by a switch synchronized with the shutter obscuring the sources so that the 
output of one amplifier is proportional to the intensity of the white light and that 
of the other to the intensity of the monochromatic light. The two outputs are 
recorded simultaneously with a potentiometric recorder and then, if the air 
pressure changes at a steady rate, a record such as that shown in figure 5 (Plate) 
is obtained. From it the order of interference in monochromatic light corre- 
sponding to the central white light fringe may be measured without needing to 
know the air pressure very precisely. 

Because of the characteristics of the recorder, the record shown in figure 5 
took about three-quarters of an hour to obtain and as there appeared to be a slow 
leak in the pressure system, the horizontal scale is not strictly proportional to 
pressure. A complete record is not necessary for a measurement of the long 
etalon and in practice the air pressure would be adjusted by hand to obtain in 
quick succession the setting for the central white fringe and the monochromatic 


fringes on either side of it, the changes in pressure being read from a scale on the 
piston. 


d 
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Mt ~ $5. Srupy or FourRIER TRANSFORMS: ~~ Shane 

_ With the preliminary apparatus just described there were three difficulties 
in obtaining reliable records of intensity as a function of path difference. There 
“was a small leak in the pressure system leading to a non-uniform change of path 


_ differencewith time and therefore to an artificially asymmetrical record as obtained 


on a recorder with a constant paper speed. This is an instance of what could 


_ be a very serious error since any such artificial asymmetry would give rise to 
' spurious calculated phase shifts. To attempt to eliminate this error, records 
were taken in pairs, one with pressure increasing and the other with pressure 


ay 


decreasing. The second difficulty was that random fluctuations were quite 


appreciable (see figure 5) and to reduce their effect a mean record was derived 
from three pairs of records with increasing and decreasing pressure—that is, 
from six records in all. The third difficulty was that appreciable drifts in the 
lamp output and the amplifiers sometimes occurred, for which allowance had to 
be made. It was assumed that such drifts were linear and were defined by the 
recorded values at great path differences where the systematic fluctuations in 
intensity were less than the noise level. In the spectrometer we are constructing, 
drifts of this sort are avoided by recording the ratio of the light transmitted by 
the interferometer to that incident on it. 
The mean of six records corrected for drift is analysed in figure 6 into two 
parts, the mean curve for corresponding positive and negative path differences 
(measured from the central maximum) and the curve of the difference between 
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Figure 6. Mean of six records corrected for drift. (a) Mean of values for positive and 
negative path differences; (5) difference between values for positive and negative 
path differences. 


Photomultiplier Current. (arbitrary units) 


values for corresponding positive and negative path differences. ‘The difference 
curve would be zero for a symmetrical variation of intensity with respect to path 
difference. The cosine and sine Fourier transforms were computed from the 
mean and difference curves for a few wave numbers and the derived values of I, 
and of the displacements corresponding to §, are shown in figure 7. The 
integrations were extended over the range of measurable variation of J, about 
eight to ten periods. 

The maximum of the intensity curve is displaced towards the red as compared 
with the stated response of the photocathode to tungsten light; this is because 
the lamp was under-run so that the photomultiplier current should be comparable 
with that from the monochromatic source, 


i z 
jah 
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single reflection(Zm) 


From Fourier transforms 
X From multiple beam Fizeau fringes 
~ 


Displacement corresponding to phase shift at 


(0) 
Figure 7. I, and phase shifts derived from Fourier transforms. (a) I,; (6) phase shifts 
expressed as corresponding path differences for a single reflection. Overall lengths 
of vertical lines are 2¢. Note: ordinates of (6) should be in units of mpm not pm. 


If each variance is denoted by wv and the two transforms by. Te and™ fa 
respectively, then since tan @, = 7's/T¢, it follows that 


var (tan @,) igs Ale 2 ar 
tan? 6, om T;* 
(the covariance of the two transforms is zero) and hence that 
Oe. 1 1 
Var 0, = gin 20) 
From the scatter of the means of the three pairs of records used o? is estimated 


to be 0:30 in the arbitrary unitsemployed. The corresponding standard deviations 
are indicated in figure 6. This estimate may be inflated by systematic differences 


| 
| 
{ 


-s are separated by about 20m. The zero value was taken to be 
Hg-green line (A=5461 A). The results are shown in figure 7 (5). 


t rfaces of the plates from true planes are greater than the displacements 
corresponding to the phase shifts and the estimates of the latter and of their 
uncertainties are therefore affected to some extent by the form assumed for the 
ration of the surfaces. The values shown in figure 7(b) were calculated 
on the assumption that the separation of the plates as a function of distance 
measured perpendicular to the fringes is represented by two straight lines. The 
_ variation of phase shift with wave number does not however seem to depend 
critically on the assumption made and may be rather better established than the 
~ calculated standard deviations indicated. The uncertainties of the observations 
are determined largely by the errors of the form of the surfaces and by the fact 
that the widths of the fringes exceed one-twentieth of an order on account of the 
_ relatively low reflectivities of the surfaces—80 to 85 Oe 
The variations of phase shift with wave number as given by the two methods 
agree better than would be expected from the uncertainties of either. It is clear, 
nonetheless, that the Fourier transform method is capable of much greater 
_ precision than the multiple beam Fizeau fringe method. The results with the 
latter are about as good as can be expected because of the rather great width of 
- the fringes and the surface irregularities whereas it should be possible to increase 


~ the precision of the Fourier transform method by improving the air pressure 


a 


* equipment and by using a source with a more uniform emission over the 
_ waveband. An important advantage of the method is that it is insensitive to 
~ local surface irregularities while, in addition, the wave numbers at which values 
can be obtained are not limited to those readily obtainable from available sources. 
Even with the relatively crude observations so far made, the precision, corre- 
sponding to a few thousandths of a micrometre, is ample for almost all 


- applications. 


§ 6. DiscussION 


It has been emphasized more than once that the air pressure and electronic 
equipment used in these experiments was relatively crude and it was in no sense 
designed for continuous reliable operation. The comparison of white light 
and monochromatic fringes will be much easier if the differential of the mono- 
chromatic fringes is recorded so that the positions of the maxima of the latter 
are obtained from the zeros of the differential; these can be determined much 
more accurately than the maxima of intensity. We have tried out the equipment 
for this; the principle is that the air pressure is driven into oscillations with a 
very small amplitude at a frequency of about 40 c/s. Then the mean photo- 
multiplier current is proportional as before to the intensity of the light transmitted 
by the etalon whereas the oscillating part of the photomultiplier current 1s 


proportional to rate of change of intensity with respect to air pressure, that is, 
fference. With this system the positions of maximum 


with respect to path di 
intensity can be obtained to a few thousandths of an order. 
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RESEARCH NOTES 
The Optical Properties of Noble Metals 


By M. SUFFCZYNSKI} a 
Department of Mathematics, Imperial College, London 


Communicated by H. Yones; MS. received 22nd December 1958 


of metals have been published (see for instance the review articles by Givens 
1958, Schulz 1957, Ginsburg and Motulevich 1955). These new data 
justify a further analysis of the theory of the optical properties of these metals. 
In the region between wavelengths 10 to 1p the Drude theory predicts. 
the optical constants with some success. In this region the real part of the 
dielectric constant agrees reasonably well with the values deduced from 


| recent years numerous results of the experiments on the optical properties 


experimental data, but the absorption coefficient is always too smali. For 


wavelengths between 1 and 0-1 photoelectric absorption sets in, and it 1s 
in this region that the optical constants may be expected to depend most strongly 
on the band structure of the metal. The highest occupied valence band and the 
next higher unoccupied bands play the predominant role in this connection. 

The theory of photoelectric interband absorption, as related to the band 
structure of a solid, was first put forward by Kronig (1929, 1931), and later by 
Wilson (1935) and others. It has been developed by Sergeiev and Tchernikovsky 
(1934), by Fan(1945),and by Butcher (1951) and has been applied with success to. 
thealkalimetals. Thenecessaryassumptions about the band structures were made 
on the basis of the nearly free electron approximation. It is the intention here 
to propose the corresponding theory for the optical constants of the noble metals. 
Again the nearly free electron approximation was found helpful but emphasis 
has been laid on the bending of energy surfaces near the boundary of the 
Brillouin zone, since in the noble metals, because of their face-centred cubic 
structure, the Fermi surface may well touch the boundary or approach it closely. 
As is well known the bending of energy surfaces near the Brillouin zone boundary 
results in a pronounced modification of the dielectric constant and the absorption 
coefficient (Wilson 1935), and also of other properties depending on the density 
of states such as the thermoelectric power (Jones 1955) and the magnetic sus- 
ceptibility (Blatt 1958, preprint). The simple model proposed here is intended 
toenableastudy to be made of detailsof the optical properties in a more quantitative 
way. The need for such a study emerges in connection with several recent 
papers (see Pippard 1957, Cohen 1958). 

A two-band model has been considered; the energy surfaces for the two 
energy bands, lower (—) and upper (+) have been taken in the form 

E (kx Ry kz) = o [h2 + hy2+ (Ro—hz)® + Ro® + 2hol(ho— Re)? + V7"). 

Here k,, k,, k, are the components of the wave vector with the 2 axis taken 

along I'L line which is the line from the origin to the centre of a hexagonal face 


+ On leave of absence from the Institute of Theoretical Physics of Warsaw University. 
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Figure 2. Graph showing k/) values for silver as a function of wavelength A. The 
circles are the experimental points of Schulz. 'The curve is computed with the 
Fermi surface having distance from the L point : (a) h=0, (6) h=0-05%. | 
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Figure 3. Graph showing k/A values for copper as a function of wavelengh A. The 
circles are the experimental points of Schulz. The curve is computed with the 


Fermi surface having an area of contact with the hexagonal face of the Brillouin 
zone boundary A=0-0036z7k,?. 


Research Notes 673 


_and silver have been compared with the recent experimental data of Schulz 


(1957), see figures 1 and 2, where the quantity k/A is plotted against the 


e wavelength 4. 


The calculated dielectric constant and the absorption coefficient are finite 


for the Fermi surfaces inside the Brillouin zone. They exhibit infinities in the 


present model if the Fermi surface has a finite area of contact with the Brillouin 
zone boundary. An example of such a situation as calculated with an area of 
contact A =0-00367k,? is presented in figure 3. 

The infinity of the dielectric constant and the absorption coefficient is removed, 
when the transverse effective masses in the lower and upper bands, m_ and m,, 
are unequal. The curve of k/A against A, however, still shows a sharp peak but 
this is now of finite magnitude. The magnitude of the peak in the absorption 
coefficient at the absorption edge is proportional to (1/m,—1/m_)~™?, when 
m_>m,>0. The respective expressions for the optical constants are very 
lengthy. They may be of importance if the optical absorption in the noble metals 
is related to some excitation of the filled d-band (see Friedel 1952). 

When the Fermi surface lies further away inwards from the zone boundary, 


the peak in the curve of the dielectric constant becomes smaller in absolute value 


mai. 


and so it becomes difficult to account for the whole dip observed in the curve 
of the extinction coefficient. Also to produce the dip at the wavelength given by 
experiment it is necessary to assume a correspondingly smaller value for V, 
since the frequency at which the extinction coefficient curve is a minimum is 
determined by the energy gap between the lower and upper energy band at the 
highest filled state. This frequency is given exactly by the energy gap at the 
point L, when the Fermi surface just touches the Brillouin zone boundary, 
and is larger than this gap, when the Fermi surface is inside the Brillouin zone. 
Only ‘vertical’ optical transitions are considered here. 

The width of the minimum in the dispersion curve is determined mainly 
by the spread of the energy bands involved. For copper, where the ratio of the 
energy gap (taken as 2-25 ev) to the free electron energy at the point L (8-67 ev) 
is small, the dip in the computed curve is broad, too broad in fact. For silver, 
where this ratio has been taken as 3-81/6-76 it is too narrow. 

If in the present model the constant matrix element for the transitions between 
occupied and unoccupied states is replaced by one which varies in k-space, the 
width of the dip in the k/A curve changes. If the absolute value of the matrix 
element is diminishing away from the Brillouin zone boundary toward the centre 
of the zone, the resulting minimum in the k/A curve becomes narrower. 

Starting from an analysis of experimentally determined optical constants it 
seems rather difficult to make a definite statement about the touching of the 
Brillouin zone boundary. One conclusion which can certainly be drawn from 
the present investigation is that it is exceedingly important to take the energy 
gap and the consequent bending of energy surfaces into account. The dip in the 
k/A curve can be simple related to the increasing density of states near the 
Brillouin zone boundary. The situation is somewhat similar to one in the super- 
conductor where the energy gap exists in the microwave region of frequencies 
(see in connection with this problem Mattis and Bardeen 1958 and Biondi et al. 
1958). The effectively observed extinction coefficient depends very sensitively 
on the dielectric constant for wavelengths in the vicinity of the threshold for 
interband absorption. 
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The Influence of Arsenic Content in Copper Crystals on Easy 
Glide at —183° C xt. 
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ECENT investigations (Rosi 1954, Garstone, Honeycombe and Greetham 

R 1956) have shown that the addition to a pure metal of a soluble impurity 

increases the range of easy glide observed in tensile tests of single crystals. 

The purpose of this note is to report some experiments which confirm and extend _ 
these results and to advance further suggestions with respect to their interpretation. 

Crystals approximately 2 mm in diameter and 30-40 mm long were prepared : 

5 

| 

; 


in graphite moulds by induction heating in vacuo. The materials used were as 
follows : 


Batch Material 
A Spectroscopically pure copper 
B O.F.H.C. Copper 
é O.F.H.C. Copper + 0-032% As 
tie) "6 0-084% As 
E : 55 0:76 % As 
FP ‘ a Shere oy CES 


t Now at Department of Minin 


g and Metallurgical Engineering, University of Illinois, 
Urbana, Ill., U.S.A. 


ie 03 
Shear Strain @ , 
ire 1. (a) Orientations of crystals of batches A and B. (b) (Shear stress, shear strain) 
curves for crystals of batches A and B. 


= The (shear stress, shear strain) curves for crystals of batches A and B are 
shown in figure 1, together with the orientation of the crystals. ‘There is no 
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ES 


indicates the batch to which each crystal belongs. (6) (Shear stress, shear strain) 
curves for these crystals of various compositions but similar orientations. 


marked difference in the behaviour of these two batches and the variation with 
orientation is as is usually observed, namely, easy glide is greatest for orientations 


. near, but not at, [110] and decreases as [100], [111] or the [100]-[111] boundary 
__ is approached. For batches C, D and E, the variation with orientation was 
_ also of this nature. 


However, the following new features appeared in the curves for the batches 
of crystals with arsenic added. 
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(1) The extent of easy glide was greater for batch C (compared with batches A 
and B), still greater for batch D, and diminished only slightly for batch E, 
compared with batch D. For batch F the rate of hardening was so great that 
only a small strain could be given and it was not possible to decide whether easy 
glide was present. A comparison of the (shear stress, shear strain) curves for 
crystals of similar orientation but different compositions is given in figure 2. 
The lowest rates of hardening during easy glide were observed for batch D. 

(2) The critical shear stress was raised by the addition of arsenic. For most 
crystals easy glide ended at a stress approximately twice the critical shear stress. 
This agrees with the result obtained by Garstone, Honeycombe and Greetham. 

It has been suggested (Clarebrough and Hargreaves 1959) that the hardening 
during easy glide is due to the successive blocking of primary slip planes by 
Lomer-—Cottrell sessile dislocations, formed by the interaction of dislocations 
of the primary systems with those of secondary systems. These dislocations of 
secondary systems will arise from the operation of the longest Frank—Read 
sources. The influence of solute atoms on easy glide has been ascribed to the 
Cottrell locking of sources on the primary and secondary systems (Rosi 1954, 
Cottrell 1954, Smallman 1955). Although the motion of dislocations on the 
primary system is unimpeded by Cottrell locking, once the yield stress is exceeded, 
secondary slip is hindered by the locking of the sources on these systems. 

It is now suggested that a further factor to be considered with respect to the 
locking of these secondary sources is the relation of the locking force to the 
length of the source. Since the stress to operate a source is inversely proportional 
to its length and the stress to move a dislocation from an atmosphere is 
independent of its length, the presence of an atmosphere has relatively greater 
effect on the longer sources and may be expected to inhibit hardening during 
easy glide. In this way it may be possible to explain the lower rates of hardening 
observed for batch D which gave the longer ranges of easy glide. 

During the present tests the crystals were unloaded at various points to a 
standard preload of 200 grammes and then the test continued. Yield point 
phenomena similar to those reported by Haasen and Kelly (1957) and Makin 
(1958) were observed for all batches except batch F (for which the (stress, strain) 
curves were not sufficiently smooth). However, no definite orientation depen- 
dence of the magnitude of the yield point could be discerned. No yielding was 
observed after interruptions during easy glide. The general shape of the 
(stress, strain) curve appeared to be unaffected by the various interruptions. 
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pee tb work reported here was done using 8-9Mev deuterons. Protons were 
_ investigated from levels up to an excitation of 5-34 Mev and angular distribution 
measurements were made on a number of groups. 


§ 2. PROCEDURE AND RESULTS 
a The protons from the potassium target were magnetically analysed using 
- the arrangement described previously (Green and Middleton 1956, Dalton, 
' Hinds and Parry 1957). The targets were prepared in the target chamber by 
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Figure 1. Energy spectrum of protons emitted at 15° 
by 8-9 mev deuterons. 
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Figure 2. Angular distributions of some proton groups from the **K(d, p)*°K reaction. 


The distributions are labelled by the excitation energy of the corresponding final 
state. 


curves of Butler type were calculated using the procedure of Enge and Graue 
(1955) and fitted to the experimental curves. There were some ambiguities in 
deciding the /-values of the ingoing neutrons, and for some groups calculations 
were made with various values of the effective radius, to determine ‘best-fit’ 
radii for different /-values. These calculations were done on the Manchester 
University computer using the data obtained at angles of observation within 
about 20° of the experimental peak.. The use of a computer permitted a thorough 
search for the best radius. The significance of varying the radius to improve 


a 


ee 
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(1) Energy of level or group of levels in Mev; (2) J-value of ingoing neutron; (3) radius, R, 


in fermis chosen for Butler stripping curves; (4) relative reduced widths (2J7+1)y. y is as 


defined by Evans (1955). It differs by 1/R from the more usually quoted reduced width 


with symbol y?. 


the fit between theory and experiment is not obvious however. It may be 


considered that the interaction radius should vary from group to group, or 


alternatively that altering the radius in a computation can simulate effects 


neglected in the simple theory. Certainly there were appreciable fluctuations 


in the values of the radii giving the best fits to the experimental curves. 

In the table are listed-the excitation energies corresponding to the observed 
proton groups. Where the groups are definitely identified as due to single 
levels, the levels are given the energies determined by Enge and Weaner to three 
decimal places. Where the groups are composite they are given the energy 
deduced from our spectrograph calibration with an accuracy to 40 kev. A number 
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of the groups were weak and angular distributions could not be obtained. Some 
of the weak groups were identified using spectra obtained at angles other than 15°. 

The ground state of “K has J =4 (Ramsey 1953) and together with the states 
at 27, 793 and 885 kev is considered to form a quadruplet with spins and parities 
4~, 3-, 2- and 5~ (Endt and Kluyver 1954). The quadruplet results from the 
coupling of a fj. neutron with a dyj. proton hole, so that the angular distributions 
for groups corresponding to these levels should have /=3. We cannot resolve 
the groups to the ground and 27kev states and their combined distribution 
appears to be a distorted /=3 distribution in which the yields at forward angles 
are considerably bigger than theory predicts. A similar effect occurs for the 
group corresponding to the 793kev level. These distorted experimental 
distributions are in agreement with the results of Enge and Weaner for a sum 
of their distributions corresponding to the 0 and 27kev levels, and for that 
corresponding to the 793 kev level. The distortion at forward angles can be 
accounted for by a small J=1 contribution as shown in figure 2. The selection 
rules for the transitions to the 27 kev and 793 kev levels would allow /= 1 transitions, 
but for these transitions to be possible on the shell model it is necessary for these 
states to contain some 2p configuration. In this connection it is interesting to 
see that in the work on the ®°K(n, y)*°K reaction, strong gamma rays are observed 
to the levels at 0-027 and 0-793 Mev. The capturing state has spin and parity 2 
or 1+ and these gamma rays are probably E1 radiation. 

The angular distributions corresponding to subsequent levels or groups of 
levels are rather ambiguous in their interpretation with a possible choice between 
J=1and/=2. Enge and Weaner in their work with Eqg=6-0 Mev, reported that 
the majority of their angular distributions corresponded to /=1 transitions. 
In the work here with 8-9mev deuterons, if calculations are made using the 
Gamow-Critchfield (1949) radius of 5-84 fermis, the experimental peak often 
lies between the peaks of the theoretical /=1 and /=2 curves. By reducing the 
radius the /=1 curve can be made to fit at the peak and higher angles, but then 
there is a pronounced dip at forward angles of the experimental points below 
the theoretical curve. If the radius is increased, sometimes by as much as 
3 fermis, then the /=2 curve gives a reasonable fit to most of the experimental 
points. ‘The assignment of /= 1 or /=2 would seem to depend on what is thought 
to be the more reasonable value for the radius. For the groups in question 
bias possibly exists towards a choice of /=1, since the radii for these curves are 
closer to the Gamow-Critchfield radius, which has already been used in 
obtaining reasonable fits for angular distributions of protons corresponding to 
the lower levels. If the transitions do correspond to /= 1 for the ingoing neutron, 
there are considerably more than-the six expected to the psjp and py) states. 

A group in our spectrum marked 3-34 Mev probably corresponds to a 
combination of groups found by Enge and Weaner from transitions to levels 
at 3-365 (/=1) and 3-412 (J=0). In the angular distribution of the composite 
group we observe no strong signs of an /=( transition. 


There are no signs of strong /=3 transitions which could correspond to the 
ingoing neutron entering f,,, states. 
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The Description of the Ejected Electron in K-shell Ionization 


By A. M. ARTHURS 
Department of Applied Mathematics, The Queen’s University of Belfast 


Communicated by D. R. Bates; MS. received 22nd November 1958 


§ 1. INTRODUCTION 


ionization of atoms on the basis of the Born approximation. They 

emphasized the importance of the screening effect of the outer electrons 
which causes the actual K-shell ionization potential to be somewhat less than the 
approximate value corresponding to the hydrogenic model adopted in the theore- 
tical work. The actual, rather than the approximate, ionization potential has been 
taken in all calculations, but there are two quite different methods of describing 
the ejected electron. One, due to Bethe (cf. Henneberg 1933), has been used in 
the treatment of nuclear impacts (Walske 1952), while the other, due to Stobbe 
(1930) and to Massey and Mohr (1933) has been used in the treatment of photon 
and electron impacts. This division of the fields of application has no special 
significance but seems rather to have arisen by chance. ‘The principal aim in both 
methods is simply to ensure that the threshold of the calculated cross section— 
energy curve coincides with the threshold of the corresponding observed curve. 
A quantitative comparison of the two methods has not been made. 


R° ENTLY Merzbacher and Lewis (1958) reviewed the treatment of K-shell 


§ 2. "THEORY 
2.1. Total Cross Section 


The cross section for K-shell ionization by particles of mass M, charge “1 
energy # and momentum hk,° is given in the non-relativistic Born approximation 


byt 


+ All quantities are in atomic units. 


5 tame energy eenren Uae 
cross section has been derived by Henneberg (1933) using 
functions. ‘This may be written as 

_ 2422 MPZ.8 (max ("S Ze +3q2 xp[- 7 aes |a dk? xa," 
ae | Min J tnin 39 (Ze+ FP Z a+ . na 


. oft. eC an 
2.2. Outer Screening ' 


The limits of integration in equation (2) are found from the conservation of 
energy equation ~ . ; 
1 | 1 5 re 
ar = hy Te eee 8) 
DMs ao ON erase thy 
where T is the actual kinetic energy of the ejected electron. Thus 


gmin =, — [R,?— M (922 +2T)}?, 


qmax =k, + [h,°? — M(9Ze2 + 27) ]22, 
and 
Tmin=0, 
ree Rc (10) 
Tmax = [k,°? — M9Z,?]/2M. 
In the Bethe method one takes 
fog? +42-" (1-9 &— See (135 
whence using (10) it is seen that : 
hin = Zee (d~9) <0" Th eee (12) 


The integration thus includes that part of the discrete spectrum which lies between 
an energy of — }Z,?(1— 9) and zero. 


‘The method adopted by Stobbe and by Massey and Mohr is to take 


(jo ee OTS (13) 
where k is the wave number of the continuum wave function. Thus, from (10) 
we have 
Rewer. As Yee eget (14) 
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% The region of integration in the first method has been shifted relative to that 
_ in the second by an amount Z,”(1— 9) in the —k? direction. Thus, for #41 the 
- corresponding cross sections will not be identical. 

The two methods, however, give cross sections which tend to the same 
limit in the region of low impact energies, since the integrand of Henneberg’s 
formula (7), which may be used in this region, is independent of 7 and-con- 
_ sequently the derived cross section does not depend on which choice of Tis made. 


§ 3. RESULTS AND DISCUSSION 


; Merzbacher and Lewis (1958) have presented results of calculations for nuclear 
impact with the Born formula (1) and the Bethe limits for values of 3 between 
_ 0-75 and 1 and for values of y upto 2. The case with $= 1 had been treated before 
by Bates and Griffing (1953). However, no results were available of calculations 
for $<1 andthe Stobbe—Massey—Mohr limits. Such calculations were therefore 
carried out for $=0-65 and $=0-8 with the aid of apEUCEcomputer. The figure 
contains the results together with the corresponding ones for the Bethe limits 
obtained directly, or by extrapolation, from those of Merzbacher and Lewis. 
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Plot of (Z,4/Z,2) QO against 7 for nuclear impact. B: Bethe method; 
SMM: Stobbe—Massey—Mohr method. 


It is seen that at moderate values of 7 the discrepancy between the results of 
the two methods for a given value of 3( < 1)is appreciable, while at small values of 
the curves come together, as expected from Henneberg’s formula. 

The Bethe method is the more consistent one in that the wave functions adopted 
actually correspond to the energies for the theoretical model. However, an 
integration over the discrete spectrum down to where the principal quantum 
number is only about 2 is involved. Quite apart from the doubt as to whether 
integration at such low principal quantum numbers is justified, it is clearly un- 
satisfactory to represent the ejected electron by a bound wave function. There is 
no reason to suppose that the use of this incorrect wave function compensates for 
the fact that the ground state wave function adopted is too compact—indeed the 
contrary is the case. 

As mentioned earlier, the Bethe method has been used only in the study of 
nuclear impacts and comparison with experiment is limited to the low incident 


in this a Hei is As ary to me A. Dates Se s B. if "Moise wii 


for clarifying certain points in the literature. . 
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pper was introduced either into the melt or by diffusion from a plated 
_ The final carrier concentration was dependent both on the amount of 
per added and the cooling cycle which followed, but in all cases specimens 
added copper showed considerably higher electron concentrations than 
control specimens subjected to similar temperature cycles. The doped specimens 
were held at room temperature for several weeks, and the Hall constant measured 
frequently. |R | increased steadily, and at the end of a month only a quarter of 
the added carriers were still electrically active. To obtain a comparison, some 
undoped material had a similar number of carriers added by heat treatment. 
_ Specimens with an original Hall constant of — 250 were heat treated by a 6 hour 
_ bake in a small sealed tube at 850°c, followed by a slow-cool to room temperature 
over 48 hours. |R,| decreased to 120 and, when the specimens were held at 
room temperature, | R,,| increased with time in a similar way to the copper-doped 
specimens. ‘The results are illustrated in the figure. 
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Room-temperature annealing of copper-doped and heat-treated InAs. 


Dixon and Enright have suggested that the heat treatment effects are due to 
impurities collecting around dislocations; at temperatures above 300°c the 
impurities escape and may be frozen in their new position. Annealing allows 
them to migrate back to the dislocations. Copper diffuses rapidly through 


‘Thermal diffusion in binary liquid mixtures of methyl alcohol and c 
tetrachloride has been investigated in these laboratories using a simple para 
plate apparatus. The results have been obtained for a temperature differen 


of 35°c between two horizontal plates a distance 9-0 mm apart. The apparatus — 


consisted essentially of a ‘Pentathene’ ring (of internal diameter 4-1 cm) 
clamped between two chromium-plated brass surfaces which formed the hou 
and cold walls respectively. ‘These walls were machined to a perfectly flat surface 
and formed part of two heat reservoirs through which water was circulated at 
thermostatically controlled temperatures. These temperatures were controlled 
to within +0-05°c. ‘To avoid convection effects the upper wall was maintained 
at the higher temperature. For the filling of the cell and withdrawal of samples 
for analysis, a small hole was drilled in the side of the Pentathene ring. During 
an experiment this hole was sealed with rubber. Small amounts of solution 
(about two or three drops) were withdrawn by means of a hypodermic syringe, 
the needle of which was inserted through the rubber seal. Samples were 
withdrawn, at the completion of each determination, from both hot and cold 
walls. ‘The analysis of these samples was carried out using an Abbe refractometer. 
The disturbance of the system by sampling means that only one experimental 
reading can be made for each experiment. 

The Soret coefficient o is usually defined (Grew and Ibbs 1952, Denbigh 


1952) as 
1 Xa/xp 
| polis tS 
i PS Zep 
where 7’, T are the temperatures of the two walls (T’>T), x,, #, are the mole 
fractions of the two components a and b of the binary mixture at the cold wall, 


and x’, x,’ are the corresponding mole fractions at the hot wall. It follows 
that o may be written in terms of molalities, va (moles per 1000 g of solvent): 


— 1 Va 
o= T_T log (*)) 
This equation was used in the calculation of the results shown in the table. In 


this table, all mole fractions « and molalities v refer to CH;0OH. We have chosen 
the definition of the Soret coefficient so that it.is a positive quantity in the table. 
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Correction to the Theory of the Calcium Fluoride Lattice 


Recently a calculation of the elastic constants of calcium fluoride has been 
made by Dr. R. Srinivasan (1958) in these proceedings using Born’s atomic 
theory of crystal lattices. Unfortunately, there is an error in the expressions 
for the elastic constants given by Born in his- book Atomtheorie des festen 
Zustandes (1923). Because of this error Born obtained a non-zero value for the 
piezoelectric coefficient ¢4 of CaF,. Since CaF, belongs to the Oy class, it should 
not possess any piezoelectric moment. Also Born gave the expression for C4, as 
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Piezoelectric coefficient : 
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Dielectric constant : The difference in dielectric constants is given by ; 
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In CaF,, the unit cell contains three atoms, two of which are identical (fluorine). 
So, K and K’ take the values 1,2,3. ~~ 
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That the coefficient C, is zero follows from the expression for C, given by 
Born 


Cy= 2 2S Oca KK ee? ER’, 
Because Ca (K=1) is at a position of centre of symmetry, C,=0. This can also 
be seen from the coupling coefficients given by Srinivasan (1958). 
So, C,=0, Cy=—C,=—C(say) 
Born assumed C,=2€3;— C,=C.==—C, | 
The other results derived by Born for the D’s and E’s are correct. They are 
Dy=—2D Dy: = D33 = — (D+ D’) 
Dba Dy =D’ yi (8) 
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; ; 
This comes out to be K— Ky= 3-47. Mott and Gurney (1940) give the experi- | 


_ mental value K — K,=6-44 which is nearly double that calculated theoretically. 

_ This and the discrepancy in Cy.— C44 may be because of the assumption of central 
forces of interaction between the ions. ae 

It should be pointed out that this correction does not invalidate the conclusion 

reached by Dr. Srinivasan namely that Born’s theory is able to give the sign but 

not the magnitude of cy,.—Caa correctly. Also his expressions for the coupling 

coefficients are correct and any further lattice dynamical calculation can be 


based upon them. 
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690 Letters to the Editor 
Ultrasonic Vibration Potentials in Non-Ionic Liquidst+ 


When ultrasonic waves are transmitted through an electrolytic solution, 
alternating potentials are developed within the solution. This effect was 
predicted first by Debye (1933) and has been studied subsequently in electrolytes 
with both standing waves (Yeager et al. 1949, Dérouet and Denizot 1951, Rutgers 
and Rigole 1958) and pulse-modulated waves (Yeager et al. 1953, Hunter 1958). 
Quantitative studies (Yeager et al. 1959) in KCI solutions at concentrations from 
0-001 to 0-05 normal indicate a value of 3 to 4v per unit velocity amplitude 
(1 cm sec“) at frequencies from 200 to 1000 kc/s. 

Hunter (1958) has called attention to the existence of alternating potentials 
with glass mounted platinum probes in conductivity water. With pulse- 
modulated waves at a frequency of 465 kc/s, Hunter has found an effect for pure 
water of approximately 50 uv per unit velocity amplitude, a value one order of 
magnitude greater than for alkali halide solutions such as 0-01 N KCl. Rutgers 
and Rigole (1958), using standing waves at 1000 kc/s, have observed an apparent 
effect not only in distilled water but also in such pure liquids as methanol, 
ethanol, isopropanol, nitrobenzene, and even n-heptane. No appreciable effect 
was found in benzene. A satisfactory explanation for these potentials in non- 
ionic systems has not yet been advanced by either Hunter or Rutgers and Rigole 
but both suggest that such an effect may cause serious complications in the 
quantitative interpretation of ultrasonic vibration potentials in electrolytic 
solutions. 

Further experimental work has been undertaken at Western Reserve 
University in an attempt to clarify this situation. Measurements have been made 
with pulse-modulated ultrasonic waves at 1000 kc/s with apparatus and tech- 
niques similar to those involved in earlier work (Yeager et al. 1953). A single 
platinum probe has been used in a thin-walled glass spherical vessel, the outside 
of which was covered with conducting silver paint, maintained at ground 
potential. The spherical vessel was only half-filled with liquid. The platinum 
probe consisted of a wire of 0-025 cm diameter, sealed in soft glass tubing of 
0-6 cm o.d. with a 1-0cm length of the platinum wire exposed. Capacitive 
loading effects associated with the probe mounting have been reduced to less 
than 10 pr through the use of a double concentric shield arrangement, described 
elsewhere (Dietrick et al. 1953). The axis of the platinum probe was oriented 
mutually perpendicular to the surface of the liquid and the direction of propaga- 
tion of the ultrasonic waves. 

The data in column (1) of the table were obtained with the platinum probe 
submerged to such a depth that approximately 1 cm of the glass mounting was 
within the liquid. ‘The data in column (2) were obtained with 0-5 to 0-7 cm of the 
platinum wire submerged but none of the glass tubing in the liquid. The 
velocity amplitude has been estimated to have been 5 cm sec-! on the basis of a 
comparison of the observed value for the KCl solution with that obtained under 
conditions more suited to a reliable evaluation of the velocity amplitude at 
1000 ke/s. No significant difference was observed for the KCI solution with the 
glass tubing either in or completely out of the solution. Likewise, shunting the 
probe with a 40 pr condenser to ground had no effect on the observed signal 


t This research has been partially supported by the U.S. Office of Naval Research 
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in the case of 0-01 N KCl but greatly reduced the observed signal for the other 
cases in the table. In all instances where the effect has been designated as zero 
in the table, no effect was found above the noise level, which was 1 to 2 pv, 
depending on the liquid. The introduction of a second long grounded wire 
into the liquids within the vessel had no appreciable effect on the observed 
signals. Similar results to those in the table have been found also at 200 kc/s. 


Observed Potentials (uv) in Various Liquids at 1000 kc/s with a Velocity 
Amplitude of approximately 5 cm sec! 


(1) (2) 
Liquid Glass in liquid Glass out of liquid 

Distilled water 54 0 
0-01N KCl, aqueous 21 18 
Methanol ill 0 
Benzene 0 0 
Tso-octane 0 0 
n-heptane 0 0 
Nitrobenzene 15 0 


| De Oe ee ee 


On the basis of these results, the effect in non-ionic systems appears to be 
associated with the glass tubing in which the platinum is sealed. To examine 
this hypothesis further, the glass tubing was replaced by polyethylene. ‘The 
observed effect for distilled water was approximately } of that listed in column 
(1) of the table. 

One explanation for these observations is that the section of the tubing 
immediately adjacent to the platinum-glass seal is acting as a condenser micro- 
phone with the platinum wire within the tubing as one surface of the condenser 
and the glass-liquid interface as the other. The response of such a condenser 
microphone should depend on the charge and this in turn should be a function 
of the liquid. The absence of an effect with the glass tubing submerged in 
benzene, iso-octane, and n-heptane probably can be explained in terms of such 
charging effects as well as the high electrical impedances of these liquids at radio 
frequencies. No immediate explanation is available as to why Rutgers and 
Rigole found a small effect in n-heptane. 

If the condenser-microphone concept is correct, an a.c. response should be 
found with a probe in which the wire is completely enclosed in the glass tube 
and does not contact the liquid. This has been demonstrated experimentally 
with the observed response in distilled water of the same order of magnitude as 
listed in column (1) of the table. 

The a.c. response associated with the glass tubing is characterized by a high 
internal impedance. At reasonable ionic concentrations (e.g.>0-001 N) in 
aqueous solution, the internal impedance associated with the ionic vibration 
potentials is much lower. As a consequence, the observed response in ionic 
solutions should be characteristic of the ionic vibration potentials and not false 
effects associated with the glass tubing. 
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The Influence of Fast Holes on the Photoelectromagnetic Effect — 
in Germanium : 


The presence of two types of hole carrier in germanium has been indicated by 
cyclotron resonance experiments (Dresselhaus, Kip and Kittel 1953) and 
substantiated by conductivity, Hall effect and magnetoresistance measurements 
(Willardson, Harman and Beer 1954) on p-type germanium. The latter 
measurements suggest that about 2% of the holes have a mobility eight times that 
of the normal holes. Attempts to detect these high mobility holes by drift 
techniques (Harrick 1955) have failed for reasons given by Rittner (1956). A 
magnetic field is necessary to reveal the presence of the fast holes, and the higher 
the order of the magnetic field dependence of an effect, the greater will be the 
influence of a small number of fast holes on its magnitude. It was therefore of 
interest to investigate the magnetic variation of the photoelectromagnetic current 
(Moss 1959) since this has a higher order field dependence than magnetoresistance. 

Assuming that (a) the (E,k) curve is parabolic, (b) the energy surfaces in 
k-space are spherical, (c) changes in carrier concentrations are small compared with 
equilibrium values, (d) end effects are negligible, (e) negligible space charge exists, 
(f) classical statistics may be used, (g) all the photo-carriers are produced at the 
illuminated surface, then for lattice scattering it can be shown that for the experi- 
mental conditions used the magnetic variation of the photoelectromagnetic 
short circuit current J is given by 


‘Keep aR | _ D(aqg+p)? + bn(a*q +p) 
Impy"H® | (L/H)n+0 2(aq + p)(bn + aq +p) 
xs (6° + 1)p? + (2a? + 268 — a? — a +2)agp + (b? + a®)a2q? 
(aqg+p)[(o+ 1)p + (a+b)aq] 
where p, q, and n are the densities of slow and fast holes and electrons, and pp, 
4p and buy are their mobilities (Walton and Moss 1959}. 

Measurements of the short-circuit photoelectromagnetic current were made 
on specimens cut from a slice of a large single crystal ingot. The material was 
p-type having a resistivity of 1}6ohmcm. The orientation of the crystallographic 
axes with respect to the slice were determined by x-rays and three long rect- 
angular bars cut with their edges parallel to various principal axes in the crystal. 
Platinum electrodes were soldered to the end faces and the specimens etched with 
superoxal to minimize surface recombination. ‘The length to width ratios of 
all the finished specimens were greater than 7 to minimize end effects. 
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The specimens were illuminated by a tungsten lamp source through a Perspex 


filter 2 in. thick. Spectral measurements of the transmission of the filter in 
- conjunction with absorption data for germanium showed that 97% of the photons 


entering the specimens were absorbed within 100 microns of the surface so that 


assumption (g) was met to a good approximation. 


The radiant power incident on the specimens was determined using athermo- 


pile and from the measured source temperature and carrier lifetime the change 


in carrier concentration at the surface was calculated. This change was then 


‘made sufficiently small to satisfy assumption (c). 


A potentiometric circuit was used to measure the short-circuit photoelectro- 
magnetic current, the magnetic field being reversed to eliminate thermoelectric 


and photovoltaic currents. ‘The variation of the current from a linear depend- 


ence on magnetic field was found to be accurately quadratic up to 3140 oersteds. 
The magnitude of this variation from linearity at 3140 oersteds for various 
specimens is given in the table. The direction of illumination and magnetic field 
were in each case mutually perpendicular to the length of the specimen. The 
variation is seen to be virtually isotropic. 


Specimen 1 2 3 4 
Direction of Illumination 011 100 100 011 
Direction of Magnetic Field 1 100 011 010 011 
Variation (°%) 7 8 7 8 


Accuracy to +1%. 


In view of the experimental evidence it is reasonable to interpret the results 
in terms of the theoretical expression quoted which does not include anisotropy 
terms. It may be seen, on inserting numerical values for germanium in this 
expression, that the dependence on 4 and hence electron mobility is rather slight, 
in spite of the fact that photoelectrons and photoholes are produced in equal 
numbers. Thus the anisotropy due to the ellipsoidal conduction band energy 
surfaces would be expected to be small. In general the magnetic variation of 
the photoelectromagnetic current will be dominated by the fastest carrier present, 
and if the energy surfaces for this carrier are spherical the variation must be 
approximately isotropic. 

The carrier concentrations p and n were calculated from Hall coefficient and 
resistivity measurements using three carrier formulae. Values of the fast hole 
parameters used were a=8, qg=p/50 as suggested by Willardson, Harman and 
Beer (1954) and drift values (Prince 1953) corrected for the presence of fast 
holes (Rittner 1956) were taken for pp and b. ‘Taking the above values for 
p, n, q, 4, b and py the theoretical magnitude of the magnetic variation of the 
short-circuit photoelectromagnetic current is 17%. If fast holes are neglected, 
i.e. g put equal to zero, the theoretical variation becomes 3-2%. The experi- 
mental variation is seen to be between these theoretical values. Retaining 
2%, fast holes, our results are fitted well with a=6. 


Thanks are due to Mr. S. E. Bradshaw of the General Electric Company, 
Wembley for providing the germanium and to Dr. Mitchell of Reading University 


15th December 1958. ‘ 12.07 a ea 


‘ ; Bye aa Pe oe aM 
DressELHaus, G., Kip, A. F., and Krrtet, C., 1953, Phys. Rev., 92, $27 . ome 


Harrick, N. J., 1955, Phys. Rev., 98, 1131. ee: i i 
Moss, T. S., 1959, Optical Properties of Semiconductors (London: Butterworths). — 
Prince, M. B., 1953, Phys. Rev., 92, 681. AG 
Ritter, E. S., 1956, Phys. Rev., 101, 1291. ; = 
Watton, A. K., and Moss, T. S., 1959, Proc. Phys. Soc., 73, 399. 
WILLarpson, R. W., Harman, T. C., and Brrr, A. C., 1954, Phys. Rev., 96, 1512. 


i 


* 


Ferromagnetic Domain Sizes in Polycrystalline Silicon—Iron 


We have measured the sizes of domains in polycrystalline silicon—iron over the 


range of grain diameters from about 0-01 to 0-10cm. The results are in reason- 


able accord with calculations of optimum sizes reported previously by one of us 
(Martin 1957). : 

Sample strips of 2:79% silicon-iron (Mn 0:1%, others <0-05%), 0-03 cm 
thick, were well annealed and carefully demagnetized, and examined by the 
powder pattern technique. Those grains which produced patterns in which 
the domain walls carried small ‘tree-patterns’ were selected for study since it is 
known that, in these cases, the visible grain surfaces are within a degree or two of 
the (100) crystallographic orientation. The patterns then reveal the main 
domains of the grain and not merely surface structures. The photograph in 
figure 1 (Plate) shows one example. Most of the grains of this type had domains 
separated by 180° walls only, 90° walls being rare. The mean width of the 
domains in each grain was determined and is plotted, on a logarithmic scale, in 
figure 2, against the mean length of the grain measured in the direction of domain 
magnetization, i.e. [100]. ‘The marked spread of the results was to be expected 
for two main reasons. Firstly, the effective length of a grain is not necessarily that 
revealed in the sample surface since the grain might become larger or smaller 
beneath the surface. Most grains were observed to pass right through the strips 
without large changes in size, however. Secondly, it is not to be expected that 
each grain will attain exactly its optimum (equilibrium) domain size since domain 
nucleation and growth are not entirely reversible processes. 

In the calculations previously reported (Martin 1957) the optimum width D 
of domains separated by 180° walls ina single crystal plate, whose main faces are 
separated by a distance Z and have (111) orientation, is given by 


L=0-352 (=) © Di 40-144 (*) D?. 
a Y 
Here K is the first anisotropy constant, y is the domain wall energy density, A is 
the magnetostriction constant and C, an elastic constant. Whereas for large 
single crystals, with L~1cm, the second term is dominant and was found to give 
roughly the correct domain sizes, no previous test has been made of the calculations 
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2. Variation of mean domain width D with mean grain length Y. The points 
_ record the experimental results and the line is the theoretical relation for crystals 
Bes: of the type illustrated in the diagram. pe al celts ix 
we have used the relation above to obtain an expression for the mean 
ain width D in a crystal bounded by four (100) faces (two in the surfaces of 
e sample) and four (111) faces, as illustrated in figure 2. Then 


ane 1/4 
“= D=1-32(%) ga 


where # is the mean length of the crystal in the [100] direction. We have neglected 

the second term above since it is never greater than 0-2 of the first term over our 
_ present range of Y. This dependence of D on & is drawn in figure 2. We have 

used K=3-59 x 10° ergcm~ and y=1-4ergcm~ as appropriate for 2°79% 

Si-Fe. It can be seen that in absolute magnitude and slope there is agreement 

_ with the experimental results to a degree which is satisfactory in a problem of this 
kind. The theoretical relations apply, strictly, only to crystals whose end-faces 
are (111) planes, whereas the grains in the polycrystalline samples were bounded 

by faces of all orientations. Except for the special cases of near (100) or (110) 
orientations, however, the surface energies will not differ very greatly from that 
of the (111) case and domain widths would not be expected to be much larger 
than the calculated values. In fact the observed tendency is for them to be some- 
what smaller. The agreement between the calculated and observed domain 
| widths strongly suggests that the surface structures at the faces of polycrystalline 
4 grains closely resemble those found in isolated single crystals. It would have been 
desirable to make measurements on grains in the intermediate range between 
0-1 and 1:0.cm, but with crystals of this size too many specimens would have to be 
e prepared in order to find a sufficient number of grains with a suitable orientation. 
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REVIEWS OF BOOKS 


Nuclear Scattering, by K. B. MatHerand P. Swan. Pp. viil +469. (Cambridge 
Monographs on Physics.) (Cambridge: University Press, 1958.) 80s. 


The subject of nuclear scattering is a large one covering many experimental 
and theoretical techniques the choice of which is strongly energy dependent. 
At the one end there is the scattering of slow neutrons by molecules, at the 
other the interaction of Gev protons with complex nuclei, and a great deal lies 
between. In the present volume the authors have attempted to give a complete 
account of the whole field. It is an ill-conceived work, for the task is too wide to 
be treated in this manner and they have indubitably failed. One simply cannot 
discuss the peculiarities of charged particle detectors and the contamination of 
targets by pump-oil in the same pages as one reveals the limitations of the 
impulse approximation and the intricacies of the confluent hypergeometric 
function. Such a mixture may be welcome enough in the privacy of the 
laboratory tea-room, but it certainly does not make for a good book. Much of 
it reads like an assortment of lecture notes—a somewhat odd assortment—with 
all the inaccuracies and loose ends one has come to expect in such material; 
inconsistencies of statement and of notation abound, sometimes within the 
space of a few lines. In several places the authors appear only too glad to forsake 
a physical discussion that could have been interesting only to plunge into a maze 
of impenetrable mathematical detail. One wonders who would understand 
the discussion of low-energy proton—proton scattering had he not known it all 
before: the ‘ theory ’ is little more than a catalogue of Coulomb functions. It 
is difficult to see whom this book was intended to enlighten: it certainly cannot 
be recommended to the student, and as a reference book it is too capriciously 
selective and incomplete to be of much value. B. H. FLOWERS. 


Nuclear Structure, by L. E1sENBuD and EUGENE P. WIGNER. Pp. viii+121. 
(Oxford: University Press, 1958.) 25s. 


With the rapid progress in theoretical nuclear physics that we witness to-day, 
there is an increasing need of up-to-date books for the benefit of students and 
others not actively engaged in research in the subject. If the textbooks are to be 
of manageable size, the writing should be restricted to essential parts, and if they 
are to stand the test of time, one must guard against the tendency to weight 
recent developments too heavily. These matters, particularly the second, the 
authors seem to have borne in mind in the writing of this book. That they 
managed to confine their treatment, in spite of its broad scope, to a book of so 
small a size is noteworthy. ‘They achieve this by using a very terse style which 
is limited to bare descriptions with little, if any, mathematical development. 

The main part deals with the different nuclear models. Here, the accent is 
on the shell model while recent developments such as those associated with the 
collective model and the many-body problem are given a more succinct treatment. 
The chapter on nuclear reactions is excellent as would be expected of the authors 
who have played a prominent role here. This is followed by a brief sketch of 
topics related to nuclear structure including deuteron stripping, electric 
excitation, beta and gamma decay. 

A novelty is the bibliography which is supplemented by arunning commentary 
on the significance of the papers to the subject as a whole. This should be of 
particular value to those readers who will wish to carry on further reading and is 
a practice which other authors might copy. L. J. B. GOLDFARB, 
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Figure 7. Discrete sonoluminescence flashes from water saturated with carbon disulphide. 
Acoustic power about 20 watts. 


Figure 8. Sonoluminescence flashes from water. Acoustic power about 45 watts. 


0 1020 30 40 50us. 


Figure 9. Strong sonoluminescence Figure 10. A single flash of sonoluminescence 
flashes from ethylene glycol. from water saturated with carbon di- 
Acoustic power about 30 watts. sulphide. Acoustic power, about 20 watts. 

The flash is resolved as far as is possible. 
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Figure 4. Opposite faces part-way through the switching process (one print reversed), 
Magnification about x 1000. 
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Record obtained with apparatus shown in figure 4, 


Figure 1. Powder pattern on a grain of Si-Fe about 0-02 cm across. 
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§ 1. INTRODUCTION 


: TupIES of the energy distributions of photonucleons have established 
S that a substantial number is emitted with more energy than would be 
i expected if a compound nucleus were invariably formed (Curtis et al. 1950, 
- Diven and Almy 1950, Byerly and Stephens 1951, Price 1954, and others; see 
also Carver et al. 1957). This high energy excess is attributed to direct interaction 
between the incoming photon and the emergent nucleon. The question arises 
| as to whether the cross section for this direct component displays the usual giant 
| resonance or whether it arises from some separate interaction mechanism. Some 
~ work has been done on the problem by Ferrero et al. (1956) using threshold (n, p) 
detectors to investigate the cross section for direct neutron emission; these 
workers have found that the cross section closely follows the giant resonance, 
and their measured yields agree reasonably well with the yields predicted from 
the ‘resonance-direct’ mechanism proposed by Wilkinson (1956). 

The present experiment examines the same feature for direct protons. 
Using a CsI(T1) crystal as a proton detector and selecting the direct component 
by pulse height analysis of the scintillator output, the yield of fast photoprotons 
from silver has been measured as a function of maximum bremsstrahlung energy 
and a cross section curve for direct proton emission has been obtained. In 
addition, the angular distribution of this component has been measured at a 
maximum bremsstrahlung of 30 Mev, in order to identify the angular momentum 


states from which the protons emerge. 


§ 2. EXPERIMENTAL ARRANGEMENT 
2.1. Yield and Energy Distribution 


The experimental arrangement is shown in figure 1. A collimated beam 
from the Canberra 33-Mev electron synchrotron entered the evacuated target 
tube through a thin aluminium window and irradiated a target of thin silver 
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Photomultiplier 


Tantalum 
Monitor Foils 


Figure 1. The proton counter. Inset : Angular distribution chamber. 


The energy calibration, or light output, for protons relative to that for 8-8 Mev 
alpha particles was obtained by comparing the pulse heights of the alpha-particle 
group and known proton groups from the reaction !B(d, p)"B on a separate 
CsI crystal. Using this calibration, the maximum proton energy measured for 
an irradiation at 30 Mev was 24 + 1 Mev, in good agreement with the value expected 
for protons leaving the nucleus in its ground state. (The proton binding energy 
for both silver isotopes is close to 6 Mev (Diven and Almy 1950).) 

To help discrimination against electrons, pulses from the photomultiplier 
were clipped to a total length of one microsecond and biased immediately to 
remove pulses corresponding to proton energies below 5 Mey; this eliminated 
electron pulses before stray capacities increased their length and allowed them to 
‘pile up’. ‘Thereafter, the pulses were amplified in the usual way and analysed 
with a Hutchinson—Scarrott 80-channel pulse height analyser. The duration 
of the bremsstrahlung output pulse from the synchrotron was increased to about 
200 microseconds by switching off the radio-frequency accelerating voltage 
less sharply, and the pulse height analyser was gated to accept pulses only during 
this interval; this helped further to minimize ‘ pile-up ’. 
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To differentiate between proton and electron pulses, 150 mg cm aluminium 


; absorber was placed between the target and the detector, and the spectrum obtained 
from an irradiation at 30 Mev compared with that of an identical irradiation without 


absorber. This thickness of aluminium was chosen as the best compromise 


_ between an absorber which would stop all protons and one which would not alter 


the electron background too seriously. The result of these irradiations is shown 
in figure 2 (b). The end-point of the spectrum is reduced by the absorber from 
24 Mev to about 22 Mev, and the yield of protons with a net energy greater than 


-8 Mev is the same as the yield above 13 Mev from the run with no absorber. Since 


150 mg cm~* reduces the energy of a 13-Mev proton to 8 Mev (Aron et al. 1949) 
this indicates that all pulses beyond 13 Mev were due to protons, and if the absorber 
did not distort the electron edge too severely, then most pulses above 8 Mev also 
arose from protons. It was considered, therefore, that the counter could be used 
to detect and measure the energies of protons above 8 Mev. 


Counts per Channel (arbitrary units) 
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Channel Number Proton Energy (Mev) 


Figure 2. (a) Alpha-particle spectrum from ThC+ThC’. (5) Pulse height spectrum 
observed for a maximum bremsstrahlung energy of 30 Mev. ‘The dotted spectrum 
was obtained under the same irradiation conditions but with 150 mg cm~? aluminium 
absorber between the target and the detector (see text). 


Proton spectra were taken for maximum bremsstrahlung energies ranging 
from 16 to 32 Mev, at 2-Mev intervals. Individual runs were of two hours’ 
duration, and between runs the gain of the counter was checked by measuring 
the thorium alpha-particle spectrum. The total bremsstrahlung dose was 
monitored by the activity induced in tantalum foils, the yield curve for the 
reaction 18!Ta(y,n)#®°Ta having been measured previously in this laboratory 
(Carver et al. 1957). Counting rates were low, at best not more than 2 or 3 per 
minute, and sufficient statistics to determine the yield curve adequately could 
only be accumulated over a number of runs, which were added together. The 
30-mev spectrum, for example, is the sum of five 2-hour runs, and contains 
approximately 1200 pulses corresponding to protons above 8Mev. ‘The set 
of spectra shown in figure 3, for which channels have been added together in groups 
of three, represents a total running time of about 100 hours. 

The absolute proton yield was determined relative to the known *Cu(y, n) 
cross section (Berman and Brown 1954). A square foil of copper, of the same 
dimensions as the silver target, and known mass, was placed in the target position 
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Figure 3. Proton spectra for maximum bremsstrahlung energies between 16 and 30 Mev. 


~. 


Photoproton Yield (arbitrary units) 


Maximum Bremsstrahlung Energy 


. 
Figure 4. Photoproton yield curves for increasing values of counter threshold. | 


amber through extended tubes with thin aluminium 
-was monitored with tantalum foils. The chamber could not be as 
; hielded as the previous counter, and the background edge was moved — 
in energy so that only protons of energy greater than 13 Mev could be 


= Figure 5. Angular distribution of photoprotons above 13 Mev, (a) from silver, 
(b) from nickel. é 


ye The proton yield at 30 Mev, normalized to unit monitor activity, was measured 
- . . . . . 
as a function of angle at intervals of 20°. The measured angular distribution 
was markedly anisotropic, as shown in figure 5 (a). The errors indicated are 
root mean square deviations, determined from the statistics, and the horizontal 
bars represent the angular resolution of the detector (22°); no correction has 
been applied for variations in energy loss within the target as a function of angle. 
To check that the angular distribution was not affected by a systematic error in 
the method, the angular distribution from nickel was also measured, since this 
has been determined previously (Leiken et al. 1956) and found to be almost 
isotropic. The distribution obtained, which is fairly flat and certainly different 
from the distribution for silver, is shown in figure 5 (5). 


ee as it appears to be, as the yield curve approached and moved. beyond : 2 
"Phe curve drawn for a counter threshold of 10 Mev has been analy: 
= iterative method (Carver and Lokan 1957) to give the cross section ct 


in figure 6. The integrated cross section for the emission of protons of er 


32 - ' 
greater than 10 mev is [ odE = 36 +9 Mev mbn, assuming isotropy. 
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Figure 6. Cross section for the emission of photoprotons of energy greater than 10 Mev. 
1, interative solution; 2, yield curve: counter threshold=10 Mev; 3, ‘ successive 
differences ’, explained in the text. 


An estimate of the cross section for protons leaving the nucleus in its ground 
state has also been obtained from the proton spectra themselves. It is noticeable 
that as the end-point of the bremsstrahlung distribution is increased in steps of 
2Mev, the end-point of the proton spectrum moves out accordingly. The ~ 
protons emitted into the added 2 Mev must have come from interactions with 
photons contained in the last 2 Mev of the bremsstrahlung distribution. Thus 
an ‘average’ cross section over each 2-Mev interval has béen obtained, by taking 
the number of protons in the last 2 Mev of each spectrum, and normalizing 
against the number of photons in the last 2 Mev of the bremsstrahlung distribution. 
These are the points labelled ‘successive differences’. It is seen that the same 
general shape is preserved, and the integrated cross section measured in this 
way is 30+ 10 Mev mbn. 

Calculations by Diven and Almy of the ‘evaporation’ spectrum for silver 
indicate that few protons are emitted with more energy than 10 Mev in the decay 
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- of a compound nucleus so that, in this connection, the criterion which is taken to 
_ define a ‘direct’ proton is that it emerges with greater than this energy. This 


does not necessarily provide a complete measure of the direct cross section, since 
direct protons of lower energy can presumably be emitted following the absorption 


_ of lower-energy photons in the bremsstrahlung spectrum or, alternatively, by the 


ejection of protons from deeper lying shells. _— 
The integrated cross section for the (y,m) reaction in silver is approximately 
1650 Mev mbn (Diven and Almy 1950), so that the component measured in this 


- experiment accounts for about 2% of the total absorption. Moreover, the agree- 


ment between the cross section for the emission of all protons above 10 Mev and 
for the emission of protons leaving the nucleus close to its ground state suggests 
that most of the increase in yield is accounted for by the extra protons added at 
the tip as the maximum bremsstrahlung energy is increased. ‘This would imply 
that at the peak of the cross section at 22 Mev, the energy of the ejected protons 
is approximately 16 Mev. 

Assuming this value for the proton energy, the ‘resonance-direct’ yield 
has been calculated for the important E1 transitions from closed shells in silver. 
For each transition, the net yield is given by 


Va 


Y=Transition streneth x ———— 
et La tt Lag 


(cf. Wilkinson 1956) where 


2 
[., =width for proton of wave number k x penetrability = aa 


and I’, =width for absorption into a compound nucleus =2W where W is the 
imaginary part of the complex potential. 

The calculation was performed for values of 2W=4 and 2W= 10 Mev since, 
although the former value is suggested by low-energy scattering data, it has been 
suggested (e.g. Cini and Fubini 1955) that 2W should increase quite rapidly 
with excitation energy; these probably represent reasonable limits. ‘Transition 
strengths were obtained from Wilkinson (1956) and penetrabilities from Morrison 
(1953), assuming a nuclear radius parameter r9= 1:30x10-% cm. ‘The result, 
shown in the table, is crude, since the width for emission depends on the proton 
energy both through the factor k and, more sensitively, through the penetrability 
term P,. However, the experiment indicates that at the maximum of the cross 
section, the majority of protons is emitted with about 16 Mev; and this energy 
was therefore taken for the calculation. 

Under these assumptions, direct proton emission accounts for 24-32% of 
the proton transitions, or roughly 12-16% of the total absorption, and is about 


Proton Yields for Transitions from Closed Shells 


Net yield 
Transitions Strength (%) Penetrability 2W=4 2W=10 
1f-ig 78 0:41 D2 18% 
2p—2d 14 0:8 8% SoG 
2p-3s 3 1:0 205 126 


Totals 95 Wap 24% 


“ 


This later interpretation is further reinforced by the angular distribut! 
measurement. The angular distribution of protons from a 2p—2d transition 
proportional to 1+ 1-5 sin? @ (Courant 1951), while that from a 1f-1g transi 

is proportional to 1 + 0-83 sin? 6 and contains a much larger isotropic compone 
In fact, the anisotropy appears to be stronger than would be expected from the 
2p-2d transitions, though the errors are comparatively large and such a distri- 
bution is not definitely excluded. However, the distribution is not consistent 
with that expected for protons from the 1f shell, and supports the suggestion that 
the observed protons are emitted in transitions from shells of lower angular 

momentum. ~S { 
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The Stripping Reaction of *He and Alpha Particles 


By M. EL NADI anp M. EL KHISHIN 2 
Faculty of Science, Cairo University, Cairo, Egypt 


a 


MS. received 19th August 1958, in revised form 12th January 1959 


- Abstract. 'The recent experimental data on the (He, p) differential cross section 


showing forward and backward peaks are interpreted as due to the *He particle 
stripping and heavy particle stripping respectively. Reasonable agreement is 
obtained between the derived theoretical formulae and the experimental data. 
Some (d,«) reactions are interpreted in a similar way. 


§ 1. INTRODUCTION 
R: ENT studies (Bromley et al. 1957) of the angular distributions ot (Hep) 


reactions showed clearly that in many cases the reaction does not proceed 

by the compound nucleus model. Forward peaks were observed (Johnston 
et al. 1958) in the angular distributions which suggest a direct action mechanism. 
A formula for the differential cross section of («,d) (He, p) reactions of the 
stripping type was given lately (El Nadi 1957) which could explain the existence 
of the forward peak found in these reactions. 

Another characteristic feature, observed in the recently published data on 
the differential cross section of the (?He, p) and (d, «) reactions is the appearance 
of another peak in the backward direction. This peak seems relatively stronger 
than the corresponding ones observed in the differential cross section for the 
(d,p) reactions. This can be seen clearly in the recent data of Johnston et al. 
(1958) on the differential cross section for the 12C(?He, p)4N reaction. The 
existence of a backward peak in some deuteron reactions was well explained by 
Owen and Madansky (1957). It is assumed that the target nucleus could itself 
be stripped by the incoming deuteron. Thus in a (d, p) reaction, the outgoing 
proton could come out either from the deuteron or from the target nucleus. 
This latter effect, called heavy particle stripping, forms a component in the 
differential cross section and gives rise to a backward peak in the angular distri- 
bution. Thus it may be expected that the backward peak in the (*He, p) and 
similar reactions is also due to heavy particle stripping. 

In this note the reaction 12C(*He, p)'*N is considered in a manner similar 
to that used by Owen and Madansky for deuteron stripping. We shall assume 
that the 12C-nucleus is composed of a core C+a proton 1, see figure 1. The 
3He nucleus will be assumed to consist of two protons 2 and 3, and a neutron n. 


The differential cross section for the considered reaction can be written as 
(in the centre-of-mass system) 
My* Mp* kp Atta 
aig 5 aa ae a Paes (1) 
M* and k refer to the reduced mass and wave number, V is the interaction potential, 
YY, and ©’ are the initial and final total state wave functions of the system. The 
sum is extended over all the final states and averaged over all the initial states. 
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respect to each of these protons. Effecting this antisymmetrization we get 
the differential cross section for the (*He, p) reaction : fal 

dod |C,F — CyB |2dQ, Te 


eee eee 
where C, and C, are normalized constants, we 


F = | exp (—iky . ra )b*a(rFstnte) exp (—ilg-ty)[VWn(ratern) exp (iken-rn) 


x Ut(Mirc) exp (7kt . rt)dr,dr.drdrpdre -Esveertoe 3) 3 
and 7 
B= [exp ( — ty . ry )P*p (Pet grnte) exp (—7ky-F)[V]on(rorstn)exp (tkn r) 
ede (Fie) exp Gly ot de, dr.drjdrgdt erty ocean oe (4) 


#p, tn, pt are the wave functions of the residual, ?He and target nuclei respectively, 
and k,, kp and kt refer to the respective wave vectors of the residual, ?He and 
target nuclei, k,, ky are wave vectors of the outgoing proton, rp, MWe, Farle, Fas 
and ry are the position vectors of the particles as shown in figure 1, all with respect 
to the centre-of-mass system. 
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§ 2. EVALUATION OF F 


In this part the outgoing proton comes out from the projectile (?He). There- 
fore the potential V will involve the positions of the particles 3 and n, relative to 
the target nucleus. Therefore we shall take the centre of mass of the target 
nucleus t as origin and denote by p the new coordinates. We shall take for the 
internal wave function of the *He particle the Gaussian form exp (—72i, 4,947): 
Assuming the potential to be such as to cause capture of the particles n aad 3 to 
occur at the surface of the nucleus, let us consider the following quantity : 


Z=t—k, A r,—k, " rp tkn -Mhtky. ri} =t{—k, [e+ 4(r3+rn)] 
M 
—Kealre+ pg” 8s + en)] +ke . re + knfe/3 + 3(r5 + rn) ]} veeeee (5) 


t This can be done in a way similar to that given by Schiff (1955) for the elastic 


scattering of an electron from a helium atom, and as given by O 
(1957) in their analysis of the “B (d, n)@C paren "paecy alae oan 
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foc exp (Fe) 2+ A+ Ley CPR : 


a See eC, (L0G. AE rar 
ae ees ch or ae inl Crank He 0) 
: s Cy, (L'0, 00)C),,(L'0, — msm) F,(3 FR) FI AFR) 2 
_ where . f 
eae F? = (ka—$kn)? + $hokn sin® 36 
M.,\2.,™: gras, 
f= (ln ines) +4 Tp halen Cin? yo aban (10) 


and @ is the angle between k, and kp. 
The following selection rule then applies : 
_ J,=Jtthnth+3 +3. SAS (11) 
_ The agreement between the present and the previous derivation shows that the 
assumption that the target nucleus consists of a core C and a proton 1, is not 
~ essential in the final result. : 
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§ 3. EvaLuaTION oF @ 


In this case the proton comes out of the target nucleus, and hence the 


interaction potential can be expressed as 
CV t= = red( | Necttn) ak eget A 8s (12) 


the centre of coordinates will therefore be shifted to the centre of mass of *He, so 


fe that ey—r,—en (j=2, 3, n and c); similarly p=r,—Fe. Therefore 
4 : M 
cg i{—ky.ry—ky-tgtkn- rt+kt. rd aif Kale 0) Ka (Fe me) 
FE R 
Cae My : ; 
fs +ky.tntkt{ te+ a, © =ib.pt+iB.pc +++: (13) 
te t ‘ 
| where “ . 
: Mp Mn 
— —" Lear lea Pky eee 14 
b {+ mak B (ae tas nf ( ) 


sidual nuclei. 


: 

ey where Mn, Mp, Mt, Mr are the masses of 3He, proton, target and re 
Fe k, and kp are the wave vector of the emitted proton and ?He. 
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et Ori F (OV MOM. 8). 
Using (18) in (17) we get . 
Z(B)oci'e[4n(2le + 1)}¥f*,(R)[-Ve]4i,(BR)- 
Substituting (19) in (16) we get for the factor Y(d) 
Y(b)= DAnitV*/m(b - B) i Si, (P) ¥i™(Q)¥ 7" (Q)Ii(bp de 
where we have put yt(e) = fie) ¥i"(2). 
Evaluating (21) we get: 
¥(6)=4ni¥¥4,(b. B) |” f(p)F,(bo)p%de. 


Since the variation of the Bessel function is slow it can be taken outside the 
~ integral (Austern et al. 1953) at the value R, giving: 


formed from the core C, and the final-residual nucleus R. 

‘To compare these formulae with the experimental results of Johnston et al. _ 
(1958) on the *C(*He, p)'4N reaction we observe that the ground state of 4N 
is 1+, of *He is $+ and of 'B is $-, therefore the capture angular momentum [¢ 
must be odd. This could be 1 or 3, 

To determine /,, which is the orbital angular momentum of p, in the nucleus 
*2C, relative to the core C, which is "B, we notice that 12C has even parity and 'B 
has odd parity, so that J, must be odd i.e. J, must be 1 or 3. 

The theoretical curves are shown eonethey with the experimental points 
in figures 2 and 3, 


¥ (6) = 4004 Y*,"(b 7B) I,(OR) ve(R). or sane. Sas (22) i 

Thus we get finally for Z: 
fe pte tate |p BY, (OR)F, (3K). 9 988 See (23) . 
Now /, can be determined from the parities of the projectile h, the nucleus ; 
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Differential Cross f tion 
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Figure 2. The differential cross sec- Figure 3. The differential cross sec- 
tion as a function of angle in the tion as a function of angle in the 
centre-of-mass system for the first centre-of-mass system for the 
excited state proton groups at second excited state proton groups 
4-5 mev incident *He energy. at 4:5 mev incident ®He energy. 


of both a forward and a backward maximum. This suggests also the existence 
of the light as well as the heavy particle stripping. Symmetry considerations 
will give for the differential cross section: — 


f okcep Wa GON 2E ai C7. | aah ican (24) 
where C, and C, are normalization constants. 


The forward term F will be almost identical with (9) (El Nadi 1957). Pro- 
ceeding in a similar manner to the (*He, p) reaction we get for # the following 


form: 
B= | exp (—ikp . Pp)*p(|tp— |) exp (—ikg- Fp)P*n (Fe MpFny rp,tn, )[V] 


x exp (ik, . r,),(p,n rp,tn,) exp (kt . rt)t(relpn)dr. 


The perturbing potential is taken of the form: 

V=—-V-.8(|re—r.| —®)- 
Transforming the origin to the centre-of-mass of the incident alpha particles 
and putting e;=r;—r, where j refers to pyNP2N,c, and 


Rp = rp = ro, Rp =Pfyn— Lit. > a eae cicor (26) 
Therefore 
i{—kp . Pp—Kp- Pa tka. fatke. ri}=iB . pe+ib(Rp + Rn)/2 
where ie 
fe felts AG heres oayo7 
pa —{ Pk, Hho, B= {+ oar} meee (cs) 
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which i is a constant factor, and . -, 


iis Mead [vn¢ | Rp— Ra| Yr, ( Rp), (Rn) exp {37b. (Rp + R,)}dRpdRn. a4 ; 4 


y Re EL jo 
Now taking the Gaussian form for the deuteron wave function 
exp (—y*| Rp— Rn”), 
and assumimg that w is the angle between Rp and Rn we get: 
by | Rp — Rn | =exp {—y? (Rp? + Rn®)} exp (2y*RpRn cos w). 
Expanding the second exponential in terms of the modified Reset function 
and putting | Rp| = | Rn|=R, we get: 


2 27 \WS 22 
exp (2y?RpRn cos w) = (am) pa 2 2nl coattDe ‘R?) 


PR) Xo m- 
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Substituting in (30) for the wave functions: 
ti(Rpi,( Rn) =fi,(RYYi,"? Oody) Fi,(R)Vi.%(Ongn)s vee (32) 


using (31), and expressing the product of two spherical harmonics of the same 
angle in terms of a single spherical harmonic and the vector addition coefficients, 
we get: 
Y(6)= 2. eek —1)mi2t 2] (2lp + 1)(2n + 1) PP (n+ 31,4 ajo(2y?R*) 
x Cyp(L000)C,,;,(L'000)C,,,,(L0, —m, mp)Ci,(L'0, man) 
x Fy (GOR). F5( $00), eet te ween ce aeons (33) 


where the summation over L and L’ extend from |n—Jp| to |n+/p| and from 
|n—In| to |n+Jn| respectively. 
The third factor in (29) is given by 


2(B)~ | ¥%,(0e)[—Ve8(pe~R)] exp (1Bpc)dpe 
~ Anite Y*,™(b .B)(—Ve)f*,(R)Fi,(BR). 
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Differential Cross Section (mbn sterad~') 


Jr=SytIptlnth th. 


To compare those results with experimental observations we have chosen _ 
data on 8C(d, «)B, by Marion and Weber (1956), where the observations 
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Figure 4. Differential cross section for the Figure 5. Differential cross section for 


18C (d,a)"B ground state) reaction at the °C(d, «)!"B (ground state) reaction 
a bombarding energy of 2°28 MEV. The at a bombarding energy of 2:28 Mev. 
heavy line is the theoretical curve The lines drawn refer to the theoreti- 


defined by R=6 x 10-* cm, lp=l,=1 cal curves given only by the heavy 
for the forward part and 1,=lp=In=9 particle stripping term with /,=0, 
for the backward contribution. The Lp=ln=1, for different values of the 
experimental curve is that of Marion nuclear radius. 

and Weber. 


extend up to about 150°, To determine the value of the capture angular 
momentum quantum number /., we notice that the parity of 1°C is odd, that of 
®Be is odd, and that of the a-particle is even. Therefore Ic must be even. ‘The 
value J,.=0 was found to give the best fit with the experimental observations, 
together with the values )=/n=0. In the forward factor ¥, the values 


d proton would b 
of the shell moidene eo Pp orbits, ice. t0 have | 
iieieeL however, with Jp>=In= rian’ tea ayd 
~ the eee treatment, the SL of the various particles were ‘not 
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: th rposition approximation to plet 
self, although it is still needed for the higher order distributions. 
the special case of spherical particles interacting with central forces the 
h takes on its simplest form and should provide a feasable means of 
g highly accurate information about the structure of a simple classical © 
under uniform conditions. An extension of the method is suggested for 
completeness by which all the lower order distribution functions can in principle 
_be successively released from the restrictions of the superposition approximation. 


§ 1. INTRODUCTION 


aN o fully satisfactory and final kinetic theory of the liquid state has yet been 
N proposed even for simple liquids (such as argon) although the general 
ee form that such a theory must ultimately take seems to be clear (de Boer 
1949, Cole 1956, Kirkwood 1946, Eisenschitz 1952). Conditions of liquid 
- uniformity can, at least in principle, be discussed completely in terms of the well- 
~ established construct of statistical mechanics (Tolman 1938) whose range of 
_ validity is in fact sufficient to embrace all equilibria. The application of these 
_ principles to real systems, however, is-heavily restricted by purely mathematical 
complexity: the difficulties are particularly severe for liquids where concern is 
with a full N-body co-operative system. Progress for liquids has, as a result, 
been possible only by augmenting the exact theory with two independent simpli- 
fying assumptions designed to circumvent the mathematical difficulties. 
The first approximation, made in conformity with the experimental data for 
the diffraction of electromagnetic radiation or of neutrons, asserts that the 
. short-range molecular spatial ordering characteristic of simple liquids can be 
adequately represented in terms of the distribution of molecular pairs in the liquid, 
described mathematically by the pair distribution function (Gingrich 1943). A 
knowledge of functions of order higher than the second would seem unnecessary 
for this purpose, except possibly for very special circumstances (Green 1952, 
p. 213). To calculate the pair distribution it has always been necessary so far to 
invoke a second assumption of a purely mathematical character relating explicitly 
the correlation which exists between the constituents of a group of many particles 
to the correlation which exists between a representative component particle pair. 
This relation is generally called the superposition approximation and was first 


applied to the study of liquids by Kirkwood (1935). 
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This whole method of approach must clearly be subjected to the most careful 
scrutiny, and this is all the more necessary in view of the definite and at present 
unavoidable imprecision of the experimental data. The use of the superposition 
approximation is suspect and the need to introduce this approximation into the i | 
theory more carefully is generally recognised. E 

A first step in this direction was recently made by Cole (1958), following the 
earlier work of Born and Green (1949), Yvon (1935), and Kirkwood and Boggs 
(1942). In the present paper the introduction of the superposition approxi- _ 
mation into the theory of the pair distribution for a classical condensed system _ 
of particles is considered again, and a procedure is proposed which, although 
numerically lengthy to apply, does not require the use of the approximation for _ 
the triplet distribution. An extension of the method would allow theoretically _ 
for all the lower order distribution functions to be successively freed from the 
approximation, but its actual application is likely to be heavily curtailed by the 
extreme complexity of the associated numerical work. Nevertheless even the 
first step, which avoids the application of the superposition approximation to the 
triplet distribution but which still involves its use in the quadruplet and higher 
order functions, should be capable of evaluation for the case of central forces, and 
should provide highly accurate information about the structure of a simple 
uniform liquid. 


§ 2. DISTRIBUTION FUNCTIONS 


The classical liquid is represented by N identical particles contained in a 
volume V, the average particle density being denoted by m(=N/V). The 
system is at temperature 7, and & as usual denotes the Boltzmann constant. 
Each particle is in interaction with its neighbours, and if r; is the configuration 
vector of the i-th particle then the total interaction potential for the system will 
be written V'(r,,¥,-.-"y)- It will be convenient later to use a reduced potential 
X(rj, '',..+"y), defined according to the expression RTX=. 

The normalized probability for the instantaneous occurrence of h(< JN) 
chosen particles in the configuration (r,,ro,...1,) is written n(rj,,r,...1,), 
and according to statistical mechanics is defined by: 


1 1 
nln (ry, 0a, +600 ),) = (Nokes { a few (—X)drni.... dry. 
—h)l Za 


et 


VAS is here the configurational partition function chosen to normalize the 
dimensionless distribution n™ to unity: 


ib je 
y= 5 | | exp (=X) dr, drgc; s dr genet eines (2) 


A relation between the consecutive functions n™ and n+ follows immediately 
from (1): 


1 
HOUT, Pos oS fen Fo. oe Pes gag) Oe eeee (3) 


If n+) is known, then n™ follows by integration over the configuration volume 
of the unwanted particle. 

The change of n™ consequent upon an elementary change of the position of 
any constituent particle of the group h, say particle 1, is obtained from (1) by 
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direct differentiation. The first derivative gives the partial gradient of n™ at 


the point, while the second derivative provides a measure of the deviation of n™ 


from the local mean value in the region. i 


The potential function ’ is temperature independent to very good approxi- 
mation so that the reduced function X is temperature dependent only through the 
factor 1/T. Consequently u) is temperature dependent in a way that can be 
determined by the direct differentiation of equations (1) and (2) with respect to 
the temperature. For small temperature increments only the first derivative is 


_of interest. 


For simple liquids such as will be considered in the present paper these 
various formulae apply with / set equal to 2, equation (1) then defining the pair 


- distribution, n®. For these liquids the total potential is to be equated to the 


sum of the separate pair potentials, each member being concerned with the 
mutual interaction between a single particle pair. If (r;,r;) is the mutual 
force potential for the particles i and j and if we define a corresponding reduced 
potential function x(r,,r;) according to the relation kTy =, then 


Xr; Kew ry)= S 3 x(ris r;). An Repo (4) 


t=1j>t 


In what follows it will always be assumed that (4) is inserted into equations 


_ (1) and (2). 


Three expressions involving n® will be of interest later. The first is the 
primitive recurrence relation (3) which now becomes: 


BATS Fa) = |" (r', a) 03) drs. nyt cies (5) 


The second is the non-linear gradient equation relating the effect of small move- 
ments of particle 1 of the pair on the pair distribution, and obtained by differen- 
tiating (1) once with respect to r,, with h=2. Using (4) the resulting expression 
can be arranged into the form given by Born and Green (1949): 


dn®(r,, Fe) Ox(¥, Fe) [Ss rs) 
pr ae Br ee AN YS Or Fo) = 0 WAN 1) 37 2)(r,, Po, 5) dts 
or, or, ("1 2) or, (Fite 3) 5 


For the general particle interaction this is a vector equation having three com- 
ponent equations, but for the special case of the central force field (spherical 
particles) it reduces to a scalar equation showing symmetry about the axis of the 
particle pair. 

The third expression for n® relates the dependence on small temperature 
increments. From equations (1), (2), and (4) it follows that: 


(2) 
Ore Er Ts) = ae n(r4, 02) {x(Fy ho) +} + 2n { (ry, F3)2 (Fy, Mo, Fs) drs 


we n° {| x(rs, r,)n (ry, Yo, V3, r,) dr. dr, ee ecee (7) 
where 
Ah or a | xe» r,)n(r4, rs) dr, dry. ale aekens (7a) 


Each term appearing on the right hand side of (7) refers to the temperature ie 
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|§3. SUPERPOSITION AND THE - 


ame, 


<a 4 7 : w 
The total impracticability of the direct deter 
the integral in (1) is well known: alternatively equatio 
employed only if the distributions ”® and n® are kn hei 
explicitly in terms of n®. Theory cannot directly provide this ir 
‘the present time although ultimately it might be inferred numerical 
mathematical models involving electronic computational techniques (Alde: 
Wainright 1957, Wood and Jackobson 1957). It has, therefore, become « 
tomary to augment the exact theory with the superposition approximation in. 
order that n® may be calculated. Applied to the triplet, quadruplet, and quin- 
tuplet functions the approximation asserts the validity of the expressions : 


n®)(r,, Fp, Fg) = (Fy, F,)n (ry, r3)N (Ke, Fs) YAS 


n (ry, a, V3, r,) = (ry, to, 3)n(r,, 6 4)n (ry, r4)n (rs, r,) 


4 , ‘ 
n)(1r4, Foy Pg, Pay 5) =O (Fy, Fey Fg, Fa) ( TI 2° rs) asain ee 


i= 

The superposition approximation is not exact because it neglects the particle 
interaction. This is seen immediately by inserting (9a) into (5): the resulting 
integral equation is satisfied only by a quantity which is independent of the 
particle separation distance. The interparticle force plays a less critical réle in 
equation (6) and Kirkwood, Lewinson, and Alder (1952) have shown the solution 
to have physical interest for data adapted (though rather crudely) to argon. Cole 
(1958) has suggested instead the use of a second order equation in place of (6). — 

In what follows we shall consider an alternative mathematical procedure — 
involving a coupling parameter which allows the effect of the interparticle force 
to be gradually accounted for, starting from the case with no mutual interaction 7 
(vy=0; %=0 or T= «) where the relations (9) are exact. 


§ 4. COUPLING PARAMETER 


Suppose the temperature of the actual condensed system is T,: then the 
corresponding reduced potential function is yp=%/RT,. If the particle inter- — 
action for all the particles of the system is (hypothetically) reduced, the situation 
can be described by the introduction of a coupling parameter y, which is a con- 
tinuous function in the range 0 to 1. The reduced potential for any value of y 
is then y=yxp, So that 0<y<yp,- Any particular value of y obtained using 
the coupling parameter can be obtained without its use by a suitable choice of the 
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_ temperature. A formal correspondence, then, can be made between values of 


the coupling parameter in the range 0<y<1, and values of the temperature in 


- the range Tp<T< oo. When y=0 the particles of all move independently with 


no mutul interaction; when y= 1 the coupling is complete as in the actual system. 
This procedure is an extension of that used earlier by Kirkwood and Boggs (1942) 
(see also Kirkwood, Lewinson, and Alder (1952)): but whereas these authors 
considered variable coupling between just one particle and the remainder, we 
now extend the technique to apply to all particles simultaneously. 

The variation of the distribution functions due to changes of y can be 
inferred directly from (1) by inserting y=yx, and differentiating the resulting 
expression with respect to y. Alternatively the effect of one differentiation can 
be written down directly by reference to the temperature variation equations, 
viz. (7) for n®, if the equivalence T(0/dT) ~ —y(@/dy) is used. For the pair and 
triplet distributions (i.e. 2 successively equated to 2 and 3 in equation (1)), the 
changes due to an elementary increment Ay of the coupling parameter are given 
respectively by: 


on®)(r,, Fo} : 
( 1) "2 y) iy OS is (oe Felt ve (his r,) +t yh+nl( > XR ("is rs) 1 lo, rs) dr; 
: i=1 


oy 
4+n2 {| Yala r,)n(ry, F3, Na; r,) dr, ag es anaes (10a) 
and 
én®(r,, Pe, 033 5053 
ere = —n®)(r,, Fo, ¥3) { a2 p2: Xa(hs hj) + at} 
t=jJ jJ>t 


3 
+n | ( » Xe» r4) ) n (ry, Fo, hs, r,)dr, 


i=1 
+n [ Xp (Ka V5 )0 (ty, Poy 3, la 05) ary ars. ....-. (105) 


fis obtained from (7a) by replacing x by x,: In each expression (10) the 
right hand side of the equation refers to the value y of the coupling parameter. 

Macroscopic effects such as phase change which would be expected to result 
from any actual reduction of coupling such as we theoretically postulate are as 
difficult to assess in the present connection as with any particle-in-box idealization 
of matter. However, the equations of §2 can be expected to apply also in the 
interphase region. Because of the correspondence noted above between 
coupling parameter and the inverse of temperature, it is plausible to expect that 
the equations themselves will account, at least crudely, for any effects which 
might be difficult to reconcile with liquid structure during the progress of the 
mathematical procedure of variable coupling. 


§ 5. SOLUTION PROCEDURE 


It will now be explained how the pair distribution can be calculated without 
the use of the superposition approximation in the form (9a). 


5.1. Negligible Coupling 


If X appearing in (1) is sufficiently small (ie. X > X?, and y is virtually zero) 
the integrations necessary for the evaluation of n®, n®,... can proceed with 


[1- 3 > X(Fis ry) —™ {(2 x(t ra) ate 51 } xem iy ted °] 7 
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The remaining lower order functions can be similarly found, but will not be 
written down since they become successively more complex. A sensitive test 
of the range of y for which the relations (11) are valid is provided by the recurrence 
integral (5). ms: 


5.2. Appreciable Coupling 


The expressions (11) do not apply if y is greater than some very small value, 
say y,, and the procedure of including more terms in the exponential expansion ~ 
has only limited value. Instead for y>y, it is more profitable to make appeal — 
to the equations (10) together with the first order differential equation (6). If 
the triplet distribution is known for some value of the coupling parameter, such 
as y=y, then (104) allows this distribution to be inferred at the neighbouring 
value y,+Ay,, and written n®(y,+Ay,), if the functions n® and n® are also 
known at y=y,. By writing x=(yi+Ay1)xp in (6), and using the already 
inferred triplet function n®(y,+Ay,), this equation involves the unknown pair 
function n®(y,+Ay,). The pair distribution corresponding to the coupling 
parameter (y,+Ay,) can therefore be calculated by solving the resulting first 
order differential equation subject to the boundary conditions (8a). 

With n®(y,+Ay,) and n®(y,+Ay,) both known the procedure can be 
repeated for a further coupling increment Ay,, say, provided the quadruplet and 
quintuplet distributions at (y,+Ay,) are determined using the superposition 
approximation in the form (95) and (9c). 

Starting from the value y=y,, where conditions of inappreciable coupling 
still apply, the procedure can be repeated for successive increments Ay until the 
final interval is used which gives y its maximum value unity. The accuracy of 
the calculation at each point can be tested by making appeal to (5). 

The simplest case is that for central forces, when (6) reduces to a scalar ~ 
equation. Although involving only elementary mathematical operations the 
numerical work associated with the procedure is certain to be very lengthy. 
However, it will be realized that the superposition approximation has not now 
been involved explicitly in the triplet distribution and this should lead to greatly 
improved accuracy in the calculation of n®. 
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§ 6. EXTENSION IN PRINCIPLE 
In principle the method outlined in the last section can be extended to take on 


a form allowing all the lower order distribution functions to be freed from the 


superposition approximation. This would involve making an appeal to the 
further members of the sequence (10), such as dn/dy and dn™/dy, together with 
further members of the sequence (11), such as m and n®, applying for very small 
y(<y,). What has been said in the last section about the determination of n® 
using (105) can be repeated essentially for n, and then for n with the difference 


-that, for n the superposition approximation must be used for the functions n© 


and n® while for nm it must instead be applied to 7 and n, In this way the 
superposition approximation need not, in principle, appear explicitly at all in 
either of the equations (10). 

One small simplification is now likely to arise, viz. that because the super- 
position approximation is not invoked for nm it may be sufficient in each of the 
successive evaluations of ® throughout the range y, <y <1 to use (10a) directly, 
without resorting to the differential equation (6). Although this modified 
procedure involves only the evaluation of integrals, they are multiple integrals 
and the associated numerical work must be severe. 

These arguments of extension are related to the notorious problem of the 
evaluation of the partition function. They have the important advantage that 
approximations are introduced (superposition approximation) in a controlled 
way, and may be steadily eliminated as the techniques of numerical evaluation 
and the stamina of the operator both improve. 


§ 7. CONCLUSIONS 


A procedure has been proposed by which the need to invoke the superposition 
approximation in connection with the triplet distribution is avoided in the cal- 
culation of the pair distribution for a condensed classical system of particles. 
The method involves the use of a coupling parameter which allows the total inter- 
action between all the particles of the system to be varied continuously between 
the value zero (no coupling) and that value which corresponds to the coupling 
which describes the actual system. 

The approach involves the evaluation of three single and one double integral, 
and the solution of a linear first order inhomogeneous differential equation at 
each successive step of a sequence of increasing partial interparticle couplings. 
Although involving only elementary mathematics any numerical evaluation will 
prove lengthy, even for spherical particles. re 

The procedure has a natural extension to include distributions of higher 
order than the triplet but any practical interest is damped by extreme numerical 
complexity. Nevertheless the first step of the procedure, outlined in §5, should, 
for spherical particles, prove practicable to carry through with the aid of standard 
computer techniques, and can be expected to result in highly accurate data for 
the structure of a simple uniform liquid. 


ori>v 


Pye aH 


a 


1] 


™~ 


44 


(a) nodanpe 


hil a“ 


faithsrs tes 
Peay i wiz wy Sar 


ica fre Wawa 


721 


The Energy Levels of '8F 


By S. HINDS anp R. MIDDLETON ae 
Atomic Weapons Research Establishment, Aldermaston, Berks. 


Communicated by K. W. Allen; MS. received 13th October 1958 


Abstract. ‘The energy levels of 18F have been investigated using the reactions 
160 (He, p)'8F and 1°F(?He,«)!8F. In both cases magnetic analysis was 
employed and the incident *He energy was 5-9 Mev. ‘The excitation energies 
of 40 levels have been determined below 7-493 Mev. 


§ 1. INTRODUCTION 


have been predicted by Elliott and Flowers (1955) in the course of their 

detailed shell model calculations of the structure of nuclei of mass 18 
and 19. Until quite recently, however, few experimental investigations of the 
level structure of 18F have been undertaken. Using conventional projectiles 
such as protons and deuterons it is difficult to excite 18F, but if He is used 
the reactions 16O(?He, p)!8F and 1®F (*He, «)'*F are very convenient, particularly 
if magnetic analysis is employed. These reactions excite both T=0 and T=1 
states and differ in this respect from the *°Ne(d,«)'*F reaction and some 
resonance reactions such as “N+, which have previously been used to 
investigate 18F. 

Energy levels have been observed in 18F previously by Middleton and Tai 
(1951) using the ?°Ne(d,«)'*F reaction, by El-Bedewi and Hussein (1957) and 
also by Almqvist, Bromley and Kuehner (1958) from an investigation of the 
y-rays from the 1O(*He, p)'*F and *N +a reactions. A number of states above 
5-6Mev have been reported by Herring (1957), Phillips (1958) and Ahnlund 
(1957) from observations of resonances in the reactions #4N+a and “O+p. 

The excitation energies of 40 levels of **F are reported in this communication. 
These have been determined from an investigation by magnetic analysis of the 
3He reactions with 1°O and °F. 


T HE positions and properties of the low lying even parity states Oa al 


§ 2. EXPERIMENTAL PROCEDURE 


Singly ionized He ions were accelerated in the Aldermaston Van de Graaff 
generator to about 5-9 Mev and after deflection through 90° by a 60 cm radius 
magnet, were allowed to strike thin targets containing oxygen and fluorine. 
Immediately prior to the target the beam was defined by a slit to 2mm wide 
by 4mm high and reduced in intensity to about 0:5 pa. The charged reaction 
products were analysed by a broad-range magnetic spectrograph capable of an 
energy resolution in excess of 1 part in 1000, a description of which will be 
published later. By rotating the spectrograph about the target chamber, it was 
possible to make exposures at various angles. At least four exposures were made 
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at different angles using both the oxygen and the fluorine targets. Average 
exposure strengths were 1000 microcoulombs for oxygen and 2000 microcoulombs 
for fluorine. ' 
The oxygen targets were prepared by evaporation and consisted of thin 
(about 20gcm-*) self-supporting films of pure silica and silica containing 
separated 28Si isotope. To prevent the accumulation of electrostatic charge 
on the target during bombardment, a 20u4gcm~ layer of gold was evaporated 
on to its surface. The fluorine target was prepared by evaporating about 
30 ngcem- of calcium fluoride on to a 8ugem™ film of carbon. As for the 
oxygen target, a small quantity of gold was also evaporated on to the surface. 


§ 3. RESULTS 


The energy levels of 18F have been determined up to 4-350Mev from an 
investigation of the ™O(*He,p)8F reaction and up to 7:-493mev from the 
19F (3He, «)'8F reaction. In both cases spectra have been measured at four 
angles at least. 

A typical proton spectrum obtained at 30° using a separated **Si silica target 
is shown in figure 1. The groups labelled 0 to 16 were identified by their rate 
of change of energy with angle as arising from the reaction “O(*He, p)*F. 
In a similar manner the majority of the remaining weak groups were identified 
as due to 28Si, but these have not been labelled. It may be noticed that group 10 
is missing from the figure. This is because at this particular angle of observation 
it was completely masked by very intense groups of elastically scattered *He 
particles. The strong and rather broad group labelled ‘elastic protons’ is the 
recoil proton group arising from the elastic scattering of "He by hydrogen 
occluded in the target. 

Group 3, which is extremely weak, was initially confused with the large 
number of weak groups due to 7*Si and was only identified after observation 
of the 1-08 Mev level in the 19F(?He, «)!8F reaction. However, this assignment 
was confirmed after extensive measurements had been made on groups 1, 2, 3 
and 4 at twelve or more angles using both silica targets and targets prepared 
from molybdenum dioxide. At an angle of 40°, group 3 shows more clearly, 
and a portion of the spectrum obtained at this angle is shown in figure 2. 

The energy of the 3He beam was determined by making a short duration 
exposure at 90° to record the elastically scattered particles. The mean of four 
determinations corresponding to the elastically scattered groups from gold, 
silicon, oxygen and carbon gave a value of 5-896+0-015 Mev. Using this value 
the ground state Q-value of the 4*O(*He, p)8F reaction was calculated to be 
2:044+ 0-015 Mev. ‘This is in agreement with the value of 2-040 Mev expected 
from the mass defects. The excitation energies of the 17 groups observed from 
this reaction are listed in column (2) of the table. It may be noted that the 
quoted experimental error of + 10 kev is less than that of the ground state Q-value. 
This is because the major uncertainty in the latter lies in the determination of 
the beam energy and this has little effect on excitation energies which are obtained 
from differences between O-values. 

A spectrum of the «-particles from the reaction F(?He, «)!8F, obtained 
at 15°, is shown in figure 3. As in the case of the 1*O(?He, p)!8F reaction, groups 
were identified by their energy variation with angle and those assigned to 18F 
are labelled numerically. The strong group of «-particles at a radius of 
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25 5-668 aa ie ao 5-670 
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28 6-139 ae = nk ae 

29 6-235 a — == 6-240 
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33 6:548 ae tee aa 6°564 
34 6-634 — — — 6-650 
35 6-765 = = a ae 

36 6-790 P< = ts os 

37 6-859 — ~ oan - 

38 7-184 don. = as a: 

39 7:315 = zat _ at 

40 7-493 — = = = 


(1) Present investigation, from the !°F@He, «)!8F reaction. All levels have a possible 
error of +15 kev ; (2) Present investigation, from the ®O(He, p)!8F reaction. All levels 
have a possible error of +10 kev except for that at 4-350 mev for which the error is 
+15 kev. (3) Middleton and Tai (1951). (4) Almavist et al. (1958). (5) Phillips (1958): 
only the sharp levels are tabulated. : 


curvature of about 42 cm is due to an oxygen impurity in the target and arises 
from the reaction O(*He, «)!°O leading to the ground state of 50. At this 
particular angle of observation, this group completely obscures group 22. The 
background of «-particles extending from a radius of about 41cm to the 
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Radius of Curvature (cm) 
Figure 2. Figure 4. 


- Figure 2. A portion of the proton energy spectrum from the reaction *O(@He, p)*F 

= obtained at an angle of observation of 40° showing groups Lae ended ame 
weak group between groups 1 and 2, and also that in the high energy edge of group 1, 
arise from the *°Si@He, p)*°P reaction, 

Figure 4. Energy level diagram of *F. 


The energy of the He beam was measured in a similar manner to that for 
the oxygen target, a value of 5-870 + 0-015 Mev being obtained. This value gave 
a ground state Q-value of 10-:159+0-015 mev which agrees with 10-164Mev 

calculated from mass defects. The energy levels obtained are listed in column (1) 
of the table and are in agreement with those measured from the OQ) (Sie..p)*4F 
reaction within about 10kev. This difference is larger than usual and is 
thought to be due to the high spectograph field strength required to analyse the 
a-particles from the 19F (He, «)18F reaction. An experimental error of +15 kev 
is therefore thought possible for the levels obtained from the latter reaction. 

The energy levels reported by other workers are listed in columns (3), (4) 
and (5) of the table and as can be seen, are not inconsistent with the present 
results. The larger number of levels observed in the present investigation is 
probably due to improved resolution. It may be noted that the 1-05 ev level 
reported by Middleton and Tai cannot be identified with the 1-076 ev level 


- the fluorine reaction, = 


"The levels observed in the present investi 
energy level diagram of figure 4. The indicated excitation er 
16 levels are those obtained from the oxygen reaction ; the highe 
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The independent particle model calculations of Elliott and Flowers pr 
there to be three low-lying even parity states of spins 0, 3 and 5, the 0 
having T=1. The available published evidence suggests that the levels at 
0-934 mev and 1-076 mev are the predicted 3+ and 0+ (7'=1) states respectively. 
Recent work at Chalk River (Kuehner, Almqvist and Bromley, rivate 
communication), however, now confirms the existence of four levels and suggests 
that the states at 1-038 Mev and 1-119 mev have assignments 0 and 5+ respectively. 
Angular distribution measurements of the protons from the 1O(°He, p)8F 
reaction are in progress and it is hoped that these might provide further evidence 
concerning the level assignments. 
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The Energy Levels of 150, 23M g and ?’Si 


By S. HINDS anp R. MIDDLETON 
Atomic Weapons Research Establishment, Aldermaston, Berks. +8 


Communicated by K. W. Allen; MS. received 13th January 1959, final form 
5th February 1959 


Abstract. The reactions 1%O(8He, «)O, 4Mg(*He, «)*8Mg and **Si(*He, «)?’Si 
have been investigated at an incident energy of 5-8Mev by magnetic analysis. 
The following levels were observed: 1°O, 5-174, 5-233 Mev; Mg, 0-451, 2:048, 
2-356, 2:712, 2-768, 2-904, 3-792, 3-856, 3-968, 4:353 Mev; "Si, 0-782, 0-958, 
2-165, 2°651, 2-866, 2-908, 3-540, 3-800, (4:13) Mev. 


§ 1. INTRODUCTION 


using the reactions *4N(d, n)O and “N(p, y)°O, see the review article 
by Ajzenberg and Lauritsen (1955). The mirror nucleus N has been 
more accurately studied by magnetic analysis of the protons from the reaction 
14N (d, p)®N (Malm and Beuchner 1950). If the level schemes are compared it 
is evident that although there is some agreement, several levels of 45O have not 
been observed. In particular, the first excited state at 5-27 Mev is reported to be 
single while a doublet occurs in °N at 5-276 Mev and 5:305mev. During some 
recent investigations of "He induced reactions, oxygen frequently occurred as a 
target impurity and it was possible to analyse magnetically the «-particles from 
the 16O(*He, «)!5O reaction corresponding to the state at 5-27 Mev. ‘Two groups 
of «-particles were observed corresponding to states at 5-174 Mev and 5-233 Mev. 
The nuclei 2*Mg and 2’Si have not previously been investigated, probably 
because they are difficult to excite with conventional projectiles such as protons 
and deuterons. However, with *He, they can conveniently be studied from the 
reactions 2*Mg(*He,«)*®Mg and **Si(?He, «)?’Si. The level schemes of the 
corresponding mirror nuclei, Na and 27Al, are accurately known and it has 
therefore been possible to make two new mirror nuclei comparisons. 


Ts energy levels of °O have been investigated by a number of workers 


§ 2. EXPERIMENTAL PROCEDURE 

Singly charged *He ions accelerated to energies of about 5-8Mev in the 
Aldermaston Van de Graaff generator, were used to bombard thin targets con- 
taining 16O, “Mg and **Si. The 28Si targets consisted of evaporated films of 
pure silica or silica containing separated ?8Si isotope. ‘T’o prevent the accumu- 
lation of electrostatic charge on the target during bombardment, a very thin 
layer of gold was evaporated on one surface. Due to the high oxygen content of 
these targets, they were also used for the *O(*He, «)!°O investigation. The 
magnesium targets were also prepared by evaporation (Hinds and Middleton 
1959) and consisted of about 20 gem? of separated 24g isotope deposited on 
thin carbon backings. Again, they proved to be useful oxygen targets due to 
the high impurity content of oxygen caused by oxidation. 
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_ The energies of the charged reaction products were measured with a high 
precision broad-range magnetic spectrograph. Two exposure series were made 
with silica targets at energies of 5-700 Mev and 5-891 Mev. At the lower energy, 
_€xposures were made at ten angles ranging from 74° to 60° and at the higher 
_ energy, at angles 15°, 30° and 60°. Three exposures were also made at 5-905 Mev 
_ energy at angles of 15°, 30° and 60° with the magnesium targets. _Exposures 
_ varied between 500 and 3000 microcoulombs. 


4 
4 § 3. THE *4*Mg(?He, «)?23Mg Reaction 
An a-particle spectrum, obtained from the 4Mg (He, «)?8Meg reaction at an 
angle of 30°, is shown in figure 1. Eleven groups were identified as corre- 
__ sponding to states of ?°Mg by their rate of energy variation with angle. ‘These are 
_ labelled numerically in the figure, 0 referring to the ground state. The intense 
_ group at a radius of 43cm arises from !C and corresponds to the formation of 
_ Cin its ground state. A number of weak groups were also observed which are 
_ thought to be due to the C(?He, «)!2C reaction. However, since they were 
weak, it was only possible to assign the group at 39-2.cm to a level at 14-97 Mev in 
_C. This value was reported by Moak e¢ al. (1958). The intense groups 
_ labelled *Op , °O, and 15O,, are due to oxygen and correspond to the ground, 
_ first and second excited states of O, respectively. These will be discussed in 
The bombarding energy was determined by measuring the energies of the 

elastically scattered *He particles from #C, 1*6O and *4Mg. For this purpose a 

short exposure was made at 90° with a reduced magnetic field. These measure- 
ments yielded a mean value of 5-905 + 0-010 Mev which leads to a ground state 
© Q-value of 4:048+0-015Mev. This agrees with the value of 4-048 Mev 
_ calculated from the mass defects reported by Endt and Braams (1957). 

In table 1 are listed the excitation energies of the first ten excited states of Mg. 
With the exception of groups 3 and 10, which were observed only at two angles, 
_ the values are the means of three determinations and are subject to an experi- 
mental error of +10kev. For groups 3 and 10 an error of + 15 kev is possible. 


Table 1. Energy levels of Mg from “Mg(®He, «)23Mg 


Group Excitation Error 

Number Energy (Mev) (kev) 
0 0 0 

1 0-451 +10 

p 2-048 acl KO) 

3 2:356 +15 

: 4 2712 +10 

5 2:768 +10 

6 2-904 +10 

i. 3-792 ae (9) 

8 3-856 +10 

9 3-968 stent) 

10 4-353 aici ls) 


In figure 2 the energy level diagram for Mg is compared with that for its 
mirror nucleus 23Na. ‘The excitation energies quoted for the latter nucleus were 
determined by Buechner and Sperduto (1957) from the magnetic analysis of the 
inelastically scattered protons from sodium. 
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Figure 2. A comparison of the energy levels Figure 4. A comparison of the energy 


of the mirror nuclei **Na and Mg. levels of the mirror nuclei 27Al and 27Si. 


In columns I and II of table 2 are listed the energy levels of 27Si determined 
from the first series of exposures at a beam energy of 5-700 Mev and also those’ 
from the second series with a beam energy of 5-891 Mev. In both cases, the values” 
listed represent the means of three separate determinations at different angles. 


a 


lly scattered protons from *“Al. 


§5. THE ’O(?He, «)Q REACTION 


. 3 During the investigation of the two previous reactions, three strong groups 

from the O(*He, «)*°O reaction were consistently observed at all angles and 

bombarding energies. These were identified as corresponding to the ground 

and excited states of O at 5-174 + 0-010 Mev and 5-233 + 0-010 Mev respectively. 

It is evident that these two excited states correspond to the levels at 5-276 Mev 

and 5-305 mev in the mirror nucleus N but it is interesting to note that the 
spacing has increased from 29 kev to 59 kev. 


Table 3. Q-values for the reaction *O(?He, «)”O. Weighted 
mean Q-value 4-916 + 0-010 Mev 


Angle Q-value (1) Angle Q-value (2) 
74° 4-918 ie 4-918 
10° 4-918 30° 4-914 
15° 4-919 Y 60° 4-910 
20° 4-919 
15° 4-918 
: 30° 4-913 
i 35. 4:917 
_— 40° 4-917 
be 50° 4-913 
iy (1) Q-value determined from exposures using a silica target. 


(2) Q-value determined from oxygen impurity occurring in magnesium target. 


‘a Many determinations were made of the ground state Q-value for this reaction 
| and these are listed in table 3. ‘The value determined at angles 7}° to 50° were 
| obtained with a silicon target and the values at 15°, 30° and 60° with a magnesium 
target. The respective beam energies being 5-700 + 0-010 Mev and 5-905 + 0-010 
ev. The weighted mean Q-value is 4-916 + 0-010 Mev. This differs from the: 
value of 4-977 Mev calculated from the mass defects reported by Wapstra (1955). 
"However, if the mass of 150 is calculated using the present Q-value, a 
- yvalue of 15-007834 + 0-000010 is obtained which is in good agreement with 
 15-007832 + 0000010 calculated from the very precisely determined Q-value of 
the »N(p, n)?O reaction reported by Lidofsky, Weil and Jones (1957). 
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“ § 1. INTRODUCTION _ sateen 
YN spite of many papers regarding energy levels of alkali halides there see 8, as 
— noted by Turner (1956), to be no measurement of the position of the Fermi 
U level. The photoemission threshold of sodium chloride has been measured 
owdered specimens by Lukirsky, Gudris and Kulikowa (1926) and the results 
are discussed by Tartakowsky (1934) in trying to establish the energy level scheme 
for sodium chloride. Thus information fixing the energy levels of this substance 
relative to either the vacuum level or the energy levels of materials in contact with 


it is either scanty or non-existent. 


§ 2. METHOD 


_ The method of electrode substitution as first used by Apker, Taft and Dickey 
- (1948) and extended by West (1953) involves a photocell in which the emitter in 
the former case and both emitter or collector in the latter may be changed from a 
‘metallic material to an insulator or a semiconductor. 


Table 1. Combinations of Emitter and Collector 


Combination Emitter Collector 
No. 1 metal metal 
No. 2 metal insulator 
No. 3 insulator metal 
No. 4 insulator insulator 


i aE mpg a 
Accepting the facts that the Fermi levels of materials in contact coincide when 
_ they are in charge equilibrium, that the photocurrent to the collector ceases at a 
voltage V¢ (on the collector re-emitter) such that the retarding field between the 
_ surfaces just stops the most energetic electrons emitted due to the photoelectric 
effect and that a saturation voltage V exists when the field between emitter and 
collector surfaces just reaches zero, we can easily set up equations for the four 
possible combinations shown ity cable 1, 
Ve=bet+Se—hyv; Vs=¢be— ¢e- 
+ Now at University of St. Thomas. 
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very reproducible under repeated cycles of condensing vapour on it and evapora’ 
it off. The alignment and separation of the electrode plates are maintained cc 
stant since the glass rods R and S mounting the plates are prevented from turning 
by being joined to the auxiliary glass rods E and F (figure 1(6)). These rods can 
be slid forward to the right by using a magnet attracting the iron slugs sealed in the 
glass (H). Sliding contacts are avoided by the coiled chromel wire inside the 
moving electrode supports which remains connected to the outlet leads X and Y at 
alltimes. The four movable glass rods are mounted inside a glass carriage which 
can be rotated by magnetic attraction on the iron slugs K and N. This allows the 
angle of incidence of the light entering at right angles to this axis to be fixed at any 
desired value on either plate. 
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Figure 1. (a) Section of photocell showing movable piston and electrodes. (6) End view 
of piston. 


The light source was a Pyrex discharge tube with ring electrodes viewed end- 
on, from the photocell plates, through a long capillary collimating the light and 
directing it on the middle of the upper of the two plates. This capillary was | 
closed at the discharge end by a lithium fluoride window cemented across the end 
by araldite resin. Initially an air discharge was used since it had been used 
successfully by West and also by Ferguson (1944). Photographic study of the 
spectrum transmitted showed that the lowest wavelength group was at 15424, 
with a possible trace of a group at 1527A. ‘Though it was almost certain that this 
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re 1 and so placed that the platinum plates of the ould be 
me in a beam of evaporated salt atoms from the oven and then 
easuring position. ’ — teas Se 
ie inden Siler ger! cae 3 
«8 4. “(Direct CuRRENT MEASUREMENTS 
mis ges of the collector eléctrode were set using a voltmeter which had been 
dardized. Readings of photocurrent between the electrodes were taken at 
volt intervals in the neighbourhood of the critical voltages and at 0-10volt 
mtervals for the remainder of the curves. Current was measured using a Linde- 
mann electrometer as a null detector in a current balance. Balancing the current 
through a 10!" ohm resistor to zero, allowed a wide range of current values to be 
_ measured without changing the resistor and permitted currents down to 10~¥ 
ampere to be detected. The balancing current flowed through an auxiliary resis- 
tance of known. value and was changed by changing the voltage applied from a 
_ potentiometer calibrated against a cadmium standard cell. Because of the non- 
_ spherical geometry V7; was indicated by a change in slope of the curve and not by 
“ complete saturation. Regularity and repeatability of the curves were excellent. 


ig § 5. PROCEDURE 
‘ The entire system was evacuated using the usual mercury diffusion pump 


i 


' system. The steel oven was heated to bright red heat using an induction heater 


e 


_ and thoroughly outgassed with no salt present. An opening was made and fine 


_ NaCl was dropped into the oven after which the oven and salt were outgassed for 
'— many hours at the highest temperature which could be used without evaporation 
of the salt. The charcoal trap was then maintained at red heat for 24 to 36 hours 

with the final pressure reading being 10-°mm Hg. The system was then closed 
_ off from the pumps and liquid air put on the charcoal trap and kept there for a series 
of several complete runs, after which the outgassing procedure was repeated. 
Pressure in the cell remained below 10~-* mm (lowest detectable pressure) during 
all runs and no traces of changes due to contamination were ever found. Each 
plate of the cell was moved forward and outgassed at red heat by the induction 
heater and measurements of combination No. 1 made. If Vs, ever differed from 
_ zero the plates were treated until this condition was satisfied. One plate was then 
moved forward and coated with salt by evaporation from the oven. Pressure 
registered by the ionization gauge never exceeded 10-> mm during this process. 
_ The plate was moved back and combination No. 2 and, by rotating the plates, 
~ combination No. 3 were studied. The other plate was then coated and combina- 
tion No. 4 studied. Vs, provided a check that the coatings were similar and uni- 
- form. One plate was then moved forward and the induction heater so placed as 
to drive off the salt starting first at one end, so that interference colours showed in 
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the wedge shaped film. This allowed a measure of the thickness which was 
usually about five microns. This plate was moved back and combination Nos. 2 
and 3 repeated. The other plate was then heated and combination No. 1 repeated 
as a check that both plates were restored to the original condition. A complete 


run required about two hours, and several runs were usually taken before outgassing — 


the charcoal tube again. Several different fillings of salt were used in the oven. 


Ts 


The light source intensity was adjusted by changing the d.c. current in the 


discharge tube. The d.c. voltage came from a filtered rectified supply for which 
the a.c, input could be set bya Variac. Once set it was held constant by a Sorensen 
regulator._ 

Photocurrents were usually of the order of 10-!ampere and could be varied 
by change of light intensity. The critical voltages were found to be independent 
of current so that the potential drop across the insulating salt films was negligibly 
small. Currents emitted from the insulator were of the same order but somewhat 
smaller than those from the platinum metal. Measurements with combination 
No. 3 were difficult since large amounts of light reached the collector surface and 
gave rise to large reverse currents unless the angle of incidence was adjusted with 
extreme care. For this reason this combination was not used with the xenon 
illumination. 

§ 6. RESULTS 

All measurements of each critical voltage, made in series satisfying the required 
saturation voltage conditions for identical surfaces, were averaged. ‘This average 
was assigned a weight in proportion to the number of readings. Because of the 
greater experimental uncertainty of V, values, weights of V; measurements were 
doubled. Using the method of correlatives outlined by Merriman (1934) the 
most probable values of the six voltages satisfying the conditional equations 


Table 2. Values of the Quantities dm, ¢i, and 6; 


Air Discharge Xenon Discharge 
Quantity Probable Probable 
Value (ev) Ee Value (ev) mole 
dm 5-69 0-02 5-68 0-02 
$j 5-12 0-02 5:13 0-03 
) 1:55 0-03 1°55 0:05 


exactly were found. Probable errors of these voltages were found by the usual 
least square procedures. With these values of voltages and values of Av for the 
sources, the equations were solved for the three unknown quantities and probable 
errors of the results for each of-the sources. The results are shown in table 2. 
Since the results are consistent, they are averaged to give the final results : 


$m = 5-68(5) + 0-014 ev §=1-55(0) 0-029 ev 
$1 = 5-12(3) + 0-018 ev $i +8=6-67(3) + 0-034 ev 


§ 7. Discussion 
These results may be considered in agreement with the early threshold value 
¢i + 6 quoted by Lukirsky for powdered salt. ‘They are also in agreement with the 
negative results of ‘Turner who found no photoemission from silver into salt up to 
25004. ‘Taking into account the contact potential between them as predicted from 
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Figure 2. Typical curves illustrating the regularity of the experimental points. 


It seems possible that the conduction band does not exist inthe crystal. ‘Thus 
absorption could take place only by photoemission resulting in a charged double 
layer at the surface. This would perturb the filled levels downward relative to 
vacuum level and cause the structure of the absorption to be dependent on the in- 
n and mount aswell as on the spectral 
constitution of the source. A rough estimate shows that assigning a resistivity to 
the salt which would still leave the shift of critical voltages with photocurrent in 
our experiment negligible by a factor of 500 is sufficient to account roughly for the 


results of the absorption measurements. 
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~ Results obtained with the magnetic field perpendicular to the 


planes have been used to calculate the Ettingshausen coefficient. 
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§ 1. INTRODUCTION 


EASUREMENTS of the Hall and Nernst coefficients in semiconductors are 
often made under approximately adiabatic conditions, whereas formulae 

pt A used in the interpretation of the results are usually in terms of the iso- 
thermal coefficients. In Bi,Tes, because of the large value of the thermoelectric 
power, this could lead to misinterpretation—if the Hall coefficient is in error due to 


an Ettingshausen effect, and the Nernst coefficient due to a Righi—Leduc effect. 


_ In addition, the electrical conductivity may be in error due to a Peltier effect. 
It is known that the Hall coefficient of Bi,T'e, is anomalous in the extrinsic 


~ region (Mansfield and Williams 1958, to be referred toas MW). The value of the 
_ coefficient for p-type material decreases by as much as 50% on decreasing the 
temperature from 300°K to 90°K, whereas electrical conductivity measurements 


indicate that the material is extrinsic over this temperature range. This variation 


of Hall coefficient with temperature is inexplicable in terms of the usual theory of 


impurity semiconductors. 

Under adiabatic conditions any transverse Ettingshausen temperature gradient 
would, in conjunction with the thermoelectric power, produce a voltage which 
would be combined with the Hall voltage. This Ettingshausen voltage cannot be 
separated from the Hall voltage by the normal direct current method of making 
Hall coefficient measurements. Measurements have therefore been made 
simultaneously of both adiabatic (or near adiabatic) and isothermal Hall coefficients 
from 100°K to approximately 450°x for both n- and p-type material. 


§ 2, EXPERIMENTAL PROCEDURE AND RESULTS 


Previous workers have used various methods, including alternating current 
methods, to obtain the isothermal Hall coefficient of metals and semiconductors. 
However, in MW it was suggested that the method of measuring isothermal 
effects by using probes of the same material as the specimen (Jan 1957) is particu- 
larly suited to Bi,Tes. Hence the isothermal Hall coefficient Ri was measured 


Temperature (°K) 


0 100 


Figure 1. Hall coefficient of specimen — Figure 2. Hall coefficient of speci 
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Figure 3. Nernst coefficient of 
specimen R5, 


Figure 4. Nernst coefficient of 
specimen R9. 
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“using probes of Bi, Te, cut from material originally adjacent to the specimen used. 
A quasi-adiabatic coefficient, Ra*, was measured using probes of T, alloy. 
_ Measurements were made with the magnetic field both parallel and perpendicular 


to the cleavage planes. The results obtained are shown in figures 1 and 2. The 


_ p-type specimen is the one labelled R5in MW. Specimen R9 is n-type. 


The corresponding values of the isothermal and quasi-adiabatic. Nernst 


_ coefficients (Q; and Q,* respectively) are shown in figures 3 and 4. 


Measurements were also made of the electrical conductivity and thermoelectric 


_power of both specimens over the temperature range 100°K to 600°. 


§ 3. Discussion OF RESULTS 


The sign convention used is that stated by Gerlach (1928) together with a 
convention for the thermoelectric power which gives this quantity the same sign 
in the extrinsic region as the charge carriers. Thermoelectric power is positive 
when conventional current flows from metal to semiconductor at the hot junction. 

Using a right-handed system of coordinates in which the primary electric 
current J or primary thermal current is in the « direction and the magnetic field H 
is applied in the z direction, the transverse galvanomagnetic and thermomagnetic 
effects respectively are measured in the y direction. ‘The qualification of ‘iso- 
thermal’ and ‘adiabatic’ then refers to conditions in the y direction. For 
isothermal conditions ¢T/dy =0, and for adiabatic conditions w,=0. Thus : 


Ke Bi port wh Sia crea 9 A 
Isothermal Hall coefficient Ri= Hs” | 7y=0 ap ts =0 
E, 


BS sy. : oT 
Adiabatic Hall coefficient Ra= HT, : |. =(, cae 0, w,= 0 


The relations between isothermal and adiabatic coefficients (Heurlinger relations) 
follow directly from the definitions of the various coefficients. With the sign 
convention used in the present paper, the relation between R; and Ra is (cf. 
Chambers 1952): 
, aE 
TEES ea OR he te es ee 1 
are iT a (1) 

where dE/dT is the absolute thermoelectric power of Bi, Te, relevant to heat flow 
in the y direction and P is the Ettingshausen coefficient. ‘The conditions under 
which Pis defined are necessarily adiabatic and are the same as for Ra. 

Taking into account the lattice thermal conductivity when deriving the 
Bridgman relation, 

y 
Pee STi Diaie oct cra AAD MUR (2) 
K, 

where Qj is the isothermal Nernst coefficient, and K,, is the isothermal thermal 
conductivity relevant to heat flow in the y direction and in a transverse magnetic 
field}. ; 
This relation should hold for an isotropic medium over the whole temperature 
range investigated. Bi, Te, is anisotropic. However, when the magnetic field is 


+ For a comprehensive account of the definitions of all the possible effects and the 


relations between them, see Jan (1957). 
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The sign of P is thus always the same as that for Q,, and Ra sh 

the temperature where Qi=0. Then from equation (1) |Ra|>|Ri| below, a 

| Ra|<|Ri| above this temperature for both n- and p-type specimens. — Itiss 

that the general behaviour is as predicted, not only for the case considered, 

the magnetic field perpendicular to the cleavage planes, but also when the magnetic 

field is applied parallel to the cleavage planes. 
Under adiabatic conditions, with w,, =0, the adiabatic Hall coefhicient Ra is not 

directly measurable. The measured Hall coefficient Rm is given by the relation 


seul dE r 
| Re Ri (Fr), P ee 
where (dE/dT),, is the thermoelectric power of Bi,Te; relative to T, alloy, the 
material of the measuring probes (Jan 1957). However, the thermoelectric power 
of Bi,'Te, is large compared with that of the metal of the measuring probes, so that 
the value of Rm is approximately equal to Ra. 

The measurements of thermoelectric power were made with the heat flow 
parallel to the cleavage planes. The variation of K,, with temperature was calcu- 
lated for each specimen from the measured electrical conductivity and data given 
by Goldsmid (1958) from measurements made on Bi, Te; with the heat flow parallel 
tothecleavage planes. Thus, for the case when the magnetic field is perpendicular 
to the cleavage planes, values of P have been calculated from the measured 
values of QO; using equation (2). These have been used to calculate | Rm— Ri | 
from equation (3). Then, using the measured values of R,, the variation of Rm 
with temperature has been calculated. This is plotted for both specimens on 
figures 1 and 2. It is seen that this theory always predicts a larger value for 
| Rm — Rj | than is, in fact, found experimentally. 

In equations (2) and (3), K, and (dE/dT), are respectively the thermal 
conductivity and thermoelectric power in a transverse magnetic field. In the 
calculations values of these quantities were used which had been obtained for 
zero magnetic field. However, it is known that these quantities are almost 
independent of magnetic field (Goldsmid 1958, Bowley et a/. 1958), and this factor 
would not lead to the observed differences between the measured and calculated 
values of Rm. There are also other second order effects which can contribute to 
the measured voltage in the adiabatic case (Fieschi 1955, Jan 1957). Probably 


the main factor contributing to this difference is the fact that w,, is not zero and true — 


adiabatic conditions are not obtained. It is, in fact, difficult to know the exact 
experimental conditions in the y direction. In preliminary experiments no effort 
was made to reduce the transverse heat flow, and an even smaller value of | Rm— Ri | 
was observed. While taking the readings shown in figures 1 and 2, an effort was 


made to reduce this heat flow to a minimum. However, if w, 40, the quantity — 


measured would be a quasi-adiabatic Hall coefficient Ra*, where 
| Ra* — Ri|<|Rm—Ri|- 


Thus, assuming equation (2) to be obeyed in Bi, Te, for this direction of the 
magnetic field with respect to the cleavage planes, the variation of the Ettingshausen 


ee 
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Figure 5. Ettingshausen coefficient of BisTes. 
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nes interpretation of the adiabatic and isothermal Nernst coefficients is more 
complicated. The relation between the two quantities is (cf. Chambers 1952) 


aD 


O=01- 2s Pia (4) 


_ where Sis the Righi—Leduc coefficient. 

8 Now there is no simple relation giving the sign of S from some experimentally 
determined quantity over the whole temperature range. However, according to 
_ simple semiconductor theory, S is positive for p-type specimens and negative for 
_ n-type specimens in the extrinsic range, only changing sign in p-type specimens 
_ (b>1) after Hall and thermoelectric power readings have indicated that the 
_ specimens have become intrinsic (Putley 1955). Thus, over the complete tem- 
_ perature range studied, S should be negative for R9 and positive for R5, and from 
equation (4) below the temperature where Qi = 0, it is predicted that |Qa|>|Qi|; 
| while above this temperature | Oa |<| Qi |. As with the adiabatic Hall coefficient, 
the quantity Q, is not directly measurable. However, following the same 
reasoning as for the Hall coefficient, a quasi-adiabatic Nernst coefficient O,* should 
___ be obtained such that | O.* — Qi | is smaller than predicted. No definite results 
__ could be obtained for R5 (figure 3). For R9, the results are not as predicted, and 

S does not appear to behave according to the simple theory. 

R9 is a zone-refined specimen of n-type material which was tested for uni- 
formity along its length. A plot of log 9 against log T, where a is the electrical 
conductivity corrected for degeneracy, gives a temperature dependence of 
mobility of T-!*! compared with the previous value for electrons Cn ey A 
plot of log (np/T*), obtained from electrical conductivity data as in MW, against 
1/T gives a value for the energy gap at 0°x of 0:19 ev compared with the previous 
value of 0-21 ev. 

a In MW it was shown that, except in the intrinsic region, Be,’l'e, obeys the 
_ Moreau relation 

aE 
O=- Tap Ro 


juantities being independent of temperature. ‘The ratio of the N 
for RS is also independent of temperature and is 2340-1. For R9 
isothermal Nernst coefficients is approximately unity at 100°K. 
increases with increasing temperature for negative values of the Nernst coeff 
becoming independent of temperature for positive values of the coefficient » 
value of 7 +0-1. It is seen that measurements of the Nernst coefficient of 
in the extrinsic range do not seem to conform with those on the other specimens 
studied here and in MW. as ? 
Readings of the electrical conductivity of Bi, Te are subject to a possible error 
dueto Peltier heating. This was checked on RS by taking readings simultaneously 
of the conductivity using both T, alloy and Bi, Te; probes. RS is a long specimen 
(7cm) so that for small currents both quantities should be the same. Readings 
were taken for different values of the current J, at room temperature and at 110°K. 
Over the range of currents normally used, no evidence could be found of an error in 
o due to the Peltier effect. However, such an error would depend on the size 
of the specimen and is much more likely to be appreciable for small specimens. 


§ 4. CONCLUSIONS 


A simple method has been used to obtain the isothermal Hall and Nernst 
coefficients in Bi, Te, and it is found that the value of these coefficients can differ 
appreciably from the quasi-adiabatic coefficients often measured. Measurement 
of the isothermal Nernst coefficient provides a simple method of obtaining the : 
Ettingshausen coefficient. The extrinsic Hall coefficient in p-type material is 
known to be anomalous, but although this anomaly is decreased by measuring the 
isothermal coefficient, it is not removed. 
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Abstract. The exact formula for the electrical conductivity of a metal, derived 
by Kubo, Greenwood, and others, is evaluated using Van Hove’s methods for 
quantum mechanical transport problems. The evaluation is restricted to the 
case of elastic scattering by impurities or lattice vibrations, but completely 
avoids the use of the customary random phase assumption. In the limit of weak 
coupling our method yields formulae for the conductivity that are identical with 


- those derived from the Boltzmann equation. The accuracy of the weak coupling 


approximation is investigated and it is found to be accurate as long as h/7<y, 
where 7 is the collision time and 7 isthe Fermienergy. A general treatment of the 


conductivity in an anisotropic metal is given and an explicit expression for the 


conductivity is written down in terms of the eigenvalues and eigenvectors of an 
integral equation. A general and rigorous derivation of the conventional 
Boltzmann equation is given using Van Hove’s results on the quantum mechanical 
master equation. 


§ INTRODUCTION 
r le HE conventional theory of the electrical conductivity of metals is based on 


the quantum mechanical Boltzmann equation. The usual derivation of 

this equation contains twoi mportant assumptions (Peierls 19344, 1955), 
Firstly, the derivation requires the use-of the so-called ‘repeated random phase’ 
assumption (Peierls 1955, Pauli 1928). This assumption states that if an exact 
eigenfunction of the system is expanded in eigenstates of the unperturbed 
Hamiltonian then the coefficients in this expansion have at all times randomly 
distributed phases. ‘The unperturbed Hamiltonian is, of course, the complete 
Hamiltonian apart from the scattering potential that leads to the electrical resis- 
tance. The unsatisfactory nature of this assumption is quite obvious and we shall 
not comment on it further. Secondly, if 7 is the collision time (or if a collision 
time does not exist then we take some other suitable measure of the strength of the 
scattering potential), then it is assumed that fi/r<kT (Peierls 1934a, F955). Here 
kis Boltzmann’s constant and T is the absolute temperature. This assumption 1s 


‘quite unjustified in many metals and is never true at very low temperatures where 7 


becomes independent of the temperature. We shall refer to the first of these 
assumptions as the repeated random phase assumption and to the second as the 


collision time assumption. 
The purpose of this paper is two-fold. First, we shall show that by using 


techniques recently developed by Van Hove (1955) it is possible to derive the 
results of the conventional theory without any use of the repeated random phase 
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assumption. Secondly, we shall show by an extension of Van Hove’s methods 

that these results are accurate as long as h|7 <n, where is an energy equal in order | 
of magnitude to the Fermi energy. The only really restrictive assumption we | 
shall make in our work is that the electrons are scattered elastically either by static 
impurities or by lattice vibrations. We hope to discuss the more general case of | 
inelastic scattering in a future publication. The main conclusion to be drawn from 
this paper is that, at least in the case of elastic scattering, neither of thetwo traditional 
assumptions that are inherent in the Boltzmann equation are necessary in the | 
theory of the electrical conductivity of metals. As there has been considerable 
interest in this problem recently it will be useful if we briefly survey some of the 


| 


literature before discussing our own method in more detail. . 

The repeated random phase assumption has been discussed in connection with 
the Boltzmann equation of Kohn and Luttinger (1957) and by Greenwood (1958). _ 
These authors derived the usual Boltzmann equation from the equation of motion — 
of the density matrix and showed that for elastic scattering by impurities, the | 
repeated random phase assumption can be replaced by the assumption that the | 
scattering centres are randomly distributed. Kohn and Luttinger did not 
discuss the conditions under which the usual formula for the conductivity is valid. 
Greenwood showed that even though the repeated random phase assumption 
can be avoided in the derivation of the Boltzmann equation it is still necessary to 
use the collision time assumption. Landau (Peierls 1934b) has however given a 
rather general, though somewhat abstract, argument which strongly suggests that _ 
in the calculation of the conductivity the collision time assumption is really quite 
spurious and should be replaced by the much weaker condition thath/r<y. The 
crux of Landau’s argument rests on an exact formula for the conductivity which he 
proposed. Greenwood (1958) has in fact shown that this formula can be derived 
rigorously from first principles. Landau’s argument has also received support 
from the explicit calculations of some of the correction terms to the conductivity 
that were carried out by van Wieringen (1954). He found that the corrections he 
calculated (which are not as we shall see all the correction terms) were small as 
long as fi/7<n. We conclude that for elastic scattering by impurities the Boltz- 
mann equation can be derived without the use of the repeated random phase 
assumption; but that no satisfactory derivation of it had been given which 
definitely avoids using the collision time assumption. 

Our method of calculating the conductivity is based on a new approach that 
has been proposed by several authors. ‘These authors (Kubo 1956, Nakano 1956, 
Nakajima 1956, Greenwood 1958, Lax 1958) have shown that exact formal 
expressions for the conductivity can be obtained by solving the equation of motion 
for the density matrix of the-system to first order in the electric field. For 
example, Kubo has derived the following expression for the conductivity tensor _ 


mcs ved ‘aka os [ dd py J,(0)I, (u-+ in) erie} oP jos 04 2: (1.1) 


In this equation J,(0) is the pth component total current operator for the system, po 
is the equilibrium density matrix exp (—8#)/Tr exp (— BH), where # is the 
total Hamiltonian and B=1/kT. The operator J, (w+) is given by 


J, (u+id)=exp {i(u+ id) H}J,(0) exp {—1(ut+ Ad) H7}.F «..... (1.2) 


+ We choose our units in this paper so that ,=1. 
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: symbol ‘Tr’ stands for a trace over any complete set of wave functions that 
y periodic boundary conditions, and t— fy is the time that has elapsed since the 
d was switched on. It should be emphasized that this formula is exact and 
t no important assumption is required to derive it. It is, however, very formal 
tructure and apparently bears no simple relation to the usual formula for the 
conductivity. It is particularly interesting to note that this expression, although 
exact, does not yield a well-defined conductivity except in the limit N, V-> 0 so 
that N/V remains finite. Here N is the number of degrees of freedom of the 
_ system and V is the volume. For a fixed finite N and V it is a straightforward 
matter (Bocchieri and Loinger 1958) to show that the conductivity as defined by 
_ (1.1) is an almost periodic function of the time t—t). The limiting process 
_N, V+ cso that N/V remains finite removes the quantum mechanical equivalent 
‘of the Poincaré cycles from the system, and when this is done the conductivity 
becomes a well-defined quantity. 
_ The only attempts to relate these exact formulae to the conventional ones 
~ are due to Lax (1958) and Edwards (1958). Lax has shown in principle that 
_ Van Hove’s work on the quantum mechanical master equation implies that the 
__ two approaches are in fact equivalent. He did not, however, evaluate the con- 
_ ductivity explicitly or discuss the validity of the result one obtains by using Van 
_ Hove’s methods. Edwards showed by quite independent methods, which are in 
~ fact closely related to Van Hove’s, that for weak elastic scattering by impurities 
__ the exact expression given by Greenwood reduces to the standard form. Again no 
_ discussion was given of the range of validity of this result. 

In this paper we shall show how Van Hove’s techniques can be used to carry 
out an explicit and rigorous calculation of the conductivity. As we have mentioned 
before the only really restrictive assumption that we make is that the electrons are 

. scattered elastically either by impurities or by lattice vibrations. While in this 
paper we mainly re-derive ‘old’ results (apart from those of §5) ina much more 

' rigorous fashion we hope in the future to apply the same methods to some of the 
more difficult problems in the theory of transport phenomena in metals. 

In §2 we write down the exact expressions for the conductivity that we shall 
work withinthis paper. We have written down three different, though equivalent, 
expressions because each of these will be required in different portions of our work. 

We begin §3 by giving an outline of Van Hove’s (1955) methods and results. 
This outline is given firstly because the actual methods of Van Hove do not appear 
to be widely known and secondly because we shall require this summary in order 
to make intelligible the extension of Van Hove’s work that we give in $4. We 
next apply these results to calculate the conductivity of a simple model in which 

’ free electrons are scattered by static isotropic scattering centres. In the weak 
scattering limit, we re-derive the usual formula for the conductivity without any 
use of the repeated random phase assumption. 

The validity of this result is investigated in detail in §4. We show that the 
usual formula for the conductivity is a good approximation as long as#/7 <, where 
7 is the Fermi energy of the electrons. We believe that this is the first time that a 
detailed investigation of the validity of the standard formula for the conductivity 
has been made. artes 

In §5 we deal with the more general model in which electrons moving in an 
arbitrary periodic lattice are scattered by anisotropic scattering centres. We show 

"that even in this case an effective collision time may be defined explicitly and we 
4.c2 
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express the conductivity in terms of it. We conclude this section by giving a) 
rigorous derivation, using Van Hove’s results, of the usual Boltzmann equation) 
for this general model. This derivation entirely avoids any use of the collision) 
time assumption. - . 
Finally in § 6 we treat by the same methods the model in which the electrons are 
scattered elastically by lattice vibrations. We again derive the usual results and 
conclude that they are valid as long as h/7< and T> 94, where 0 is the Debye: 
temperature of the metal. ; 


~  §2, Exact ForMAL ExpRESSIONS FOR THE CONDUCTIVITY 


In this section we shall write down the exact formal expressions for theg 
conductivity that we shall use in the rest of this paper. 
The many-particle formula for the conductivity is given by (1.1). Thisé 
formula is due to Kubo; alternative expressions have been given by Nakajima and! 
Lax. A much simpler single-particle formula’can be derived from (1.1) if (a) the: 
total Hamiltonian # for the system is a sum of single particle Hamiltonians H,, 
“where the subscript « refers to the «th particle, and () the applied electric field isg 
static. Under these conditions it is a straightforward matter to show that (1.1) 
can be written in the form 


Oe te Se ne 
ae =o dt! j.,(t iO). ie (2.1) 
Herej,(0) is the single particle current operator, His the single particle Hamiltonian 
and 
All )= exp (tA) 7 (Olexp (7 7) aa (2.2) 


The function f(A) is the statistical distribution function for the electrons when 
they are in thermal equilibrium. We shall assume that the electrons obey} 
Fermi Dirac statistics and then 


f(f)= lexp (i= pe) 1 ee eee (2.3) 


where p is the chemical potential. ‘The symbol ‘tr’ in (2.1) implies that the trace 
is to be taken with any complete set of one particle wave functions that obey; 
periodic boundary conditions. ‘This formula is equivalent to that given byj 
Greenwood (1958) and that proposed by Landau (Peierls 1934b). 

We shall sometimes find it convenient to work with a more symmetrical! 
form of (2.1), namely, 


af [ite the: 
c= te EL ae SLi I.(0) +4005. 23 pea (2.4) 


We conclude this section with two remarks. Firstly, the usual derivations of these# 
formulae use a scalar electric potential to represent the applied electric field. Thisé 
potential is not in general a periodic operator and should not be used if we wish tor 
apply periodic boundary conditions to the system. The derivation of the single-- 
particle formula (2.1) given by Greenwood avoids this difficulty by representing; 
the electric field by a vector potential, which can easily be chosen to be periodic 
We believe that this method can be used to give a much more satisfactory derivate 
of the many-particle formula (1.1)f. Secondly, we should like to point out 

t In his derivation Greenwood obtained an extra contribution to the current. Thig 


so called ‘ ripple current’ is however easily sh i 
y shown to be proportional to exp (—aV2/3 
a>0, and hence vanishes in the limit V-oo. ee 
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hat perhaps the main advantage of these formulae is that their form issuch that the 
tistical factors such as df/dH, which depend on RT, are clearly separated from 
e dynamical factors such as j,(t’). It seems to us that it is just because these 
actors are not clearly separated in the usual derivations of the Boltzmann equation 
hat the spurious condition that /7<kT arises. 


§ 3. THe Expticir CALCULATION OF THE CONDUCTIVITY 
:. The single particle Hamiltonian H that occurs in the conductivity formula is 
vr by Time 0 Meee ean ee (3.1) 


Here Hy is the Hamiltonian of the conduction electrons moving in the periodic 
_ potential of the lattice and AV is the scattering potential for one electron due to the 
“static impurities. It is assumed that the number of scattering centres is of the 
same order of magnitude as the total number of electrons. ‘The parameter A is a 
_ dimensionless quantity giving a measure of the strength of the scattering potential. 
_ The trace in the conductivity formula is most conveniently evaluated in the repre- 
sentation in which H, is diagonal; we label the states of this representation by a 
wave vector k and denote the eigenvalues by E,. If V has diagonal elements in 
“this representation we include them in Hy. The conductivity tensor o,, can now 
be written as 


v= & (—sade [HW Yale OD. S82) 


For simplicity we have limited ourselves to a single band and have used the fact 
that the current operators j,(0) then have only diagonal elements; T is equal to 
atte We now wish to evaluate this expression for o,, in the limit A+0. The 
~ factor (0f/0H), , is a well-behaved function of A, and can be expanded in a power 
- series in A by well-known techniques. However, if one makes a naive attempt to 
expand the integral 


| ie pea (3.3) 


in a power series in A it is obvious that the zero order term is proportional to T. 
This term would lead to a ‘conductivity ’ that increases without limit as 7’ oo. 
In fact for large T every term in the expansion of (3.3) in powers of A is equally 
important. What we must do therefore is to select, in some way, the ‘biggest’ 
part of each term in the power series and then sum up all these parts. When this 
is done it is found that in the limit of large T and small A the integral becomes 
independent of T and is proportional to \~°. The sense in which there is a 
‘biggest’ part to each term will be made precise when we outline Van Hove’s 
work. We therefore proceed as follows. The factor (df/0H), . is expanded 
in powers of A and the leading term (0f/0H))y, 8, x in the series is taken together 
with the leading term in the integral (3.3). Since the latter is of order A~® the 
conductivity will also be of this order. The correction to a,, arising from higher 
order terms in A will be considered in detail in the next section where we shall also 
make some remarks about the general validity of the expansion method. We can 


therefore write 


o pean) [, dee 91,0) U(t)|k)<k[j,(0) [ky eee (3.4) 


; 


0H 0 
where U(t)=exp{—it(Hj+AV)}, tee (3.5) 


¢ ai 
baie 


UW (t)=exp (itt) + 3 Uy," (t) 
* =I 


where 
rie 
dk] Os Maks ey oeerp (Sere) | dig ts / dt 
0 J 0 
x 2 Wy, XP {— 1(Ey,, — Ey) (ton — ton} 
- 2 Wr, ten 1 XP tt(Ey, 1 EG a tag og) eee 
n—1 x, 
ue x e: Wy, «, exp {—i(E, — E,)(t2—-t))}, 
and Weve =e P- verses (3.9) — 


Because we prefer to work with a large but finite system we have defined these 
matrix elements with a Kronecker delta symbol rather than with a Dirac delta 
function. However, whenever it is mathematically convenient we shall replace 
summation by integrations. Physically U® is that part of U, in which every 
second intermediate state is identical with the initial and final states. Such 4 
sequence of intermediate states can be conveniently represented by the following 
diagram : 
Perec one x 
NGA Spec cotta 
ne ain 


k k k’=k. 


For obvious reasons we shall call such a transition scheme a saw-tooth scheme. 
The time integrals in (3.8) can readily be performed if we notice that the Wy are 


slowly varying functions of their arguments and it is therefore legitimate to use the 7 
following approximate formula : 


| def(e) il ' AN | i, CP a oe aes da haga | 2/0) = | dcp l) i 


pty p! 


where Y, 
_ potential for a set of random scatterers has just this property. It is this property 
- of the potential that replaces the repeated random phas 
usually used in the derivation of the Boltzmann equation. 


Luttinger (1957) and Greenwood 


ne, yield contributions of relati 
sh as XP for A->0. We should emphasize that Van Hove’s proof that certain 


a (k|VAV...AV|k’)=X, (k) 3, e+ Ya (kk), Fees (15) 
It is easily shown that the 


is of relative order N-1 compared with X,. 


e approximation that is 
Both Kohn and 


(1958) used the fact that the scatterers can be 


assumed to be distributed randomly to avoid the random phase assumption in their 


derivation of the Boltzmann equation. Now 


ck’ | U(—2)j,(0) U@) [k= | dk" (k’ | U(—t) [kK OLE” AK'L UD) Ihed, 


tee eotincitdy vrek Tf wiay be abemorselyps:’ misenite (3.16) 
andif we define 
t ta 
U,(t)=(—iX)" { ees { dt, {U" (t—1,) VU" (ty—tya)-+- U" (h)}na 
0 
| i ronone fe.) 
and 
Uj jiy= 0" @) See ces (3.18) 
then (3.16) can be written 
(k’ | U(—t)j, Ul) |k> 
aera (3519)) 


= >| dk" (ke | U,,(—t) |”) "| 7,(0) 1K" Tie) 1). 


_ma ni 7 

shall hoe. a sequence (read from left. to aight) of intermedia 

to the left of (k” |j,,|k”) we shall have another sequence (read from 
k,’.....k,’=k’. We now take only those transition schemes for which k; =k 


we shall call such a scheme a symmetrical transition scheme. eb: 


(iii) As before the time integrals are approximated by their asymptotic value es 

for long times and therefore lead to 5 functions. 

All other contributions to (3.19) are either of relative order N~ or ”, and can 
therefore be consistently neglected. We can now give a precise definition of th e 
word ‘biggest’ that we used previously. The biggest contributions to (3.19) are 
those which do not vanish in either of the limits N> 00 or A-+0 and t-> oo, so that 
\t remains finite. At this stage it is convenient to introduce a change of notation. 
Instead of labelling the states by a wave vector k we label them by their energy E 
and a symbol « which stands for any other two independent variables that complete 
the specification of the state. The volume element in k space d*k will be replaced 
by dEAa, where dx is not only the product of the differentials of the two new variables 
but in general will contain a density function p(£,«). With this notation it is 
simple to write down Van Hove’s final expression for ¢k’ |j,(t)|k); it is 


Ck’ 17,(t) [k) = (B’o" |7,,(é) | Ex) 
Se a x | de! PAEa" Balj (Eee ee (3.20) 


where j,, (Ex”) stands for the diagonal element (Ex” |j,,(0) | Ex”) and PA Ex", Eu)i is 
defined by the infinite series 


P\(Ex”, Ex) =8,. ,exp{— 240 (Ex)}+ >. (2md2)* | gee | vais 
n=1 0 0 
x | Hf deaeaiete i do, exp {— 228 (t—t,) F (Ex")} W (Ex", Ea, _y) 
x Exp — 2? (ey - ty—1) P (Eon _1)} W (Ex, _1, Ea, _») 
X29 (Ea, Ba exp{ 23's Pi Ee). aut ae (3.21) 


If we differentiate both sides of (3.21) with respect to time we find that P,(Ex”, Ex) 


obeys the ‘master’ equation 


a TS (Ba", Ea) =2mi® | da! W (Eu, Ex’) P( Ex’, Ex) 


Ind? { | da! W (Ea, bx) P.{ he" ie). ee (3.22) 


We refer to this equation as the ‘ master’ equation for a single electron; it is not 
of course the master equation for the entire system. The solution of ay equation 
must obey the initial condition, 


P,(Ex", Ev)<8,.5.) 9) eee (3.23) 


Equations (3.20) and (3.21) are the results of Van Hove’s work that we require to 
evaluate the formula for the conductivity. 


bon le ’ 


See 
a a et 


se eee 


a ae 
met) | CR Whe Rene Bayyy YPN. (3.25) 
where I’,(E) is only a function of the energy. To prove this one chooses the 
coordinate system to perform the integration in such a way that the angular 
dependence of j,(Ex,) is given by cos 6,. Next W is expanded in spherical 
harmonics of argument cos © and these in turn are expanded, by the addition 
theorem, in terms of Y/"(6,, ¢1) Y,"*(0., 6). Integration over the variables 

— 0,,4, yields (3.25) with 


T(E) =2n | +" A(E)cos@ W(E,cos6)d(cos#) «1... (3.26) 


; _ where p(E) is defined by d®k =p(E)d(cos6) df. Combining (3.20), (3.24) and 
_ (3.25) we find that 

Ck [7.(2) [k= See Ck [.00) [kK exp {—242(T— Pi) veer (3.27) 
| from which it follows that, 


[7 decid. Hey— SHOTS 11 exp (287 | 


Since T—T, is always positive and T may be taken as large as we please the 


é, exponential can be neglected. The standard definition of the collision time 
pe 7(£)is 

f +1 

E OE tn )8 (i) | (1 cos 6) W(E,cos0)d(cos@) ....+- (3.29) 
se T(E) al 

or, in our notation, 

‘a 1 

a ee NE ye be og) oe nee ys 3.30 

e If we substitute (3.28) and (3.30) into (3.4) we obtain the standard formula for the 
conductivity, 

a Of ey: 

: Sv — SE eli LeI KBD oe (3.31) 
ie leper 


HES EL Ne 


el Aer Saat 


Sv= OMe at ere 
| Daue= [dee |U(—j,0) UO |) 
We now expand S, ,. and D,. , in powers of \ and write, se iii. 
SS ot ep ORS OF 5 sen verses (44) Pra 
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and d , a 
Deo Dye OF DO FD eo Fe ee 
In these expansions the superscript () implies that the term in question is of 


order A”. If we substitute (4.4) and (4.5) into (4.1), and remember that V has 
no diagonal elements, we obtain the following expansion for o,,: 


G,,,=6,,- 9 +0,,0 4 On Nie Bera (4.6) 
where 
op = SL De Te ey aE vegas Uae 
kk 
and 
0,,.%= Cy tC, _1+Cy 9 ented (4.8) 
with 
Cy -2= — YS Dy SKK [7, |e) is gs el Se ae 
k,k’ 
Cy 15 = SS POD Ae lke a (4.9 b) 
k,k’ 
Cx0= ~ Srl Dre ck Li, Lk). er Gee | 
g,,,°-? is of course the contribution to o,, that we calculated in §3. Our task in 7 


this section will be to make a careful estimate of the magnitude of o,, compared 
with a,“ Before proceeding we make two remarks. First, since we wish to 
estimate the magnitude of a, for a wide class of scattering potentials it is necessary 
to use dimensional arguments. We believe that these arguments are in fact quite _ 
rigorous. For the sake of those readers who are sceptical about their validity we _ 
remark that we have always verified that our conclusions ar | 
out explicit calculations with simple models. 

Secondly, we wish to point out that the use of this expansion does involve the 
assumption that the conductivity can be approximated, at least under some 
conditions, by a power series in A. The reason we make this remark is that there are 
some problems for which it is known that one cannot approach the correct solution 


e correct by carrying 


arent Ni) 


_ where for shortness we have written E for E, etc. and f’(E) = af(E)/0E. It follows 


_ from (3.20) that 
: ; De Ret os Doce aia, cea tact Ashe (4.11) 
_ while from (3.28) and (3.30) 
: Doge Ki, Re Rees (4.12) 
- The diagonal part of S,, ,° is given by the equation 
Sex =¥ Pare? (Er eae ast (4.13) 
Substituting (4.12) and (4.13) in (4.9 a) we find that 
Ce ™ 2! Vice PAK Li [KKK Li 1) (ESE BE), ee (4.14) 
where v 
PF Le ACD Ta Oe (4.15) 


E-E’ (E-E") 
Tf we assume, as is reasonable, that | V;, ,” |? has no singularities for real k, k”, then 
we can show that the sum over k and k” in (4.14) converges. First, a simple 
calculation shows that g(E, £)=43f"(E), and hence the point E=E” is not a 
singular point in the summation. Secondly, although the sum might appear to 
diverge for large values of the energies E and E” it is easily shown that the summand 
goes to zero rapidly enough as E, E”-> oo for the sum to converget. We now 
estimate the size of C,,_, compared with g,,( by introducing dimensionless 
variables in the summation in (4.14). We first note that all the factors in (4.14) 
except g(E, E") are slowly varying functions (over intervals of order 7) of the 
energies E and E”. This allows us to replace the Fermi functions in g (E, E") by 


+ While this statement is generally true there are certain potentials (namely those with 
y-1 singularities at the origin) for which the sum does not converge at large energies. 
However, it is found that the singular terms in Cp,_» are exactly cancelled by singular 
terms in C;,_1. The arguments we use should in this case be applied to Cy, _2+C1,-1 
rather than to C 9 _» and Cj, _jindividually. — . 


Go eee 


C ON OF tn { aN Nee Metals ae os 
By introducing the same set of units we can write, aon eye, 
o,, (= iB I, (s); woven (4.17) <q 
and ’ ea 
+, 54S 
where J, and J; are two integrals of order unity. Then 
2 I a 
o,,7= — 3 ci ek) 
CL -o/ Ouy n i ’ if )) ; 
or using (4.18) at a 
Cyezgl aaa —. « en. HAZ 
ae 7(9)y Isl, 
Consequently C, _» will be small compared with a,,~?) as long as 
eT erocen eee} 
r(n)n 


4.2. The Contribution C, _, 


If we use the more symmetrical form for o,,, given by (2.5), C, _,canbewritten 
as 


Ci, a= BY Sec LCL MD + LTR] Dye. 


Sys (4.22) : 
The factor S, . is given by 
ff E = 7 y BY 
Sy O=aV,. ao . 2 ee (4.23) 


The factor Dy,‘ can be calculated using equation (3.19), taking those terms in 
the double sum over n and n’ for which |n—n'|=1. The other approximations 
that were used in calculations of D,,.< are of course retained. We find that 


Dy L®=Wyp, | ~ in8(E'—E) +P 5, : | x [Dy o® — Dy). 


CS MAQAY 


4.3, The Contribution Co, 
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S.= Zt Bek’: sate eee) 
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owe need. only consider D,,,. As there are several different contributions to _ 


cD, « we shall not write down explicit expressions for all of them. What we shall 
_ do is to point out exactly how the various contributions arise and show how their 
magnitude may be estimated. To calculate D, ,° we essentially have to improve 
__ the approximations that we made in calculating D,, x. . These approximations 
were of two different kinds. Firstly, we took into account certain very simple 
transition schemes, namely the saw-tooth and symmetrical schemes. Secondly, 
all the time integrals were approximated by their asymptotic values for long times ; 
for example in calculating UY we used (3.10) repeatedly. It is therefore con- 


___yenient to list the contributions to D,, ? under these two headings. 


Transition scheme corrections. 
a (i) Corrections to U? from transition schemes other than the saw-tooth 


schemes. 

(ii) Corrections to (3.20), (3.21) from terms in the sum over n and n’ in (3.19) 
for which |n—n' |#2. 

(iii) Corrections to (3.20), (3.21) from non symmetrical transition schemes. 


ee - . . . 
Be Time integral corrections. 
(iv) Correction to U™ arising from a more accurate treatment of the time 


integrals in (3.8). 
(v) Corrections to (3.20), (3.21) arising from a more accurate treatment of the 


time integrals in (3.19). 


a 
. 2 ~ ve 


9 account simultaneously transition scheme 
der in A and do not contribute to 


Corrections in which one takes int 
and time integral corrections are of higher or 
Dy, i dle 

orrections can be estimated quite simply by means of 


; The transition scheme c mM 
o the following argument. We notice that no matter what transition schemes 
; s>0) can occur in the expansion 


we consider only terms of order AP -2(0?T)°(p, 5 2 0) ca 
of D, , in powers of A. This result is easily obtained if one uses the asymptotic 


a 


prove that t 


nd i n of . , ti ’ 
y to verify that this sum does: 


with D, ,{. From this it follows that they will be small as long as (4.21 
fulfilled. a ten 

We now turn to the time integral corrections (iv) and (v). As these correc- _ 
tions are very similar we shall deal with (iv) in some detail and we merely remark 
that the treatment of (v) proceeds along very similar lines. ; 

Equation (3.14) for the matrix elements of U% was obtained by using the 
asymptotic formula (3.10) for the time integrals in the saw-tooth transition 
scheme. Our task is to estimate the error thereby introduced into the conduc- 
tivity. We do this by simply writing down a more accurate formula for the 
basic double integral I,,(¢) ; 


nae x | dt | ; diyt,? | i f(a) dei aecialé, 2) ee (4.28) 


Here we have written ¢ for a typical energy difference and the integral over « 
runs from — FE to oo because the density of states vanishes for negative energies. 
A convenient formula for I, can be obtained by the theory of residues. To apply 
this theory we assume (qa) that f(z) has no poles on the real axis and (b) that 
|f(z)|+0as|z|>00. These assumptions do not appear to us to be at all restrictive. 
It is then a straightforward matter to show that 


co —-E 
nf) —i | pllge lig ayite +i] fiz}, gaolrerres (4.29) 
= € n an -~io-E & 
Here a,, is the position of the mth pole of f(z) in the lower half of the complex 
plane to the right of the line s= — EF, and f, is the residue of f(z) there. It is 
equally easy to show that 


|" fo exp { Se te(ty hi ty)} de= — 2m Pa exp ee 1a, (ty y t)} 
: | e Sa exp {= ia(-)}. eee, (4.30) 


If we substitute this expression into (4.28) we obtain the following approximate 
expression for J, 


I, (t)= Gayl (=f0)-i | ie oe ae) 
+Fi(-2ze—if" Haas). mi (4.31) 


This expression, although not exact, is in general accurate enough to allow us to 
estimate the corrections to the matrix elements of UW (t). The other terms in 


er 7 then it is easily seen re 

le as I’ and A. The general term U,,,that occurs in the 
contains n pairs of time integrations; since we are interested 

: the highest order corrections to U” we need only correct one pair of time 

. tions at a time. If we correct the pth pair of integrations and sum over 

all p we find that Se. 


ea a= 


a. _ 24)" 
dk] U5,7]k’) = = exp (—iE,t) 8, (0 +A)" — 8, exp (—tE yt)? 
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Ss Ge gaa eee ayn a MUL! +48) 
a Seng Se We 3 mops exp (—7£,t) (+74) i : 
tre Ware LF kh Pe PGR ie fy Staves (4.34) 


The extra term for m= 1 arises because equation (4.31) is not quite accurate enough 
- for this particular term. A more accurate treatment leads to the extra term we 
have written down. From (4.34) we have at once that 


; 


(| OTH = 8, exp (—iRexp(— MCP +a 8 
watt 2(T" 4 7A/ 
—Nz('+iA) Co |b. etp (@Hyy. ae 


We notice that at t=0, (k| U|k’) =5,,,- as it should. Since A?4([7'+7A) is 
be essentially of order unity all the correction terms in (4.35) are of the same order 
of magnitude. For simplicity we only estimate the contribution to U from the 
terms ‘ 

, , I’ +id’ 
2 5, we exp (—iEyt) exp {—A4(L +7A)8} [1 — yr +iay }. 


Then to our degree of accuracy (4.35) can be written as 


(k| U¥|k’) =, er EXP (—7E,t) exp {—A*(+7A)t} ...--- 


Le Mic Yi a as eRe 
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where Rey? 
P+iA=(F+iA){1 +2(1’ +iA’)/E}. Py a (4.38) 


o, OF in te expansion ee pis renee pomaine with o,, ey as ies as 2 
fulfilled. As far as we are ane the only other attempt to estimate the ra 
validity of the usual formula for the conductivity is due to van Wieringen (19 

He made an explicit calculation of what we have called the transition scheme 
corrections and came to the same conclusion as we have, namely that they are 
small as long as (4.21) is fulfilled. He did not however investigate any of the other 
correction terms we have just discussed. , 


§ 5. THE CONDUCTIVITY IN THE ANISOTROPIC CASE 


In this section we deal with the most general case of elastic scattering of Bloch 
electrons by static obstacles. H, is now the Hamiltonian of the electrons in an 
arbitrary periodic potential and the scattering potential AV may now be aniso- 
tropic. We discuss (3.20) and (3.21) under these assumptions. The corrections 
to (3.20) and (3.21) will not be considered; it is obvious that they can be dealt 
with in a similar manner to that of $4. 

We find it convenient to assume that the variables characterized by « in $3 
take only discrete values (which they actually do for a large but finite system). 
Since the same value E of the energy occurs in all quantities in (3.20) and (3.21) 
we use the simplified notations 


(Ea|j,| Ba) =J..45 P( Ea’, Ea) = Pry 
1 6.7) a eS W(Ea’, Ex) = W,,,, 


always remembering that all quantities depend on EF as a parameter. Then 
(3.20) and (3.21) may be written 


(E'a!|U(—2)j,U()| Ba) =8p, 9 8a,ar D fuPuesas vere (5.2) 
(oo) t he 
P= 8, ,exp(—2#T.) 4-5. (my I dt... { me 
n=1 0 0 
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x ee ott Wi ap (SERS ie (5.3) 
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follows that W,,,. is real and equal to 


re is a real symmetric matrix: ts es deat 


be brought into diagonal form and has real eigenvalues w), We 


Cc ponding (real) eigenvectors x‘* with components x,. They fulfil 


corres 


“ ) Y OL XA = wx Airy) ere 
4 * °. - ee " oF ao = 
_ and we assume them to be a complete set of orthonormal vectors, Ve, 
a_i = : 
A. iO hed, phe! ohh PE 7 S(5510) 
Bat. = 


| F Equation (3.12) reads in our new notation 


- is Paz > Wy, sei leliere) (211) 
4 ‘and therefore Q has the property 
| ee Oo ee (5.12) 
i” From this we can immediately find a solution of (5.9), namely 
nl x, =const.=1/4/N, oP=0 vee (5.13) 


s where N is the number of values of a. All the eigenvalues w)>0, for from 


(5.9) and 5.10) it follows that 
Be Og cox oe Ok. ty ye inal tb SEM (5.14) 


and from (5.7), (5.4), (5.11) and (5.8) it follows that 
> x Q, - gs = a W,, COLES x Ox?) 


mh, x” 


Z Sdn OW, #20, wt . (5.15) 
he can” 
since W, ,, 20. We now make the physically reasonable assumption that the 


matrix W,, ,, is not reducible, ; e. one cannot divide the «’s into two classes such 


that all W, ,,-=0 if « and @’ belong to different classes. Then it follows that 
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not occur in the sum and or 


5 aap ej S907 | ca ee 
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w= Shin (sm). i +21) 
knowing now that this sum converges. ‘The peculiarity of the isotropic case is 
that j, is an eigenvector of Q and hence the double sum over « and a" reduces toa 
single sum and only one eigenvalue of © occurs. But even in the anisotropic © 
case one can, by a suitable definition of a ‘mean collision time’, write the 
expression for the conductivity in the usual form. Choosing our coordinate 
system in such a way that the conductivity tensor is diagonal (this is possible 
since o,,,=0,,) we consider (5.21) for=v=1,say. Defining a quantity 7,(F) by 


: 1 ; : 
Sine (gag) ee ME) EP eee (5.22) 
or in the s-representation 3 
1 
7,(E) = > Ay ara > A ace cce (5:23) 
we obtain 
of ye 
on=— ¥ Za(Ey ina? Me ASS) 
E,« 


This is exactly what we have in the isotopic case. The fact that in this general 


case an effective collision time 7,(E) can be defined explicitly has heen noted by 
Peierls (1955). 


We conclude this section by using Van Hove’s results to derive the standard - 
Boltzmann equation for this general anisotropic model. 


We write (3.4) with the help of (3.20) as 
ee | dE | ae | dex" | eal (sr) j,(Ex)j, (Ex"\P(Ex", Ex) 
0 0H E,« # 


= | dE | dx" R,(Ea")j (Ex). 
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embering that Po(Ex”, Ex)=8,,,, we find et 
Pin od nek OR Ratha (LY ifiCreaty eoecicy., 
' \OHo/ gar” Bar 
ich is the standard form of the Boltzmann equation for this model. This 
srivation makes no use whatsoever of either the collision time assumption or ; 
repeated random phase assumption. 
2g , § 6. ELastTic SCATTERING BY PHONONS 


In this section we shall calculate the conductivity when the electrons are 
attered elastically by lattice vibrations, that is, by phonons. We again take the 
nple model of free electrons and calculate the conductivity to order A~, d is 
ow a measure of the strength of the electron-phonon interaction. ‘The exten- 
on to the case in which the electrons move in a periodic lattice can be made using 
e techniques of §5. The higher order terms in A in the coductivity can be 
alculated by the methods of §4; it can again be shown that these terms are small 
long as 1/r(n)<y and T>86.. 

If the electrons are scattered elastically by the phonons then the energy of 
sach electron is conserved throughout the motion of the system. If # is the 
total Hamiltonian of the system and H, that for the electron « then H, will be a 
constant of the motion provided that 


, ee Ter erat dirs to. Reel (6.1) 
| Now # is of the form 
a ee Min ihe «Bik, | vee (6.2. a) 
_ where 
i PEO REGIA) ccuirods att <9 - (6.25) 
i f : 
and i 

7 j= ad | cal laa ii (6.2 c) 


4 Here p, and q; are the normal coordinates and momenta of the lattice and the 
- w, are the frequencies of vibration. We can therefore write (6.1) as 


OOF a cea ae (6.3) 


we (A — po=Ppph Per TE Nie oe 
= where ppn is the classical equilibrium distribution function for the 1 
j coordinates and momenta of the lattice. Likewise it follows that oi 

J(u +id) = exp {i(u +r) }J (0) exp { -1(u FIN) | 


=exp {iu +i) Ha} J, (exp {—t(uti)Her} 


=J,(u+id). pears (57) 
Tf we substitute these results in (1.1) then we find that o,, can be written in the 
form z 
T PB : . 
is Trpyx0| Tr{ | da | drperd ,(0)I,(u +ayh]. es (6.7). 
0 0 


In this equation Tr®» stands for an integration over the normal coordinate 5 | 
and momenta; Tr® stands for a trace over any complete set of wave functions 
(that obey periodic boundary conditions) for the electronic degrees of freedom. 
Now since “#,) is a sum of single-particle Hamiltonians H, it is possible to reduce _ 
the expression 


dd B ~ 
Trof | le | DperI (OT, u+i)} 
0 0 


to the single particle form 


Of Te ee 
—tr©) F 
wf Ff dei} . 
Substituting this expression into (6.7) we find that the conductivity becomes ; 
h eh ne : of : | 
3, = — Trp (tre { | a, (u)j(0) so. Pans (6.8) 
e “ 


The evaluation of this formula can be carried out in the following way. First 
we remark that the electron phonon interaction potential Vey has the essential 
diagonal property (3.15). ‘This statement is of course true quite generally and 
does not depend in any way on the assumption that the electrons are scattered 
elastically by the phonons. Van Hove (1957) has in fact given a detailed 
discussion of this property for the electron-phonon interaction. When the 
lattice degrees of freedom are treated classically it is simple matter to show that 
this the diagonal property must hold. One merely has to remark that the normal 
coordinates q,, which appear linearly in Vep are statistically independent and 
each one has a Gaussian distribution exp (—a«g,2). In other words the normal 
coordinates are independent random variables; this property is sufficient to 


er 
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nee |(Vep)k,x|* can also be replaced by its average value 
foe Altlon) ciel = W,, w= |e PRT 4 -4| Pualgeis OF thank (6.11) 


can now replace the W,, ,. of §3 by the W,, ,. defined by (6.11), and the conduc- 
ry tensor is therefore given by the equation ra 


ov — AE ii order) (6-12) 
aie 
ela =4no(B)[" ME cos 6)(1—cos @) d(cos 9) (6.13) 
.. =a, 3 cos @)(1—cos@)d(cos#) ...... 
— with : 
a : W(E, cos 6)= i W,, .o(E— E’) ane a os ee) a (6.14) 


=a) 


’ q @ in (6.13) is the angle between k and k’ and p(E) is the density of states. If we 
_ make the customary approximation (Peierls 1955) that 


— a [oes w, =|" = const. = ¢? or 6) oe 9 [e (6.15) 

> then 7 

oe PONE Ee Sak TN (EO etnein (6.16) 

r and the conductivity reduces at once to the standard form. 
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e perimental results are available concerning the variation of the ultrasonic 
elaxation strength r with pressure and temperature it is still necessary to make — 
t least three assumptions before thermodynamic reaction parameters can be 
valuated. — pn 
_____The main purpose of the paper is to set out a logical theory which makes the 
_ nature of these assumptions explicit. It is first shown how the experimental 7 
results can best be analysed to yield the relaxation strength. The formula 

_ connecting the relaxation strength with the reaction parameters leads to a partial 
a differential equation which is integrated in a form convenient for practical 
= application. 
~ The general implications of the theoretical work are discussed in relation to 

__ experimental observations and the need for further experimental work at high 
_ pressures is emphasized. 


—- ~ 


§ 1. INTRODUCTION 


4 HERE has been a growing realization that the measurement of ultrasonic 
- absorption and dispersion in liquids and gases provides an excellent tool 
= for the investigation of certain ‘fast’ molecular processes. Unfortunately 


| the translation of experimental results into theoretically useful parameters such as 
heats of reaction and transition probabilities is not straightforward. Part of the 
difficulty arises because the experiments yield direct information concerning 
adiabatic parameters whereas the physical chemist normally prefers to discuss 
isothermal quantities. In other words one is confronted with the general problem 
of converting from a formulation with S and p as independent variables to one 
with T and p as independent variables. However, if the experimental data can 
be fitted to ‘single relaxation time’ formulae and one is then prepared to assume 
(a) a single effective mechanism of reaction and (b) the stoichiometric nature 
of the reaction, then it is possible to obtain a relationship between a ‘relaxation 
strength ’ r—determined from experiments—and the chemical parameters which 
govern the reaction. The relaxation strength is essentially the relaxing component 
of the adiabatic compressibility. For present purposes we shall be concerned 
with the particular case of an isomeric reaction of the type A,— Ag in ideal 


visage measuring relaxing paramete rs other than th 
Nar erly. In hee our knowledge, he Se not been acco 

(ii) The acoustic measurements can be ooh at different temp 
This procedure has been relatively common ye for example Davies a 
: 1957 
| a The pressure can be varied in the ann ba experiments. _ “Thi 
experimentally more troublesome but preliminary experimental results < 
encouraging (Litovitz and Carnevale 1958). 2 

(iv) Partial information about the reaction can sometimes be deduced from 
other types of physical measurement. Thus AH, can be obtained in some cases 
from infra-red studies: for example, Kagarise (1952, 1955, 1956) has found 
values of AH, for some substituted ethanes, and for one of these a correlation has 
been obtained with acoustic measurements (Krebs and Lamb 1958). 

Although variation of the chemical composition in the ultrasonic experiments 
can lead to identification of the molecular mechanism responsible for the 
relaxation (Young and Petrauskas 1956, de Groot and Lamb 1957) it cannot 
by itself help towards numerical determination of the thermodynamic parameters 
of the reaction. 

If we neglect the possibilities suggested by (i) and (iv) above and consider 
only the interpretation of ultrasonic experiments, it still remains that even if 
these are carried out over wide ranges of temperature and pressure the reaction 
parameters cannot be evaluated without further assumptions. 

It is the main purpose of this paper to set out a logical theory which makes the 
nature of these assumptions explicit. It is necessary first to show how the 
experimental data can best be analysed to yield the relaxation strength r and 
to state the formula which connects r with the reaction parameters; this is done 
in §2. ‘The theory presented in §3 shows how the formula for r leads to a partial 
differential equation for the reaction parameters which is integrated in a form 
convenient for practical application. ‘The implications of this analysis are 
discussed with reference to selected experimental data in §§4 to 7. Conclusions 


are drawn in § 8 which have an important bearing on the investigation of chemical 
reactions by ultrasonic techniques. 
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§ 2. THE INTERPRETATION OF ACOUSTIC MEASUREMENTS 


It is known that the propagation number k for a sound wave in a relaxing 


medium is given by 
k? ir ;wr; 
—— = peal eo 
= pis { rere 2 ee 


where 1;=9j«s/ks is the jth relaxation strength, 7; 1s the jth adiabatic—isobaric 
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tion coefficient per unit distance, c is the phase velocity, 
the per wavelength and the working is carried to the second - 
‘the relaxation strength. The velocity at low frequencies is @= (pxs)~"”. 
ymary experimentally to measure « as a function of frequency. In order * 
pret such results it is convenient to re-express equation (2) in a form 
rich is appropriate to the case in which the experimental range of frequencies a 
nds over the relaxation range of the first relaxation (7=1, say). Other 
_remé ining relaxations are assumed to occur at much higher frequencies so that 
w7;<1 for j>1. Then to the second order in the variables 7; and wz; (j>1) 
we have 


En 


: fe Se Ts ee 
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C j>1 
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It can be shown that the viscous absorption contributes in effect to the ter 
by means of the expression 


rs (r7)vise =4n/3pc? 

| _-where 7 is the shear viscosity of the fluid. It should be noted that the above 
| relation between f, and 7, involves 7: it is precisely this fact that makes 
4 equation (5) correct to the second order (Bass and Lamb 1957, 1958). 


Methods of obtaining the parameters A, B and f, from measured values of 
described elsewhere; the above formulae can then 


i a/f? have been adequately 
from any set of measurements 


be used to derive the relaxing parameters 7 and 7; 


_ at a given temperature and pressure. 
3 We shall be concerned with the problem of how to work from the knowledge 


of r, as a function of pressure and temperature to information concerning the 
thermodynamic parameters of the associated reactions. As we have emphasized 
elsewhere (Davies and Lamb 1957) it is necessary to assume @ priort the nature 
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It is convenient to introduce the following dimensionless variables: = 
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in which 7) is a reference temperature and « is the isothermal compressibility. 
We make the major assumption that: aV/Cy is independent of pressure and 
temperature over the range of interest}. 
G is of course a thermodynamic potential function which can be differentiated 
to give the other reaction parameters. In fact we have 
aG G" G a | 
= — —— V= — Cc SS eg 
. 00’ lan 06 (10) 
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If the dimensionless variables and the first two members of (10) are used in 
equation (8) we find that this basic equation can be written 


(H—V)sech }G—2F=0, 


or 


(3 + 3) scch 1G4-2F <0, yiinlaido 1 vagy (11) 


For the integration of (11) 


it is convenient to introduce an auxiliary function GY 
defined by means of 


— ee 


tanh $G =tan 4g. (12) 


t This would be appropriate if the Helmholtz free energy were a function of T/@(V). 
It is essentially a ‘ linearization’ of the 


problem. Alternative assumptions would affect 
the terms involving K and A in what follows. 
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function of its argument. Let this function be taken as 
‘pansion up to the second power in P—6. Then, correct to this. 
BorterinP and, webave cy yh AeA Ne 
ee _ 
where y, ky and k, are constants. 
_ With the help of equation (12) we may now form 
G=4tanh-'tan dy + Fysecy 
x {—2(4—hy)0—2(b +A )P + [— (7 +a) + Fo (Ra — 3)? tan y]® 
+ [2ky +2F, (4—,?) tan y] PO + [— (Il + ke) + Fo (k, +3)? tan y]P?} 
TE far ers Seen 02) aneA- Ye (18) 
3 and hence by (10) we can calculate the complete set of reaction parameters: 
aa G =4tanh“ tan }y, 
H =2(4—k,)Fysecy, 
= —2(}+h,)Fosecy, 
C=2[($ ky) + 7+ho—Fy(hi— 3)? tan y] Fy sec y, 
A=2[—($+h:) + hot Fo(d—'*) tany]Fosecy, 
K =2[I] +k, — Fo(4 +)? tan y | secy- 


be g 
‘ The set (19) expresses the six thermodynamic parameters on the left in 
constants (7, HI, #)) and three constants of 


+ hy)6? + hy9P— 3 (IT + Rp) P?} 
(17 
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a terms of three ‘experimental’ 

| integration (y, Ay, ky). It is clear that at least three additional assumptions or 
a supplementary pieces of information must be introduced before the collection (19) 
/ becomes useful. 

cf It is desirable to make (19) more surveyable by eliminating two of the constants, 
namely k, and k,. We may also drop the subscripts on F. This yields the set: 
_ G=4tanh'tan $y, 

ep NGS pea a he nied a a (20) 

a C—A=2(14+7)Fsecy—HFtany, 

cA K—A=2llFsecy—V+fFtany. j 

"4 Before further analysis we shall give two independent proofs of the set (20). 
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Remembering that 7=(1/F)(8F/20) and I =(1/F)(@F/P), 
differentiating (22) thatG=D and hence _ L}e= ES 
= H — V=2F cosh (3G), 
C—A=2(1+4+7)F cosh }G—HF sinh 3G, 
K—A=2II F cosh }G—V+VFsinh 3G. 


Comparing now the set (20) with the set (23), we see that under the 
substitution tanh}G=tan}y (which implies cosh}G=secy, sinh }G=tany) 
they are completely equivalent. fraps’ 

(ii) Finally, a very simple proof of the set (23) comes by differentiating 
equation (11) with respect to 9 and Pin turn. Thus we have 

eG 8G 
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2 2 =< 
aa “35 + Fsinh (36) 58 a enh ae) =i 

Substitute from (10) for the derivatives of G and we recover, with the help 
of (11) again, the set (23). 

We conclude that the equivalent sets of equations (20) and (23) are concise 
representations of the relationships between the thermodynamic parameters of 
an isomeric reaction in ideal solution and the results obtainable from ultrasonic 
measurements, 
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§4. GENERAL REMARKS ABOUT THE MAGNITUDES OF AV, Aa and Ak, 


The quantities G, H and C are direct and obvious dimensionless measures 
of AG,, AH, and AC) and require no further discussion here. 

In existing work it has always been assumed that AV,=0. At first sight 
this seems a reasonable assumption for isomeric changes, since one naturally 
expects AV,/V to be small and (say) £10%%. However, the theory shows 
(equations (8) and (11)) that the important quantity is not AV,/V but rather 
V=(C)/aRT)(AV,/V) which must be compared with H=AH,/RT. To illustrate 
this point consider the following typical values: Cy =50 cal mol deg 
RT=600 cal mol“! deg“, a= 10-3 deg, AV,/V=10%, AH,=3 kcal mol—. 
We find V=8 and H=5. Clearly in such a case one cannot neglect the volume 
change of the reaction. 

A specific case for which AV, and AH, are known is that of the chemically 
separable cis and trans isomers of 1:2 dichloroethylene. Using the most recent 
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§ 5. THe RESULT OF MAKING THE TWO ASSUMPTIONS Ag =Axg=0. 

e have just seen that there is no obvious assumption to be made concerning 
thermodynamic parameters. | But in order to use the theory further 
sumptions have to be made and since we are wholly ignorant about Aw) and 


ky let us make : . pa 
Assumption 1: | Aa=0, ie. A=0, 
F vand 
Assumption 2: Ang=0, ie. KE0. 


With the substitution x= F sinh $G, the set (23) now becomes 
H =2(F2+ x?)¥2(1 +11 —x)/(1—x), 


V=2(F? +x?)*711/(1—~), 25 
C= 2(F2+x2)U2f1 + 7—a(2 +741) + x7}/(1—~) ere 3) 
G =2log{[x + (F2+%*)!?]/F} (A=K=0). 


| These equations may be used by making a third assumption which enables « 


| to be found, and hence the other unknowns. 
a Before proceeding, there is an immediate conclusion to be drawn from the 


second member of the set (25): since x is real, the quadratic equation 

A V2(1 — x)? = 411? (F? + x”) 
must have real roots. Hence 

LV [Sar aA eccee he ie ager (26) 


--'This sets a lower limit on the value of [V| and hence of AV. Similar (although 
more complicated) reality conditions could be found from the 1st and 3rd members 
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§ 6. ALTERNATIVE ‘THIRD ASSUMPTIONS 
If it happens that the equilibrium constant of the reaction be known then, 
since this is equivalent to knowing G, x could be found from the last member of 
(25) and hence H, V and. If it should happen that G be such that eS? is large, 
then we should have the more specialized results under : 
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Assumption 3a. 
G is known and e&” 1s large. 
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two members of (25) to give V and H 

As an additional specialization on (28), one ‘may care to consider 
where, in addition to C=0, V<1. Then II must also be small and x 
Hence: 


Hers 7 
Va —2{Ft+ (147) /s, | | 
G =2In [(t7+[F2+ (1472 PF, fo 


(A=K=C=0, V<1). 


As a limiting case of (30) we have that V=0 implies na is implied by Ha 
This ultimate limit is the case which has always been treated in the literature. 
For example, a rigorous detailed derivation of it has been given previously by us 
(Davies and Lamb 1957). : 

It is obvious that the set of assumptions that we have built up (1 and 2 followed 
by 3a or 36 with or without further restrictions on the size of V) by no means 
exhaust the possibilities. Other quite different assumptions may in particular 
cases be convenient and/or necessary. 


§ 7. A NUMERICAL ILLUSTRATION OF THE THEORY USING DaTA FOR : 
‘TRIETHYLAMINE 


The only substance known to us to which the above two-state theory might 
be applicable and for which the ultrasonic relaxation parameters have been 
determined as functions of pressure and temperature is triethylamine. Heasell 
and Lamb (1956) measured these parameters at atmospheric pressure over the 
temperature range 25-70°c; Litovitz and Carnevale (1958) have obtained — 
corresponding data at a temperature of 0°c and pressures up to 3500 atm. It 
is apparent that the temperature ranges of these independent measurements do _ 
not overlap. As will be seen presently, this important fact makes it impossible 
to test the theory. Nevertheless since this is the only relevant information 
available we shall proceed by way of illustration to use figures drawn from the 
work cited above. 

(i) In the first place consider only the temperature variation investigated by 
Heasell and Lamb. Assume in the usual way that the volume change is small 
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;reement may be considered satisfactory but it should be noticed that the 
hod used here is much easier to handle than the original one. 

(ii) Consider now the data taken by Litovitz and Carnevale at 0°c and at 
pressures. Using for this purpose the heat capacity given by Heasell and 
b (Gp =51 cal deg“! mol-*) and an expansivity estimated from density values 
oted by Timmermans (1950) (&#= 1:25 x 10? deg) we find 


IL =(G)/aV). dln F/ap = — 1-60. 


Let us assume uncritically that the values of F and 7 cited under (i) above at a 
temperature of 300°K can be used in conjunction with the present value of II 
obtained at 273°K. We wish to proceed under assumption 36 of § 6. The first 
step is to test the inequality (29). It is immediately apparent that this is not 
satisfied. Hence with this data all we obtain from the theory is the inequality 
(26) which yields |V|>2:5 and AV,/V > 30%. (It may be observed that this 
value of V is comparable with the value of H obtainable from (i) above, namely 
iH 6-1.) 

We wish to emphasize that this smpasse should not be regarded as a test of 
the theory but merely an illustration of how the theory might be applied. ‘This 
is because we have good reason to believe that at a temperature between 0°c 
(at which Litovitz and Carnevale worked) and 25°c (the lowest temperature at 
which Heasell and Lamb worked) F passes through a minimum and hence 7 
changes sign. It is possible under these circumstances that the inequality (29) 
will in fact be satisfied at 0°c, thus permitting an application of the theory. 


§ 8. CONCLUSIONS 


We conclude that, even given full information concerning the variation of 
the ultrasonic relaxation strength with pressure and temperature, it is necessary 
to make at least three assumptions before thermodynamic reaction parameters 


can be evaluated. If, as is usually the case, the pressure data are not available 


values of the reaction parameters which have been obtained by assuming that 


AV,=90 should be treated with caution. It seems important to us that the 
questions raised here should be settled and in particular that further experimental 
work should be aimed at a systematic study under conditions of variable pressure 


and temperature. 
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eet § 1. INTRODUCTION. Bek 
“HE problem of designing an optical imaging system whose aberrations are 
below some specified limit of size for a given magnification, numerical 
i aperture and field angle is not at present amenable to a fully analytic 
solution except for some simple system of limited practical interest. ‘The use 
of electronic digital computers to obtain numerical solutions for particular cases 
has been suggested by a number of authors, but most of these attempts have 
approached the problem more or less ab ovo, without much reference to the 
considerable body of knowledge of the basic properties of optical systems which 
have emerged from the study of aberration theory over the past century. An 
attempt has been made, therefore, to consider the problem of programming a 
computer for lens designing in the light of this existing knowledge. 


§ 2. GENERAL ABERRATION ‘THEORY 


Since the general aberration function A of a centred optical system is not 
evaluable analytically, traditional methods of lens designing depend on a dual 
approach to the problem of aberration correction. The seven primary aber- 
‘rations are first considered (the five Seidel aberrations for monochromatic 
imagery and the two primary chromatic aberrations) which are the lowest terms 
in the series expansion of A in powers of p and o, the ray aperture and distance of 

-an object point from the lens axis. 

These seven primary aberrations again cannot be treated analytically save 
for the simplest systems, but for a given set of design parameters they can be 
calculated fairly readily and the general form of their dependence on the design 
parameters is known, so that the designer can make changes to these parameters 
to give a first-order design for which these seven primary aberrations are reduced 
to zero, or suitable small values. Since these primary aberrations describe 

accurately the performance of the optical system for small apertures and object 
sizes (small p and a) they must be reduced to small values for any well corrected 
system. For most practically interesting cases a number of higher order terms 
in A are significant. The second stage of design is to trace numerically the 
paths of a number of rays through the system whose primary aberrations have 
been reduced to zero or small values; these rays are chosen to pass through 
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- fairly quickly, and for some simp 


as to introduce small amounts of 
balance with the higher order ab 
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the rav-tracing over the aperture and field required. ' = 
< ring oe the pe process is reached by the experienced lens des 
le systems no further free parameters exist 
nt is possible. For more complicated systems, first- 
order correction will generally be possible for an infinite variety of forms wit : 
different values of the design parameters. The exploration of these, to determine 
the form having the lowest values of the higher order aberrations over the aper- 
ture and field required, together with finding the most effective way of increasing | 
the complexity of the system to give smaller total higher order aberrations, 
constitutes the main part of optical designing, and is the least systematic. Itis 
at this stage that electronic digital computers appear most likely to be useful. 
For any complete lens system for which the primary aberrations are reduced 
to small values, these aberrations will in general have relatively large values for 
individual components of the system, the correction of the whole system being i 
achieved by the balancing of large terms of opposite sign arising on the different 
components. Now for any single lens for which the primary aberrations are 
uncorrected, for example a single component of a complex optical system, the 
higher order aberrations are generally small compared with the primary ones 
arising at that component, though they may be large for the complete system for 
which the primary aberrations have been corrected. Accordingly, as individual 
design parameters of a complete system are changed, the changes in the aber- | 
rations of the system are predominantly changes to the first-order, the higher 
order changes being small relative to these. This fact, which is fundamental 
to the design process, means that the introduction into a first-order corrected 
system of small amounts of primary aberrations to balance higher order ones, 
referred to above, will generally effect only small changes to the higher order 
aberrations; and it also means that if the higher order aberrations revealed by _ 
ray-tracing in a first-order corrected system are to be reduced, a series of changes 
to the design parameters will be required, each of which considered alone will 
introduce large changes to the primary aberrations and so upset the first-order 
balance of the system, and make the state of correction of the whole system worse. 
The relevance of this to lens design on electronic digital computers is discussed 
below. 
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§ 3. THe Use or ELEcTRoNIC DIGITAL COMPUTERS 


The tracing of rays through an optical system, which is a fundamental part of 
any optical designing and is a relatively simple iterative process which has to be 
repeated a great number of times, is obviously suitable for programming on an 
electronic digital computer, and it was to this that these machines were first 
applied. For a relatively simple lens of six or seven surfaces, some twelve rays — 
in a meridian section are generally enough to give reasonably full information 
about the performance. For more complicated lenses, which will generally be 
more highly corrected, 20 or more rays, including some skew rays, may be neces- 
sary, all of which may have to be traced through up to sixteen or eighteen surfaces. 
A ray in a meridian plane takes from five to ten minutes per surface to trace on 


toduce a separate programme and occupy additional storage space in 
ine which, in any automatic design process, is likely to be required for 
purposes ; instead, an approximation to the primary aberrations of any 
is obtained by tracing rays at small values of p and o. With rapid ray- 
it becomes possible to calculate the change of the aberration of each of 
chosen rays for changes of the various design parameters, as has been done 
number of workers. Various differential formulae have been given, the 
irst by M’Aulay and Cruikshank (1945) for calculating these from quantities 
obtained by ray-tracing, but this again would require a separate programme 
occupying additional storage space, and the process of ray-tracing is so rapid 
that it is reasonable simply to repeat the tracing of the set of rays through the 
_ system whose design parameters have been changed, and so to find the change of 
_ the aberration of each ray for small finite differences. Small changes to the 
_ design parameters are necessary, since the aberration changes are highly non- 
_ linear with respect to design parameter changes for large variations. ‘The radii, 
_ separations, etc. may be changed singly, but this will produce changes in the 
focal length of the complete systems. We have chosen a method of composite 
variables consisting of altering each radius, separation, or glass, one at a time, by 
-asmall amount, altering the next following air—glass or glass—air surface to restore 
, the convergence of a paraxial ray emerging from that surface to what it was 
_ before the change, and scaling the radii of the remainder of the system so that the 
paraxial angles of incidence on each surface are unchanged. This is simply 


programmed, and it eliminates any drift of focal length as changes are made. 


_ Aspheric surfaces are rarely used in optical systems, and our work has accordingly 


ox note F 5 
been restricted to surfaces of constant curvature. Similar considerations of 
o5 

bg Tt 


method to those given in this paper would however apply to the more general 
problem of lens design with non-spherical surfaces. 

ee Repeating the ray-tracing programme for a series of systems in each of which 
sf a different alteration A, of the design parameters has been made from the initial 
_ system yields a matrix of numbers, 4@,; giving the change to the aberration A, of 
each of the rays traced for a given small change of the jth design parameter, 
» where j goes from 1 to n, the number of available design variables, and 7 from 1 
_ to m, the number of aberrations calculated. ‘The procedure this far, with various 
~ minor modifications, has been followed by a number of authors. Beyond this 


point serious difficulties arise, and different methods of working have been 


suggested. 


3.1. Linear Methods 


The obvious course, if the aberration variations could be considered as linear, 
~ mutually independent functions of the design parameters, would be to choose 
the number of aberrations calculated, m to be equal to the number of design 
_ parameters, and to solve the simultaneous equations showing what proportion 

x; of each of the m parameter changes A, is required to reduce each of the 
gFa 
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aberrations A, to zero. In matrix notation, the equations may be written 
7 [a;;|xG + Ay= Oi i es ae Wiiteo tee (1) 


where x, and A, are the column vectors {x%» ee x,} and {4,Ap SRA Arm} ! 
and the x, values can be obtained by inversion of the matrix [4,3], though in | 
fact in numerical work the solution of the equations by successive elimination, | 
using pivotal condensation, would be used rather than actual matrix inversion. 
In fact, the aberration differentials are not linear or independent, and can only — 
be reasonably so considered for small values of each x,, while equations (1) are 
in general essentially ill-conditioned, having a solution at large values of x;. 
This follows from the discussion of aberration theory above. Consider two — 
aberrations A,, A;,,, which relate to an aberration of the same type for two values | 
of one of the variables p, o defining the ray positions, for example the longitudinal | 
spherical aberration of the imagery of an axial object point for the full aperture — 
pmax and an intermediate one, which will commonly be taken as that having — 
p=pmax/*/2. Then any change in the design parameters which produces a __ 
change of primary spherical aberration alone will give @,/@;.1, j= (pmax/p)*, 
since primary longitudinal spherical aberration varies as the square of the 
aperture; if all parameter changes give purely first order aberration changes, 
the ratio a;:a;,, ; will be constant for all values of j, the matrix [a,;] will be 
singular since two rows in its determinant are in a constant ratio, and no solution 
of the equations will be possible unless A;: A;,1:: 4: 4;+1,;, 1-e. the whole system 
is free from higher order aberration. In actual optical systems the ratio aj: a;.4 ; 
will not be exactly constant, but since most parameter changes give higher order 
aberration changes which are small compared with the first order changes, the 
ratio will be almost the same for all j values, and large values of x; will result from 
equations (1). This state of affairs will generally arise for each set of aber- 
rations A, relating to an aberration of the same type for different values of the ray 
aperture or field, for example the sagittal or tangential field curvature at different 
field sizes o, the coma either at a given aperture and different field sizes or at 
different apertures for a given field size, and so on. 

An alternative procedure, which allows the number m of aberrations 
calculated to be larger than the number n of available design parameters, is to 
solve the normalized equations giving a least squares solution to equations (1), 


which may be written 
: Ian) [Giyletg aul Ae Oct drei weer (2) 


where [a,;] is the transpose of [a,;]. Equations (2) have the same solutions as 
equations (1) when m=n. This method has been suggested by Rosen and 
Eldert (1954); there seems to be no- reason why this method, in common with 
others that have been suggested which are discussed below, should not lead to 
a first-order solution, which is a stage normally reached quite quickly by traditional 
methods. But for the main and most difficult part of optical design which 
follows this, which consists of reducing the higher order aberrations of the whole 
system while maintaining a first-order correction, the fundamental difficulty 
which is inherent in the physical problem remains, namely that to produce 
significant changes to the higher order aberrations, using variables each of which 
produces changes in these higher order aberrations which are small compared 
with the first-order changes, such large changes of a number of the variables 


simultaneously will generally be required as to lie outside the range of linearity 
assumed in equations (1) 
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Bicieet, os 3.2. Method of Steepest Descent ; 
A third method, suggested by Black (1955), some aspects of which have been 
ussed in detail by Feder (1957), is to form an optical merit function # from 
calculated aberrations A,, for example by forming the sum of their squares 
and to use a steepest descent method to reduce this function, using the differ- 
tials a,,. A series of iterations can be made, using changes in the design para- 
eters small enough for the aberration changes to be approximately linear, the 
ifferentials a;; being recomputed after each change to the system, if necessary. 
This method again seems to lead fairly satisfactorily to a system whose primary 
aberrations are balanced against its higher order ones. Thus Feder took a 
rrected triplet design of lens whose aberrations had been calculated, changed 
ts design parameters in a random fashion, and subjected this deranged lens to 
automatic correction using a steepest descent method, reaching a design with 
_ approximately the state of correction of the initial lens, after a ‘large number’ of 
Z iterations. As explained above, the random changes to the design parameters 
» may be expected to produce changes to the aberrations which are predominantly 
_ first-order ones. However, the nature of the physical problem is such that the 
_ method is inherently inefficient for the later stages of design. The inefficiency 
~ of the method arises firstly from the fact that in operating only on the function 4 
formed from the separate aberrations A,, information is discarded about the 
distribution of the aberration between the various A,, this information being 

essential to an efficient process of correction, and secondly that in addition to the 

inherent non-linearities of the aberrations with respect to the design parameters, 
a second and often much more serious non-linearity is introduced by the 
~ necessarily non-linear form of ¢. 
; The steepest descent method consists in making simultaneous changes to 

each of the design parameters of amounts x; proportional to — o%/dx; which, 
~ when ;= 2A, means that 
wm 
| x= —K 2 ie Peg eee (3) 

her 

where the constant of proportionality K may be chosen in various ways. ‘The 
simplest plausible choice would be to choose K so that % would be reduced to 
zero if the higher derivatives of were zero, this is not generally satisfactory 
and, at the expense of some extra computing, the value of K may be found which 
leads to a minimum value of # with the design parameters taken in the ratio 
defined by equation (2), the minimum arising from the quadratic form of 
(Feder described this as the optimum gradient method) or if these criteria lead 
to values of x; outside the range of approximate linearity of the aberrations, K 
may be reduced appropriately. This is not generally necessary, since the effects 
from the non-linearity of > are normally the more significant. The steepest 
descent method is well known to be unsatisfactory for dealing with systems of 


ill-conditioned equations, requiring a great number of iterations, and the degree 


of ill-conditioning occurring in the equations arising in the later stages of lens 
The effect can be 


designing is sufficient to show this effect very markedly. 
considered descriptively as arising from two characteristics of equation (s'): 
Firstly, each variable in this method is taken in the direction in which it, con- 
sidered alone, decreases #; as has been shown above, for a first-order design any 
of the variables singly is likely to increase ys except for quite small changes, for 
which the reduction in # will be small, and these small changes are almost as 
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with the solution *,=—1, x,=+1. However, since the second cha 
considered alone, decreases 4=A,?+A,? when x, is taken as negative, t 
steepest descent method takes a first step of x, in this ‘wrong’ direction. ‘The 
results of a series of iterations using the optimum gradient method are 


A,=1-0 A,=10 0 —— 
14, =0:0983 woe 1-0820 
94, =0-0619.. 4,=0:7310 


where ,,4; is the value of A; after p iterations. The process is obviously not | 
highly efficient. . 2 , q 

For more obviously ill-conditioned equations the rate of convergence is 
lower. Take a typical case of the kind discussed above where A,, A, denote an 
aberration of the same type for two values of one of the ray-parameters p, o, for 
example longitudinal spherical aberration at full aperture p,,,, and at an inter- 
mediate one pmax/+/2, and start from an initial first-order balance where A, and 
A, are equal and opposite, with two variables, the first showing only primary 
aberration (d,,=2a,,) and the second considerable higher order in addition to 
the primary term; then the values 


| 


A,=-1 A,=+1 
A, au=1 Ay = 2 : 
A, Ayy=1 Ag2=3 ; 
give complete correction A,= A,=0 for x,=4, x,=—3. In an actual system, . 


departures from linearity of the aberrations might appear for these values of x,, 
x, but the A’s would be likely to be at any rate greatly reduced. The optimum 
gradient method is illustrated in the figure where the ellipses are contours of 


constant % on the x,x, plane, and the solution follows the zigzag line. The 
successive values of A, and A, are 


near A,=1-0 
= = eae Ay =0-4520 
4, =~ 0.8288 >A, =0°8288 


> 


{ 2 A second characteristic of descent methods which makes the rate of con- 
_ vergence slow with the typical optical problem is that since, due to the quadratic 


form of #, a/dx;=2% Aja; if any aberration A, is initially zero or very small, 


re the contribution to the gradient of % of all the corresponding elements aj; is zero 
_ or small, although these elements may themselves be relatively large. Ina first- 


es ; ‘ 
es order corrected system a number of aberrations will generally be zero or small, 
and the effect is that the direction of steepest descent is very local, large values of 


a, turning a descent into an ascent for quite small values of the x’s, thereby 


severely restricting the value of K in the optimum gradient method, and allowing 


only very small steps and slow convergence. A third example in which a third 


2. aberration Aa, initially zero, has been added to the second example, together 
a with a third variable which makes correction of the three aberrations possible, 
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will illustrate this. 


A,=—-1-0 Pe) A,=0 
A, ay=1 Ay, = 2 ay=2 | 
A, @,—=1 a,—9 wa 
As ay3=0 Ay = 0) As3= —2 


This has a solution A,=A,=A,=0 at, as before x,=4, %,= — 3. and x3 = 1. 
The values of the aberrations A, and of 7 after successive iterations, and the x; 
at each iteration, again distinguished by prefixes, and the total change of each 
variable after 6 iterations, are given in the table. 

One third of all the parameter changes, those-values of x; underlined, have 
been taken in the ‘wrong’ direction, the total change of x3 is in the ‘wrong’ 
direction, and after six iterations A, and A, have been increased from their initial 
values. This example also illustrates how the rate of convergence decreases as 
the number of equations increase, even when no obvious increase in the ill- 
condition of the equations is involved. A measure of the degree of ill-condition 
is the ratio of the principal axes of the hyper-ellipsoids defined by is = constant, 
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which for the general case are in the ratio of the square roots of the se Sept 
of the matrix [a,;] [a,;]. For the second example above, these are as 1: 14-9 an 
for the third as 1: 6-4: 19-6. : 


° 
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vAe 14s ¥ -0:09174 
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-0O-03744 000986 
2 


6X) 5% 
008728 


TOTAL CHANGE 


2 
x 
x 

5% 


xX, Mo 


019249 - 0.28739 -O0-15636 


The inherent slow convergence of the steepest descent method for the type 
of equation encountered in the optical design problem, illustrated in the three 
simple examples above, will generally be considerably worse in actual optical 
problems, both because the size of the matrix will be much greater and because 
the equations will be more highly ill-conditioned; Feder (1957) states that 
ratios of the smallest to the largest eigenvalue in excess of 10® occur in practical 
systems. ‘The examples given have been ones where the minimum of 5 occurred 
at values of each x; small enough for the linear approximation (equation (1)) to 
be reasonably close, so that the matrix a,; need only be computed once, and used 
for a series of steps; the calculation of this matrix, for an optical system of any 
complexity, is a fairly lengthy process even on a fast computer, and to recom- 
pute it at éach step, with a rate of convergence like that of the third example or 
worse, would make the process intolerably slow. For the typical optical problem, 
however, large total changes of the design parameters are necessary to achieve an 
optimum correction, and repeated recalculations of the a,; matrix would be 


necessary at intervals, for which some criterion would have to be provided to the 
machine. 


“rcies 


cerievete 


form ed by suitable combinations of the original ones. This can be achieved by 
choosing one of the variables to be that combination corresponding to the solution 
of equations (2); it ceases in effect to be a steepest descent method and is 
discussed in § 3.4. : 

i 


. 3.3. Relaxation Methods 


_ The low rate of convergence of the steepest descent method applied to optical 
_ problems arises from the fact that, once first-order correction is reached, any 
_ single variable taken alone will be capable of only small improvement to #, for a_ 
small value of the corresponding x, after which % will increase. This fact will 
clearly also cause slow convergence with any descent method, including the 
_ simple relaxation method used by Black (1955) in which % was reduced by 
successive use of each variable. In addition to the relaxation method taking one 
: variable at a time, Black also used group and block relaxations, in which a number 
of variables were changed simultaneously, either by arbitrary groupings, or 
4 in groups constituted by extrapolating from an earlier system to a later, better 
_ corrected, one obtained by application of the simpler methods. These pro- 
cedures are clearly unlikely greatly to increase the convergence rate for first- 


order corrected systems. 
i 3.4. Successive Linear Approximation with Maximum Steps 


In terms of the discussion hitherto, the optical design problem is that of 
minimizing #, starting from an initial lens design for which 4= 4 A?, the hyper- 
surfaces of constant % in n-dimensional x; space conforming to hyper-ellipses 
within the region of the origin for which the variations of the A,’s with respect 
to the design parameters can be approximated by the first terms in the Taylor 
expansion, corresponding to the values a;;, both the minimum of 4 and the centre 
of the hyper-ellipsoids often lying at considerable distances from the origin. So 
long as only the variation of # with the design parameters is considered (as in 
descent methods), and not the separate variations of its components 4,, the 
available methods of treating the problem all appear inefficient, since with ill- 
conditioned equations these methods require very many iterations at very small 
step-sizes, far smaller than the range of approximate linearity of the aberrations 
with the design parameters would allow. On the other hand a simple least- 
squares solution (equation (2)), again due to the ill-condition of the basic equa- 
tions, generally leads to steps in the variables x; far greater than the range of 
linearity. A smaller step-size, chosen to be as large as is compatible with 
linearity, might be taken in the direction of the centre of hyper-ellipsoids 
defined by the least-squares solution of equations (2), but this is liable to give a 
relatively small reduction of #, where the roots of (2) are large, since the direction 
of the centre may lie almost parallel to the constant ;/ surfaces in the region of the 
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origin. This corresponds to the fact that, when equations (2) are set up and 
solved for actual optical systems, the solution generally gives very large values of 
one or a few of the x, the remainder being relatively small. Simple scaling 
down of all x; so that the largest is within the range of reasonable linearity will 
then make most of the x; values much smaller than is necessary for linearity, and 
the variables corresponding to these smaller x,’s, suitably combined, would 
generally be capable of effecting further reductions of the aberrations ; that is to 
say the improvement of the optical system in each step using this method is not 
likely to be the maximum that is attainable within the range of linearity of the 
equations. What is required is a method which, instead of limiting the size of 
the largest x,’s to maintain linearity, limits the size of Uw,”. This is achieved 
by a method we have evolvedt, which might be called Successive Linear 
Approximation with Maximum Steps (SLAMS). ae 

Let equations (1) be set up together with the equations specifying that each 
x; multiplied by some weighting factor P shall be zero, i.e. 


[ai] x + Ay => 0 


and let these two sets of equations be normalized to give the m simultaneous 
equations corresponding to a least-squares solution for the complete set. Then 
if the values ,x; obtained by solving these equations be substituted into the left- 
hand side of the first of equations (4), the residuals will be the aberration ,A,, 
forecast assuming linearity, of the optical system whose design parameters have 
been modified in accordance with these values ,x,; the residuals from the second 
of equations (4) will be the values P,x;; and the least squares solution of the 
combined equations (4) is the one which minimizes the squares of all these 
residuals, i.e. which minimizes (,+ P?X,x,?), where ,~ is the value of ¢ for the 
modified system. It follows immediately that for a step-size 2.x,” that lies 
within the range of linearity of the aberrations with the design parameters, this 
must give a system with a lower value of than the original for all finite values 
of P, for if x;=0 be substituted into equations (4) the sum of the squared resi- 
duals is simply %; if the least squares solution gives any other values than x, =0, 
the sum of the squared residuals must be less than this, i.e. 


+ PPD xP <p 

and hence ,<7. Now the size of step &,x;* can be controlled by the choice of 
P, and in fact the two earlier methods, that of solving equations (2) and of steepest 
descent, are special limiting cases of this sLamMs method. At one extreme, when 
P=0, the second set of equations (4) are identically satisfied for all values of 1%; 
and the least squares roots of (4) are therefore identical with the roots of (2), 
2% ,x;* becoming the square of the distance from the origin to the centre of the 
hyper-ellipsoids 4s=constant; at the other extreme as P approaches infinity, 
the values of ,x; become infinitesimal in the ratio of the values of dxs/Ax;, Corre- 
sponding to the direction of steepest descent. For any intermediate value of P, 

t I am indebted to a referee for bringing to my attention two papers by Girard (1958) 
in which a similar numerical method is described and applied to the design of a separated 
triplet lens system. Since a relatively small electronic digital computer was used for this 
work, it was not practicable to use the method for simultaneous variation of all the design 


parameters; a series of applications of the method was therefore made, using different 
sets of a few of the design parameters in successive cycles. 
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2 ,x;?= R?, say, will take some value such that R is intermediate between zero 
and the distance of the centre of the hyper-ellipsoids, R becoming less as P is 
increased, and the least squares solution of equations (4) will give the values of 
1%; corresponding to the smallest value of % within a hyper-sphere of radius R 
about the origin. ‘The sLams method is then to use the least squares solution of 
equations (4) at each step of the linear approximation, with P chosen to make 
Ras large as the range of approximate linearity of the aberrations with the design 
parametersallows. This may be found by trial of different values of Pin equations 
(4), setting up of the optical system corresponding to the values of ,x,; found, 
calculating its A, and %, and comparing this with the ¢ predicted by the linear 
approximation. The choice of P is obviously not critical; if P is taken rather 
small, the linearly predicted reduction of %, which will be larger since R is larger, 
will depart more from the actual calculated due to increased non-linearity, 
and vice versa if P is too large. In practise it is found satisfactory to choose P 
from a few trials at the first cycle so that the lens design given by the x, with this 
choice of P has values of A; found by ray-tracing which are reasonably near to 


_ those forecast by the linear approximation, and this value of P is then generally 


found suitable for subsequent iterations, which may give a reduction of y at each 
stage equivalent to some hundreds of steepest descent cycles. 

This method of Successive Linear Approximation with Maximum Steps has 
been successfully applied to a variety of optical design problems. An account 
of the machine programming and the results achieved will be given in a 
subsequent paper. 
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F ambiguity in the determination of the principal values that v 
arise in. practice is pointed out and discussed. An estimate of the root | 
square. error in theidetermination is given. 54-2 +m Sah yo Eee) Se 
bin 
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§ 1. INTRODUCTION 


HEN a paramagnetic complex in a single crystal possesses no obvious ~ 
axis or plane of symmetry its principal g-values and the directions of 


the corresponding principal axes have to be inferred from measure- 
ments of the g-value variation in planes which are defined in relation to a convenient 
set of axes O123 fixed in the crystal. If the magnetic field has direction cosines 
l,, l, ls with respect to these axes, the square of the corresponding g-value is 
given by an expression of the form (Pryce 1950, Weil and Anderson 1958) 
3 
Boe X  Aigili (Ajj = Aji), cn 


~AI= 

where the coefficients A,;, depend on the choice of reference axes. When these 
coefficients are known for a particular set of axes, the principal g-values and 
principal axes are found by diagonalizing the matrix A. The three roots A,, As, As 
of the secular equation 


det(A= M)e0e - (2) 


where J is the unit matrix, are the squares of the principal g-values; the direction 
cosines of the principal axes satisfy 


3 
D> Aisha Aplan 44,23 ca nel tee (3) 
= : 
where the’? (j= 15°2, 3) ‘are the direction cosines corresponding to the root A, 
of (2). 

The practical problem then is to determine the six independent coefficients 
A,; relative to a definite set of axes fixed in the crystal. Some ways of doing this 
have been described by Weil and Anderson; their methods, however, demand 
measurements which may be rather difficult to carry out on certain crystal types. 
A method which should be generally applicable to orthorhombic or monoclinic 
crystals is described below, and an ambiguity in the determination of the principal 
g-values which will arise in many practical cases is pointed out and discussed. 
Finally, the probable errors in the determination are discussed. 


a 
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§ 2. DETERMINATION OF THE 4; 


2.1. The Fundamental Type of Measurement 


The kind of g-value measurement that is normally made is to rotate the 
magnetic field about an axis fixed in the crystal and to measure the g-value variation 
in the plane perpendicular to this axis. If 6 is an angular coordinate specifying 
the direction of the magnetic field in the plane of measurement it can be shown 
from (1) that in this plane the g-value is given as a function of @ by an expression 
of the general form - 


gi =a Rcos26--y sin 20,6 ea racds (4) 


where «, Band y are functions of the A;,, of the parameters specifying the orientation 
of the plane of measurement relative to the reference axes, and of the origin 
chosen for 6. The quantities «, 8, y will be most accurately determined by 
obtaining the best fit of (4) to a large number of g-value measurements at different 
angles 6, but should this procedure prove impracticable they can alternatively 
be expressed in terms of three directly measurable quantities. ‘These are the 
maximum and minimum g-values in the plane, denoted by g, and g_ respectively, 
and the angle 6, at which the maximum g-value occurs. One has 


2a =g.° Peo 
peed Fgh o> ged (ete 4 Fr Sins ey SO ne (5) 
2y = (g.*—g_*) sin 20... 
It should be noted that the sign of y depends on that of the angle 6,,, i.e. 
a complete determination of «, f, y requires a specification of the positive sense 
of rotation of the magnetic field about the axis fixed in the crystal. This point 
will be returned to below; we remark here that a positive value of y implies 
that g increases as the magnetic field is rotated in the positive sense through 
the position 6=0. 
Since «, B, y depend on the A,,, their measurement in a single plane gives rise 
to three equations satisfied by the A;;, In order to obtain in this way sufficient 
equations to determine all the A,, it is necessary to measure the g-value variation 
in three different planes. This will give nine equations to determine the six 
independent A;;; this redundancy is unavoidable and gives a useful check on the 
internal consistency of the measurements. 


2.2. Method of Determining the A,; 


The simplest choice for the reference axes 0123 with respect to which the 
coefficients A;; are to be determined will be the crystallographic a, b and ¢ axes 
:n the case of an orthorhombic crystal. If the crystal is monoclinic one can take 
the a, b and c’ axes, where c’ is perpendicular to a and 6. It will generally be 
possible to mount the crystal so that g-value measurements can be made in planes 
containing one or more of these axes without too much difficulty. 

We suppose now that measurements are made in the 12 and 31 planes and 
in a third plane which contains the axis 2 and which meets the 31 plane in a line 
making an angle « with the axis 3, measured in the positive sense from O3 to Or 
Thus in a monoclinic crystal we can identify O01, O2 and O3 with the a, b ane C 
axes respectively and suppose that measurements are made in ie ab, ac’, and 
bc planes, the c axis making an angle e with c’ and lying in the ac plane, 


\ 
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We distinguish the quantities «, 8, y of (4) and (5) when measured in the 12 
plane by the suffix 3, when in the 31 plane by the suffix 2, and when in the third 
plane by the suffix 1. The angle @ appearing in (4) is to be measured in these 
three planes respectively from O1, from O3 and from O2 in the positive right- 
handed sense. ; care 

Then one can deduce from (1) and (4) that for the measurements in the 
12 plane 


Ay =%+ 83, Age=%3—Ps, Ar=Y¥si vere (6) 
for those in the 31 plane 
Agg=%+ Be, Ayy=%—PBe Asi=ye3 veers (7) 
and for those in the third plane 
Agel, pa — eR ST eT (8) 
Ags cos? « + Ay, sin?e+2A5,sinecose=a,—f,, ....-- (9) 
Ag, cose HA SIE= ypu) 0) Oeeeae Wk Berend (10) 


It will be seen that (6) and (7) serve to determine all the A;, except A,, and 
give two independent determinations of A,, to act as a consistency check. Two 
further checks are provided by (8) and (9) and the remaining coefficient A,. 
is determined from (10). 

The last three equations reduce to equations of the form of (6) and (7) if it 
is possible to mount the crystal in three mutually perpendicular planes and so 
choose e=0. In this special case it is unnecessary to measure f and y separately, 
and the results can be expressed in terms of « and the quantity 


B=(P+YaH E22) (11) 
measured in each of the three planes, by means of the equations 
Ay = (a + %3 — %), ] 


Ajg= + [(85 +o — a)(85— a4 +o) f ee Bi 


The remaining A,, satisfy similar equations obtained from (12) by cyclic permuta- 
tion of the sufficies 1, 2, 3. The sign of.A,, is that of y, and cyclically. This 
special case has been treated in a different way by Weil and Anderson and also 
by Geusic and Brown (1958). 


§ 3. AMBIGUITY IN THE DETERMINATION 


In order to determine the signs of the y, appearing in equations (6) to (10) 
it is essential to be able to distinguish between the positive and negative senses 
of rotation about the reference axes. In principle this could be done by marking 
the positive ends of these axes on the surface of the crystal but, since more than 
one crystal is normally required in order to obtain a complete set of measurements, 
this procedure may not be possible in practice. Furthermore, it often happens 
that the crystals contain two or more paramagnetic complexes in the unit cell 
which are symmetrically, but differently, oriented with respect to the crystal 
axes. Each of these will produce a g-value variation and one cannot decide 
a priori which of the plots of g-value against angle obtained in the different planes 
of measurement should be taken together. This means that in general it will 
only be possible to measure the magnitudes but not the absolute values of the Ve 
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This ambiguity in the sign of the y;, gives rise in fact to only two distinct 
possibilities, for one can always choose two of the y;, say yz and yz, to be positive. 
From the remarks following after (5) above it will been that choosing ys positive 
defines the positive sense of rotation in the 12 plane and so the positive direction 
of the third axis. ‘Then making y2 positive will define the octant formed by 
the positive 1, 2 and 3 axes, but will leave the sign of the angle « unknown. —-With 
this assumption for the sign of y. and ys; (6) and (7) determine all the A,, except 
_ A4;, the correct sign to take for « will be determined by (9), and finally (10) 
_ with the two possible signs for y, will determine two possible values of A,5. 
4 In the special case where «=0 and equations (12) are used, one may choose 
say A,, and As, positive; then both possible signs for A,, need to be considered. 
The situation may be visualized by imagining the construction of a three- 
_ dimensional model of the g-value variation from polar diagrams of the variations 
_ in each of the planes of measurement. ‘Two of these can be fitted together 
along their line of intersection; there are then two ways of fitting the third polar 
_ diagram into the model. 
E _ Thus from the type of measurement we have discussed it will in general be 
possible to deduce two sets of principal g-values and principal axes, and some 
further information will be required to enable a decision between these to be 
made. This information may be obtained by making further g-value measure- 
ments in a direction or in a plane not included in the previous measurements and 
by comparing these with the results predicted by the two possible sets of principal 
values. If we denote the principal axes by x, y, 2 with corresponding g-values 
Beha, Les then the g-value in a direction whose direction cosines with respect 
to x, y and z are I, m, n respectively is given by 


= 
s 


2 =p," +g,2m* +g,2n". 
On the other hand if the g-value variation is measured in a plane whose normal 
has direction cosines J, m, n with respect to the principal axes, the maximum and 
minimum g-values in this plane will satisfy the relations 


| g.2+g 2=g,2(1-P)+g,°(1—m?) +g2(1—n"), 
| and 
ge : (ee =o 60; +g,/7g 70? +2,78,7m. 


§ 4. PROBABLE ERROR OF THE DETERMINATION 


Denote the principal g-values by £2, 8y 8: and the direction cosines of the 
corresponding principal axes with respect to the reference axes O23 bya 
Lins lex (R= 1, 2, 3). Then the solution of (2) and (3) can be expressed in the form 

Cee =e HH OY (13) 
where G is a diagonal matrix whose diagonal elements are 85%) 247, Be and Pits 
an orthogonal matrix whose columns are the vectors Lig, Lyx len 

If the error in estimating the matrix element A,, from the measurements 
one can show on the basis of (13) that the error in the determination of 


dg, == \ s él vil aj } [28 ae ts.© (14) 


‘j=l 


IS €;;; 


2,18 


by squaring (14) anc | taking their mean values. — This 
evaluation of the mean values Be ee: the form i€pa These 
obtained by using equations (6) to (10) to express the ¢,; in terms of the 
in the «, 8, y obtained for each plane of measurement. ‘These errors” 
turn be expressed in terms of the independent errors of measurement of g,, | 
and 6, in each plane by using (5). In order to obtain manageable expressions 
this process was carried through only for the special case in which measurements © 
are made in three mutually perpendicular planes so that «=0 in (9) and (10). 
Each diagonal element was taken as the mean of the two independent determinations 
of it afforded by (6) to (10), and it was assumed that all the g-value measurements 
were subject to the same r.m.s. error A, and that all the angular measurements 
were subject to the same r.m.s. error @. 

The results of a rather lengthy calculation then give the following expressions 
for the r.m.s. error (dg,) in the determination of g,, and for the r.m.s. error 
<dl,,;,) in the determination of /,,;,.. . 

46,2 (do) = FL 2.5) + eed, Lee Ook ee Cee (16) 
(din P= M(1; 2, 35k) M2, 351; k)+ M1, 2; ks tee. (17) 


with 
F(1, 2, 3) = $A%{4-Ajilay* + x sin? $; (181,971,352 — 1.94 — 134) 
8l,olxa[ (71 + % Sin $, COS $)l,9” + (y — & sin ¢, Cos 1)/p32]} 
+O? [481 oles Villas Sas Ji) we ie Oe Ree (18) 
and 
M(1, 2; 3; Rk) = 3A%{4A ql? 01,2 +o sin? 6, [4(lr2O se + lrsQon)” 
— (Le2Qox — lesQsx)?] + 4(le2Qan + lesQox)[(y1 + % sin ¢, cos 44) 
x Lp 2Qon + (v1 — % SiN $y COS $4 )l2Osx]} 
+O? [281 (L,2Qsn + lesQon) — ¥1(lrxQ2n—losOsn) 22... 2. (19) 


In these expressions 


55 byl Liles 
Ca Feet gee 
and ¢=26,, with a suffix to denote the plane of measurement. The remaining 
F and M in (16) and (17) are obtained from (18) and (19) by cyclic permutation 
of the stifticés 1,2, 3) 
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- Abstract. The reactions ?’Al(p, p’)?’Al and ?’Al(«, p)®°Si have been studied at 


5 Mev incident energy using a high resolution broad range magnetic spectrograph. 
Angular distributions of several of the proton groups from each of the reactions 
were determined and the results suggest that some of the final states are formed 
by direct processes. The excitations of the first four states of *°Si were 
found to be 2:258 + 0-006, 3-518 + 0-007, 3-798 + 0-009 and 4-85 + 0-01 Mev. 


§ 1. INTRODUCTION 


approximately 5 Mev bombarding energy, have been investigated at high 

resolution using a broad range magnetic spectrograph in conjunction with 
the Manchester University 6 Mev Van de Graaff accelerator. Angular distri- 
butions and absolute cross sections of several proton groups were found for both 
reactions. 

Large anisotropies were observed in the angular distributions of some of the 
proton groups and most of these are asymmetric about the 90° direction in the 
centre of mass system. This asymmetry may originate from overlapping levels 
in the compound nucleus but it is also possible that the reactions may proceed, 
at least in part, by some direct interaction process. 

In one such process the incident particle interacts directly with a single particle 
or small group of particles at the nuclear surface. A detailed discussion of such 
reactions has been given by Butler (1957) and it is expected that the angular 
distributions of the reaction products should be characteristic of the net orbital 
angular momentum /h which is transferred to the nucleus. 

For strongly deformed nuclei, excitation of rotational levels by direct excitation 
inelastic scattering may be predicted by the collective model and is particularly 
likely for quadrupole deformations (Brink 1955, Hayakawa and Yoshida 1955 a, b). 
The Born approximation method yields angular distributions which are similar 
to those predicted by the Butler process. Direct excitation inelastic scattering 
has been reviewed by Devons and Goldfarb (1957). More recently, Sawicki 
(1958) has applied the unified model to include both rotational and individual 
particle direct excitations by inelastic scattering. 

Investigations of reactions leading to discrete final levels with incident energies 
of from 10 to 30 Mev have been found to support the direct interaction theory and 
good agreement has been obtained with the predicted angular distributions 
(Butler 1957, Silver 1957, Von Herrmann and Pieper 1957). If a nuclear 
reaction is found to proceed predominantly by a direct surface interaction, measure- 
ment of the angular distribution of the resolved groups of outgoing particles can 
yield information about the spins and parities of the final levels. 


Ts spectra of protons from the reactions *“Al(p, p’) and *“Al(«, p)**Mg, at 
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§ 2. ExpERIMENTAL TECHNIQUE =~ 
: The magnetic spectrograph is of the 90° broad range type, hav 1 
_ pole edges giving second order spherical aberration correction for syn 
object and image positions. This instrument is similar to the 20 in. : 
+ in. field gap, spectrograph described by Browne and Buechner (1956) al og 
the construction of the yoke is simpler. The main differences are that the” 
pole radius is 18 in. but the gap is 1} in. Used as a broad range spectrograph the | 
performance is approximately the same as that of the instrument of Browne and 
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Figure 1. Diagram of the experimental arrangement with the magnetic spectrograph in 
the 0° position. 


The spectrograph is mounted on a turntable (figure 1) which may be rotated 
to observe particles in the range —10° to 115°, though it would be possible to 
extend observations to 135° with only minor modifications. "The beam from the 
Van de Graaff accelerator is analysed by a 90° magnet and is refocused by magnetic 
quadrupole lenses. Horizontal and vertical deflections are provided by two pairs 
of coils, whose currents are determined by signals from two sets of control slits 
placed close to the target chamber, so that the beam is automatically centred on 
the final slit. In this way more than 25% of the total analysed beam of the accel- 
erator can be used to irradiate a target area of 0-020 in. high and 0-060 in. long. 
‘The system ensures that the beam may readily be regained even after rotation or 
other disturbance of the beam analyser magnet when the accelerator has been used 
for other experiments. 

Calibration of the spectrograph was made using a thin polonium «-particle 
source, taking the value Hr=3-31644 x 104 gauss cm, to find the values of r 
corresponding to different points on the focal surface. Energy resolutions of 
better than 1 in 1000 were obtained with the polonium source over the whole 
range. 

‘The magnetic field is measured by the proton and (at the higher fields) lithium 
nuclear magnetic resonances, the resonant frequency being found on a Hewlett— 
Packard type 524B frequency meter, which gives a continuous check on the 
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on with Rutherford scattering. The absolute values of the cross sections 
i exed to be accur fe to within approximately 15%. 


§3. RESULTS 


The 27Al(p, p’) reaction was studied i in two ranges and typical spectra are 
nown in figure 2. In each case the beam energy was held constant for all angles. 
The beam energy was computed from the elastic proton peak for the higher field 

_ setting and from the p; group for the lower settings. Six excited states of ?’Al 
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Figure 2. Proton spectra from proton bombardment of ?’Al. 
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Figure 3. Angular distributions of proton groups from the reaction ?’Al (p, p’)?’AL. 


The ground and first four excited states of °Si were investigated by the reaction | 
of ?"Al(a, p)®°Si, again using two field settings to cover the range. ‘The O value 
leading to the ground state was found as 2-373 + 0-008 Mev and the excitation of the 
first four excited states of 2°Si as 2-258 + 0-006, 3-518 + 0-007, 3-798 + 0-009 and 
4-85 +0-01 Mev respectively. ‘These values are somewhat more accurate than 
previous determinations e.g. Van Patter and Buechner (1952). The angular 
distributions of the ground and second excited state groups are shown in figure 4. 
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Figure 4. Angular distributions of proton groups from the reaction *’Al(a, p)°°Si at 
5-15 Mev incident energy. = 


§ 4. DiscussIon 
= (a) *Al(p, p’). 

“None of the anisotropic proton groups show distributions which are sym- 
metrical about 90° in the centre of mass system. ‘The resonance structure of this 
reaction has not been investigated above 4-1 Mev but it is unlikely that the reaction 
= is proceeding through a single isolated resonance. It is possible that this asym- 
metry arises from interference from two or more overlapping compound states, 
_ but the degree of anisotropy for the p, and ps; groups is strikingly large. ‘The 
cross sections for these two groups are notably larger than for any of the others. 
A comparison of the experimental angular distributions with the Butler theory 
was made assuming that the binding energy of the last proton in ?“Al is 8-2 Mev 
and the theoretical curves for two different / values are shown in figure 3 for each 
of these groups. The agreement with the calculated curve for /=2 with the pz 
distribution is fairly good and it is thought that the p, group corresponds more 
' closely to a higher angular momentum transfer (/=3) though this assignment is 
by no means certain. The agreement could, of course, be considerably improved 
if an isotropic intensity of some 30%, assumed to arise from compound nucleus 
formation, was subtracted in each case. The direct interaction amplitude does 
not change sign over the angular range considered and it would make no difference 
whether or not the compound nucleus contribution was coherent. 

The ground state of 27A] has spin and parity 5/2* and, assuming that spin 
flip does not occur, /= 2 is the lowest value allowed by the spin and parity selection 


rules (J; +/=J+, parity chan 
@ ‘the value /=3, very tentative 
state has negative parity. 


ge if Jis odd) to form the second excited state (3/2*). 
ly suggested for pz, would mean that the third excited 
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from our own experience. At low bombarding energies and for high angu 
momentum transfers, however, there is an alternative reason for expectin 
surface interaction. If the momentum transfer is considered on a semi-classical | 
picture, then for the p, group at 180° the minimum radius for the direct interaction — 
at 5 Mev incident energy is 2-4 fermis and at 90° it is 3-3 fermis for a transfer 
of two units of angular momentum. ‘Thus it is considered that for the p, and p3 
groups, direct interaction effects would be limited essentially to the nuclear surface 
and the characteristic angular distributions would be expected. For lower 
1 values, however, this would not be so. 

Since 2’Al has strong quadrupole deformation, direct excitation of collective 
rotational states might be expected. The assignment of even the low-lying levels 
of 27Al to rotational bands has not proved feasible, as it has for the neighbouring 
nucleus Al (Endt and Braams 1957) and although the ground and first two 
excited states of 27Al have the same spins and parities as the corresponding states 
in 5Al their spacing is not consistent with a similar assignment (Rakavy 1957). 
If these are, in fact, rotational levels analogous to those of ?°Al the inelastic 
scattering process leading to the first or second excited states would involve a 
change of two units in K, the projection of the nuclear angular momentum on the 
symmetry axis. Such a case is covered by the general relation derived by Sawicki. 
(O). "Ale py wots 

The angular distributions of the ground and first excited states have been 
investigated by Von Herrmann and Pieper (1957) at 8-1 and 7-1 Mev who find 
that the angular distributions varied fairly rapidly with energy; Hunting and 
Wall (1957) have also investigated the ground state distribution at 30-5 Mev. 
The most markedly anisotropic group is ps, but it is not clear whether or not it is 
symmetrical about 90°. A good fit with the Butler theory could only be obtained 
if a comparatively large isotropic contribution was deducted (figure 4). 


§.5. CONCLUSION 


The results for the reaction ?"Al(p, p’), whilst strongly suggesting the possi- 
bility of interpretation in terms of direct interaction effects, may be capable of 
alternative explanation. In the absence of evidence at other bombarding energies 


the possibility that the asymmetries about 90° arise from overlapping compound 
states cannot be eliminated. 
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a variational principle is developed, which permits the estimation of the eig 
values by a method of successive approximations. In this paper we calc ula 
the lowest non-zero characteristic rate of relaxation for spherically symmetrical _ 
distributions. The distribution function is assumed to be uniform in the — 
configuration space. Eigenvalues have been evaluated for gases whose particles _ 
interact with a law of force of the form O(a/r)* where r is the distance between — 
a pair of particles. The cases s=2, 5 and infinity have been considered in detail. 
In the cases s=2, the impact parameter is cut off at the Debye shielding distance. 
The calculations are extended to include the case of a two-component mixture 
of gases. 
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§ 1. INTRODUCTION 


T was first shown by Boltzmann (1872) in his celebrated H theorem, that a 
if gas in the absence of body forces would approach a state in which the distri- 
bution of particle velocities is Maxwellian. 

In this paper we shall estimate, by a method based on the time-dependent 
Boltzmann equation, the lowest non-zero characteristic rate of relaxation of a 
gas in a non-steady state. ‘The distribution function is assumed to differ by a 
small amount from the equilibrium Maxwellian form. 

We have chosen to study the relaxation of spherically symmetrical distribu- 
tions. In practice, the relaxing distribution is usually not spherically symmetrical. 
It is usual for there to be some drift motion of the particles which decays into 
random motion or for there to be more energy in one dimension than in the others. 
In these cases the distribution starts off asymmetric and decays into a spherically 
symmetrical state in the absence of any forces. 

In general, the smallest characteristic rate of relaxation will be zero. This 
corresponds to a perturbation constructed entirely of collisional invariants, 
ie. number density, momentum and energy. What we are interested in is the 
decay of perturbations which are not constructed of these invariants but give 
rise to a real non-equilibrium state. As is usually the case in linearized theories, 
it is possible to use a variational calculation of the lowest eigenvalues of the 


equation. ‘The eigenvalues are calculated by means of a method of successive 
approximations. 


oie’ 1 bei oe | 0 ey). j - 
ie: v, t)/dt= J (v,,t)f(ur,t)—f(v. tf (u,t)logde du... (2.1 
440 ee ate Gp ee gi te get ae ’ ’ 
u, v are the velocities of a pair of particles before collision and uy, ¥; the 
ponding velocities after collision. The quantities g and o are respectively - 
th elative speed before impact and the collision cross section. Vinci 
- We shall consider solutions of the equation near equilibrium, so that 
es | f(vst)=fe(v)[1+h(¥,2)) eee QoyT? 
where fe(v) is the equilibrium solution, given by 

fe(v) =n(m/27kT)3? exp (— mv?/2kT) as 
and h is such that |h| <1. Here m is the particle mass, the number density 


and T the temperature. - 
With this form of solution, equation (2.1) takes the form 


fo(v)ah(v, t)/at= { Flv folu)ilagds dusit &.. 0x0 (2.3) 


4 since fe(v)fe(u)= fe(¥1)fe(u,) because energy is assumed to be conserved during 
collisions. ‘The bracket [/] is defined by the equation 


[A] =h(uy, t)+h(v,,t)—A(u,t)—h(y,t) wee (2.4) 
iz and we see that if f is a collisional invariant, then 

4 (jt Pe ea (2.5) 
a We attempt a solution of equation (2.3) in the form h(v,t)=exp (—qt)a(v) 
, and it follows that 

a gfe(v)a(v) = — [feCrfe(u) [alee GGdU: At pnt (2.6) 
a We denote by «,, the eigenfunctions of this equation and by q,,, the corres- 


ponding eigenvalues. 
In what follows, we shall outline a method of evaluating the lowest eigenvalue 


of the equation. It would seem that this is the physically most interesting 
eigenvalue as it gives us a limit to the rate of relaxation of the characteristic 
solutions. We shall set up a theory of the eigenfunctions which is exactly 
analogous to the quantum mechanical problem of determining the ground state 


energy of a given system. 
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~~ G x an peri function of v. f brieewt Nebel eee 

Taking G to be «,, in equation (3.5), it follows that cate 

Im 2 9, for all m. eae 

Thus the solution of the equation must tend to the equilibrium SOLE Fe(v) 

as time elapses. ae 

Taking G to be «, in equation (3.5) and then considering the same equation 
with m and n hy es eae it follows by subtraction that 


(Qn e In) (%ms Oy) = 0, ‘ae Sak (3.7) i 

and it is known that we may choose * 

(an &, ea, angen). <* So ee (3:8) 
(see Courant and Hilbert 1953); 

Now let us expand the arbitrary function G in the form 
Ga Ct a e (3.08 
then ~ 
[G, GJ => enlG, %m] by (3.9) 


a D2 Pe CES &) by (3.5) 
>) 2°Gn(Sms%m) by (3.8) and (3.9). 


Let qy be the smallest acces then we have 
[G, G|> qo 2 en Ris ,) > qo(G, G), 
thus 
Ha (6, GHG GG) = = re (3.10) 
This is the variational principle which forms the basis of our calculations. 


§ 4. ESTIMATION OF gp 


To determine qo. we choose a trial function with a number of arbitrary para- 


meters and then minimize the calculated value of qy in (3. 10) with respect to these 
parameters. 


Si SH Oe Gem) 
als are the eigensolutions for one particule 


If we take as a trial function . 
— eS S Pm Sn(V2) where V=(m/2kT)¥, --.- (44) 
2 in the equation (3.10), we have ; ( 
eine qo< oe ORCA ps; paiseaseys oa eos (4.5) 


“col = 
We simply take an increasing number of coefficients in the expansion of G and 
continually minimize the calculated value of qo with respect to these coefficients. 

The first two Sonine polynomials are 

a So=l and S,=3/2— V2 
and since these are both collisional invariants, the brackets [.S,] and [Sy] vanish 
identically. From the definition of the brackets [.Sp, S,,,] and [Sj,5,,], we see 


- that they are both zero. Xs 
We thus start off our trial function at m=2, Le. G=b,,S,,(V?), (mz 2). 


As a first solution we take G=b,S, and the first aproximation to qo 1s 
pone ns bac Bln Coty 2) 9 tae andar Ma aie cit (4.6) 


As a second solution we take G=b )S,+6,S; and the second approximation 


mm tO gp is 

id = bp? [So, Sz] + 2babs[S2, Ss] + b?[ Ss, Ss] pha tans (4.7) 
ae bo? (S2, Se) + bs?(S3, Ss) 

2 which is then minimized with respect to the ratio b,/b, and so on. 


FOR SPECIFIC PARTICLE INTERACTION 


ie. The evaluation of the matrix elements [5,,,5,,] though tedious, is straight- 


forward and we shall not describe the evaluation here. 
For the first approximation to qo, we require the values of [S2, S,] and (Sq, S2). 


In terms of the particle interaction O(alr)®, these have been evaluated to give 


m¥n2a/(Im)V [42] (s— 1)]Aa(s)(Qar ye RTE 


§ 5. CALCULATION OF Jo 
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wef q 7 ti idm ace fi ori: ses jimen hast neal ei 
When the particles behave like rigid spheres, the force Q is zero except ¥ 
the particles are actually touching. This may be regarded as a limiting case 
the general law of interaction when s tends to infinity. The force is zero if r>a__ 
and tends to infinity as r tendstoa. The integrals for this case were worked out 7 
separately to give —_ 
| [S2, Sp] =4/an*a®(kT'/m)'? 
where a is the particle diameter and the first approximation to gp is 
eel 9 [REY 
qa 7s ma (=) . 
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Coulomb interaction (s=2). 


The evaluation of the constants A,(s) is straightforward except in the case 
s=2, Mathematical difficulties arise because the integrals involved diverge. 
The physics of the problem reveals that it is the slow falling-off of the interaction 
potential which is responsible for the trouble. 

In a reali ionized gas, the Coulomb potential of a given charged particle is 
effectively screened by the effect of local space charge fluctuations and the usual 
Coulomb potential e/r, is modified to become 

(e/r) exp (—7/D), D=(RT/4rne?)!?, 
where e is the electronic charge and D is the Debye shielding distance. What 
we do here is to use the Coulomb potential for collisions in which the impact 
parameter is less than D and we ignore all collisions in which the distance between 
the colliding particles is greater than D. ‘The screening effect is only present 
in a gas composed of particles of both sign and in our study of a gas of one type of 
charged particle we assume that such screening is still present. 

For the case s=2, we write Qa? = Ze? where Z is the charge number of the 
particles. In terms of these constants, we find that 

A,(2)=2{In (1+ L*)—L2/(1+L2)] 
eas L* = (4/7)(kT)8/ne®. Thus we may write the first approximation to Jo in 
the form 


don= oe V7Z4nm(kT)-82[2 In L— 1}, 


since in all cases of practical interest, L> 1. 


Maxwellian particles. 


The particles for which s=5 are commonly called Maxwellian. Putting 
s=5 in the general formula, we have the first approximation to J in the form 


Yor = 7° 2A4(5)(Oa*)!2nm-12 


om 


“ = eles af ye(a)oe(r) a | fre(WNfie() hen gd dv | ae 


Pe Ry i. 
ee 3 — | fae(vs)fao(¥a) hariagia do OR eae led aaie (6.1) a. 


af. zo (Vo) a2) i [fF 1e(V3 )foe(V2) [4 ]o1% 21821 do dv, 
s | ain ee eee (6.2) 


where the expressions [«],; are defined by the relations 
3 [a]ij=a(vs') +0;(V;') — a,(¥;) — aj(¥;) 
and v;,, v;' are the velocities of a pair of particles after collision. By considering 


the eigensolutions of these equations we may by a similar method obtain an 
inequality for the lowest eigenvalue qp. 


Let F be an arbitrary vector of the form F=[F,(,), F »(V2)| where 


= Filvy)= DOmt%im and Fy(ve)= Lbmn%om- eee (6.3) 
f We can then show that 


1] fel Vfa( (EF hn)*2ngs ds dv dv 
aig 2 fe (vo)foe(¥)([F loz)*2282 46 avs dv 


+3 [fF 10(1 )foe(V2) (LP ]iz)°o12812 do dv, dv, 


> ae] | fieva)F24v, + | foe(V2) Fe av, | rk (6.4) 


B and we have the variational principle for the mixture of gases. 


What we have done here is to determine the lowest eigenvalues of : i 
Boltzmann equation. These eigenvalues are the smallest non-zero characteri: 
rates of relaxation of the spherically symmetrical distribution. These wou 
appear to be the most interesting as their inverse gives a measure of the minimum ~ 
characteristic time of relaxation. 

It is clear from the analysis that if we wish to study the dee of asin 
distributions then we need only take a more general expansion of the trial functions — 
G, to include the angular variation. 

We have not attempted to study the behaviour of any specific peresioe on 
the equilibrium distribution but should we wish to do this, it seems that the | 
expansion of the perturbation / in the form 


A(v*, t)= > PiySin(V") EXP (— Int), 


where the exponents q,, are Spaiel by the substitution of tie above expansion 
in the equation, would be a reasonable method. 

The results are similar to some obtained by Spitzer (1956) who used the 
method of Chandrasekhar to obtain relaxation times for various types of collision 
process involving the interaction of a particle with a background of particles in 
equilibrium. 
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osition, the change being greatest near the eutectic. 


‘tefly discussed with reference to other published work on. structure 
uids. ; 


| o a us § 1. INTRODUCTION - 
TTR REV1I0US work (Toye and Jonesj1958) has shown that a number of physical 
| properties of liquid binary alloys have minimum values at compositions 
A which can be associated with eutectics. It has been shown (Zadumkin 
1953) that the electrons at the surface of a metal make a large contribution to the 
surface tensions, in fact Zadumkin claims that they account for the abnormally 
high surface tension of metals. If this assumption is correct then it may be that 
- the electrons in metals have a greater influence on physical properties than is 
perhaps thought, and in order to examine this further it was decided to measure 
_ the influence of an alloying element on the work function of a liquid metal. No 
particular importance is claimed for the system chosen, the reason for its choice 
being that it is easily handled, has a low melting point and the eutectic is at low 
copper percentage, thus allowing the making of the alloys in the actual apparatus 
by adding the required small quantities of copper. 


§2. APPARATUS AND METHOD 


The liquid metal was contained in a sealed-off B34 standard Pyrex joint A 

(see figure 1), which was immersed to the metal level in a solder bath at 280°c. 
Contact to the liquid metal was made by means of a tungsten wire sealed into the 
glass below the metal level, and a carbon rod immersed into the solder bath. 
The necessary stopping potential was applied from the potentiometer system 
‘—’, the actual value being measured by means of a Tinsley potentiometer. The 
platinum anode assembly was fitted using a second standard joint as shown, the 
platinum wire being sealed into the glass at B. To ensure a good joint, since 
Pt—Pyrex is often suspect, the tube above and below the seal was filled with 
The anode was connected to the quadrant electrometer, the needle 
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_ picein wax. 
- of which was charged to 120 v before the start of each measurement. 
4 Ultra-violet illumination was obtained from the spark between pure tin 
electrodes E situated very close to the wall of the glass container. ‘The spark was 
_ supplied by means of a Tesla coil, a condenser being connected across the gap to 
| give the maximum amount of light. Approximately 8 foot candles total light 
- actually reached the tin surface. The transmission of Pyrex (Morey 1954) to 
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Figure 1. 


The alloys were made under high vacuum by placing the necessary weighed 
quantity of Cu on to the surface of the tin or alloy when cold and heating to 
300°c. The solution of the Cu could then be observed. On occasion it was found 
necessary to clean the surface by heating with a little NH,Cl powder, under high 
vacuum, the anode assembly being replaced during this operation with a plain 
sealed off male joint at B. The alloys near the eutectic composition were 
analysed chemically as a check. _ 

The vacuum system consisted of a rotary pump backing a two stage oil diffusion 
pump and it will be seen that practically all joints were standard cone type. The 
Pirani gauge was used down to one micron, beyond this reliance being placed on 
there being no discharge current between the anode and the tin when high d.c. 
voltages were applied between them (about 1000vcem-). Occasionally, as a 
check, 7000v was applied but no current could be detected. The long path 
between the anode seal and the liquid metal surface ensured no leakage currents. 

It was concluded that the vacuum obtained was of the order of the ultimate 
for the pump, i.e. about 10-*mm Hg. It was necessary to ensure that the liquid 
metal surface was absolutely clean and bright, the finest haze of oxide being 
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! pone applied, ae on the spark produced no deflection. 


§3. OBSERVATIONS 
e values of stopping potential together with the calculated values of work 


- f) 0-2 0-4 0-6 0-8 10 
4 Weight % Cu 
Figure 2. 
Kom a 
% Alloy Stopping 
Weight % ’ Atomic % M.P. Potential Work function 
Sn Cu Sn Cu (°K) (v) (ev) 
ra 100 0) 100 0) 505-1 1-854 2:40 
me «699-90 0-10 99-81 0-19 © 504-4 1-816 2°43 
ae 99-65 0-35 99-33 0-67 502-5 1-820 2:43 
-@ 99:40 0-60 98-87 ileal} 501-0 1-831 2:42 
=) 99.31 0-69 98-72 1:28 500-2 1-885 DEST 
ee 99-30 0-70 98-68 1-32 500-2 1:907 2:34 
a 99-25 0-75; 98°59 1:41 501-0 1-855 2-40 
99-20 0-80 98-49 gj kaayih 502-1 1-839 2-41 
99-00 1-00 = 98-15 1:85 508-3 1:815 2-44 
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in figure 2. The values of work function are calculated from the equation 
V.=hv—w, x 1-602 x 10-” 
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whence 
So a iid Migr 
S> 1-602 x 10-" 
V being in e.s.u. 
PROC. PHYS. SOC. LXXIII, 5 3G 


Ww ction obtained for pure tin does not | 
ed valué Jischberg and Lange 1952). The | 
does not however claim new absolute values but rather indicates chan; 
work function with varying composition. The greatest change occur 


cours ne 
eutectic and it is wondered whether some structure effect is responsible. peas 

It is of interest that Zadumkin (1953) has derived a relation between surface 
tension and work function which gives very satisfactory agreement with experi- 
mental values. His calculations are based upon definite crystal structure in the - 
solid state and are used to calculate values of surface tension. ‘The published 
values of the latter with which he compares his results are, of course, for liquid | 
surface tension, though admittedly at the melting point, and as he observes, 
“the good agreement with experimental values for molten metals indicates 
that the short range order does not seem to change upon melting for most 


metals studied ’’. 


In addition to this question of structure effects in liquids it should be noted | 


here that Bondi (1953) has observed that metals which, when added in small 
quantities to liquid metals, act as ‘wetting agents’, also have a marked effect 
upon the chemical properties of that metal and further that the energy of vapori- 
zation involves the breaking of covalent bonds. In view of all this is seems — 
pertinent to wonder whether the valency electrons have a greater effect upon — 
physical properties than is at present thought. 

In an attempt at a better understanding of the liquid metal state a scheme of 
research is being undertaken here which will commence with a careful study of — 
the electrical properties of liquid metals in bulk and in the form of very thin films. 
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§ 1. INTRODUCTION 
| HE presence in a free atom of one or more electrons unpaired with respect 
to spin has an effect on the wave functions of the other electrons which is 
-_ termed exchange polarization. The exchange forces acting on electrons 
"with spin parallel to the unpaired spin are somewhat different from the forces 
_ acting on the electrons with opposite spin, resulting in small but significant 
differences between their wave functions (Pratt 1956, Heine 1957 a). One can 
evaluate these differences by perturbation theory since the exchange term 
appearing in the wave equation is small. An ordinary perturbation theory 
expansion in terms of the bound levels of the atom turned out to be completely 
useless because the continuum states were neglected, but no difficulty was 
experienced in finding a suitable set of rapidly converging expansion functions 
(Boys, Cook, Reeves and Shavitt 1956). 
The effect of core polarization is particularly noticeable in the hyperfine 
structure. The contact term in the hyperfine interaction is given by (Fermi 


1930) 


I 
where p is the nuclear magnetic moment in units of the nuclear magneton, 
Tis the nuclear spin, jp is the Bohr magneton, and, in the summation, the sign 
- is taken as positive for electrons of positive spin and negative for electrons having 
opposite spin. The coupling constant is written a(s) to indicate that only 
s-electrons contribute non-zero values of |4,(0)|?. In the usual theory for a 
single s-electron outside closed shells, the contributions to a(s) from the closed 
shells completely cancel, the valence electron alone giving a contribution which we 
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shall denote by a)(s). In reality, however, there are also contributions to 
>, + |¥(0)P2 from the core electrons due to exchange polarization by the valence 
electron. The magnitude of this contribution can be calculated by perturbation 
theory as mentioned above. 

We wish to report here preliminary results for lithium and sodium relating 
these results to the experimental values of a(s) in the free atoms. We also give 
the theory of the effect of core polarization on the Knight shift in metals. 


§2. Atomic LITHIUM 
Let us assume that in atomic lithium in the ground state, the 2s-electron 
has up spin +. Then the radial wave equation for the 1s } electron includes 
a term representing exchange with the 2s-electron, while the 1s | equation 
does not include this term. In writing down these two equations we shall use 
Hartree’s standard notation (Hartree 1957) in which the radial wave functions, 
P(r), are normalized by the condition 


[ Patar=t, 
0 


and the functions Y(nl,nl; r)/r represent the contributions of the electrons to 
the central field potential. ‘Then the equations can be written, 


KH oP 4, =E,., Pi. a eee (2) 
He Prgp +O = Eyes Prise: Bea Os, (3) 
where 
syste [ ) Shed eed gaat ck) 
H { 5a > 4 Za Ti} a anee (4) 
and 
e Ne paps ae 
ee ee 


Here, Y,(1s, 2s; 7) is the exchange integral between the 1s and 2s wave functions. 
‘Two approximations have been made in writing the equations in this manner. 
First, the term Y,(2s,2s; r)/r has been omitted from #,. This will have a 
very small effect on P,,, and P,,, because Y,(2s, 2s; 1)/r is nearly constant over 
the range of P,.. In any case, P,,, and P,,, are affected equally so that the 
effects cancel in the hyperfine structure, | P;,,(0)|?—|P,,,(0)[, to first order. 
The second approximation concerns neglecting the departures from self- 
consistency. In particular we neglect the difference between Yo(1s 4 ,1s 4 ; 7) 
and Y,(1s | ,1s | ; 7) and take both functions equal to Y (1s, 1s; 7) as obtained 
for the ion Lit. hat the effect on the wave functions of such changes is small 
is known from experience of self-consistent field calculations in which successive 
cycles of iteration become rapidly insensitive to small changes in the Y functions. 

Having made these approximations, equation (2) is exactly the equation 
which was solved numerically by Fock and Petrashen (1935). Hence, equation 
(3) can be solved by treating ¢ as a perturbation, making use of the tabulated 
solutions of Fock and Petrashen. One might hope to use the eigenfunctions 
Pee P5., . . . as perturbation expansion functions. Unfortunately, these are 
unsatisfactory because, although they adequately describe P,,, at small 7, they 
introduce spurious ‘bumps’ at large r where these functions have their main 
maxima. For the sake of interest, such an expansion in terms of the bound 
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_ eigenfunctions was tried, and gave a 3% effect compared with the correct value 
of 31% (see below). Of course, in principle the inclusion of the continuum 
states would give a complete set of functions and remedy this, but such a pro- 
cedure is not practicable. A much better type of expansion function for the 
present problem is, 

(a+br eros. Rr)re-™, (5) 


where the constants a, b, . . . are chosen so that the functions, together with the 
unperturbed function, P,,, are orthonormal, and the value of A is chosen so that 
E the exponential falls off in roughly the same way as P;,, P,,, or whatever function 
one is trying to correct (Boys et al. 1956). 


Table 1. Results for Lithium 


Dit [fi|? a(s) 
(atomic units) (cm~*) 
- Experimental value (Kusch and Taub 1949) 0-0134 
’ Contribution from 2s + only 0-165 0-0095 
Contributions from 1s + , 1s | and 2s + 
(i) using one expansion function 0-:165+0-063 (38%)t 0:0132 
(ii) using two expansion functions 0:165+0-058 (35%)t 0-0129 
(iii) relaxation calculation 0-165 +0-050 (303%)t 0:0124- 
Calculations from empirical potentials 
Jones and Schiff (1954) 0-142 0-0082 
Kohn (1954) 0-223 0:0129 


a I IIIIEEEEEEEEE——E—EE aa 


+ Additional contribution as percentage of the 2s-term. 


The results of calculations of exchange polarization in lithium are given 
in table 1. ‘Two perturbation calculations were performed: one using as expan- 
sion functions the unperturbed function P,, of Fock and Petrashen together 
with one function of the type (5); the second using P,, together with two functions 
of the type (5). As a check on the validity of this method, a solution of the 
original differential equation (3) was carried out by a relaxation process (Southwell 
1940) and gave the value 303% for the contribution to D; + |#%,(0)|? or a(s) from 
the exchange polarization of the core. One further check was necessary in 
view of the fact that the perturbation partially destroys the orthogonality between 
P,,, and P,,. It was found that re-orthogonalization of P,, produced a change 
in | wa,(0)P of only 3%. 

Agreement with experiment is fairly good, but might be considerably improved 
by including in some way the effect of correlation. In this respect, Kohn’s 
value (Kohn 1954), which was calculated using the Seitz potential, is noteworthy. 
The empirical Seitz potential does in part include correlation, but is not very 
satisfactory with regard to exchange. However, it is strange that Kohn’s value 
differs so much from that of Jones and Schiff (1954) which was calculated from 


a similar type of potential. 


§ 3. ATOMIC SODIUM 


The perturbation method described for the calculation in lithium was used 
for similar calculations in sodium, though with somewhat less accuracy. Although 
wave functions for sodium given by D. R: Hartree and W. Hartree (1948) are 
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able 2. Results for Sodium 


ares: (atomic units) (cm=!)_ é 
Experimental value (Kusch and Taub 1949) — Oe 
Contribution from 3s * only =. 0-671 a Se 
Contribution from 1s + and 1s | pn = i 

tribution from 2s + and 2s 013, (—2% 
nae . : Total 0-708 (53%)t 0-0279 
Calculation of D. R. and W. Hartree (1948) 0-497 0-0196 
(3s + contribution only) 

Calculation of Jones and Schiff (1954) 0-528 0-:0208 
Calculation of Kjeldaas and Kohn (1956) 0-685 0-0270 
eS Tl ali Sat GOR SUE a ee ee 


+ Additional contribution as percentage of the 3s-term. 


The results of calculations are given in table 2. It can be seen that the 
contributions to Z; + |#,(0)|? from the 1s and 2s electrons tend to cancel. ‘This 
cancellation shows up clearly in the perturbation expansion where the integrals 


| LY, (1s, 38; r)/rIP,, Pydr and | [¥ (2s, 383 7)/r]P,. Pa, dr, 
0 0 ‘ 


which can be shown analytically to be equal, appear over energy denominators 
differing only in sign, and so cancel each other exactly. However, an explanation 
of this occurrence in physical terms is somewhat more difficult. 

It is convenient for the following discussion of the results to introduce a 
quantity called the exchange potential, Vexen, (Slater 1951, Heine 1957b) by 
writing the exchange term in the form, 


-{- [Mos 265 ri] Pas bP = Va ne ee (6) 


Returning briefly to lithium, Vexen is negative for small 7, positive for larger r 
and approaches zero at roughly the same value of r as in the case of P,.. Its 
effect on the unperturbed wave function, P,,, is to pull it in towards the origin, 
so that we expect | P,,,(0)|?>|P,,, (0), as was found to be the case. 

In sodium the exchange potential appropriate to the 1s-electrons has roughly 
the same shape as that just discussed for lithium. It follows by the same argu- 
ment that the contribution from the 1s-electrons is positive. In the 2s-case, 
the exchange potential —[Y,(2s,3s; 1)/r]P,,/P,, likewise has a similar shape, 
apart from an unimportant singularity, but it operates over a greater range of 7. 
The main effect on P,, is now to raise its energy and increase the tail at large r. 
‘Then, as a result of altering the shape of P,,,, it is necessary to normalize again 
to unity, which has the net effect of actually decreasing the probability distri- 
bution at the origin, so that | 7, , (0)|?< | #2, (0)/?. 
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The net result of contributions from 1s and 2s electrons is an addition of 
about 54% to the value of | ,.(0)|? or a9(s). That this value is so much less than 
for lithium can be mainly attributed to the two cancellation effects just described. 

Since the value of |#,,(0)|? calculated by D. R. Hartree and W. Hartree is 
considerably lower than that of Fock and Petrashen, it would be most interesting 


- to find out whether the net contribution from the 1s and 2s electrons is corres- 


pondingly greater. The answer to this must await a recalculation of the necessary 
Y functions. 


§ 4. THE KnicuT SuHirt In METALs 


It was found by Knight (1949) that the frequencies at which nuclear magnetic 
resonance occurs in a metal are slightly displaced from the respective frequencies 
in non-metallic compounds of the metal in the same magnetic field. ‘This is 
attributed (Townes, Herring and Knight 1950) to the magnetic field AH produced 
at the nucleus by the strong hyperfine interaction between the nuclear magnetic 
moments and the conduction electrons. It can be written, 


A FE eA ltg(O)P Ya sees (7) 


where x, is the spin susceptibility per unit volume, © is the volume of the unit 
cell and <|#,(0)|?)av is an average value of the probability density at the nucleus 
taken over the electrons having energies near the Fermi level. However, in 
view of the considerations above, it is clear that the excess of conduction electrons 
with, say, spin +, produced by the external magnetic field, polarizes the core 
electrons through the exchange forces. As a result, we expect a contribution 
to AH from the difference between the probability densities at the nucleus of 
spin + and spin | electrons in the core. This additional contribution is, of 
course, proportional to the number of spins which have been turned over by the 
magnetic field, i.e. to yp, just as in (7), the ordinary part of the Knight shift. 

To calculate the magnitude of both the main contribution to the Knight 
shift and the contribution from core polarization, let us consider the following 
expansion for the wave function of a conduction electron at the Fermi surface 
in lithium: ~ 

QO 


b,(¥) - ( 7) (Ay d2s al Bye Popa + ByyPopy + ByePape): PUPAE SHS. (8) 


The functions $5.) Pop» Popy Pope give a quite accurate representation of 
,(r) over the region of the core, as is confirmed by detailed band structure 
calculations, and are a convenient set of expansion functions for our purposes. 
On substituting in the exchange terms of the equations for the 1s + and Is J) 
core wave functions it is found that in each case the exchange term splits into 
two parts, recognizable as exchange with the 2s and 2p terms in o,(r). Defining 
a= ({4,P)F and B= (|Byal? + [B,,P2+[Byl2)" where both quantities are averages 
taken over the Fermi surface, then the 1s + wave equation can be written, 

Oe alas See Boos = Eyes ts? RRS (9) 


where 6,.=[Yo(ls, 2s; r)[r|P,, and ¢,=[YiCs, 2p; 7)/r|Pop- The exchange 
terms involving ¢,,, ¢,, can be treated as independent perturbations. If only 
the term in 6,, is included, the equation is the same as (3) for the free atom, except 


H oP 154 ae 


responding frac 
, A calculation si 
to that in §2 gave b= —0-03. ; = oe 
Finally, one arrives at the following expression for the Knight shift in lithiv nt 

AF = 50a $5,(0)P + Qxp a2 $,(0)I? + QxpbBlf (ODP. ------ (10) 
The first term is the usual expression (7), whereas the second and third terms 
come from the core polarization effects. Substituting the calculated values of 
a and 6 for lithium, 


AH 8 0-03 : 
Te F xp Qs (13 = a ioo(O/. te meses (11) 
It is convenient to write the Knight shift in lithium in the form 
AH 8 
. =a xni2e| d3(0))2. 2 en) a es (12) 


In the usual treatment (7), €=« and € represents the ratio of the probability 
densities at the origin in the metal and in the free atom. On adding the effects 
of core polarization, € becomes, 


€=(1+a)x+b8=1-31x—0-038. 


In metallic lithium there is considerable evidence that the Fermi surface actually 
contacts the nearest faces of the Brillouin zone and that the states at the zone 
faces are p-like (Cohen and Heine 1958). Therefore 8 may well be larger 
than «. Let us guess 5a as an upper limit for 8. For lithium the experimental 
value for € is 0-43 (Knight 1956), giving 0-33 <a,,<0-37. This may be com- 
pared with Kohn’s (1954) value of 0-49 for «,,, calculated on the assumption 
of a spherical Fermi surface. 

The treatment of the Knight shift just described can be extended to sodium 
without difficulty, noting, that the core polarization will contain contributions 
from both 1s and 2s core electrons. With this difference only, the quantities 
a and b can be defined as before. In §3, it was found that a=0-055. A similar 
calculation gives b= —0-0145. Hence, 


AH 8 0-0145 
7-2 Oxpa 1-035 — Eo be cee. (13) 


a 


The value of € including core polarization is a(1-055 —0-01458/«). In contrast 
to lithium, all evidence points to a nearly spherical Fermi surface for sodium, 
in which case it is reasonable that B~«. Using the experimentally determined 
value €=0-72 (Knight 1956), one can assert that 0°68 <ay, ~0:69. This is to 
be compared with the value ay, =0-81 calculated by Kjeldaas and Kohn (1956). 


a 


SC! } n eg atin re potential C 
of energetic electrons and this tends to inhibit the escape of neg is fre 
the plasma. The concentration of these ions therefore builds up until th hey a: 
destroyed at a sufficient rate by a gas phase process. In some circums ; 
they may be removed by a drift towards the anode or by relaxation oscillations _ 
which accelerate them to the walls of the vessel. 

In a study of the oxygen discharge, these negative ions have been detected: 
and their concentration and temperature measured by a refined probe technique. 
Figure 1 shows a typical energy distribution function for the negative particles | 
in the striated positive column. The two groups at 15 ev and 4ev are electrons 
corresponding to the groups described by Boyd and Twiddy (1959) in 
hydrogen. The low energy group is due to negative ions and when account is 
taken of the weighting factor \/(M_/me) it appears that the ratio of negative ion 
concentration to that of electrons is of order 20/1. 


§ 2. AMBIPOLAR DIFFUSION 


This large concentration of negative ions naturally affects the ambipolar 
diffusion conditions in the positive column and the problem may be dealt with 
in general terms as follows. ~ 


Under conditions of pressure where the flux of ions to the wall is governed 
by diffusion we have 


D,= —D,Vn,+pin,F 

Dis = Din eae 4 a eee (1) 

i 5 =_ DeVne = [eneL. 
P is the particle flux out of the region at whose boundary [T,=I_+TI and 
within which n,=n_+ me to a close approximation. Writing 

y=V./V,=Vj/V_ 

for the ratio of electron to ion temperature and «=7_/ne for the ratio of negative 
ion to electron concentration we have on eliminating E from (1) 


Y= =D evn. 
DP =D Ava (2) 


De — —D2Vne J 


Figure oh = Ambipolar 3 diffusion coefficients as a 
function of ~=n_/ng. The curves refer to oxygen 
for which y = 16, pu_/2e = 0:0043 and p4/[4_ = 09-0022. 


The ambipolar diffusion coefficients D* are plotted in figure 2 as a function of 
the ratio «. A value of y=16 was used in this calculation corresponding to the 
distribution function of figure 1. ‘The ion mobilities used are taken from Burch 
and Geballe (1957) and the electron mobilities from Bradbury and Nielson 
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Figure 3. Variation of ambipolar diffusion field Figure 4. Space potential as a func- 
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Figure 5. Radial variation of charged particle concentration. 


For a direct current discharge in a cylindrical tube the appropriate field 
component is radial. Measurements of space potential made in oxygen and 
nitrogen under these discharge conditions are shown in figure 4. A curve is 
drawn through the experimental points for nitrogen from which a corresponding 
curve for oxygen may be calculated using equation (4) and the data of figure 5. 
The agreement obtained between the calculated curve and the experimental 


data for oxygen checks the theory and confirms the interpretation placed upon 
the low energy peak of figure 1. 


~\ 


§ 3. Cross SECTION FoR CHARGE EXCHANGE 


Mass spectrometric studies show that the major ions in the positive column 
of the oxygen discharge are O- and O,+. The negative ions are produced by 
dissociative attachment at a rate which may be calculated from the measured 
data and the known cross section for the process (Craggs, Thorburn and Tozer 
1957). Combining this rate with the measured value of negative ion concen- 
tration gives a mean life time for the ions of 4 x 10-4 seconds during which time 
they make some 100 collisions. Consegently the negative ion concentration is 
determined essentially by a Boltzmann distribution n(r)=n_(0) exp {V(r)/V_}. 
Figure 5 thus gives a value of the negative ion temperature V_=0-15 ev 

At a tube current of 4ma and a pressure of 0-040 mm Hg an average rate of 
production of O- is 10”ionsem-3 sec™', and a corresponding negative ion 
concentration [O-] is 4x 108ionscm-*, Even if all the O~ ions were lost by 
charge exchange according to O-+0,+0,-+0, the cross section required 
would only be 2 x 10-7 cm? at an ion temperature of 0-15 ev. 


ee 
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The Attachment of S Slow eer) in Air and Oxygen 
By J. B. THOMPSON 
Department of Physics, University College London 
Communicated by H. S. W. Massey; MS. received 2nd January 1959 


HE recent work on electron attachment in oxygen and air (Craggs, Thorburn 
and Tozer 1957, Tozer, Thorburn and Craggs 1958) appears open to 
criticism. The effective mean cross section for a particular mean energy 


_ E, should read 
o, = [oomsende | [nesdp 


_ The inclusion of the velocity weighting factor has the effect of increasing o,7 at 
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Mean attachment cross section as a function of mean electron energy: 1, Tozer 
et al., 2, Harrison and Geballe; 3, recalculated curve. 
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clecton is assumed, have been recleulated and are shown in the igure to 
with the data of Harrison and Geballe (1953) and the curves of figure 1 

re i Tozer, Thorburn and Craggs (1958). Similar corrections apply to the dé 
‘he i a 


air. ee 


~ 


REFERENCES 
Craccs, J. D., THoRBuRN, R., and Tozer, B. A., 1957, Proc. Roy. Soc. A, 240, 473. 
Harrison, M. A., and GEBaLLe, R., 1953, Phys. Rev., 91,1. 
Tozer, B. A., THORBURN, R., and Craces, J. D., 1958, Proc. Phys. Soc., 72, 1081. — 


Note on the Cathode Glowt 


By K. G. EMELEUS 
Physics Department, Queen’s University, Belfast 


MS. received 19th January 1959 


technique for studying the polarization of the light of isolated lines in the _ 
spectrum of the cathode glow of acold cathode discharge. This has been 

used by him (Shepherd 1959) to investigate H,, which, with other Balmer lines, is 
prominent in the light coming from near the cathode in discharges through 
hydrogen (Emeleus and Hall 1931). Cathode falls of up to 1500 v, with currents 
of order of 10-%a, and pressures of order of 0-1 mmHg were employed. After 
careful elimination of spurious polarization, the conclusion was reached that 
H, was unpolarized; the value of the ratio p=(J,—J,)/(J,;+J2), where J, and 
J. denote the intensity of the light with electric vector parallel and perpendicular 
to the tube axis, was certainly not greater than 0-05. © Shepherd pointed out 
that this result was in apparent contradiction to a result of Seeliger and Handt 
(1929), who obtained a ratio of 0-25 for the mercury line A4347(6!P, —7!D,). 
The relative importance of the various processes which can occur in the cathode 
glow is still not well understood (Druyvesteyn and Penning 1940, Stewart and 
Emeleus 1955), and it appears therefore worth reconsidering Shepherd’s, and 
Seeliger and Handt’s results, to see if they can be made to give further information 
on these points. 
The reason for expecting to find polarization is that the cathode glow is 
traversed by streams of electrons, originating at the cathode surface, and of 


S HEPHERD (1955) has recently developed in this laboratory a photoelectric 


+ Erste Kathodenschicht. 
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positive rays (positive ions together with some neutral particles) moving in 
the opposite direction: ionic retrograde rays (Thomson 1921, p. 96) can probably 
be ignored for the present purpose, as they are likely to be too slow near the 
cathode to excite an appreciable part of the light observed. It is well known 
that excitation by a beam of slow electrons can produce polarized light under 
certain conditions (Massey and Burhop 1952), and that the light emitted from 
hydrogen positive rays behind the cathode is polarized (Thomson 1921, p. 165). 
Conditions might therefore seem to be favourable for occurrence of polarization 
_ in the cathode glow light. 

An analysis of all available data for polarization of the Balmer lines from 
hydrogen positive rays has been made by Ecker (1951), on the basis of a quantum 
mechanical theory of the principal processes involved (Ecker 1950). Ecker 
has shown that theory and experiment are in reasonable agreement. If we use 
typical results from his theory (Ecker 1951, figures 3 and 4), we should expect 
Shepherd’s ratio p to be 0-1 or greater, since the maximum speed of the positive 
rays in Shepherd’s tube was less than7 x 10’ cmsec~, from the maximum cathode 
fall used. This could have been readily observed. 

Failure to find the polarization could arise from several causes. For example: 

(a) There may have been sufficient random motion of the rays radially in 
the tube to reduce the value of p below the detectable limiting value. This is a 
definite possibility. Although many ions may reach the neighbourhood of the 
cathode without undergoing previous collisions under Shepherd’s conditions 
(Emeleus 1951), little is known with certainty about their motion inside the 
cathode dark space; the fact that those emerging at the rear of the cathode through 
a perforation move predominantly parallel to the tube axis gives little useful 
information, since the type of perforation usually employed acts as a directional 
filter. 

(b) The fraction of the light arising from the positive rays may have been 
small compared with the fraction due to electrons, and the latter (infra) have been 
unpolarized or with polarization too small to detect. Again, little is known 
definitely about the relative importance of the two processes. It has been 
suggested that the increase in brightness of the light which occurs on passing 
from normal to abnormal cathode falls in neon, with disappearance of the primary 
dark space, is due to onset of excitation by positive rays (Druyvesteyn and 
Penning 1940); there is also similarity between the spectra of the cathode glow 
and of positive rays behind the cathode in other gases. The last two observations 
imply that at least a substantial part of the light in Shepherd’s tube was due to 
positive rays. 

(c) If the light was largely produced by electrons, it is still uncertain if it 
should be polarized. ‘The speed of the electrons is above 10®cmsec™! at the 
equipotentials in front of the cathode from where most of the light comes. ‘The 

theory of production of polarization by electron collisions is incomplete (Massey 
: and Burhop 1952). For ions of the same speed, so far as they provide a valid 
comparison, p would be less, or reversed in sign (Ecker 1950). This is in 
general accord with Shepherd’s observations. ‘There is however another source 
of uncertainty. Although the Balmer lines are the most prominent feature of the 
spectrum of the cathode glow light, this does not necessarily show that the gas is 
mainly atomic in this neighbourhood. ‘The relative proportions of molecules 
H, and atoms H present are unknown. It is therefore possible in principle for 


tial an 
(Massey and Burhop 1952). 
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We may summarize the conclusions of this note by saying (a) there is no | 


definite inconsistency between the results of Shepherd, and of Seeliger and ; 
Handt, (b) as emphasized previously, knowledge of the properties of the cathode _ 


glow is still very incomplete. 
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single crystals, melting point=860°c) and GeSe (p-type, polycrystals, 

melting point = 780°c) were prepared, by melting the stoichiometric amounts 
of their component materials (Sn, J.M. 99-998°% pure; Ge, about 10Q cm; 
Se, 99-999°%, pure) in an evacuated quartz tube. 


t Now at Research Laboratory, Nippon Electric Co., Kawasaki-shi, Japan. 


[: the present experiment semiconducting specimens of SnSe (p-type, 
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Figure 1. Resistivity, inverse absolute temperature curves for a SnSe single crystal. 
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Figure 2. Hall coefficient, inverse absolute temperature curves for a SnSe single crystal. 


temperature (about 500°c) encountered during the determination of curves B, 
the behaviour of p and R with increasing temperature is shown by curves A 
in the figures, where the anomalous hump of R is found again and indeed, at 
the same temperature as on curve O. The value of R always varies along the 
curve A after quenching from about 500°c and always along the curve B after 
annealing below 200°c for a long time. The behaviour of p and R at high 
temperatures was independent of the presence of the nitrogen gas atmosphere. 
The Hall mobility R/p corresponding to curves O, B and A in figures 1 and 2 
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Figure 3. Hall mobility, inverse absolute temperature curves for SnSe single crystal. 


In an early experiment (Matukura, Yamamoto and Okazaki 1953) a reversal 
of the Hall coefficient for SnSe was observed at high temperatures, while in the 
present experiment this was not the case. This is attributed to marked differences 
in the method of preparation of the materials and in the purity of the tin. The 
early specimens must be considered as having been highly impure and disordered. 
A detailed comparison with the present results would be meaningless. 

Irreversible behaviour such as found in the present experiment has been 
reported for PbS, PbSe and PbTe (Scanlon 1953, Smith 1954). A similarly 
anomalous hump in the Hall coefficient before the onset of intrinsic conduction 
has recently been observed for n-type InAs (Folberth and Weiss 1956), n-type 
GaAs (Folberth and Weiss 1955, Edmond, Broom and Cunnell 1956) and p-type 
PbTe (Shogenji and Uchiyama 1957). No satisfactory explanation has been 
given in the literature. 

The anomalies found in the present investigation may be explained by the 
assumption that there is an electron trap level in the forbidden energy gap 
between the conduction band and the full band or, alternatively, that at high 
temperatures some impurity atoms diffuse through the crystal to be trapped in 
vacancies where they may form new acceptors, different from the original 
ones existing at low temperatures. Further investigations are now being 
made to find whether either of the above assumptions is appropriate. A more 
comprehensive report will be published elsewhere in the near future. 
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REVIEWS OF BOOKS 


The General Properties of Matter, by F. H. Newman and V. H. L. SEARLE. ; 
5th Edition. Pp. xi+428. (London: Edward Arnold, 1957.) 32s. 6d. 


For nearly thirty years ‘ Newman and Searle’ has been a standard text- 
book on the properties of matter for university physics students. This new 
edition (revised by Dr. Searle) retains all the qualities that have made the book 
so popular in the past, and incorporates the changes needed to bring it thoroughly 
and refreshingly up-to-date. 

Much of the material traditionally included in a properties of matter course 
is really applied mathematics, and one of the virtues of Newman and Searle is 
the clarity with which this essential mathematics is set out. Formulae can 
readily be traced, and the book is thus a useful vade mecum for the research 
worker as well as for the undergraduate. It gives immediate answers to such 
questions as the period of a pendulum on a yielding support, or the extension of 
a spiral spring; the relations between the elastic constants; the shapes of soap 
films; the flow of liquids and gases through tubes; molecular constants from 
kinetic theory; forced vibrations; and the propagation of waves on water. 
Only a modest mathematical equipment is assumed: thus calculus is used but 
not vector algebra. ‘The more sophisticated student may possibly regret this 
when faced with the proliferation of symbols in the chapters on vibrations and 
wave motion, but there is, no doubt, some virtue for a beginner in seeing things 
done the long way. 

The chapter on gyroscopic motion gives as clear an account of the subject as 
exists in an elementary book; but it would have spared the beginner several 
worries about signs if consistent use had been made of right-handed axes and 
of the axial vector convention (which the authors do not quote) that the positive 
direction of rotation about an axis is given by the corkscrew rule. 

Throughout the book, references are given to original research papers, many 
of them being of recent date. This may help to combat the too-prevalent 
notion that ‘ properties of matter’ is a closed subject, in which there is little 
worth while left to be done. Accounts are given of gravity surveys carried out 
in the 1950’s, and of submarine gravity measurements. Under elasticity there 
is a brief mention of the behaviour of single crystals, while viscosity is made 
the occasion for a reasonably full account of non-Newtonian liquids. Such 
additions add leavening to the treatment of more fundamental material, which 
constitutes the solid and enduring worth of this excellent textbook. 


H. R. ALLAN. 


Electromagnetic Isotope Separators and Applications of Electromagnetically 
Enriched Isotopes, by J. Kocu, R. H. V. M. Dawton, M. L. Smiru and 
W. Watcuer. Pp. xi+314. (Amsterdam: North Holland, 1958.) 53s. 


This useful book describes the principles which are used in the electro- 
magnetic separation of isotopes, the practical details for accomplishing this and 
some of the uses to which the separated isotopes are put. The book contains a 
wealth but not an overpowering wealth of detail about the construction of a 
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large number of separators both large and small. It is also lavishly illustrated 


_ with photographs. 


The first part of the book is by J. Koch and describes the history of electro- 
Magnetic isotope separation until the beginning of the war and the work done 
since the war with smaller separators, chiefly in the Scandinavian countries. 
The second section of the book is by R. H. V. M. Dawton and M. L.-Smith and 
is devoted to discussions of isotope separation on the grand scale of gramme to 
kilogramme quantities. It is to be regretted that details of the very large 
Russian isotope separators which became available shortly before this book went 
to press could not be included in this section. A striking feature of the com- 
parison between Russian and British methods in this field is the near identity 
of several elements of the systems—for example the construction of graphite 
ion sources and the techniques evolved for the production of machining of 
sufficiently flexible graphite. 

A The final section by W. Walcher considers certain general problems involved 
in isotope separation in more detail. Here we find a treatment of dispersion and 


_ resolving power, discussions of the effects of space charge and considerations 


behind the production of the very high currents which are needed to effect a 
rapid separation. 

The book is well produced and printed and should form a valuable and 
effective starting point for anyone interested in these problems. Workers in 
many fields, as this book shows, are vitally dependent on the supply of separated 
stable isotopes which is effected chiefly through A.E.R.E., Harwell, and Oak 
Ridge. It is essential to the work of many laboratories that these supplies 
should be maintained and it is to be hoped that the authorities at these two 
great institutions appreciate the degree to which this service is valued. 

D. H. WILKINSON. 


Semiconductors and Phosphors.—Proceedings of the International Colloquium 
1956 at Garmisch-Partenkirchen. Ed. M. ScHon and H. WELKER. 
Pp. viii+684. (Braunschweig : Vieweg & Sohn, 1958.) DM. 68. 


The first International Conference on Semiconductors took place at Reading 
in 1950. Its proceedings were published by Butterworths in 1951. ‘The 
second Conference, in Amsterdam 1954, was reported in Physica, 20, 1954. 
The present volume shares with the earlier reports its great value as a first-hand 
summary of the position of the subject, of the work in progress, and of the 
trend of ideas. It differs from the preceding reports by being twice the size, 
by including luminescence, and by a long delay in its publication. The 
yolume contains 100 contributions in English, French, and German, varying 
in length from half a page to fifty pages, and relating to a wide variety of 
problems in the field of semiconductors and luminescence. 

At least ever since Mott and Gurney’s Electronic Processes . . . the con- 
nection between semiconductors and phosphors is well recognized, so that 
one Conference might reasonably deal with both subjects. "The combination 
has not, however, been entirely successful because in only few of the con- 
tributions to this volume this connection is apparent : as the papers on 
luminescence take less than one-third of the space, the burden of the double 
scope falls more heavily on readers with a particular interest in luminescence. 
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The fourth Conference on Semiconductors (Rochester 1958) did in fact, wig 
restrict the scope to semiconduction proper. ; a: 

It is obvious that of the material presented in this book, a large portion is 
by now available elsewhere, or improved upon. In spite of this, the ete 
volume must, as well as the earlier ones, be regarded as a basic book on 
semiconductors, and to a somewhat lesser extent on luminescence. 

These volumes form, to my mind, the most readable and valuable progress 
reports on the subject. W. EHRENBERG. 


Satellites and Space Flight, by E. Burcess. Pp. vii+ 159. (London: Chapman 
- and Hall, 1957.) 21s. 


The subject of this book is one which only a few years ago would have been 
regarded as decidedly futuristic. This may still be true as far as it is concerned 
with manned flight to the moon, but the use of space probes is already developing 
rapidly. The author was perhaps unfortunate in that his book first appeared 
just before the Russians launched the first satellite, but in other respects it 1s 
quite up to date. Thus the first chapter, which deals with Instrumented Earth 
Satellites, is concerned mainly with the ill-fated American Vanguard Project, 
but the third chapter on Probing into Space is now most appropriate and a useful 
source of information about the possibilities and difficulties of lunar probing. 
Chapters 2, 4 and 5 are concerned with manned space flight, the second dealing 
with Manned Satellite Stations, the fourth with Expeditions to the Moon, and 
the fifth with the Establishment of a Lunar Base. The concluding chapter 
deals with Interplanetary Flight. 

Although the emphasis of the book is mainly on space travel, rather than the 
use of space probes, the scientific study of the earth’s outer atmosphere, inter- 
planetary space and the moon, it is technically quite sound, is well illustrated 
and clearly written. That the author is reasonably conservative may be gathered 
from his statement in the preface that ‘‘ Experience gained..... may be used 
to send an expedition to the Moon by the end of the present century ”’. 

H. S. W. MASSEY. 


Stellar Populations, edited by D. J. K. O’CoNNELL. Pp. xiii+544. (Amster- 
dam: North-Holland Publishing Company, 1958.) 76s. 


This book is a report of the proceedings of a conference sponsored by the 
Pontifical Academy of Science and held in the Vatican in May 1957. ‘The 24 
invited to this restricted conference were all authorities in this field of work. 
There were 36 papers contributed and in each case the ensuing discussion was 
fully reported. 

The report is not in any sense a review of the subject but is a collection of 
original contributions. It will be required by all astronomical or general scientific 
libraries that cater for astronomical or astrophysical readers. ‘The subject 
headings are galaxies, clusters, young populations, variable stars, evolution and 
element abundance, our own galaxy, and galactic evolution and kinematic 
behaviour. Summaries from the physical and astronomical points of view were 
provided by F. Hoyle and J. H. Oort. C. W. ALLEN. 
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Expansion Machines for Low Temperature Processes, by S. C. COLLINS and 
; R. L. Cannapay. Pp. vii+115. (Oxford Library of the Physical Sciences.) 
(Oxford : University Press, 1958.) 12s. 6d. 


In 1958 Professor Collins was awarded the Kamerlingh Onnes Medal for 
the development of the helium liquefier which bears his name and which is 
commercially produced by the A. D. Little Company. This important develop- 
ment in cryogenics has led to a very wide application of low temperature research 
and techniques since the war. His little book on low temperature expansion 
machines, written in collaboration with Lieutenant Cannaday, deals more 
generally with cryogenic devices doing external work. After a short chapter 
in which the principle of such cooling machines is set out in its barest form, an 
interesting account of early refrigerating machines is given. This is followed 
by a discussion of cooling systems such as cascades, Joule-Thomson cooling, 
expansion engines and combinations of these systems. The next section, again 
largely historical, deals with reciprocating expansion engines. It is here where 
the story of the successful helium engine is traced from Kapitza’s original 
model over a diaphragm engine, developed by Collins but never fully tested, 
to the model which has gone into large scale production. Cooling turbines, 
another field in which Kapitza did pioneer work and which has assumed very 
great importance in the production of tonnage oxygen, are dealt with next. 
The final chapter is devoted to a short description of refrigeration cycles 
embodying expansion engines and among these is the Philips engine developed 
by Kohler and Jonkers. 

In addition to the rather small number of low temperature physicists who are 
interested in refrigeration, this excellent little book will mainly appeal to students 
of refrigeration, mechanical and chemical engineering. It is therefore perhaps 
to be deplored that it should have come out as the fourth volume in a series in 
which it is preceded by three books on theoretical physics. K. MENDELSSOHN. 


The Physics of Flow through Porous Media, by A. E. ScHEIDEGGER. Pp. xii+236. 
(Toronto : University Press ; ~London : Oxford University Press, 1957.) 
£5 10s. 

Flow through fine channels is a study which is gaining importance in various 
fields of pure and applied research and Dr. Scheidegger’s monograph will be 
welcomed by all who are in one way or another connected with the subject. 
Very few books on the subject exist so far, and some of these are in Russian. 
Apart from providing a clear and readable account, the author gives an exhaustive 
list of references to original papers which is particularly useful in a borderline 
field where the relevant papers are scattered over a wide variety of journals. 

The author begins by describing the nature of porous media and the investi- 
gation of their basic properties. Next, a short outline of fluid mechanics, 
insofar as it is necessary for the treatment of the whole problem, is given. After 
a third introductory chapter, on hydrostatics in porous media, the main problem 
is treated in five chapters. ‘Two of these deal with Darcy’s law and its solutions. 
The theoretical treatment of permeability is discussed in some detail and the 
author gives a critical appraisal of the hydraulic radius theory. The problems 
arising from the influence of molecular effects and at high flow velocities, both 
of which lie outside the limits within which Darcy’s law is applicable, are dealt 
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with in a chapter on general flow equations. Finally a short but very useful 
survey is made of the phenomena encountered in the flow of more than one 
component. Most of this is taken up with the study of immiscible fluids but 
the important case of seepage of fresh into salt water is also treated. ; 

While it is clear that the book will be mainly of value to geologists and 
engineers, those physicists into whose work problems of capillary flow enter will 
find it informative and useful. K. MENDELSSOHN. 


Progress in Crystal Physics, Vol. 1, edited by R. S. KRISHNAN. Pp. vi+ 198. 
(Madras: S. Viswanathan, 1958.) 30s. 


The volume under review is the first of a series giving an account of branches 
of solid state physics which are of particular interest to the group working in 
Bangalore under Dr. R. S. Krishnan. The subjects covered in this volume are : 
thermal expansion, thermal conductivity, elastic constants, photoelasticity, 
thermo-optical behaviour, the Faraday effect in diamagnetic crystals and the 
dielectric properties of ionic crystals. 

Each of the articles is a survey by the editor or by one or more of his 
collaborators. These are written to a more or less uniform plan. The theoretical 
background and the main experimental techniques are considered in brief ; 
the more recent work in the subject is treated in a little more detail and the 
article closes with a comprehensive bibliography and with sets of tables 
containing numerical data. 

The book will serve a useful purpose in drawing attention to the work 
carried out at Bangalore in fields which have not received much attention 
elsewhere ; though many of the subjects have been reviewed during the past 
few years, it is always desirable to have up-to-date surveys, particularly when the 
authors have themselves worked in the fields covered. 

What is somewhat disappointing is the absence of any marked point of view, 
particularly on the theoretical side. In the section on thermal expansion one 
finds, for instance, that Raman’s views on lattice vibrations are given the same 
consideration as the work of Born. Onemight have expected that a group which 
has been concerned with solid state physics for seventeen years (as pointed out 
by Dr. Krishnan in the preface) would have definite views on the relative merits 
of theories and of techniques. If such views exists, these have been remarkably 
well concealed. 

In what is a particularly useful aspect of the surveys, the compilation of data, 
one misses the use of diagrams, which are also conspicuously absent throughout 
the book. This may well be due to the desire to limit the cost of the book, 


which is remarkably low considering the high quality of the printing and the 


presentation M. BLACKMAN. 
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: in the iso-butyl bromide molecule one of the methyl groups is less 
b rotate about its C, axis than the other and that therefore the stable isomer- 
s in what may be called the gauche configuration. A severe line narrowing in 
the supercooled liquid centred at —157°c is interpreted as due to reorientation 
__ of the molecule as a whole at a rate which is in excellent agreement with dielectric 
s loss measurements. — Reorientation of the whole molecule in the crystal only 
~ occurs slowly, if at all, below the melting point. The line widths are 7-2 gauss 
and 4x 10-4 gauss respectively just below the melting point. 


§ 1. INTRODUCTION 


HE proton magnetic resonance absorption line width in the material and 
in the temperature range under discussion is due to direct dipole-dipole 
interaction between the nuclear magnets. The absorption therefore 
depends on the distances between the nuclei and the orientation of the lines 
joining any pair with respect to the main magnetic field. Since the lines have 
no structure we report only the line width 6H which is the distance between 
maxima of dy/dH where 7 is the nuclear resonance absorption coefficient, and 
the second moment of the line shape 


AH,= | (H)(H — H,)? dH / { (H) dH 


__ which has a particularly simple theoretical significance. The measurements 
: were made at a resonant frequency of 15 Mc/s using apparatus of now well- 
known form (Gutowsky et al. 1953, Powles 1956). The absorption line width 
and the experimental second moment are reduced by motion above a particular 
frequency partly because the magnetic field at a nucleus due to another tends 
to be averaged out. This effect can be used to deduce rates of motion in the 
material, what is moving and how it is moving. For instance in the present 
example it is possible to distinguish motion of part of the molecule (a CH; group) 
and the molecule as a whole. 


§ 2. RESULTS 


7 Figure 1 shows the variation in line width SH with temperature. Figure 2 
| shows the variation of AH,?. On cooling iso-butyl bromide normally forms a 
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Figure 1. Variation in line width as a function of temperature for iso-butyl b bror Lic 
as a crystal and as a supercooled liquid. Some measurements are also 's 
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Figure 2. ‘The second moment as a function of temperature for iso-butyl bromide, as a 
crystal and as a supercooled liquid. Calculated values of AH,” are indicated for 
the: rigid lattice, for one methyl group per molecule in completely effective C, 
reorientation and for two methyl groups reorienting. Dielectric loss measurements 
on the supercooled liquid at 50 ke/s are also shown (Baker and Smyth 1939). 


If the glass is held at — 190°c over night and then brought up to about — 135°c 
the crystal begins to form and the sample changes almost completely to the 
crystal in about two hours. Presumably crystal nuclei form at the lower 
temperature but cannot grow at an appreciable rate until the temperature is 
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Figure 3. Derivative absorption curves for various crystal—-supercooled liquid mixtures 
~ estimated as 25°, 60% and 93% crystal (broad line). The liquid (narrow) line 
is inhomogeneity broadened. 


The true line width of the supercooled liquid in this temperature region 
(4x 10-4 gauss) was measured by the spin echo technique (Hahn 1950) and 
these results are reported elsewhere (Luszczynski and Powles 1959). We have 
found no evidence that the line width of the supercooled liquid part of a mixture 
differs from that in 100% supercooled liquid except that a mixture with less. 
than 20°% crystal showed (figure 1) a lower value of 6H in the region — 160 to 
—175°c although this does not significantly affect the second moment (figure 2). 
This surprising result merits closer investigation since we have here very probably 
a rather intimate mixture of crystalline and amorphous materials. Crystalline 
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and N the number of protons interacting together. This formula becomes 
AHy2= 72045 Rij-Pgauss® eee (1’) 
| Nii 
with R’,, the separations in A. The only magnetic nuclei other than protons 
are the bromine nuclei (and the 1-194 abundant C) which make a negligible 
contribution to AH,,? in the present case. This formula assumes that the lattice 
is ‘rigid’ which in the present case means that any motion occurs at an effective 
frequency of less than about 50 kc/s (equation (2)). If motion sufficiently rapid 
to narrow the line occurs the experimental second moment is reduced (to AH,,,? 


say) in a calculable manner. In the intermediate region an approximate formula 
is (Gutowsky and Pake 1950) 


rs Ad. ‘ 
(AH,? — AH,,,”) = (AH,,2 — AH,,,7) — tan (y a ll er ee (2) 
7 Ve 
where », is the effective frequency of the motion and y is the gyromagnetic ratio. 
Hence a restricted amount of information about the rate of motion as a function 
of temperature can be obtained. 


3.1. The Second Moment for the Rigid Lattice 


The sum in equation (1) may be divided into three contributions (i) that 
due to two isolated methyl groups and an isolated methylene group, (ii) other 
interactions internal to the molecule, (iii) interactions with protons in neighbouring 
molecules. The contribution (i) is readily calculated assuming C-H = 1-094, 
and the angle HCH=109-6°. AH,? for CH,;=22-5 gauss? and AH,? for 
CH, = 11-2 gauss? so that AH,? for (i)=17-5 gauss”. Contribution (ii) depends 
on the structure of the molecule which can exist in two isomeric forms. We have 
calculated the contribution to AH,2 for the configurations of figure 4(a) which 
we shall call the trans and gauche forms and have assumed that the methyl 
group(s) near the bromine atom in each case are placed with two protons 
equidistant from the bromine, although the result does not depend much on 
this choice and find AH,?(i) + (ii)=22-5 gauss? for both gauche and trans (the 
exact equality is a coincidence). Contribution (iii) cannot be estimated with 
any confidence in the absence of crystal structure data, and even less so for the 
supercooled liquid. However, in such a material with a high concentration of 
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where p is the magnetic moment of the proton, R,, are the proton separations 
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trans (b) gauche 
cy: Figure 4. Isomers of (a) iso-butyl bromide, and (5) n-propyl bromide. 

The crystal may be expected to show a rather larger second moment, since the 
__ molecules in a regular configuration may be expected to have slightly shorter 
inter-proton distances. Thus AH,,” does not indicate whether the molecules 
in the crystal are different isomers or a different distribution of isomers from that 
in the supercooled liquid; however, below we find evidence that the isomers are 
the same in both cases. Incidentally the lone proton signal proves to be well 
broadened and so no narrow line component is expected from it. 


3.2. Limited Motional Narrowing 


_ The liquid line narrows to a new value of second moment of 18 gauss? at 
about —165°c with the transition (in AH,”) centred at — 175°c. The crystal 
line narrows to a rather smaller value centred at about — 160°c but continues. 
to fall rather slowly towards the melting point at — 118°c. It is well known 
(e.g. Powles and Gutowsky 1953) that in molecular crystals in which the 
molecules have methyl groups that the first line narrowing is frequently associated 
with reorientation of the methyl group about its own C; axis, indeed the narrowing 
= often occurs at about —170°c, The second moment for Cz reorientation of 
a one or both methyl groups in the molecule’ is readily calculated. In the 
contribution (i) AH,? for CH; is now 22-5/4=5-6 gauss? and the effect on (ii) 
is and (iii) may be estimated (Andrew 1950). We find 

AH,2, for one CH, per molecule rotating, is 18-8 gauss”, 


for two CH, per molecule rotating, is 10-6 gauss”. 


fo 
groups are in effecti 


molecule has one of its two methyl groups rotating. In the liquid a regular — 


environment is not present which tends against (a). (6) is in itself improbable. — 


(c) seems most reasonable and suggests a study of the structure of the molecule. 


The most stable isomer of iso-butyl bromide is not known. General results _ 


on molecules of this type (regarding it as a substituted ethane) make it almost 
certain that it exists in a staggered configuration (Mizushima 1954) so that there 
are only two distinct isomers (figure 4 (a)). 


The corresponding iso-butyl chloride molecule exists in both forms in the 


liquid as evidenced by the two infra-red absorption lines associated with the 
C—Cl stretching vibration (Brown and Sheppard 1954b) although which is 
the lower energy form has not been determined. In mz-propyl bromide 
((CH;)CH,CH,Br) which is perhaps the most similar molecule for which 
definite information is available, the trans form is the most stable in the 
crystalline phase (Brown and Sheppard 1954a) but the difference in energy 
is very small in the liquid (Komaki et al. 1955). It may be that electrostatic 
attraction between Br and CH, makes the gauche form less unfavourable than 
expected (Szasz 1955). 

Iso-butyl bromide may be obtained from n-propyl bromide by replacement 
of one hydrogen by a methyl group but then trans n-propyl bromide becomes 
gauche iso-butyl bromide so that unless this substitution changes the intra- 
molecular forces the gauche form of iso-butyl bromide is favoured. Again steric 
considerations (Szasz 1955) suggest that the gauche is more stable than the trans 
by analogy with the situation in isopentane ((CH;),CHCH,CH;) and 
1, 1, 2-trichloroethane (Cl,CHCH,Cl) (Scott et al. 1954, DiGiacomo and 
Smyth 1955). However, both forms are observed in infra-red (Szasz 1955) 
and Raman spectra (Kohlrausch 1943) at room temperature so that the energy 
difference cannot be greater than about J kcalmol— if 10% of one species is 
detectable. A contemporary interpretation of the Raman spectra would seem 
to indicate that the form we have called gauche is the lower energy one. If we 
assume that one isomer predominates (say 90°) at —165°c, as seems likely 
from the nuclear resonance results, the energy difference must be greater than 
about 0-3 kcalmol-! if the supercooled liquid contains the equilibrium 
proportion of isomers and intermolecular forces are ignored. The equilibrium 
seems to be assured by the observation, in a later section, that the whole molecule 
reorients with a relaxation time of about 10-5 seconds even at —157°c and it 
may be assumed that this gives frequent opportunities for internal conversion. 

Using the usual interatomic distances and the van der Waals radii (Pauling 
1948) suggests that in the trans form of iso-butyl bromide the bromine atom 
may seriously hinder the rotation of both the methyl groups whereas in the 
gauche form only one is blocked. The closest approach between the Br nucleus 
and one of the protons of a methyl group as the latter rotates is 2-5 A but the sum 
of the van der Waals radii of bromine and hydrogen is 3-154. Alternatively 
one may postulate forces between the close bromine and methyl group which 
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will increase the energy barriers to the rotation of both or one of the methyl 


_ groups according to the isomer. 


‘The nuclear magnetic resonance results indicate clearly that one methyl 
group can reorient much more rapidly than the other. This is in favour of the 


; gauche configuration and that this form may be stable with respect to the other 


isomer by a few hundred cal mol-?. 

The energy barrier to reorientation even of this freer methyl group may be 
greater than 12 + 4 kcal mol if the fall of AH,* with temperature in the region 
of —175°c is used in equation (2). This figure may well be low in view of the 


- possibility of a distribution of relaxation times (Powles and Luszczynski 1959) 


and tunnelling (Powles and Gutowsky 1955). 

In the crystal a similar line width transition to about 16 gauss” occurs some 
15° higher and may be interpreted in the same way. In this case the crystal may 
also contain only gauche molecules. The higher transition temperature may be 
due to the slightly larger intermolecular forces due to the closer packing. However 
this does not fit with the slower variation of AH,” with temperature. This could 
be ascribed to a higher but partly temperature dependent barrier associated 


with intermolecular forces in the expanding crystal. The slow fall in second 


moment above —150°c may be due to further restricted motion which we are 
unable to identify from these measurements. It could be due to the reorientation 
of the second methyl groups as the temperature rises. 


3.3. The Severe Narrowing Region 


The narrowing in the supercooled liquid centred at about — 157°c is so great 
as to require thermal reorientation of the molecule as a whole (which will narrow 
the signal even if one methyl group in the molecule is blocked) and even requires 
translational motion with correlation time of less than 10~° second. ‘This 
interpretation receives support from the measurements of dielectric loss which 
reflect the rate of reorientation of the C-Br bond. The measured dielectric 
tan5 at 50 kc/s as a function of temperature is shown on figure 2 (Baker and 
Smyth 1939) and the correlation is excellent. The reorientation of the C-Br 
bond only necessarily causes reorientation of the inter-proton directions for the 
protons attached to the same carbon atom. However, the whole of the nuclear 
resonance line narrows so all the protons take part in the motion with substantially 
the same correlation time, in other words the whole molecule moves. 

It is notable that this severe narrowing does not occur in the crystal below 
the melting point. This means that molecular reorientation, if any, is at a rate 
lower than about 50 kc/s. In concert with this the dielectric constant shows no 
dipolar contribution in the crystal at least for frequencies down to 500 c/s (Baker 
and Smyth 1939). Presumably the molecules in the regular arrangement in the 
crystal are prevented from reorienting by larger intermolecular forces. At the 
melting point freedom of reorientation is acquired and this narrow line region 
will be discussed elsewhere (Luszczynski and Powles 1959). The melting 
was not sharp in that over a range of some 5°c the proportion of narrow to broad 
line increased continuously. No ‘ntermediate line width was observed. The 
low frequency dielectric constant is reported to rise gradually to the liquid value 
in a similar range (Baker and Smyth 1939) and this is evidently the dielectric 
constant of a mixture rather than a premelting phenomenon in the solid. 
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describes a simple and direct way of measuring self-absorption. 
charge. The results obtained with hydrogen and helium at 
between 12 microns and 16mm of Hg are used to determine 
ibsorption coefficients and excited level populations. Under the conditions 
_ described, self-absorption of H, and H, must be taken into account when 
measuring line intensities. aes 


= 


a § 1. INTRODUCTION sae 


"HIS paper describes self-absorption measurements which were made 
2 on the line spectra from low pressure electrodeless discharges in hydrogen, 
helium and helium—hydrogen mixtures. The work is part of a fuller study 


‘described elsewhere (Harrison 1957). 


§ 2. "THEORY 
Cowan and Dieke (1948) have made a theoretical study of self-absorption 
and they give many references to other work. Bartels (1950) describes a method 
of measuring discharge temperatures from self-absorption. Edels (1952) has 
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discussed the problem of self-absorption in arcs in thermal equilibrium, and 

Minkowski (1930) has studied flames. Recently workers have studied the 
___ Balmer spectrum from electrodeless, and d.c. discharges, in hydrogen, but very 
Lf few have considered the importance of self-absorption when measuring 
ir intensities. Some workers used the measured line intensity ratios, to deduce 
7 excitation temperatures. The results described here show that these temperatures 
fr may be incorrect if no allowance is made for self-absorption in H,, H, and H,,. 


The self-absorption was measured by placing a plane mirror behind the 
discharge tube so that light from the plasma was reflected back, through the 
plasma, and into the spectrograph. By comparing the intensity reaching the 
spectrograph, first with and then without, the mirror covered by black paper, 
the absorption coefficient was obtained as follows: The discharge plasma can 
be regarded as a uniform cylinder of diameter D and length d. The optical 
arrangement is represented by figure 1, provided 20(t+2d + 2a) <D, which was 
the case for all measurements. Suppose F is the fraction of normally incident 
light which is reflected by the mirror and F4 is the fraction of normally incident 
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Figure 1. Diner, of the optical arrangement. . 


Suppose the intensity emitted in the frequency interval df is E; df per unit 
volume of the plasma, then the total intensity of the emitted line is [= LEsd, | 
the integration being across the whole line. 

Suppose also that light from the element dx is partly absorbed. Ge to 
Ey,= = es exp (—k,«) where k, is the absorption coefficient for light of frequency f 
in cm-!, The intensity reaching the spectrograph directly is 


h= | ik (eA exp (fet) Oxide 68 Weenies (3) 


and similarly the intensity reaching ane espectengraph after reflection in the 
mirror is 


f pd 2 i 
rages ‘ FF SE, exp{—k,(d—x)}exp(—h,d)dxdf. ...... (4) 


The ratio I,/J) was measured experimentally. The variation of E, and k, with 
frequency depends on the line profile. If a rectangular shape is assumed 
T,/ p= Fo2F exp (— kpd) where ky is the absorption coefficient at the line centre. 

In practice the lines probably had a Doppler profile (Harrison 1957) so that 
ky=ky exp (— w*) and E,= Ey exp (—w”) 


where as ae zh (In 2)42 
and ; 
12 
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where Af,=the Doppler breadth (see, for example, Mitchell and Zemansky 
1934); fo=frequency at line centre; R=gas constant; M=molecular weight; 
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- is convenient to be able to calculate the intensity 4, which would have 
een observed had there been no self-absorption from the measured intensity, 


a 


m- It can be shown that I, = ImG' (hod) AH Se i . 
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The function G' (kd) has also been evaluated and is shown in figure 2. 
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Figure 2. Graphs of the functions G(kod) and G' (kod). 


The values of k, obtained assuming a Doppler profile are between 1-5 and 
1-9 times greater than those obtained assuming a rectangular profile. It seems 
4 likely, therefore, that the values for ky are of the right order, even if the profile 
__— was not of true Doppler shape. = 

7 This mathematical treatment can be refined to allow for radial non-uniformity 
in the plasma: this was done for the results which follow by using as references, 
-_ |ines which had previously been shown to be free from self-absorption. The 
method showed that the hydrogen plasma was more intense at the centre, at 
pressures below 100 microns and tended to become a ‘ring’ discharge above 
this pressure. At 100 microns the plasma was radially uniform within the errors 


of the experiment. The helium plasma behaved in a similar way, being radially 
uniform at 400 microns. 
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(iii) A quartz spectrograph fitted with a photomultiplier and a microammeter. 
The signal from the intense lines was attenuated as described by Harrison and 
Craggs (1958). Care was taken to calibrate the spectrograph slits and to check 
the linearity of the photomultiplier, the stability of its power supply, and the 
overall spectral response of the system, =~ ‘ nore 

The mirror finally chosen to reflect the light back through the discharge was 
not a front silvered or aluminized one, as these types were found to vary in 
reflectivity with time; instead an ordinary back silvered mirror was used and 
this was found to be stable. 


§ 4. RESULTS 


The results obtained showed that self-absorption could be detected in the 
first three lines of the Balmer spectrum and in nine of the thirteen lines of the 
helium spectrum which were studied. A more surprising result was that 
self-absorption could be detected in H, and H, lines emitted from a helium— 
hydrogen mixture containing only about 1% of hydrogen. 

The following tables show the values obtained for the absorption coefficient 
ko, in cm~!, under various conditions. The values in brackets after each k, value 
are the corrected absolute intensities of each line in kilo-ergs per second per 
cubic centimetre of plasma, accurate to 10%. In each case the power quoted 
is the power fed into the last stage of the oscillator. 


Table 1. ky (cm-") in Hydrogen at 500 watts 


Pressure of Hydrogen 


Line 12p 25h 50 100u 200 pu 400 uw 
Ee 0-05(160) 0-14(310) —0-19(630) —0-64(1000) 0-82(1200) 0-42(810) 
H,  0-04(30) —0-06(46). -_—-0-07(83)_—-012(100) —-0-29(110)_0-11(58) 
Eee. 0-04(8:2) 0-03(11) 0:05(18) 0-06(21) 0:07(19) 0:06(8-7) 
d (cm) 6 6 5:5 5 4-5 -— 


The quantity d is the observed length of the plasma. 


(470) 0-42(390) 0-47(730) 
-07(34) —0-12(44) -—0-10(64) : 
— 15) 0-06(29)  0-06(25) 


)  0-17(54) 0-17(100) 0-14(98) 0: 
ep 88862) Diy 89 Lie * 0088-7) 
4026 -=———(0-03(8-1) 0-06(13) 0-06(21)0-03(15) 0-0413) = 
3965 = (0-03 (5-7) 0-03(7-9)  0-03(6:7) 0-03(5-5)  — 
3889 019(74)0-25(140) 0-26(250) 0-19(220) 0-17(190) 0-12(100) 
3820, — —_ 0-03(3-2) 003/40)  — —. es 
-d(cm) 6 55 ean a 4 3-5 


_ No value is given for kp when the measured value was found to be less than 0-03 because 
the maximum experimental error is about 0-04 or 20% whichever is the larger. 


Table 4. &, in Helium at a pressure of 400 microns 
ee Se = = a — > 


“ait Power 

Wavelength (A) 100 w 200 w 400 w 
5876 0-37(23) 0:44(84) 0-45(170) 
5016 0-122°1),- ~ 0-12(6°6) —0-10(14) 
4922 0-04(0-96) 0-:06(2°9) '0-06(6-2) 
4472 0-07(3-6) 0-13(11) 0-13(22) 
4388 — — ~0:03(0-82) 
4026 0-03(0-85) 0-04(2-0) 0:04(3-4) 
3965 0:05(0:27) 0-:05(0-76) — 
3889 0:26(10) 0-23(26) 0:19(47) 
d(cm) 4°5 4-5 4-5 


ee ee a ee ee ee eee 

The values of k, in helium plus 1% hydrogen, at 500 watts are not being 
given in full. The kp values for H, were found to be 0-07 at 400 microns, 
9-04 at 800 microns and 0-04 at 1-6mm while those for H, were 0-05 at 
400 microns and 0-03 at 800 microns. At 200 microns and below no self- 
absorption of the Balmer lines could be detected. The self-absorption and 
intensities of the helium lines were both reduced compared with table 3, the 
reductions being greater at the higher pressures. 

The importance of self-absorption in the electrodeless discharge can be 
judged rather better by substituting values in equation (6) for kod, than from the 
kod values alone. With 200 microns of hydrogen excited at 500 watts, H, appears 
as only 40% of its true intensity, H, only 66% and H, 90%; the kod values were 
taken from table 1. Similar results can easily be obtained from the other tables. 


As ae wa. 
wriet.¢ 


<> 


Wavelength (A) 100w 200w  400w 600 we Fe 
5876 0-42(490) —0-38(440) —-0-53(1200)-0-51(1300) 
5016 0-09(41) 0-10(44) 0-12(130) "_, 0-12(140) = = uae 
4922 - 0-05(17) 0-05(17) —-0-08(48) ~——s«0-08(48) . 
4472 ——-0-08(61) 0-09(58) 0-22(170)  0-20(180) 

4388 — = ~0-03(5-8) 0-03(6-2) 
4026 0-03(9-1)  0-03(9-6) —-0-07(25) 0-08(24) E 
3965 = 0-03(4:3)  0-05(12) 0-04(12) 

3889 0-20(130)  0-20(130) ~—-0-21(380) ~—-0-22(390) 
3820 = =! 0-05(5:0) — 0-05(5-0) 
d(cm) 4-5 4:5 4°5 4°5 


§ 5. DiscussION OF RESULTS 


It will be noticed that the absolute intensities per cubic centimetre are very 
much higher in table 5. ‘This is partly because the volume of the discharge 
tube is less (by a factor of 3), and partly because better matching of the oscillator 
could be obtained with the smaller tube. The k, values of table 5, however, 
compare well with table 4. 

From the ky values for the hydrogen discharge, the number of excited atoms 
in level m=2 can be found as follows: It has been shown (Mitchell and Zemansky 
1934) that 


ta BW Near Wale : LN, 
Rpt eee BE AeA, ded 2n='n 
0 nal 2) Gree ee ae ee 


can be neglected compared with unity. In this case g,,N,,/g,,N,,-=0-024 so can 
be neglected. A, is the wavelength of the absorbed line; g,, is the statistical 
weight of the upper level; g,,, is the statistical weight of the lower (absorbing) 
level; N,,, is the number of atoms/cm? in the lower level; A,,,,, is the Einstein 
transition probability for transitions from level n to level n’. 

The formula for ky holds only if Doppler broadening is the process which 
determines the emitted line profile. For H,, Af,=6°55x10®sec-!, and 
substituting the appropriate values in the equation for ky gives N, = 4-14 x TORS: 
For Hg, Afp =8-84 x 10° sec so that N,=30x10"R). By considering again 
table 2, the following N, level populations can be obtained. 


200 w 400 w 900 w 
From H, 5 eo LG 28 x AQY 50010 
From H, 18x10" 39 Rose 54« 10% 


4 


1 probabilities were taken from Petrie (1948) and Tsui 


It will be noticed that the lowest lying excited state, the 23S, contains many 
re atoms than the other three levels added together. The work of Phelps 
d Pack (1953) showed that helium singlet metastables (21S) were converted 
into triplet metastables (2°S) as a result of collisions with slow electrons. This 
_ might explain why the observed 23S density is about six times greater than the 
24S density. A rather surprising result is the fact that the 2'S and 2!P are almost 
equally favoured while the former is lower lying and metastable and the other - 


is not, 
Table 6 oS 

_ (1) (2) (3 (4) (5) (6) 
- 5016 218 13-7 4-28 O10 ora FT 
=. 3965 21S —~$-13 5-42 0-03 11 
4922 2\P 19-7 4-37 0-06 8-8 

i 4388 21P 8-67 4-89 0-03 14 
3889 2S 9-28 5-53 0-19 67 
ie 5876 2°P 68-0 3-65 0-50 13 
- 4472 2°P 25-0 4-80 0:14 22 
a 4026 25P 12-8 5-34 0-03 13 


-3 : 
es ; (1) Wavelength (A); (2) absorbing level; (3) Einstein transition probability in units of 
10® sec-!; (4) Doppler width Afp at 400°K in units of 10° sec; (5) ko; (6) excited atom 
density in units of 101° cm’. 


oe The total excited atom density is in the region of 10 cm~™* while the total 

EB atom density is 1-4 x 10" cm~-%, thus only about one atom in every 14000 is 

: excited at any instant. 

| The difference between the 23P level density as calculated from the 58764 line 
and the 44724 line is difficult to explain. 


is § 6. CONCLUSIONS 
fe Using a mirror to reflect the light emitted from an electrodeless discharge 


back through the plasma is a conveniently simple and direct way of measuring 
self-absorption. The method is only applicable if the emitted line profile is 
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Lattice Screening in Polar Semiconductorst 


By S. DONIACH 
Department of Theoretical Physics, The University of Liverpool 


Communicated by H. Fréhlich; MS. received 15th January 1959 


Abstract. The influence of space charge screening on electron-phonon scattering 
"in a polar semiconductor is discussed. Owing to the high optical mode frequency 


the polarization of conduction electron space charge, by the lattice, must be 
treated in a dynamic way. 

In the limit of long lattice waves the classical Drude formula may be used, 
suggesting that the space charge polarization may lead to the enhancement of 
electron-optical mode phonon scattering probabilities, as opposed to the near 
static screening effect occurring for acoustic mode phonons. 

A calculation is made of the detailed wave number and frequency dependence 
of the space charge polarization by the lattice, using a self-consistent field 
approximation. At low temperatures, and for fairly low conduction electron 
concentrations, the Drude type enhancement is confirmed. 


§ 1. Discussion 

ALCULATIONS of electron-phonon scattering probabilities in semi- 
i conductors usually ignore the possibility of screening effects due to the 

conduction electron space charge. In the case of long wave acoustic 
mode phonons where the lattice frequency is low enough, an estimate of such 
screening effects can be made using the classical Debye—Hiickel theory. This 
predicts a slight quenching of electron-phonon scattering probabilities for 
lattice waves with wavelengths longer than the Debye length, (4ane?/e,KT)¥? 
(n is the number concentration of conduction electrons, «) the background 
dielectric constant). 

In polar semiconductors, on the other hand, the important electron-scattering 
modes of the lattice may be the optical mode vibrations which have a high 
vibration frequency at long wavelengths. The purpose of this paper is to point 
out that at such high frequencies the static, Debye, treatment of screening must 
break down. This can be qualitatively understood by considering the screening 
of very long wave optical mode lattice vibrations. In this limit the electron 
response follows from the classical Drude formula for the response E to an 


iwt » 


oscillating applied electric field D=Dye™: 

1 

E= are We Hneoks (1) 
(where wy is the plasma frequency, (4zrne?/m* )"; m* is the conduction electron 
effective mass). Since for a polar lattice w may be larger than wp, the Drude 
dielectric constant can then be less than unity and the effect of space charge 
screening may therefore be, actually, to lead to increased electron-phonon 
scattering probabilities, as opposed to the quenching which would be expected 
(Ehrenreich 1957) from the Debye theory. 
+ Based on Electrical Research Association report 1200/3683 
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In practice the dominant optical modes involved in electron scattering will 
be of vauelvely short wavelength, even at low temperatures T for which KT < hQ 
(where Q is the optical mode frequency). This follows from the demand for 
energy conservation in individual scatterings : 

ee eet 
(a V+ 3) ==) ( ) 
(where v is the electron velocity, with magnitude of order (KT/m*)?, q is a 
phonon wave number). Then for KT<hQ, g may be of order (m* Qh)”. Use 
of the Drude formula for these short wavelengths is suspect, and in the 
calculations of this paper we use a more general theory of space charge response 
(Lindhard 1954) based on the self-consistent field theory of Vlasov (1945). 
This theory is applied, in a phenomenological way, to calculate the effect of the 
space charge polarization on electron-phonon scattering. ‘The transition from 
the static, Debye screening, response to the high frequency Drude limit is now 
clearly defined. 

These results are used to calculate the dependence of electron mobility on 
the conduction electron concentration. A low temperature approximation is 
used and the results are evaluated in the limit of weak plasma-—lattice coupling, 
where the parameter (wp/Q)?(hQ/KT)? is smaller than unity. Under these 
conditions the calculations confirm the high frequency effect of the space charge 
suggested by the Drude theory, leading to an electron mobility which decreases 
with increasing conduction electron concentration. 


§ 2. PHENOMENOLOGICAL DESCRIPTION OF THE PLASMA—LATTICE 
SYSTEM 


As a model for the description of electron-optical mode phonon scattering 
in a polar semiconductor we consider a system consisting of a non-degenerate 
gas of free electrons with effective mass m*, effective charge e/ey (where «, is a 
background optical dielectric constant) in the field of a vibrating polar continuum, 
vibration frequency Q independent of wavelength. The electrons’ charge is 
assumed to be neutralized by a uniform positive background. In order to calculate 
the effect of space charge screening on electron-phonon scattering probabilities 
the assumption is made that one can separate out the motion of a particular 
electron which is undergoing a transition, on the energy shell, through interaction 
with the lattice, from the motion of the rest of the electrons which are reacting 
to the lattice in an average way. ‘The effects of energy shell scattering are 
calculated using a Boltzmann equation argument, while the polarization of the 
remaining electrons is treated phenomenologically in terms of a dielectric 
response function for the electron gas. This separation is analogous to that 
made by Bardeen (1937) in his treatment of lattice screening in metals, though 
its justification presents certain difficulties in the non-degenerate case where 
the majority of the electrons can undergo scattering. A more detailed analysis 
of this point has been made elsewhere by the author (Doniach 1958), using a 
collective treatment of the space charge motion. 

‘The Lagrangian for the lattice field in interaction with the electronic space 
charge, Fourier density components P(t), may be written 


L=} 2 {Q,0-4+ 20,04} + > %qQ-aPa barrel by: 


: i oe A ae re roe > Se 4 
aes et oP Saris Shr ons ye 


low } 


: 2 3 < ite ; ne Be b | be | ; 
-“ ; Lote $q(”) = = (4, w) = pean Ae SET ae . +++ (8) 1) a 
Nee a sea ate Yue aa) Bile He Me CES] * yer j ne ae i oan 
stat tetas 


oe ree Te DE po ri mB & gi ek” Ub Te 3 tat 
Be Mien 5. 8Q0)= | ein (4) dt, eo 


‘This modified potential (8) will be used below to determine the screened 
-electron-lattice scattering probabilities. For this purpose an effective equation 
of motion for the potential 4°(¢) set up by the lattice must be determined, through 
6); @)- 
The modified motion of the lattice due to its interaction with the space charge 

can be calculated, to within the dielectric approximation, by evaluating the 

_ lattice-induced polarization of the space charge density components, 4p,- 
Inserting (8) in the Poisson equation one has 
e 1 

RO Om NC) ars € cenit) L OMSL 

so that the effect of this part of the space charge polarization on the lattice motion 


a is given, through equation (4), in terms of 

= ff 

. GL = 7-40-adP4(0) 

4 ' pe , , 

, ~ yfto., © Ble t= 2) NO) meer En) 
| where ; 

4 aA FF 4 = € J a ‘ SP RES Ta es eoere® 
e(t-1') | *_doexp fio(t—! Ne ay (12) 
Thus, on making the separation, as discussed above, of the average space charge 
i motion, from the individual electron scatterings, the effective equations of 
Z motion for the modified lattice amplitudes become, through (3) and (11), 
= eee ea Ne ae res 

: Q,(t) + 070, (t) + yao" at lett) Olt 8 )]O,(t')=0 .----- (13) 

_ which have solutions of the form 

ey Q,(t) = Qa’ xP (iQ,1) Vemtn Le) 

a 3K2 


oF SA Mapa Ast en 
4ne" 4 [2 (1 alt 


so that inthis case (15) reads i 
; , [ 1 | Aiea he og 
[— 0,2 +03] + 0? -=)/ : -1]=0. eee (use 


§ 3. SELF-CoNSISTENT FIELD APPROXIMATION FOR THE SPACE CHARGE RESPONSE 


In this section Lindhard’s (1954) theory for the electron dielectric response — 
function is summarized and the resulting expression for <(q,w) evaluated 
approximately in the region of q, w, of interest for the mobility problem. 

Following Lindhard, the polarization induced in a statistical distribution 
of electrons is simply derived using first-order perturbation theory for the 
electrons moving in a self-consistent potential of the form 


f(x, t) = $4, 0 exp [7(q.x—wt)]. 
The displaced charge density is then given as 
Sete ces ORG 
room| Te Tce cto fee oe 8 
where FE, =%?k?/2m*, and the electron distribution function, f,, normalized to 
unity, is proportional to exp (— E,/KT) for a non-degenerate gas at temperature 
fs 


This leads, using the Poisson equation, to 


4amne?® Suera—Je 
e(q;a) 21 ——. 2 ee eeenre 
(q ) .: €og? Fn (19) 
In the limit of large volume where this sum becomes an integral, some prescription 
is needed at the pole, to give finite results. Physically, the pole arises through the 
possibility of energy shell transitions for the electrons, caused by interaction 
with the oscillating external field (in our case, the lattice), Since we have made 
the assumption that such transitions can be treated separately, through the 
Boltzmann equation, contributions from these processes will be omitted in the 
definition of «(q,@) leading to a principal value prescription in the sum (18). 
From the symmetry of f, (19) can be rewritten as 


or 4ane? hk .q/m* 
<(q, G)= 17 “eng? a4 (fetal —Ixmai2) (k. q/m*)? — (iw)? os s.8e (20) 


and since, from equation (2), electron-phonon scattering at low temperatures 
mainly occurs for lattice waves of wave number g ~u=(m*Q/h)"2, which is 
much larger than the thermal electron wave number, k=(m*K T/h2)12, we will 
neglect contributions from the f,. 44/2 term in (20). 


= : 7 
—_ s — <.—- “s : 
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‘rn tan’ X(q) airtaton IX|<1 oe : + wee (24a) & ; 


| 1=n'5,(1/X(@) for |x|>1 es vase (248) 


j = 1 the square distribution gives infinite results, but a slightly more elaborate 
{ _ approximation, using a triangulation for e~™ confirms (24) as giving a reasonable 
- qualitative estimate of ¢(q,w) over the whole range of g provided g> ie 

. Inspection of the g-dependence of (24), for fixed w, thus provides a semi- 
quantitative picture of the transition from the high frequency Drude-type 
polarizability («<1 for q<u) to the Debye-type screening effect («> 1 for q2 u). 
_ However, the above estimate is made under strictly non-classical conditions, 
q>k, so that the details of the g, w dependence of « are different from those of 


the classical formulae. 


§ 4. CALCULATION OF ELECTRON MOBILITY 

_ The above approximate evaluation of e(q,w) will now be applied to a 
calculation of electron-phonon scattering probabilities and hence of electron 
mobility, using the phenomenological formulation of §2 for the space charge 
| modification of the lattice field, through (8), and of the lattice frequency, through 
ee (17). 
From (11), (14), the effective lattice Hamiltonian may be written 

lel Hea = AP, Bast QAO sOeu ire cca Salen (25) 
where the Q,’ are modified lattice amplitudes, P,’ their canonical conjugates. 


‘Through (8), (9), (5), (14) the effective lattice potential leading to electron 
if transitions becomes 

i = OLE Bees 14 Oe ee eee 26 

E. dett(x) de e(q, Q,) Q, ( ) 
Electron transition probabilities will therefore be determined by the matrix 


tes of (25). From the usual theory, 


elements of (26) between phonon eigensta 
from a state with m, phonons in the 


P the matrix element of Q,' for a transition 

e qth mode to one with not phonons is 

Ee vA 12 

2 (ela Pra 1)= (sey na) a Sree eas 


‘ : “g ( Q,)}=0. ote 

- Under conditions of weak coupling o electron to the lattice, &, 
near to ¢s, and one may attempt to solve (28) by iteration in powers of 1 
There result two solutions, one near to Q, and one near to the zero of «(g, Q,), — 

ive. near to the plasma frequency for wave number g. However, such an iteration _ 
is only possible provided q is such that this plasma frequency is not too near to Q; — 
otherwise the modification of the lattice frequency, which goes as 1/e(q, Q,), 
could become so large that iteration would not be possible. In order to avoid this | 
difficulty, the calculation will be made under the condition that, for wave numbers — 
of interest, g~u, the lattice frequency will not be too strongly modified. 
Inspection of the form of (24) shows that this is true provided (cf. (23)) 


=o (mp) <I. aie faan 


From the definition of the plasma frequency (after equation (1)) this restriction 
therefore imposes an upper bound to the conduction electron densities for which 
our results can be applied. 

Under these conditions, the change of lattice frequency will not affect the 
transition rate, (28), to lowest order in (1—e /es)n. It is further assumed that 
electron—-plasma mode scattering will not lead to loss of momentum from the 
electron system, so will not directly affect the electron mobility. 

Finally the mobility will be calculated, from (28) in the low temperature 
approximation (Fréhlich 1954), where the relaxation time is chiefly determined 
by the rate of absorption of phonons by the conduction electrons, proportional, 
from (28), to ny ~e“*2/KT, Tn this approximation the total relaxation time is 
then simply the sum over absorption rates, giving 


i here. Qn hh Ya : 

5" >| sa (xen) 3(Batg— By A0) |. lay (32) 

-Fork=kthe delta function restricts this sum toa range for which |2kq/(u? — q?)| <1, 
so that (24a) can be used for e(g, Q), giving (for <1 as stated above) 
1 “su 1 2 
=. ~ [eB ETQ «| d akcenl| i 33 

ey aL ea, 9) oe 
where « is the usual electron-polar lattice coupling constant. In the limit of 
KT <hQ this evaluates to 


5 = (e“PQIETO))2af1 — 42], neeeaay 
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The Elastic Scattering of 98 MeV Negative Pions 
by Hydrogen 
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Nuclear Physics Research Laboratory, University of Liverpool 


Communicated by H. W. B. Skinner; MS. received 8th December 1958, in final form 
6th February 1959 


Abstract. The elastic scattering by hydrogen of negative pions with mean 
energy 98mev has been measured at 13 angles between 30° and 150° (lab.). 
The pion beam was monitored with a calibrated ionization chamber and its 
muon and electron contamination determined by means of a Cerenkov counter. 
This counter was also used in the scattering telescope to separate out the electrons 
produced by charge exchange y-radiation. The results were corrected for 
Coulomb effects and a 3-parameter curve fitted to the nuclear parts. The curve is 
do/dQ = (1 + 0-027) [0-385 + 0-008 + (0-276 + 0-015) cos 6 + (0-282 + 0-031) cos? 0]. 

Thus the forward scattering intensity is 0-942+0-043 mbnsteradt. In a 
separate transmission experiment the total nuclear cross section for scattering of 
98 Mev negative pions by hydrogen was found to be 21:-9+0-7mbn. These two 
figures yield a value for the real part of the forward scattering amplitude 
D_=0-195+0-006 in units i/m,c. The corresponding value of f? from the 
dispersion relation is 0-073. 


§ 1. INTRODUCTION 


URING the past few years a considerable amount of experimental work 
Ll) has been done on the differential scattering by hydrogen of beams of 

positive and negative pions having energies up to about 500 Mev (see 
reviews by Gell-Mann and Watson 1954 and Lindenbaum 1957, also Barnes et 
al. 1958 and Zinov and Korenchenko 1958). These experimental results have 
usually been expressed in terms of the six phase shifts in the S- and P- states with 
isotopic spin 1/2 or 3/2 (see Bethe and de Hoffmann 1955). Whereas the 
large resonant phase shift «3, has been well determined over a wide energy range, 
the information on the smaller phase shifts is much less satisfactory and the 
primary aim of the present work was to improve the knowledge of these. Recently 
a suggested discrepancy in the application of dispersion relations to the scattering 
process has lent added point to the results. 

Much more work has been done on the scattering of positive pions than of 
negative pions because of certain difficulties peculiar to the latter. In the energy 
region we are considering the differential cross section for elastic scattering of 
negative pions is smaller by a factor of 9 than for positive pions and is only about 
half that for charge exchange scattering. Fast electrons produced by the 
latter process through interactions of the neutral pion decay y-radiation may 
comprise up to 50% of the particles detected at certain angles of scattering in 
experiments with negative pions. 

Also, because negative pions are accepted in the forward direction from the 
target in the cyclotron, as opposed to the backward direction for positive pions 
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beams of negative pions are usually contaminated with high energy electrons as 
well as muons, and a careful determination of the composition of the beam is an 
important part of the measurements. 

In the present work a water Cerenkov counter was used to analyse the beam 
and also to determine the proportion of electrons amongst the scattered particles. 

In order to take advantage of the high intensity of the negative pion beam of 
the Liverpool synchrocyclotron the beam was monitored with an ionization 
chamber rather than with a counter telescope as in previous work. 


a § 2. APPARATUS 


Negative pions produced in a beryllium target are focused by a double quad- 
rupole magnet and then deflected through 30° and focused horizontally by a 
sector shaped field. The flux at the focus is about 100000 pions per second 
through an area 10cm high by 8cm broad. The area of the beam was reduced 
by means of the copper collimator C (figure 1) 5-Ocm x 25cm, the flux then 
being about 30000 per second. The maximum instantaneous rate was about 
10° per second, since the beam was modulated in bursts about 300 psec in duration 
with a repetition rate of 110 per second. No reliable scaler was available for 
such a counting rate so the beam was measured, after passing through the target, 
by an air-filled ionization chamber I. 


Figure 1. Plan of scattering experiment. 


The target was liquid hydrogen contained in a cylindrical cup T of ‘ Vibrac’ 
steel 9-2cm in diameter and of wall thickness 0:05mm. ‘This was joined to a 
spherical reservoir of capacity 30 litres, surrounded by a liquid nitrogen jacket. 
Suspended from the bottom of the latter was a cylindrical radiation shield of 
aluminium A, 0-05 mm thick, surrounding the target. The window W of the 
target box was 10cm high and covered with Mylar 0:2mm thick. The target 
could be emptied into the reservoir through a pipe which reached nearly to the 
bottom, by closing the gaseous hydrogen escape pipe from the top of the target 
and applying heat via a small electric element. The hydrogen level was indi- 
cated through the electrical capacity between pairs of plates at the top and bottom 
of the target. 

Scattered particles were detected with a telescope of three plastic scintillation 
counters, 10cm~x 10cm, 10cm x 10cm, and 7-5cm diameter, all 6mm thick. 
The last was the defining counter placed 50cm from the centre of the target. 
Behind it was a Cerenkov counter 7 consisting of a cylindrical glass container 


12:5cm in diameter and 15cm long filled with water and mounted on a 5in. 
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th walls of the target con ) nator. 
L served a similar purpose. When the telescope was set at angles 


“were removed. © 
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§ 3. EXPERIMENTAL PROCEDURE 
3.1. Determination of the Composition of the Beam 


By absorption in copper the mean energy of the pion beam at the centre of the 
hydrogen was determined to be 98 Mev, the spread in energy being about + 4-5 Mev. 
In addition there is a loss in energy of 3 Mev as the pions traverse the target. The 
absorption curve had a tail which indicated the presence of about 10% of long 
range particles. ‘These consist of muons produced by decay of the pions in 
flight both before and beyond the bending magnet and electrons produced in the 
beryllium target from the decay y-radiation of neutral pions. Since they follow 
the same trajectory in the magnetic field these electrons, and also the majority of 
the muons, will have about the same momentum as the pions. _ 

We analysed the beam with the help of the water Cerenkov counter. The 
minimum f of a particle which radiates in water is 0-75 corresponding to pions 
of energy 73 Mev. ‘The intensity of the radiation per unit path from particles of 
the same charge is proportional to 1 — 1/8?n? where 7 is the refractive index of the 
medium. Allowing for the slowing down of the particles after entering the counter 
we find for the ratio of intensities of the radiation from the pions, muons and 
electrons in the beam approximately 1:5 : 15. 

A telescope consisting of two scintillators followed by the Cerenkov cell was 
placed in the beam at the position normally occupied by the target. The pulses 
from the Cerenkov cell, after linear amplification were gated by double coin- 
cidences from the scintillators and passed to a 50-channel pulse height analyser. 
A representative spectrum obtained in this way is displayed in figure 2. The 
separation into electron and muon groups is clear and by comparing the number 
of pulses within these groups with the corresponding number of double coin- 
cidences the composition of the beam was determined. This varied slightly on 
different occasions and was about 86% pions, 11% electrons and 3°% muons. 


3.2. Alignment of Apparatus 


In order to fix the position of the target the beam was first scanned at the 
focus by a vertical strip of scintillator, 6mm wide whose horizontal position 
could be varied remotely. In this way the profile of the beam was measured 
and the positions of the two anticoincidence counters adjusted so that they clipped 
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Figure 2. Spectrum of pulses from Cerenkov counter in the incident beam. 


- 3.3. Calibration of the Ionization Chamber 


The ionization chamber was of the parallel plate type and had a multipli- 
cation factor of 1900, this being the ratio of the current from the chamber to the 
beam current. It was calibrated in its normal position behind the full target by 
counting, at reduced beam rate, the number of particles passing through it with 
a telescope consisting of counter number 1 and a large counter just behind the 
target together with the two anticoincidence counters. Various values of beam 
intensity were used and an extrapolation made to zero intensity to eliminate the 
effect of counting losses in the fast scaler. This calibration was performed at the 
start and finish of every run on the cyclotron and frequent intermediate checks 
made with a 1 mc radium source placed in a standard position on the ionization 
chamber. ‘The drift was less than 2% over a period of a week and the necessary 
corrections were made for this. 


3.4, Measurements 


Measurements of the number of scattered particles were made at intervals of 
10° between 30° and 150°. The quadruple coincidences between counters 1, 4, 
5 and 6 with 2 and 3 in anticoincidence were counted for a certain number of 
clicks of the ionization chamber integrator with the target alternately full and 
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At angles 30°, 40° and 50° an absorber of polyethylene 5 cm thick was placed 
in front of counter number 6 to cut out slow electrons and recoil protons. ‘These 
electrons were recoils from collisions of the fast beam contamination electrons 
with electrons in the hydrogen, and had energies up to about 10 Mev at 30°. 
Beyond 50° their energy was too small for them to penetrate the counters. 


-§ 4. CoRRECTIONS 


4.1. Electrons from Charge Exchange Scattering 


The most important correction was that for electrons produced in the target 
wall and in the first counter of the detecting telescope by the y-radiation from 
charge exchange scattering. This was determined from the spectrum of 
Cerenkov pulses recorded at each angle. 

However, the electrons were not detected with an efficiency of 100%. 
Because of the Doppler shift the energy spectrum of the decay y-radiation from 
neutral pions extends down to 24 Mev, and in pair creation both members may 
have an energy as low as 12Mev. Such slow electrons could be missed either 
through scattering out of the telescope or because the pulses they produced in 
the Cerenkov cell were too small. 

To determine the efficiency at a given angle an anticoincidence counter was 
placed in front of the telescope as near as possible to the target to veto scattered 
charged particles. Immediately behind it was a 3mm thick copper radiator in 
which the charge exchange y-rays produced electrons. These were detected by 
the telescope and the gated Cerenkov spectrum recorded. The efficiency of the 
Cerenkov counter above a certain pulse level, which was fixed at the valley between 
the pion tail and muon peak in the spectrum of the direct beam, could then be 
obtained. ‘This procedure was repeated at several angles and the efficiency 
found to be nearly constant at about 70%. 

At angles greater than 70° the energy of the scattered pions is such that they 
come to rest within the Cerenkov counter. To make sure that the resulting 
nuclear stars were not effective in producing pulses a test was made in the direct 
pion beam, reduced in energy by various thicknesses of absorber. No such 
pulses were found. In figure 3 the electron correction is shown as a function of 
angle in terms of a percentage of the total number of scattered particles. 
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‘Figure 3. The proportion of electrons due to charge exchange y-radiation in the scattered 


beam. The various symbols indicate measurements made on different occasions. 


Corrections had to be made for the finite sizes of the target and detector. 
These involved the variation of the solid angle with position in the target and 


also the dependence of the angle of scattering, and hence the intensity of scattering 
on position in both the target and the detector. These effects were evaluated 


for several angles of the telescope by numerical integration, making use of the 
uncorrected differential cross sections. The resultant correction to the solid 
angle was much less than 1% over most of the angular range, increasing at smaller 


angles to values of 1% at 40° and 1-4% at 30°. 
An uncertainty in the solid angle arises from the finite thickness of the defining 


counter. The effective plane of detection depends on the depth of penetration 
of a particle which produces a pulse of threshold size. The uncertainty was 
estimated to be 2mm on either side of the median plane of the scintillator, giving 


an uncertainty of +0-8% in solid angle. 


4.3. Telescope Efficiency 

The first two counters of the telescope were made sufficiently larger than the 
third so that particles scattered out through small angles by multiple Coulomb 
scattering to miss the third counter were compensated by particles similarly 
scattered in. Decay of pions in flight between the target and detector leads to a 
loss much less than 1% since most of the decay muons are registered. 
_ However, there is still some loss due to nuclear absorption and large angle 
scattering. The correction for this was determined in the direct pion beam by 
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placing extra absorbers near counters number 4 and 5; it amounted to 3%: The 
correction for loss in the absorber used at small scattering angles in. front of 
counter number 6 was determined in the same way and was 6%. 


4.4, Ionization Chamber Corrections 


In the calibration of the ionization chamber an extra counter was placed 
behind the target. The effect of this was determined by introducing an 
additional thickness of polyethylene behind this counter and measuring the 
change in the calibration. The correction for the effect of the counter was 
£39, 
a calibration was slightly different with the target full and empty. ‘The 
difference was found by taking measurements with the extra counter on the 
other side of the target, near to counter number 1. It amounted to 1-3%. 


4.5. Beam Contamination Correction 


A correction was applied to the percentage of muons in the beam as deter- 
mined with the Cerenkov counter, as this detects only muons having a greater 
velocity than the pions. From the geometry of the arrangement it was estimated 
that pions decaying beyond the bending magnet gave rise to about 1:2% of 
muons entering the target with a velocity smaller than that of the pions. 


4.6. Effective Target Thickness 
The effective target thickness was determined by combining the measured 
beam profile at the target centre with the known cross section of the steel cup, 
assuming the beam to be composed of parallel rays. The result was about 4% 
smaller than the diameter of the cup. 


§ 5. ERRORS 


The differential cross section is expressed in terms of the following measured 
quantities; (i) the number of counts in the telescope due to scattered pions for 
one click of the ionization chamber current integrator, (ii) the effective solid 
angle of the telescope for scattered pions, (iii) the number of pions passing through 
the target for one click and (iv) the effective number of hydrogen atoms in the 
target. 

The first was based on several measurements at each angle during two or 
three runs with the cyclotron. Altogether there were six runs, each of about 
ten days duration, three for the forward angles and three for the backward angles. 
The error on this quantity is mainly a statistical one, with a small contribution 
from the uncertainty in the subtraction of the electrons from charge exchange 
scattering. ‘The standard deviation ranged between 23% and 11%. 

The error in the effective solid angle is mainly due to the uncertainty in the 
plane of detection of the defining counter together with a smaller error in the 
correction for the integration over the target. The overall deviation was 
estimated to be +1%. In addition there is an uncertainty of +0-5% in the 
detection efficiency of the telescope. 

The error in (iii) involves the uncertainty in the composition of the beam and 
in the ionization chamber calibration. The deviations were estimated to be 
+2% and +1% respectively. 

The error in (iv) includes those in the effective target thickness and in the 
densities of hydrogen liquid and vapour (0-0709gcm-% and 0-0013 gcm-3 
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_ respectively, Woolley, Scott and Brickwedde 1948). A deviation of +1° was 
assigned. 
The errors in the quantities (ii), (iii), and (iv) are practically independent of 
_ the angle of detection and it is convenient to combine them. The result is a 
_ standard deviation of 2-7%. 
4 


v4 § 7. 'ToTaL Cross SECTION 


The total cross section was measured in a separate experiment in which the 
_ attenuation of the beam by the liquid hydrogen was determined. ‘The beam was 
defined and monitored by two circular scintillators 3-8cm in diameter and 4mm 
thick. A third counter 10cm square was placed behind the target and connected 
in anticoincidence with the other two. ‘Thus we count only particles which have 
disappeared from the beam after actuating the first two counters. ‘The number 
of such counts for a given number of double coincidence counts in the defining 
counters was measured with the target full and empty. 
: With empty target the vetoed coincidence rate was about 4% of the double 
coincidence rate and this increased by about 0-794 when hydrogen was introduced. 
The effect with target empty is due to scattering and absorption of the beam in 
the second counter and the walls of the target and to 7- decays. 

The performance of the veto counter was checked by placing it between the 
other two counters. The counting rate should then be zero apart from double 
coincidences due to random events or to y-quanta and neutrons. In fact, if the 
beam rate was kept below 1000 per second the vetoed rate was effectively zero. 

With this beam a correction was necessary for counting loss in the scalers ; 
this was determined by using the ionization chamber to monitor the beam and 
plotting a curve of counts per click of the monitor against counts per second. 
This was a straight line which could be extrapolated to zero counts per second to 
give the true number of counts per click. The correction for counting loss was 
3% at 1000 per second. 

Several series of measurements were made with the target alternately full and 
empty and with the centre of the veto counter at distances 12-60, 13-65, 18-90 
and 23-85 cm from the target centre. The difference between the counting rates 
with full and empty target increased by about 8% over this range of distances. 

The corrections for beam contamination and the determination of the mean 
target thickness were made according to the procedure already described. ‘The 
rate in the beam counters was corrected for attenuation in the second counter and 
in half the target to give the beam rate at the centre of the target. This cor- 
rection was 1:5+0:5%. Recoil protons from backward scattered pions may 
enter the veto counter and cause a reduction in counting rate. ‘The correction 
to the total cross section was estimated to be 0-55 mbn when the veto counter was 
closest to the target and 0-19 mbn for the farthest position. 

In order to determine the total cross section for nuclear scattering over the 
whole angular range from 0° to 180° a correction which depends on the angles 
subtended at the target by the periphery of the veto counter has to be made. 
Nuclear scattering into small angles is not detected because the scattered pions 
enter the veto counter. On the other hand scattering due to Coulomb and 
Coulomb-nuclear interference effects which extends to angles beyond the veto 


counter is detected. 


ion of 29, was applied for 


§ 8, RESULTS ; : Ber —_ 
The measured values of the differential cross section are given in column 2 
of the table and are plotted in figure 4. The quoted errors are the angle dependent 


(1) (2) . 4) (1) (2) Bh 
36°6 1-101 + 0-054 0-748 112;3 0-321 +0-017 0-333 
48-4 0-840 + 0-042 0-680 121°5 0-327 +0-019 0-342 
60:1 0-718 + 0-019 0-637 130-6 0-336 + 0-022 0-353 
2 0-531 +0-017 0-490 139:2 0-319 + 0-021 0-338 
82:0 0-402 + 0-020 0-385 147-8 0-296 + 0-029 0-316 
92-5 0-363 + 0-019 0-360 156-0 0-302 + 0-036 0-322 

102-6 0-331 + 0-016 0-337 


(1) Angle of scattering (c.m.) (in degrees); (2) measured differential cross section (c.m.) 
(in mbn sterad-1), in addition to the standard deviations shown there is a contribution of 
+ 2-794 common to all angles; (3) nuclear part of the differential cross section after sub- 
tracting Coulomb effects. 
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Figure 4. Differential cross section (c.m.) for elastic scattering of 98 Mev negative pions by 
hydrogen. ‘The solid curve is a least squares fit to the data, the broken curve 
represents the nuclear part of the scattering after subtraction of Coulomb effects. 


presents scattering without spin flip and t 
ip. The quantities x, y,2, are scatte: 
a way to a, b, Ge ‘ FS: 
a= att b= 2aety, c= [yP—KeP 
le f’ and f” are the Born approximation Coulomb amplitudes, without and 
h spin flip, given by Solmitz (1954). ; 
'e aim to evaluate the scattering intensity due to coulomb effects at each of 


our angles of measurement and by subtraction get the pure nuclear intensity. 


Since the Born approximation Coulomb amplitude is real it interferes only with 


the real part of the nuclear amplitude. The imaginary parts of x, y, and z were 


estimated by expressing them in terms of phase shifts and using approximate 


values of the latter by interpolation of known data. These values of x, y, and z 


inserted into the expression for the differential cross section gave an angular 


- distribution everywhere less than 10°% of the measured one. This was sub- 


© tracted and the following iterative procedure then used. Firstly the experimental 


. data were fitted by a least squares method to the approximate form, 


do is Z d 
re) =—a+bcos6+ccos? 6+ ean 


to obtain rough values of a,b, and c. ‘These were used to obtain values of x, y, 
and z taking them to be real quantities. 

Equation (2) was then evaluated both with and without the Coulomb amplitude 
and the difference gave the first approximation to the Coulomb effects. These 
were subtracted from the experimental points and a least squares fit to the 
remaining nuclear scattering made to the form of equation (1). The values of 
a, b and ¢ so found were used in turn to evaluate a better approximation for the 
Coulomb effects. After the first two iterations the results converged 
rapidly. The nuclear cross sections obtained by subtracting these Coulomb 
components from the measured cross sections are displayed in column (3) of the 
table. The least squares fit to the data and the nuclear cross section curve are 
shown in figure 4. The latter curve is 


Ba = (1+0-027) [0-385 + 0-008 + (0-276 + 0-015) cos 6 + (0-282 + 0-031) cos? 4]. 


A test of the goodness of the fit to the data is provided by computing 
M=2,(A,/¢,)?2 where A; is the deviation of the ith experimental points from the 
curve and ¢,its standard deviation. ‘The value found is 18-9 whereas the expected 
value is M,=10 (the number of points minus the number of parameters). 
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Possible reasons for this large value might be that the errors assigned to the 
points are too small or that a three parameter fit is inadequate. In fact an M- 
value much closer to M, could be obtained using five parameters. On the other 
hand the large value may be just a statistical fluctuation, the probability being 
about 1 in 20, and we are inclined to favour this explanation. 

The total nuclear cross section for elastic scattering is given by 47(a+ 1/3c) 
which is 6:15+0:22mbn. The corresponding cross section for charge 
exchange scattering can be obtained by subtracting this figure from the total 
cross section measured by attenuation, making an allowance for the small con- 
tribution from the reaction 7~+p—>n+y. The cross section for this process 
was estimated from known photo-production cross sections to be 0:7 + 0-2 mbn. 
Thus we find for the total nuclear cross section for charge exchange scattering 
15-0 + 0-8 mbn. ‘ 

Considerable interest has recently been centred on the application of dis- 
persion relations to pion—proton scattering. The real part of the forward. 
scattering amplitude D can be expressed in terms of an integral of the total cross 
section over all energies and a term involving the pion—nucleon coupling constant 

2 

The forward scattering intensity can be written in the form |F|?= |D +7Af?. 

The nuclear part of our angular distribution yields 


|F|2 = 0-942 + 0-043 mbn steradt 


where the error is derived from the error matrix of the least squares fit and the 
2:7% angle independent error. 

Additional uncertainty in the value of |F|? is introduced by our lack of know- 
ledge concerning the scattering of D waves. Our extrapolation to the forward 
direction could be altered by a few per cent if the D phase shifts were a few tenths 
of a degree and such values cannot be excluded. However, in view of the un- 
certainty about the precise form of the curve we prefer to use a three-parameter 
fit and the value of |F|? and its error are based on this assumption. 

The imaginary part A of the forward scattering amplitude can be derived 
from the total cross section by the optical theorem (Schiff 1955): 


tot 


== 4=21.947mbn, 


Using these results we obtain 
D_=0-195 + 0-006 in units of h/m,c. 


Puppi and Stanghellini (1957) used a total cross section curve consistent 
with the data (figure 5) then available to compute the integral parts of the dis- 
persion relations for D. The term involving f? could then be used to adjust 
the integral term to fit experimental values. Over the energy interval up to 
400 Mev all the experimental results for the real part of the forward scattering 
amplitude for the scattering of positive pions by protons were consistent with a 
coupling constant f,?=0-09+0-01. For negative pions, however, the results 
below the resonance required f_2=0-04. Fundamental symmetry requirements 
of local field theory require that f,,2=f_* and several attempts have been made to 
reconcile the experimental results with the dispersion theory. The integral 
term is sensitive to the energy dependence of the total cross sections in the region 
approaching the resonance and Zaidi and Lomon (1957) showed that the large 
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Figure 5. ‘Total cross section for scattering of negative pions by hydrogen as a function of 
energy. ‘The curves are those used in three investigations of the dispersion relations. 


Our value for the total cross section and the recent value of Barnes et al. (1958) 
at 42Mev are not consistent with the curves used either by Puppi and 
Stanghellini or by Zaidi and Lomon. Using these new values of total cross 
sections Noyes and Edwards (1958, private communication) fitted a curve to all the 
available experimental points, using a form corresponding to a P wave resonance 
below 350 mev (figure 5) and a polynominal expression at higher energies. 
This curve agrees closely with those given by Anderson (1956) and by Piccioni 
(1956). Making use of this curve the Orear scattering lengths (a,=0-165 and 
a,;= —0-105) and the experimental value of D_ the dispersion relation was 
applied to determine f?. The value found was 0-073. An error of +0-003 
should be attributed to this on account of the error in D_ and other errors of 
the same order come from the uncertainties in the scattering lengths and from 
that in the integral over the total cross sections: Thus we feel that our value 
for f? is not inconsistent with a figure of 0:08 which would also be compatible 
with the existing data on positive pion scattering. 

Analyses of the discrepancies in the application of dispersion relations to 
pion-proton scattering have recently been made by Hamilton (1958), Chiu 
(1958), Schnitzer and Salzman (1958) and Chiu and Hamilton (1958). It 
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follows from classical macroscopic electrostatics that the potential v in the 
J interior of a conductor in equilibrium must be constant and equal to the 
potential at the surface, and hence that the space charge density p must 


vanish everywhere in the conductor so that any charge on the conductor must 
reside strictly on its surface in the form of a surface charge density o. 


This cannot, however, be literally true because the charge carriers in a 
conductor are not at rest but perform an irregular movement. Thus in actual 


fact v must vary in space, and instead of a surface charge density there must bea 


varying space charge density. 

The authors were unable to find a reference to this problem in the literature 
and they therefore present in this paper the solution, derived from statistical 
mechanics, although the final results are almost trivial from the physical point 
of view. Use is made of the Sommerfeld model of a metal in which the ionic 
potential is smoothed out, and the possible existence of quantum surface states is 
not taken into consideration. These alter only the detailed interpretation of the 
results and not their main import. More relevant to the method is that the 
energy states immediately available to the conduction electrons should range 


over a ‘band’. 


The total charge, fixed ions plus variable electron gas, at any point in the 
conductor, must be in statistical equilibrium with the charge at any other point, 
and must also give rise to an electrostatic potential obeying Poisson’s equation. 
This combination of statistical mechanics and electrostatics seems to have been 
first used by von Laue (1918) in a discussion of space-charge distributions in 
electronic valves. It is also much used in the discussion of the charge distribution 
near the interface of two semiconductors (Shockley 1950). 

At any given position in the condutor, the fraction of electrons f(£) in an 
energy state E, is given by the Fermi—Dirac distribution function 

Eu2 
{= a BIRT Y +1 
exp(—B+E/kT)+1 
where C is a constant, and T is the uniform temperature of the conductor. 
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Here n is the density of electrons, about 10?*cm~-*, m the mass of the electron, 
and A Planck’s constant. ; 

It will be valid to neglect all but the first term of the right-hand side of 
equation (3) if RT/g<1, that is RT <10-", or T<6 x 10° deg x, and this approxi- 
mation is seen to be valid for all temperatures at which the conductor remains 
solid. 

We are now in a position to connect the variable electron number density n, 
and the potential v. From equations (2), (3) and (4) one obtains easily 

n, =n,(1+ ev/g,)?? S vee (5) 
where the zero of potential has been chosen at the position where n= EE 
| ev/g,|<«1, then equation (5) can be expanded giving the approximate expression 

n=n,(1--3ev/2g,). °°" a = = ee (6) 
The validity of this approximation will be investigated later. 

It is convenient to choose the zero of potential to be also at a point where 
there is no net charge, that is we put en)=p, where po is the constant positive 
charge density of the fixed ions. The charge density of the electron gas p,, is 
given by p,= — en, and the total charge density, P=Pp 1+ Po, by 

pme(Mo =} = —3n e70/2e,. = — ere eee (7) 

The charge density is also connected to the potential by Poisson’s equation 

V?u = — 4rp = 67e*n9d/25 = v/C2. 


where C= (6nnje%g,)78? onli Ts code (9) 
has the dimension of a length. From equations (7) and (9) we have 
pie ofr hee a (10) 


The quantity ¢ plays the part of a penetration depth of charge into the surface 


and its magnitude is of the order of an atomic radius. For from equations (9) 
and (4) one has 


or approximately 


sna | Fale | 
potential at the centre v(0) is determined if the total charge on the 
known to be 47R®o. By integrating (13) over the whole interior of the 
ae ; 


—4rR’o | | 
v(0)= Roggh (RE) = Esinh (RID ; 
Reosh (R/£) —¢sinh (R/¢) 
~= —87Ro : 

Sed —————_ ’ a eoreeee 14 
£ exp (RID) ahs 
provided that R>{, a condition that will be assumed to hold from now on. 

From equation (12) the potential o(R) atr=R is 


Deets (15) 
and from equation (13) the charge density p(R) at r=R is 
4 ; BIe igen pho ey eae DE (16) 


. Also the charge density at a small distance 5 from the surface, 1.e. at r=R—dis 


p(R—5)=p(R) exp (ee rr ew) 
(16) and (17) lead to the conclusion that the charge 


- All the equations (15), 
na distance ¢ from the surface. No detailed inter- 


is effectively confined to withi 


pretation can of course be given to equation (17), as the ionic potential can 
v4 certainly not be considered to be smooth over distances of atomic size. 

ey As v(0)<v(R) the latter quantity is essentially the difference in potential 
__ between the interior and surface of the conductor, and hence the ‘surface 
ie potential ’, is also the maximum value of potential occurring in equation (5). The 
4 condition for the approximate equation (6) to be valid is thus 

ig Anale|gy<1 


or 
o<g,/4rel~3 x 10% e.s.u.cm~. 


rface charge density is limited by the o 
h densities of about 100e.s.u. em. 


However, the permissible su nset of corona 
discharge, which occurs wit The approxi- 
mation is therefore valid for all practical applications. 

The results derived here can also be obtained in a different manner. Suppose 
that all electrons in states below the Fermi level are immovable, and that the 
ratio of the electrons above that level at two positions is equated to the Boltzman 
factor exp [(v,—@2)/RT fob nen equations (8) and (9) can be recovered exactly, 


ria Weenies Cadel mon 


SURES 


AY We aly 
ARAN 


irae ipl ne ieee it ye ; 
> we! ~ r 5 ai ee all 
"gui rins >< oo UP heat, 1 ' at Ob Sa 5 
x 


a 


d= 


+e 


165-190 Mev. Values of absolute cross section at various energies were also 
ed, e.g. for an angle of 90° and a gamma-ray energy of 170 ev, the absolute 
ial cross section in centre-of-mass coordinates is (0:48 + 0-11) x 10-29 cm? 


’ ‘per steradian. ‘The measurements also confirm the generally accepted value of 
_ the 7* meson lifetime. ‘ ; 


§ 1. INTRODUCTION 
-N experimental examination of the variation with gamma-ray energy of the 
differential cross section of 7+ meson photoproduction close to threshold 
Zz is of considerable importance, since there exist very few experimental 
_ data which can be compared with theoretical predictions of the variation in this 
region. The precise experimental form of this variation is not known, and even 
the general trend has, in the main, to be inferred by extrapolation from experi- 


mental points away from threshold. - 
The differential 7+ meson cross section near threshold, in centre-of-mass 


the coupling constant, the bracketed term relates to the density of final states 
in the theory and to the cross section kinematics, while H is proportional to the 
matrix element of the transition (cf. Beneventano ef al. 1956). The value of 
H? can be expected to be of the form 


| coordinates will be given by 

i 

a eel Ef pe(1 + =) “br pare (1) 
- Or. Ee M 

eo where p is the momentum and « the energy (including the contribution from the 
| _rest mass 4) of the meson, and w is the gamma-ray energy, all in centre-of-mass 
Er coordinates: M is the nucleon mass and c has been taken as unity. Here f is 


a] 1 pe o sin? 8 
Fr Se eee ee Pag ea 2 
, Hf we , 2w* (1—wvcos 8)? +e | (2) 


5 where v is the meson velocity in units of c, and @ the angle of 7+ emission to the 


gamma-ray beam, all in centre-of-mass coordinates, and gy, is a function which 
sncludes recoil effects and higher order terms (cf. Chew 1954, Marshak 1952). 
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To a first approximation, near threshold, H? is then only slowly varying 
and do/dQ can be expected to vary predominantly as p and to be isotropic. 
(This is associated with the dominant role of the negative energy nucleon 
intermediate states in pseudoscalar coupling theory.) Since there are few 
experimental results in this region to confirm the above predictions it seemed 
desirable to examine the variation of the cross section as a function of p, and from 
this to determine the feasibility of measuring any departure from constancy of A 2 
The possible variation of H® has recently been discussed in the interpretation 
of 7-/m+ ratios in photoproduction (cf. Cini et al. 1958). 

Threshold measurements are, however, difficult since the low-energy mesons 
have very little penetrating power, and require the use of a thin target; also the 
differential cross section approaches zero near threshold. The 7* mesons, which 
occur in a background of other particles and gamma rays, may be identified by 
their 2-6 x 10-8 sec decay into 4:15 mev u* mesons. A single counter ‘decay- 
product’ method has been used by Janes and Kraushaar (1954) to study at 
meson photoproduction near threshold, at 90° in the laboratory frame, down 
to a meson energy of about 12 Mev in the centre-of-mass frame. The statistical 
uncertainties in these measurements at the lowest energies tend, however, to be 
rather large. Bernardini and Goldwasser (1954) (cf. also Beneventano et al. 
1956) have examined the variation of the differential cross section at low energies, 
with photographic plates, and give results for mesons of 10 Mev in the centre-of- 
mass frame. A few isolated values at lower meson energies have been reported, 
with nuclear plates for gas targets (Osborne et al. 1954). 

A comparatively new counter method has been developed by the authors 
capable of the detection of 7* mesons down to an energy of less than 5 Mev. 
This method depends partly on the decay property, viz. +++, to identify 
the 7+ meson. An accurate overall display can be obtained which shows directly 
the number of mesons incident on the counter as a function of meson energy, 
where the range of energies included extends from approximately 5 Mev up to 
a maximum determined by the thickness of the scintillator. It is important 
that the method should also be able to specify the 7+ meson counting unambigu- 
ously in the presence of intense electron and gamma-ray backgrounds which can 
simulate the 7*+p+ decay property. These random effects, particularly for 
observations on 7+ mesons of energy less than 10 Mev must therefore be reduced 
to a minimum and a precise assessment of their magnitude must be possible. 
The technique which achieves these ends, and its mode of operation, are described 
in $2 below. 

Investigations of 7+ meson photoproduction from thin carbon and polythene 
targets have been made at angles of 115° and 90° to the gamma-ray beam of 
the Glasgow synchrotron. Apart from providing a comparison with theory, the 
capabilities of the method could be assessed. 


§2. METHOD oF DETECTION 


The system employs two counters. There is a main thick counter in which 
the 7* meson must stop and decay into a z+ meson. This event is recorded as 
a m* meson only if the «+ meson, which always has an energy of 4-15 Mev, is 
totally absorbed in the thick counter and if it occurs within a short, specified, 
interval of time of the 7+ meson. This main counter is preceded by a ‘thin’ 
indicator counter, equipped with a 10/1000 in. plastic scintillator, which responds 
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_ Figure 1. Schematic diagram of y-ray beam, target and counter system. The photo- 
multipliers are type RCA 6342 and the plastic scintillators were supplied by Nuclear 
_ Enterprises (G.B.). Two Mullard E.180 F valves in parallel were used in the 
 jimiter, and the inputs to the fast coincidence unit went straight to the grids of the 
 - 6BN6 valve. The oscilloscope was a Tektronix 517A. 
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_ Figure 2. ‘Time sequence of pulses from the main counter arriving at the coincidence unit. 
of the main counter are kept as short as possible to keep the 7+ and p* pulses 
distinct. These are amplified by a distributed amplifier, and fed directly to the 
coincidence unit. There is a small amount of delay line clipping using an 80 Q 
rt clipping length to reduce the length of the tails of these 
f the pulses arriving at the coincidence 
the collector pulse and the 4:15 Mev 


termination on a short 
pulses. Figure 2 shows the time sequence 0 


__ unit and demonstrates the overlap between 
p+ pulse, which activates the coincidence unit. Hence the coincidence unit 


will give coincidences over a known portion of the 7*>p* decay curve, and these 
coincidences are used to trigger the time base of the oscilloscope. The output 
from dynode 8 is displayed on the oscilloscope to show the two pulses from the 


le, followed in the correct ti 


These random events can be subtracted correctly if we consider the invet 
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(figure 3 (b)), viz. a random event produced by such a gamma-ray pulse Be 
oe electron. Random events having the form of either 3 (a) or 3 (b) sho Id 
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Figure 3. Form of the traces of the oscilloscope for (a) a7+—* decay, (6) a random inverse — 
(see text). 


appear in equal numbers providing the operation of the coincidence unit is 
independent of an interchange of input channels. There were various ways of 
checking on this, but it could be ensured if the triggering level of the oscilloscope 


were kept sufficiently low. The detection efficiency of the thin counter was als 
shown to be adequate. 


‘ 


The operation of the main counter and coincidence unit could be adequately 
checked by appropriate measurements using the 2-6Mev gamma ray of ThC’. 
The Compton edge of these gamma rays can be used as a subsidiary energy 
calibration. The method is, however, self-calibrating. The + meson pulse 
height can be correlated to a 7+ energy of 4-15(7+mass/p+ mass) Mev by the 
Seitz relation (cf. Taylor et al. 1951) to provide a low-energy calibration point. 
The maximum energy of the 7+ mesons observed is that associated with mesons 
whose range is just the thickness of the main scintillator; this provides a high- 
energy calibration point. A check can thus be made experimentally on the 
fluorescent yield of the scintillator as a function of the 7+ energy. Any non- 
linearity can be expected to be small (cf. Taylor et al. 1951). This was confirmed 
by the results obtained here, and no correction to the final data was made on this 
account. 

Lastly, the observed time distribution of the #* mesons with respect to the 


m* mesons serves as a check based on the lifetime of the a*, and is used in 
assessing the absolute cross sections (cf. § 4). 


§ 3. EXPERIMENTAL PROCEDURE 
From the kinematics of the process 


y+porttn 
it is desirable to work at an 


gles as forward as possible, and at low meson energies. 
The main work referred to 


below was carried out at 90° in the laboratory system 


in. from it. Sein see ae eRe 
na-ray energy of the machine was set at 240 Mev for 
kept as long as possible ( ~600 psec). The machine 
iced experiments a little under 10° equivalent quanta per minute. 
-quantameter used was one described by Wilson (1957). . 


§ 4. Resutts AND Discussion 


‘The results obtained, at 90° in the laboratory system, are described first. 
Figure 4(a) shows the number of 7* mesons np observed per energy channel, 
with the polythene target; random counts have been subtracted. The 
- distribution of random counts is shown by the dotted histogram, and is only 
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Figures 4 (a, 5). The solid histogram shows the pulse height distribution of 7* mesons, 
after subtraction of random events which are shown dotted, observed from a (a) 
polythene, (4) carbon target at 90° laboratory angle. Events whose energies lie 
in the three lowest channels are not recorded. This cut-off corresponds to 5 Mev 
mesons. The high energy cut-off is 24 Mev. 

Figure 4(c). Histogram of the number of 7+ mesons per energy channel observed at 90° 
to the beam from hydrogen, deduced from the data of figures 4 (a), 4(b). Mesons 
shown in this figure arise from y-rays in the range 162-190 Mev. The curve 
superimposed in this figure is that which would be obtained if the matrix element 


of equation (1) were constant. 
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important below about 10mev. Figure 4(b) shows the number of 7+ mesons 
ne observed per energy channel with the carbon target, with the random counts 
subtracted. The distribution of mesons from hydrogen can be deduced from 
those of figures 4(a) and (b) by subtraction, when adjustments are made for 
the relative carbon content of the two targets and the integrated gamma-ray 
fluxes. The number of 7+ mesons per energy channel from hydrogen is then 
Mp —1-16ne, and this plot is shown in figure 4(c). This difference figure 
corrects essentially, too, for mesons produced in the air, shown to be small in ~ 
number by subsidiary experiments. Only 7+ mesons in the range 5-24Mev | 
will produce + mesons which wholly stop in the scintillator (cf. Rich and Madey — 
1954). Also shown in figure 4(c) is the theoretical distribution which could 
be expected in this experiment in laboratory coordinates if the matrix element 
in equation (1) were assumed constant. It has been corrected for energy lost 
in the target, for solid angle variation with energy, for the synchrotron spectrum | | 
and for decay in flight. The curve and the histogram of figure 4 (c) certainly 
indicate that to a first approximation, the differential cross section varies as p. 
The correlation is discussed further below. 
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Figure 5. The plot of the total number of observed events, as a function of the time 
separation between the 7+ and w+ mesons. ‘The curve for exp (—#/7) is also shown 
where 7=2:60 x 10-8 sec. 


Figure 5 shows a time distribution plot of the aggregate number of a+—y+ 
events at 90° from both carbon and polythene for 7* mesons of energy greater 
than 10 Mev so that random events are essentially not involved. The time interval 
examined by the apparatus extends approximately from 2x10-8sec to 
5x10-*sec. The distribution can be expected to be exponential, exp(—#/r7), over 
the interval, except near the ends. An examination of figure 2 shows that the left- 
hand edge of the time distribution will not show a sharp cut-off if the 7+ pulse 
possesses a long tail. The lifetime figure 7, deduced from these results, and 
from the work at 115°, was (2-60 + 0-15) x 10~* sec and agrees with accepted 
values (cf. Crowe 1957). From figure 5 it is possible to assess the fraction of ++ 
mesons which decay during the period of observation. It is 0-28. The absolute 
differential cross sections can then be deduced: 

The values of the differential cross sections in centre-of-mass coordinates 
obtained from the 90° measurements are listed in the table for various gamma-ray 
energies, with corrections as before. The cross sections are calculated on the 
basis of a thin synchrotron target bremsstrahlung spectrum. The synchrotron 
target actually consists of a 60/1000in. diameter tungsten wire. On the basis 
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of photon angular distribution measurements (McFarlane and Hughes, 
unpublished) the bremsstrahlung spectrum appeared to be that of an equivalent 
20/1000 in. target. According to Powell et al. (1951) a uniform target of this 
_ thickness would produce a change in the thin target cross sections of only 3%, 


since the dominant part of the radiation arises from the initial few thousandths 
of an inch of target. 

The earlier work at 115° showed, likewise, a fall of meson photoproduction 
near threshold, of similar form, though the maximum meson energy was now 
only 15 Mev, as the scintillator thickness was here only 3 in. Time distributions 


- were observed in this case and a curve analogous to that shown in figure 5 was 


obtained. Absolute cross sections for the 115° position were calculated, and 
these values are also quoted in the table, again on the basis of thin target 
bremsstrahlung. 


Differential Cross Sections (do/dQ) for 7+ Photoproduction from Hydrogen in 
centre-of-mass coordinates, and values of 2e?f2H? derived from the 90° 
results 


(1) (2) (3) (4) 

170 0-48+0-11 1-36 +0-30 
175. 0604010 =: 0-58 40-09 1-41 + 0-22 
180  0-68+0-10 

185 0-73+0-11 1-42+0-22 


_ . She Se ee ee ale 
(1) Laboratory y-ray energy (Mev); (2) do/dQ deduced from 115° laboratory measure- 
ments (10-2° cm? sterad-"); (3) do/dQ deduced from 90° laboratory measurements 


do\ p? : 
(10-2 cm? sterad-"); (4) (2e2f#H1*) 90 x 10° ; 2e*fPH* = (zn) = (: +i) 


The cross section results at 175 Mev and 185 Mev may be compared with 
previous values quoted by Bethe and de Hoffmann (1955). The results agree. 
The table also shows that the matrix element H of equation (1), with the units 
of equation (1), as assessed from the 90° laboratory measurements is constant 
within the error limits (cf. also Beneventano ef al. 1956). 

In conclusion, the method of detection proved to be a powerful one and it is 
hoped to apply the method, with thin liquid hydrogen targets, to the further 
investigations of the low-energy region, at 90° and forward angles, so that possible 
variations in H? can be more fully assessed. 
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Abstract. The effect of the central optical potential in the quasi-elastic scattering 


of high energy nucleons is treated by the semi-classical approximation. For 
non-radial excitation of the nucleus the optical potential leads to a considerable 
angle-independent reduction in intensity. It also produces some forward 
scattering when two units of orbital angular momentum are communicated to 
the nucleus by the scattered particle. ‘The angular distributions for radial nuclear 
excitation are more seriously distorted by the optical potential; the main effect 
here consists in a more or less angle-independent reduction in intensity of the 
diffraction peaks, and the appearance of a large extra peak in the forward direction. 


§ 1. INTRODUCTION 


HE excitation of a level of a light nucleus by a fast proton (or neutron) is 
| expected to result largely from a single energetic collision between the 
high energy particle and one of the constituent nucleons of the nucleus. 
The amplitude for such a collision is, however, considerably modified by the 
presence of the other nucleons. It seems reasonable to simulate their effect by 
that of the complex optical potential which is used to describe the elastic scattering. 
In this way one obtains the distorted impulse approximation, whose theoretical 
foundations have been discussed by Levinson and Banerjee (1958) and M°Cauley 
and Brown (1958). Levinson and Banerjee find that the distorted impulse 
approximation gives results in quantitative agreement with experimental data 
on the excitation of the 4-4 Mev level in #C within the energy range 14-186 Mev. 
Similar quantitative agreement has been obtained by Benoist, Marty and Meyer 
(1957), Mohr (1958) and Squires (1958) at energies within the range 96-185 Mev. 
At energies in the region of 100 Mev or higher one may estimate the distor- 
tions produced by the optical potential with the help of the semi-classical approxi- 
mation. This approximation was originally formulated for large angle elastic 
scattering in slowly varying potentials by Schiff (1956). It is essentially a 
B.W.K. approximation with straight line paths before and after the single energetic 
collision. Benoist, Marty and Meyer (1957) and Squires (1958) have carried 
over this simplified treatment to inelastic collisions, and much the same method 
has been formulated by M°Cauley and Brown (1958)||. Even with the help 
of the semi-classical approximation very heavy numerical computation is required 
to obtain the detailed predictions of the theory for any particular choice of initial 
§ Now at Department of Physics, Wellington University, New Zealand. 
|| These authors give a number of references to earlier work on the semi-classical 
treatment of elastic scattering. 
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lear transition 


It is therefore of interes 


the general character of the an 


study vib. 4 be ee ce : r 
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potential, making a number of simplifying assumptions as to the angle depender 


and spin dependence of the nucleon-nucleon scattering matrix and the radial — 


dependence of the nuclear wave functions, and find certain salient features which — 
_ will be reproduced in any more realistic treatment. 
For non-radial nuclear transitions we find in the first place that the optical 
distortion of the ingoing and outgoing waves leads only to a very slight broadening 
of the peaks of the angular distribution curves, leaving their shape and position 
otherwise much the same as they would be without optical distortion (see 
figures 1-4). ‘Thus the determination of an orbital angular momentum transfer 
from the angular distribution is not rendered unreliable by optical distortion. 
In the second place, the differential cross section around the peak is reduced 
considerably, by a factor which we designate as |f,|?._ It will be seen from table 1. 


Table 1. Analysis of the optical factor (10) for 4°Ca at various energies of the 
incident proton. The nuclear shape parameters are R=4-275f, t=2-5f. 
The optical potentials V assumed for the analysis are listed in the table. 


Radius 7 0 R-it R R+4 
E(mev) fo(v) —0-111+0-0887 —0-067+0-200;  0-161+0-304;  0:560+0-1867 
96 i) 0) —0-014—0-0267 —0-086—0-0417 —0-:181 +0-0267 
V(mev) f(r) 0 0-003 +0-003i  0-019—0-006i 0-008 —0-033; 
24190 Ff) a0 — 0-003 +0-0017 —0-003+0-005i  0:016+0-000z 
E(mev) fo(r) 0:100+0-1652 0:198+0-193i  0-386+0-193i  0-671+0-1117 
185 FAM 0 —0-022—0-0057 —0-074—0-000i —0-136+0-031: 
V (Mev) Hie 0 0-004+0-0017 0-010—0-003i  0-002—0-010 
TS 212° offre iO 0-001 +0-003:  0-001+0-004i 0-011 +0-0007 
E(mev) fo(r) 0:191+0-0767  0-279+0-084;  0-447+0-079; 0-703 +0-044; 
350 flr) 0 —0-021—0-0017 —0-06540-002i —0-121+0-0137 
V (mev) Pe) ae 0:004+0-0017 0-010+0-0017 0-002 —0-003z 
6+ 252 ten 20 0:003+0-001i 0-003+0-002; 0-009 +0-000; 


a 


that at 350 Mev fj is almost real. Here it represents simply a suitable average 
of the absorption arising from the imaginary part of the optical potential. At 96 
and 185 Mev, however, f, has a large imaginary part, showing that the real part 
of the optical potential is important at these energies in determining the magnitude 
of the cross section. In the third place, a central optical potential, because it 
refracts the incoming and outgoing waves, can make possible a non-zero momen- 
tum transfer in the single nucleon-nucleon collision even when the total 
momentum transfer to the nucleus is zero. This effect leads to forward and small 
angle inelastic scattering for nuclear transitions involving an even orbital angular 
momentum transfer 1. Forward scattering would otherwise be absent except 
for L=0 non-radial spin—flip transitions. The finite forward scattering produced 
by the optical distortions can be seen in the curves for L=2 in figures 1-4. In 


In the present paper we study the effect of the central part of the optical ; 
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Figures 1-4. Effect of distortion on the angular distributions for non-radial excitation. 


The full lines represent the distorted angular distribution (19), with optical angular 
momenta A=0 and 2 taken into account. The broken lines represent the 


undistorted but damped distribution, | fo R)2(2L + 1)j 2KR. Figures 1-3 are 
calculated using the distortion factors of table 1 and taking for R the halfway 
radius R=4:275f. Figure 4 is calculated similarly using the distortion factors of 


table 2. 


‘We have studied radial transitions only for the simplest case, where one 
additional node is induced in the radial part of the nuclear wave function without 


any accompanying transfer of orbital angular momentum. Without distortion 
; 3M2 
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Figure 7. Figure 8. 


Figures 5-8. Effect of distortion on the angular distributions for an excitation involving 
zero orbital angular momentum transfer and the creation of one extra radial node. 
The full lines represent the angular distribution (20), with optical angular momenta 
A=0 and 2 taken into account. The dotted lines represent the same distribution 
with only A=0 included. The broken lines show the undistorted distribution 
damped by a factor |fo($Ri + 3R,)|?. Figures 5—7 are calculated using the distortion 
factors of table 1, taking R\=R-—j}t and R,=R+}t, with R=4-275f, t=2-5f. 
Figure 8 is calculated using distortion factors obtained from those in table 2, again 
taking Rj = R—1t and R,=R+4t, with R=3-150f, =2-5¢. 
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Figure 10. Inelastic scattering of 185 Mev protons from 
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nuclear transitions. Dotted curves are corrected for estimated E2 and E1 additions 
: data from Tyrén and Maris (1957). 
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Figure 11. Inelastic scattering of 185 Mev protons from 1*O interpreted through a mixture 
of non-radial and radial nuclear transitions. Dotted curve is corrected for estimated 
E2 addition. Experimental data from Tyrén and Maris (1957). 
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momentum of the struck nucleon is assumed negligible v fi 


momenta encountered ina nucleus. (Summation over all spin and iso 


A <- 


variables is of course understood in (1).) ™ en ie 
The optical potential ” modifies the wavenumber k of a nucleon in nuclear 
matter: bis 
; : k+k a= dk, ‘ ? Gk af 
dk= — EV/k, : cee re EY 


and so distorts the factor exp (K.x;) in (1). For energies E— M greater than 
about 100 Mey its effect may be approximated if we make in (1) the substitution 


exp (1K. x;) Tx (j)>exp {#52(x,)} exp (1K . x;)T (J) exp {254(x,)}. 2... (4) 


Here S, and S, are phase integrals along ingoing and outgoing straight-line 
paths through x, : 


N 


S\(x))= i : _ R(x; + she/As) ds, | 


< pa 
eq) = | __ BR (x; + sker/ Re) as 


‘The use of straight-line paths is justified by Schiff’s (1956) treatment; essentially 
it is legitimate because the elastic scattering is confined to small forward angles. 
With optical distortions present we should also, in principle, make a correction 
to T,(7) in (1), to allow for the fact that the transfer of linear momentum in the 
energetic collision differs from Kt. In the following, however, we shall ignore 
the K-dependence of T,(j) altogether, so that we shall not be concerned with this 
correction. 

The dependence of the factor (4) on nuclear space coordinates and spins may 
be expressed as a sum of irreducible tensor operators of various integer ranks J. 
Conservation of angular momentum in the nuclear transition then reads 


When we average and sum over initial and final nuclear states, the interference 
terms between different angular momentum transfers J cancel in the usual way. 
Thus the angular distribution of the scattered protons appears as a sum of con- 
tributions, each corresponding toa givenJ, and we may consider each contribution 


t The factors exp (iS) in (4) give a 
vectors of the ingoing and out 
k,; and ky respectively. 


tem JJ, (6) 


good account of the refraction, so that the wave 
going distorted waves within the nucleus are not parallel to 
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_ separately. However, the form of each such contribution is not characterized by 
J so much as by the orbital part of J, as will be seen directly. 

The angular momentum transfer J is built up of three contributions: 

See Re (0 Or ey A ew tet (7) 

a Here 1 arises from the decomposition of the factor exp (7K.x,;) and can assume 
any integer value; A arises similarly from the optical factors exp (iS), and we 
shall find that only the values 0 and 2 are important; the angular momenta 0 
and 1 arise from the o;-independent and o,-dependent parts of T,(j) respectively. 

In treating the optical factors exp {iS,(x;)} and exp {7Sj(x,)} it is expedient 
and apparently quite reasonable to ignore the spin-orbit part of the optical 
potential V. The strength of the spin-orbit potential is not very well known, 
but for the most favourable optical path in such a nucleus as *°Ca it is unlikely 
to contribute to S,+.S, more than 0-5 radians; the central part of V contributes 
here as much as 1-7+1-42 radians at 96Mev incident energy, or 0-3+1-12 
radians at 350mev. ‘Thus the main optical distortion in the scattering 


al 


pe 


amplitude arises from the central potential. It should, however, be noted that 


in contrast to the situation in elastic optical scattering, the optical spin-orbit 
‘terms may appear linearly in the unpolarized differential cross section, 
since the transition operator T,(j) has large spin-dependent parts. Thus 
spin-orbit effects may be quite important even in obtaining a detailed fit to the 
unpolarized angular distribution for any particular transition. (The treatment 
of polarization is postponed to a later paper.) 

The dependence of the matrix element (1), (+) on the scattering angle 0 


from exp (iK.x;). The angle-dependence of T,(j) will lead to some reduction 
of the cross section at larger angles (cf. Squires 1958), but this is not a very 
important effect and will be ignored in the following. The optical factors 
exp (iS) are also rather insensitive to the scattering angle, as will be seen in the 
next section. The dependence of the /th order irreducible tensor component 
of exp (iK.x;) on the scattering angle 6 can be expressed through the familiar 
factor j,(Kr;) ~j,(2kr; sin 39). Evidently, then, the angular dependence of 
the differential cross section lies mainly in the Bessel functions j,(Kr), but various / 
interfere according to the possibilities expressed by equation (7). With the 
approximation mentioned earlier, that the spin-orbit optical potential is to be 
neglected, the optical distortions carry only even parity, so that / is also restricted 
to have the parity of the nuclear transition. 


§ 3. ANALYSIS OF THE OpTicaL FacToR 
We take axes x, y, 2 centred in the nucleus, and directed respectively along the 
three orthogonal vectors k; x kp, K=ki—ke, and (kj x ky) x K. The incident 
and scattered rays kj and kg lie in a y2 plane, and since ki ~kt, they both make 
angles of approximate magnitude 3 with the z-axis, 6 being the scattering angle. 
For the phases appearing in (5) we have the expansion 


: comes partly from T(J), partly from the optical factors exp (iS), and partly 
: 


2 se” (ABK( xj. ¥j0) +5)/2y;}18] s+ (8). v++-- (3) 


— 0 


The term containing @ in (8) is clearly of order 0RSk, where R is the nuclear 


S05) +560) ~ 
This approximation was used by Squires (1958)+. x 


Having in mind thesphericalsymmetry of 5k, we may now express the exponen 
tial of the optical phase (9) as a sum over even-parity spherical harmonics: 


exp [HSi(x,) + SoO4)}]= DAF DACP ACRsIp)- + (10) 


nA 
We have calculated the functions f,(r) for calcium at 96, 185 and 350 Mev, taking 
for the optical potential 24+719, 13+121 and 6+7i25Mev respectively. A 
trapezoidal form factor was used, with inner radius R—4t, outer radius R + 3, 
R=1-25A1®f, t=2-5f. The results are shown in table 1. 

As well as using the trapezoidal potential we have determined the functions 
f,(r) on the surface of a rectangular potential with appropriate ‘equivalent’ 
radius R=1-62A"%f. A rectangular potential does not give a realistic account 
of the radial dependence of the f,(r), but is useful in estimating these quantities 
at the nuclear radius, where analytic computation is possible. Using the optical 
parameters as given above, we have calculated f, and f, for *°Cain this way. The 


Table 2. Analysis of the optical factor (10) for Ca and !2C using a square- 
well optical potential of radius R=1-62A¥?f. For Ca; R=5-5f; for 
Che 37£. 


E 
(Mev) Ca =C 
96 f(R) 0:163+0-2082 0-293+0-2807 
f,(R) —0-:112—0-047; —0-132—0-0087 
185  f,(R) 0351+0-164i 0-486 +.0-172i 
f(R) -—0-108—0-0012 —0-100+0-0147 
350 fo(R)  0:416+0:070i  0-537+0-069: 
f2(R) —0:097+0-002: —0-088+0-0077 
a a a 
results are shown in the third column of table 2, and are in excellent agreement 
with the corresponding parts of table 1 (r=R). In view of this agreement we 
have repeated the rectangular-potential calculation for 12C; the results are 
shown in the fourth column of table 2, From these figures it will be seen that 
the distortion factors are not at all sensitive to the (light) nucleus considered, 
apart from the obvious overall increase in absorption with larger radius. 


§ 4. ANGULAR DISTRIBUTIONS 
Within the approximations adopted, the angular momentum A carried by 
the optical factors exp (iS) is entirely orbital, and is expressed by equation (10). 


+ Similar terms of order @ are omitted by M°Cauley and Brown (1958), where a straight 
path along k; is used. 
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> Ky) exp [FS (x,) + Sax, = (47)¥? = agtlr;)¥ H%))y eee anc 


e ust(r) = (47)? os > i,(Kr)(21+1) 


-, 


even 
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Since is even, the summand in (16) vanishes unless ]— L and p are both 


even. Reflection symmetry in the yz-plane is expressed through the relation 


Ge al Pet), cai eee gree (17) 


- Particular interest attaches to the cases L=0 and 2, where the distortion brings 


in quite large admixtures. The expression (16) gives here 


BMF DEROMKNS > (18) 
as(ry=arr=v/(5) shar D+ FAILED + fees (185) 
ai(r)=V/(5){ ful) - § feo K) + flier) + fo eee (84) 


The form of the angular distribution depends upon the radial integration 
in the scattering amplitude. In this connection it is necessary to distinguish 
between radial and non-radial excitation, corresponding to whether or not there 
is a change in the number of radial nodes of the nuclear wave function. 


4.1. Non-radial Transitions 


From table 1 it will be seen that contributions from near the centre of the 
nucleus are heavily damped. Taking this ;nto account, and bearing in mind also 
the expected radial dependence of the nuclear transition density, we see that 
for non-radial excitation we may work as though the transition density be con- 
centrated at an effective interaction radius R close to the nuclear radius. Such a 
simplified treatment of the radial integration suffices to indicate the extent to 
which the optical potential mixes the various angular factors j(Kr), although it 
leaves the absolute magnitude of the cross section a little uncertain because of 


Tea ee eee 

Pe Waeein ieee j Ti bad ccs ‘ 

4.2. Radial Transitions — Avs ee 

7 The same type of approximation may be made for the treatment of 

excitation, although in this case more than one interaction radius is requirec 
If the transition results in one extra radial node in the nuclear wave fun on 

we need two interaction radii R, and R,. Taking account of orthogonality in 
the radial integration, and again assuming a spin-independent 7,(j), one obtains 
in this way an angular distribution proportional to 


EDI at(Ry)—at(Re)i sees (20) 


In the angular distributions of figures 5-8 we have taken R,=R-+4¢ and 
R,=R-}t. The form of the curves will not be changed very much by taking 
any other reasonable choice, however. 

The angular distributions (19) and (20) still apply when the matrix T,(/) 
‘contains besides a spin-independent term a spin-dependent term of the form 
6.a;; in this case J can either be equal to L or to L +1, according to the parity 
of the transition. 


ire es 


4.3. Electromagnetic Excitation 


In none of the preceding have we considered the effect of electromagnetic 
interactions. In the first place the Coulomb contribution to the optical phase S 
for a proton passing into any light nucleus is much smaller than the nuclear 
contribution, and the Coulomb deflection of the classical path is very small, 
at the energies considered. Thus Coulomb distortions may be neglected. 
In the second place, a rough estimate of direct electromagnetic excitation, based 
on the relative strength of Yukawa and Coulomb forces, and on the absorption 
factors fy given in table 1, indicates that the scattering amplitude for electro- 
magnetic excitation can exceed the f, part of that for Yukawa excitation only 
when the momentum transfer K is less than about half the pion mass. ‘This 
corresponds toscattering angles less than1-3(kR)—. For larger angles the electro- 
magnetic contributions fall off very fast because of the factor K~2 in the electro- 
magnetic amplitude. It is interesting to note that at the above angle much of the 
electromagnetic excitation amplitude arises from paths which do not pass into 
the nucleus, while at smaller angles it arises almost entirely in this way. Thusa — 


treatment of electromagnetic excitation using plane waves should give reasonable 
results. 


tg i 


§5. NumertcaL Resuts 

Taking various incident energies and various nuclei, and neglecting the 
very small contributions from A> 2 in equation (10), we have plotted the dis- 
torted angular distributions (19) for non-radial excitation in figures 1-4. The 
broken curves show, for comparison, the undistorted distributions (2L + 1)j,?KR, 
reduced in intensity by the factor | fo(R)|?. They correspond to breaking off 
the series (10) atX=0. It will be seen that the effects of the optical potential are 
as stated in the introduction. In particular, it is quite sufficient around the peaks 
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of these non-radial distributions to use the undistorted distributions with the 
reduction factor |f)|?. These calculations indicate therefore that the mixing of 
_ orbital angular momenta by the optical potential may be ignored around the peaks. 
Thus any dominant orbital angular momentum transfer L will produce an 
undistorted peak j,2(KR), and this will remain true irrespective of any compli- 
_ cations which may arise from a better treatment of the spin-dependence of the 
matrix T,(j). This gives one some measure of confidence in the interpretation 
of experimental distributions. The non-vanishing forward scattering predicted 
4 for L=2 non-radial transitions has been observed by Strauch and Titus (1956), 
and is apparent also in the calculations of Levinson and Banerjee (1958), Mohr 
(1958) and Benoist, Marty and Meyer (1957). The absence of subsidiary 
maxima and minima in experimental angular distributions may be accounted 
for by a proper treatment of the radial integration (cf. Levinson and Banerjee 
1958, Mohr 1958). The spin-orbit potential and multiple inelastic scattering 
within the nucleus may also have a similar effect. 
We have plotted the angular distributions (20) for radial excitation in figures 
5-8, taking zero orbital angular momentum transfer L. The broken curves 
- represent the undistorted distributions modified by a factor | fo(ER, + 4R,)|?. 
These show no forward peak. The dotted curves were obtained taking account 
of the radial dependence of f,(r), but neglecting the terms containing f,(7). 
The difference between these and the full curves is quite large, showing that the 
optical mixing of angular momenta expressed in equation (18a) is important 
here. 


excited by 186 Mev protons, as investigated by Tyrén and Maris (1957) x0 Tne 
matrix T,(j) can be derived from a table given by Squires (1958). The central 
and spin-dependent parts of T,(j) are equally important on the average over 
the range of angles required (about 0°-45° in the laboratory). Because of the 
various spin-orbit contributions to T,(j), interference terms such as a,"a,"* 
should appear in the angular distributions (19) and (20), but we do not anticipate 
that their inclusion would alter the features of the predicted angular distributions 
in any transitions where one L-value is dominant. Distributions due to two 
L-values mixing together through the spin-orbit parts of T(J), ©-8- LaJeA 
and L=J +1, should be distinguishable by the broadness of the resultant 
angular distribution peak. 

Although individual terms in T,(j) depend appreciably on the scattering 
angle, we expect that the resultant angle-dependence of the differential cross 
section is largely compensated as between one term and another. A direct 
comparison with the angular distributions (19) and (20) is therefore relevant. 
An average value for T,(j)at 186 Mev, appropriate to the units used in equation (1), 
is given by (27r)-2|k2T |? ~0:5.. The scale of our theoretical angular distributions 
is set by multiplying (19) and (20) by the above number and by E2/k*. Reduced 
nuclear matrix elements of the operators Y,"(j) and Y;"(j)o;, and other nuclear 
angular momentum factors, will give a further factor of order unity, which 


however we do not attempt to predict theoretically in the present work. 


§ 6. COMPARISON WITH EXPERIMENT 
; We have compared the preceding angular distributions with the experimental 
distributions obtained when certain levels in the nuclei 12C, #*®O and *°Ca are 
: 
| 
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The nuclei 12C, 180 and 4°Ca all have 0+ ground states, so that the angular 
momentum transfer J is unique. This reduces the number of possibilities to 
be considered. In figures 9-11 we show experimental points and theoretical 
curves fitted to them. The vertical scale has been fixed in each case as Just 
explained, with however additional overall factors to obtain the best fit. These 
extra factors, listed in the figures, range from 0-5 to 2, in reasonable agreement 
with what might be expected from the detailed nuclear matrix elements mentioned 
above, and other small corrections. ‘The curves are in all cases taken from 
figures 1-8, but in setting the horizontal scale we have used R= 1-5A1/3, as this 
gives a better fit to the positions of the peaks than would be obtained with the 
halfway radius R=1-25A1?. 

There are two cases of particular interest: the 9-6 Mev excitation in *C and 
the excitation at 6-1 Mev in 180, for both of which the observed peak is consider- 
ably broader than the characteristic diffraction maximum j,?._ The peak for 
the carbon level is centred at an angle appropriate to (non-radial) L=3, but the 
distribution also shows some tendency to non-zero forward scattering, appropriate 
to distorted L=2. We should thus be led to a superposition of L=2 and L=4, 
which gives an excellent fit, as shown by the full line in figure 10. However, 
the interpretation L =J + 1, J =3+* is not in agreement with the known low-lying 
levels of even—even nuclei. There remains the possible mixing of two distinct 
levels, J =2+ and J =4+, lying within the range of experimental energy, 9-6+0-2 
Mev. ‘There are other grounds for believing in the presence of these two levels. 
Thus the cross section in the forward direction for excitation by electrons of a 
known level at 9-61 Mev can be explained on the basis of a 2+ transition (Fregeau 
1956). (An alternative explanation in terms of a 1~ transition (Ferrell and 
Visscher 1956) seems definitely to be ruled out by the present approach.) A 4+ 
level in this energy region has been predicted by Kurath (1956), on the basis of 
the intermediate coupling model. 

The excitation at 6-1+0-2 Mev in 16O is also roughly centred at L=3, with 
a tendency to non-zero forward scattering. However, the distribution falls off 
beyond the peak more rapidly than in the preceding case, which tends to rule 
out a contribution from L =4, and the objection to a 3+ level is the same for this 
nucleus as for *C. A mixture of radial 0+ transition with a normal 3- transition 
is shown in figure 11, and is in very good agreement with the data. Both these 
levels are in fact believed to occur within the range of experimental energy, 
the 3~ at 6-13 Mev and the single particle 0+ radial transition as the major 
contribution to a level at 6-06 Mev (Elliott and Lane 1957). 

Little uncertainty arises in fitting the other experimental angular distributions 
in figures 9 and 10, and the resulting spins and parities are in agreement with 
those assigned from other data to levels with the same excitation energies. 

We may conclude that the theory may be used with some confidence as one 
line of attack in predicting the spins and parities of unknown transitions. 
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approximation. ‘The extent of the modi igate 
case of EO excitations, taking rectangular wells for the nuclear | : 
transition potential. The case of several open channels is briefly consi meee 
ithe 


§ 1. INTRODUCTION 


direct interaction throughout the nucleus is the main mechanism, compound 

nucleus formation playing a comparatively small part. 

The angular distribution of inelastic scattering often seems to be accounted 
for by the simplest approximation available, the Born approximation, in which 
the incident particles are represented by plane waves. Since the theory is a 
wave theory, it gives diffraction effects such as are observed at the lower energies, 
and a fit is often obtained with the position of the maxima and minima by arbitrary 
adjustment of the nuclear radius. 

Such agreement must be somewhat fortuitous, since there are many cases 
in which there is no resemblance between theoretical and experimental curves, 
unless account is taken of the distortion of the incident waves by the nuclear 
potential. Even at 90 Mev it has been found necessary to use the distorted wave 
approximation to obtain satisfactory agreement with experiment (Mohr 1958). 

The distorted wave approximation has, however, run into difficulties. Thus 
Levinson and Banerjee (1958), in a systematic investigation of inelastic proton 
scattering in carbon over a wide range of energies, were able to obtain satisfactory 
agreement with experiment only by using a nuclear potential two-thirds that 
required to fit the elastic scattering, although they tried varying other nuclear 
parameters. ~ 

The next improvement in the theory is to allow for the coupling between the 
elastically and inelastically scattered waves; and it may sometimes be necessary 
to take account of the coupling for the following reason. In the distorted wave 
approximation the intensity is proportional to the square of the transition potential 
and so increases without limit, whereas there is an upper bound to the total 
inelastic cross section—from considerations of conservation—which is implicit 
in the strong coupling theory. This upper bound is of the order of the geometrical 
cross section, and as inelastic scattering cross sections of comparable value are 
found, the coupling may appreciably modify results obtained in the distorted 


I has now become evident that, for most nuclear reactions above 10 Mev, 
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astically ticles have mass M, wave number 
 E, radial wave function Fo, ¢ move in a potential —Vy); and 
articles go out through channel n7 let the corresponding quantities be 
Fr» —Vny- Denote the transition potentials by —V,,,, (the values 
V’sare then all positive). Let the quantities Z, E,,, — V,,, have incorporated 
em the factor 87?M/h? associated with them in the wave equation, so that 
ay write — . 


Be re Bae, (B,=h,2. [= gee ti) F 
Then the coupled equations take the form 
ka REE Bp NUE nm, mal, 1,203.7 sen (2) 


In this paper we discuss only the case where all the potentials V,,,, are spherically 
symmetrical, which implies consideration of EO excitations only. Otherwise 
calculations are complicated and very lengthy. Putting 


q Poesy r! > Par) e; (cose), 9 8 me manne (3) 
F. F, similarly, the coupled equations ne 
. pay Fe eG aged ea 9 a ae (4) 
If there are only two channels the coupled Pre ens may be written 
= ¢ 4 [E+Voo—Ul+ Ir |Pi= Voth ee (5a) 
oe + [Bt Vy—Ml4 lr |Fi= Vor ves eo) 


- The best form for Vy, and V,,is a Saxon potential, with an imaginary component 
to allow for absorption of the waves in the nucleus. Vp , is the potential energy 
of the direct interaction between the incident and the nuclear particle, averaged 
over the transition density pp of the nuclear particle; and as the interaction 
is of short range, Vo, has approximately the form of soxf,. The equations (5) 
- then have to be solved by numerical integration from the origin outwards. here 
are two independent solutions for F,/and F,! which vanish at the origin, and they 
may be started off by taking Vo) and V,, constant for small r, for then the exact 
solutions are known (see below). A linear combination of the two interior 
solutions must be joined smoothly at the nuclear boundary r= R to the exterior 
solutions which have the form 

y Fi(rz R)= (2l+ 1)i![Rrj(Rr)+okrhM(kr)], eee (6a) 

f Fire R)=(2l4+ Ry Oder (iat tet (6b) 


copia | Seats: 
When V,, is small, «, and f, tend to the values given by the distorte 


approximation : ; a . 
x= Hexp (2in?)—1], Mee 
B= af VoroloePi'dr, =~ inet (106) 


where the distorted waves )F,! and ,F,! are the regular solutions of (5a) and 
(56) with V),=0, normalized to the asymptotic values » 
ol! ~ (21+ 1)t’exp (im) sin (kRr—4tlr+7n)), —.... (11a) 
oly! ~ (21+ 1)t’exp (in?) sin (Ryr—4la+nf).  ...... (11d) 
For larger V,, the asymptotic form of F;! in (6a) is easily seen to be (11a) 
with a complex phase 7, = 7," +7/' in place of the real phase 7°, where 7, is related 
to «, and B, by 
a= t[exp (2a) 1},) © >) oe ee (12a) 
ieiP=d [expC 452) be as ue eee ee (125) 
There appears to be some connection here with the optical model; but a complex 
potential which will produce the complex phases cannot be the same for different 
orders / and for different energies. In the optical model a complex Vo, is chosen 
arbitrarily to give a ‘consistent ’ set of and hence of |8;|", such that the resulting 
value of ojn is of the observed magnitude; but the 8, themselves, and hence 
gin(9), cannot be determined. We shall use the optical model to represent the 
effect of channels additional to the two under investigation. 


For Vo, Vi, and V,, constant within the nuclear radius, the interior solutions 
of the coupled equations are of the form 


Fy = Ldrj,(Ar) + Muri (ur), 
FY =y,LArj,(Ar) + OC Maney, =o) ceeren (13 b) 


for the equations are satisfied on substitution, if A and yu are the positive roots 
of x in the equation 
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Fitting the interior solutions (13) smoothly to the exterior solutions (6) at 


the nuclear boundary gives four equations containing the four unknowns L, M, 
a, and f,. The values of «, and f; are then given in terms of 4 x 4 determinants 


containing spherical Bessel functions and their derivatives and a few zero terms. 
Substituting for the « and B, in (8) and (9) gives the angular distributions and 


- total cross sections. 


; if we neglect the energy loss of the incident particles in comparison with their 
incident energy, so that E,=E and V,,=Vo , we have from (14) the following 
simplifications : 


ki =k, 
A= (E+ Vogt Vox)"; = (E+ Voo—Vor)"?, eee (15 a) 
ee a ee Ae (155) 


§ 3. CALCULATIONS 


For simplicity a square well was taken for Vog=Vy1 and V,,. The radius R 
was taken to be 2:9 fermi and the depth V9 to be 47 Mev, these values being about 
the average of those used in the most recent optical model calculations of the 
elastic scattering of protons in carbon (e.g. Glassgold and Kellogg 1957). The 
value of Vy, was varied in the calculations. The case of carbon is of particular 
interest, as the angular distribution of inelastically scattered protons for the 
principal energy loss (4-4Mev) has been studied over a wide range of energies. 
Furthermore the total cross section for this loss reaches two-thirds the geometrical 
cross section at 14 Mev (Peelle 1957), so that we have a clear case of strong coupling. 
Unfortunately the excited state does not have the same spin as the ground state, 
so that Vy, is not spherically symmetrical. In such case the coupled equations 
have the same left-hand sides as (5), but right-hand sides with wave functions 
of order different from J, and the solution of the equations is a very lengthy 
process. : 

Although a case of single-particle EO excitation of high probability might be 
hard to find, it was decided to study such a case first, since it provides a good deal 
of information comparatively quickly. Once the general features emerging from 
the study are understood, the more confidently can excitations of other multi- 
polarities be tackled. 

The excitation energy was taken to be negligible in comparison with the 
incident energy, so that k,=k, for this assumption nearly halves the labour of 
computing the «, and f;. This simplification will certainly not alter the general 
conclusions. The calculations will be valid for proton as well as neutron 
scattering, since the height of the Coulomb barrier for carbon is small compared 
with the incident energies studied here; and experiment shows that the angular 
distribution is practically the same for neutrons and protons at 14 Mev for both the 
elastic scattering (Peelle 1957, Nakada e¢ al. 1958) and the inelastic scattering 
(Anderson et al. 1958). 

For complex Vo, the necessary spherical Bessel and Hankel functions of 
complex argument were readily calculated by expansion in a Taylor series of 
powers of the imaginary part of the argument, the required derivatives of the j, 
and n, of real argument being obtained in terms of finite differences, using closely 
tabulated values of j, and n, (National Bureau of Standards 1947). 
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Figure 1. Scattering of neutrons of energy E= 18 mev by a square well of radius R= 2:9 
fermi and depth Vo9>=47 Mev. |a,|* is the probability of elastic scattering, \6,|? 
of inelastic scattering, for meutrons with angular momentum /1/?(/+1)1/h, 
o, and oj, are the total cross sections for elastic and inelastic scattering respectively. 
These quantities are graphed as a function of the transition potential V,, which is 
taken to be spherically symmetrical (EO excitation). The broken curves (marked 
D.W.) are for the distorted wave approximation. 


The maxima vary their positions with energy, generally being closer together 
as the energy increases. The more rapid the initial rise in a particular |f,]?, 
the more rapid is the deviation of the corresponding |«,|? from its initial value 
as V1 increases. The value of |a,|* for V),=0 is, of course, that given by the 
phase shift method for elastic scattering, as may be seen from (10a) and (9a). 

In the distorted wave approximation, the variation of the |8;|? amongst 
themselves is seen to be much greater than that of the |«,|?, and throughout this 
and related work it was found that the inelastic scattering was much more 
sensitive than the elastic scattering to changes in the nuclear potential Vo. 
With strong coupling the values of the different |8)? for a given Vy, vary much 
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: Figure 2. As for figure 1, but for complex wells of depths Vo) =47 + 2°5i Mev and 
47410: Mev. Voor is the real part of Vp. 
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sections obtained for E=18mev with Vy)=47+2-5imev and 47+ 107 Mev. 


Increasing the absorption is seen to diminish the cross sections, in both the 
distorted wave and the strong coupling methods, as is to be expected; for when 
more channels are open, less particles emerge through a particular channel 
(see §5). Increasing absorption also brings the positions of the maxima in the 
different |8,|? closer together. 


4.2. Total Cross Sections 


The total cross sections oe and ojn, expressed in units of the geometrical 
cross section 7R2, are shown in the bottom sections of figures 1 and 2. Increasing 
the coupling between the waves F, and F, tends to bring oe1 and ojn to approximate 
equality and then diminish both. 

For no absorption (figure 1) there is a resonance in the third order wave for 
Vo, =0 which causes most of the initial rapid rise in ojn and initial rapid fall 
in oe] With increasing Vy,. For E= 12-6 Mev the resonance was found to be less 
marked and to be shifted to larger Vou, oin/7R? reaching a maximum value of 1-9 
at Vo,/(E+Vo0)=9°3 and oe1/7R? rising from 3-3 to a maximum of 4-4 as 
Vo,/(E + Voo) increases from 0 to 0-2. Resonance occurs in general for equality 
at the nuclear boundary of the logarithmic derivatives of one of the two terms 
in (13) comprising the ‘nterior wave function and the exterior wave function. 
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the tep function for Vog and ut a similar re 

ar potential of the Saxon the coupled equations | 

by numerical integration. Chase, Wilets and Edmonds (1958), using a comp 

potential in their collective model, have obtained similar reductions in thei 

rotational excitation cross sections. i aA 
Using the complex potential in the usual optical model calculation, it is 


found that Voi=2-5Mev gives an absorption cross section caps of 0-817R?, 


while Vo,!=10Mev gives caps=1-487R?. Now values of o,, should be taken 
from figure 2 only in a self-consistent sense; i.e, we can accept a value of cin 
as significant only if it occurs for a value of Vo9 which gives in the optical model 
treatment a value of caps exceeding cin. The more channels that are open, the 
greater will be the extent to which caps exceeds cin. 

_ The experimental data for carbon are of interest. Observed values of cei 
are 2-O7R? (with R=2-9f) for 13 Mev (centre-of-mass) neutrons (Nakada et al. 
1958), and 37R? for 18 Mev protons (Peelle 1957), disregarding the Coulomb 


contribution; and observed values of oin for the 4-4 Mev loss change monotonically — 


from 0:857R? for 13 Mev protons to 0-487R? for 18 Mev protons (Peelle 1957). 

Exact comparison of theory-with experiment with a view to determining the 
magnitude of the transition potential is not possible. In the first place, the 
calculated values are for an EO excitation, whereas the main loss in carbon is 
associated with an E2 excitation. In the second place, Vo, has been taken to be 
constant inside the nucleus, whereas it has approximately the form of the 
transition density of the excited nucleon, and so is strongly peaked. But one 
can safely predict that if the cross section for excitation to one or more levels is 
comparable with 7R®, oe will be reduced appreciably below the value calculated 


with neglect of coupling. 
4.3. Differential Cross Sections 


Differential cross sections for E=18Mev are shown in figure 3. Curves 
for inelastic scattering obtained in the distorted wave approximation have the 
same form for all V,,;, and magnitude proportional to Vo,2; and it is seen that 
they depart seriously from the curves obtained with strong coupling for 
Vo,/(E+Voo)>0-1. It must be remembered that the logarithmic scale used 
tends to minimize differences except near a low minimum, where differences 
are over-emphasized. The strong coupling curves for both the elastic and 
inelastic scattering vary their form considerably with Vo, for Vy )=47 Mev, 
while the variation is much less for Vp) =47 + 107 Mev. 

For E=12-6mev (figure 4) corresponding pairs of curves for complex Vo 
and real Vo) are most markedly different for Vj, = 12 Mev, whereas for E= 18 Mev 
the most marked difference occurs for V),=0: This is because the resonance 
in the f wave occurs for Vj, = 12 Mev at E= 12-6 Mev and for V,, =0 at E= 18 mev, 
as remarked in § 4.2. 

Since Vo,/(Z+ Vo9) has to be at least 0-2 to obtain a value of ojn comparable 
with 7R®, it is clear that angular distributions calculated with neglect of coupling 
me be seriously in error when ojp for a particular excitation is comparable with 
TiN 3 
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ah At these energies the angular distributions are sensitive, not only to V), but 
also to Voy). Thus at E=18 Mev, oin(6) has three minima for Vj, =47 Mev, but 
_ only two for Voy=32 Mev, the form of the curves being entirely changed. For 
Voo=47 Mev the f wave is predominant, ojn(0) having very approximately the 
form [Ps (cos 6)]? for small V,,, while for Vy9=32Mev the resonance in the 
- f wave disappears. oei(0) is much less affected than oin(@) by the change in Vp. 
For E =90mev (figure 5) the o(6) are relatively little affected in form by 
changes in Vou though the magnitude of ojn is altered. Introducing an imaginary 
component into Voo has previously been found to have relatively little effect 
on the form of o(@) at this energy (Mohr 1958), and changes in the magnitude 


Ae 1000 
2 ; = 7 Voo" 47 + 10: 
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Figure 3. Differential cross sections for the elastic and inelastic scattering of neutrons 
of energy E=18mev by square wells of radius R=2-9 fermi and depth 
Voo=47 + 10: Mev and 47 Mev, for values of the transition potential V7, indicated on 
the curves (in Mev). The curves marked D.W. are for the distorted wave approxi- 

| mation, for ¥y;=6°5 Mev. Distorted wave curves for other values of Vo, will have 

the same form, but magnitude proportional to V, 012, and will agree with the exact 
curves for sufficiently small Vo;. ~ 


of Voo will have less effect than at lower energies. But the curves are more 
sensitive than at lower energies to the form of Voy and V9,. The use of rectangular 
wells is seen to give marked diffraction maxima and minima, whereas the use 
of rounded-off potentials largely eliminates them (Mohr 1958), as shown by 
the dotted curve in figure 5 (magnitude arbitrarily adjusted for purposes of 

comparison). ‘This smoothing-out of maxima and minima occurs much less 
at lower energies, where the diffraction effect often arises largely from a single 
predominant spherical harmonic. 

We have so far discussed EO excitations. For E2 excitations the distorted 
wave approximation was found to give an inelastic angular distribution at 18 Mev 
with Vo)=47 Mev considerably different from that observed in carbon (Peelle 
1957), the discrepancy arising largely from the predominance of the f wave. 
A fit has been obtained with the distorted wave approximation with a Saxon 
well with depth 32mev and other parameters suitably chosen (Levinson and 
Banerjee 1958). With strong coupling a large contribution from a single harmonic 
should be much reduced for excitations of any multipolarity, so that a fit to the 
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Figure 4. As for figure 3, but-with incident energy E=12-6 Mev, and well deptha 
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Figure 5. As for figure 3, but with incident energy E= 90 mev and well depth Voo=47 Mev. 
The dotted curve is for the distorted wave approximation with a Saxon potential 
for Vo9 and with V9, having the form of a p nucleon distribution within the nucleus. 


——- 


inelastic scattering may be obtained with parameters more nearly the same as — 
those required to fit the elastic scattering. 


§ 5. More THAN 'T'wo CHANNELS 


At sufficiently high energies there will be several channels of comparable 
importance. Suppose there are n+1 channels with the same spin and parity. 
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We then have to solve +1 coupled equations, one of them like (5a) and n like 
) (5 b). Take E,=E and V,,=Vo9 where s=1, 2, ...m. In order to obtain insight 
into the most general features of the problem, we take Voq real and consider 


two cases which permit of easy solution. 


Case (z). Vos= Vou: ¥ig=0 for i A 


Then 
A= (E+ Voo + n2 Kort) R= (E+ Voo 7 ni2 Vendo", oe eee (16 a) 
Y= Ye= ee = Yn an, 8 = 8g =-. = bn = ante nnss mie(l6d) 
there now being n identical outgoing waves of form (66), for which 
BO =P @=...=f for each order 1. Equations (15) are, of course, the 


particular case of n=1. The occurrence of the term n?V,, in A and p in place 
of Vo, as in (15a) means that the maximum value of |6;|? occurs at a value 
of Vo, which is n—¥? times that for two channels. Since y, and 5, have n~¥? 
times their value for two channels, the maximum value of |6;®|? is 4n-1, and 


>, |B has the maximum value of 4 allowed by the conservation theorem 


Case (ii). Vos=Vovw Va=Von for t#s. 


Then 
A=(E+Vo9+n2Vo1)"”, w=(E+Voo—Vor)?, were (17 a) 
V1=Yo=e3-=Yn=l, §,=8g=-.-=8g= ~My teres (175) 
there again being n identical waves of form (6 6) for which B{? = B/?=...= BY. 


The maximum of [f°]? is found to occur at a value of Vo, which is very 
approximately 2(n+1) times that for two channels, while the maximum 
value of &,|f,°|? falls further and further below the maximum permissible 
value of } as m increases. ‘The variation of the phase of 8% with Vo is 


considerably different from that for case (i). 


Cases (i) and (11). Allowing for absorption will not reduce f,* much, for the 
imaginary component which one includes in V,, must correspond to an 
absorption coefficient for channel s only, not for all the channels as in §4.1, 
as this would count the absorption in each channel a number of times. The 
maximum value of oin=2,|8,[* will therefore be close to 7R®. Remembering 
that we have not been considering nuclear reactions other than inelastic collisions, 
the calculated value of oin must be compared with experimental values of the 
non-elastic cross section. For neutrons with energies above 10 Mev and for a 
wide range of elements, the non-elastic cross section is found to be close to the 
geometrical cross section obtained after allowing for surface diffuseness 
(MacGregor et al. 1958). 

The shift of the maximum in [6,2 to smaller Vo, when there are more 
channels open is not snconsistent with the shift of the maximum to larger Voy 
with increased V9! shown in figure 2. For in the former case we have in effect 
an ‘absorption’ associated with channel 1 due to loss of particles to the other 
n—1 channels, and this varies as |B? and so is small for small Vo;. But in 
the latter case (figure 2) the absorption is taken to be constant for all Vo. 
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The Three-dimensional Intensity Distribution near the Focus of Waves 


Diffracted by Slit and Rectangular Apertures 


By B. J. THOMPSON 
College of Science and Technology, Manchester 1 


Communicated by H. Lipson; MS. received 11th November 1958, in final form 
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Abstract. ‘The intensity near the focus of a converging wave diffracted by a 
rectangular aperture is investigated both theoretically and experimentally. The 
theoretical work is based on an extension of the classical analysis of Lommel. 
The experimental work is carried out using an optical diffractometer, and the 
positions of the axial minima on either side of the geometrical focus are measured. 
The results of theory and experiment are compared in various receiving planes 
near the geometrical focal plane. 


§ 1. INTRODUCTION 


source, with various shapes of aperture, are well known. When the 

receiving plane is displaced slightly from the focal plane the intensity 
distribution undergoes many interesting changes which have not been fully 
investigated. In the case of circular and annular apertures the intensities 
in various planes have been calculated (Lommel 1886 a) and theoretical intensity 
charts (isophote diagrams) drawn (Zernike and Nijboer 1949, Linfoot and 
Wolf 1953, 1956). Recently experimental work has been carried out in these 
laboratories in an attempt to verify the theoretical intensity distributions in the 
focal region for circular and annular apertures (Taylor and Thompson 1958 b). 

Investigations into the intensity-distributions near the focus for apertures 
bounded by straight edges, e.g. slits and rectangles, have not received much 
attention although they are of interest not only in light optics but also in the 
field of microwaves (cf. Mathews and Cullen 1956). Lommel (1886 b) discussed 
the intensity distributions near the focus for the slit, opaque strip and straight 
edge. The information he obtained was not sufficient to plot an intensity chart 
for the region near the focus for a slit aperture, nor did he extend his work to the 
more general case of a rectangular aperture. The experimental aspect seems to 
have been neglected apart from the work of Kathavate (1945), who published 
excellent photographs of the Fresnel diffraction patterns of square apertures 
showing how the pattern changes with variation in the size of the aperture until a 
Fraunhofer pattern is reached, and of Dufheux, Tironflet, Guenoche and 
Lansraux (1944). 

In the present paper Lommel’s work on the diffraction by a slit aperture is 
extended and a chart of the intensity near the focus in the error-free diffraction 
pattern of a slit aperture ‘5 obtained. It is shown in $3 of this paper how the 
intensity distribution in any plane perpendicular to the axis for a rectangular 


T= intensity distributions in the focal plane of a system imaging a point 


yea Rectangular 3 


through which passes a train of converging spherical waves of wavelength . 


i 


Figure 1. The coordinate system adopted. 
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O is the geometrical focus of the converging wave; CO= fand P is some general 
point having rectangular coordinates x, y, z (figure 1). 
Let us define four new variables: 


2 a? 1 eae 
“= x Rp “= XP By 

leis tale eA PRAY 0 
= a: hae v= ee 
The intensity 7, (normalized to unity at the focus) at the point P in the diffraction — 
pattern of a rectangular aperture is given by (see Walker 1904) 


y= Os i U?,o(u, v) + U*s0(u, ») | x a [ Uae v')+ U*5).(u’, “| 


aR ha P| 
where Uyj.(u,v) and Usj(u,v) are two of the Lommel functions defined by 


Bae SS (—1) (=) n4a5y (2). ore 


The J’s are Bessel functions of the first kind. Equation (2.2) refers to the general 


Fresnel case: for the geometrical focal plane (Fraunhofer pattern) w=u' =0 and 
since in the limit as u+>0 


; 2 
= | CO TACE v) + U* s/(u, ») | a 5, P2(2) = (=) 9. | Suelarsism (2.4) 


v 


ee 


gs 3. Nome 
Tt t detession n fol the intensity sins for each of the cbse examples -_ 
involves the evaluation of terms of the form 


bi aherc AACN MCS ») | eet oi 


reac (1886 b, p. 604) showed that this type of expression may be evaluated 
in terms of Fresnel integrals. In fact 


Z Uy2(u, 0) = 53| 4-4 ) cos « + (B— B’) sin «| 


an 


1 POE MESO cytes (3.2) 
Uselt®)= 5 [ 4-4) sin «—(B—B’) cos « 
and .: 
ia & : Aer ] 
U4/2(u, aA: (A+ A’) cos «+ (B+B’) sin « 
1 for gS Valet (o5) 
Usjo(u, Vv) = 57) [4 +A’) sin«—(B+B’) cos 
where A, B, A’, B’ are the Fresnel pe 
4 * cos U 
2 A=3["J-asle)de = i aye. 
uf > cos v 
a aaal, ee i Te EM EON (3.4) 
* sin U 


B= a{" Jua(v)do =< 0 Ve 
1 § sin 
dv 


; B= if’ Tule) = 95 | ye 
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Figure 2. Intensity chart (isophote diagram) near the focus in the error-free diffraction 
pattern of a slit aperture; the sloping straight line is the edge of the geometrical shadow. 


Intensity at the origin is normalized to unity. 
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Figure 3. The intensity distribution along the wu axis. 


quarter of the bisymmetrical pattern obtained by reflecting it in the uw and v axes. _ 
This bisymmetrical pattern shows the lines of equal intensity normalized to unity 
at the centre: the sloping straight line represents the edge of the geometrical 
shadow. Along the v axis the intensity distribution represents the Fraunhofer 


ee Fla H, Zsa, Ost, 2 ) etetcgee 
[sis the expression for aslit given by (2.6). , vand w’, v’ are defined by the 
th of the sides of the rectangle and the value of x, y and z (see (2.1)). _ rr 


B “9 i § 4, EXPERIMENTAL | 

Pe . The optical diffractometer is normally used for the study of optical analogues 

of x-ray diffraction problems in connection with crystal-structure determination 
but has recently proved useful in studying various problems in physical optics 

(Hanson and Taylor 1956, Thompson and Wolf 1957, Thompson 1958, Taylor 
and Thompson 1958 b). 


Figure 4. The optical diffractometer. 


The instrument is shown diagramatically in figure 4, Light from a mercury- 

vapour compact source lamp Sp is focused by a condenser lens L, on to a pinhole 
| §,; the light passing through the pinhole is rendered parallel by a lens L, and is 
brought to a focus at F by a lens L,. For the convenience of operation a front- 
silvered optical flat M is used to bring the focal plane F to the same height as the 


measured. Measurements were made for slit apertures from 3 to 7 cm in length ~ 
and 0:2 cm wide. Precisely the same positions were obtained if square apertures 
were used. Photographs were also taken in various planes perpendicular to the 
axis for each of the three types. of aperture, slit, square and rectangular. The 
results of these experiments are compared with the theoretically predicted results 
in the next section. 


§ 5. COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS 


The quantitative comparison of the experimentally measured positions 
of u-axial minima with the theoretically predicted ones is given in the table. 
2.a is the length of the slit in each case and a constant width of 0-2 cm was used, 
although any variation in this width had no effect on the positions of the minima 
since the positions of the minima are only determined by the length of the side 
equalto 2a. z,(n=1, 2, 3, etc.) is the distance of the mth axial minimum from the 
focus. A, =%,—%,-1 where 2)=0 is the focus. A comparison between the 
observed and calculated values of A,, A, and Ag is given in the table. The 
calculated value of A,, for n large is also given; this corresponds to a value of u 


equal to 47 (for a circular aperture the corresponding A’s are equal, i.e. 
A, =A,=A,= oo =a), 


Ay NS Ng 1 

2a (cm) obs. calc. obs. calc. obs. calc. calc. 
3 1:05 1-084 1:18 1-179 1:18 1-184 1-189 
+ 0:60 0-611 0-66 0-663 0-67 0-666 0-669 
5 0:37 0:391 0-42 0-422 0:43 0-426 0-428 
6 0:25 0:271 0-30 0-295 0-30 0-296 0-297 
i 0-19 0-199 0-22 0-217 0:23 0-217 0-219 


The agreement shown is seen to be reasonable although the values of A, are 
rather low; no great emphasis is placed upon this since the differences are 
within the experimental error. 
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_ Photographs of the intensity distributions in various planes perpendicular 
to the wv axis are shown in figure 5, together with the calculated intensity distri- 
I utions (dotted lines are the edge of the geometrical shadow) for a slit 2 cm long 
by 0-2 cm wide. For comparison the distribution in the focal plane is given in 
figure 5 (i). The intensity at the centre of the pattern is unity. Figure 5 (ii) 
shows the distribution in the plane w=11-48; this is the position of the first 
minimum. It is seen from the intensity chart shown in figure 3 that the maxima 
_ and minima along the w axis are not equally spaced, but appear to be arranged in 
_ approximately equally spaced pairs. The minima are approximately equally 
spaced as are the maxima; the planes half-way between minima contain two 
minima, one on either side of the axis, whilst the intensity at the centre is 
_ just less than a maximum. Figure 5 (iii) shows a plane (w= 17-71) containing 
- two minima, one on either side of the maximum. The final figure, 5 (iv), shows 
the situation at u=23-94,the second axial minimum. (For figures 5-8 see Plates.) 
A similar set of results is shown for a square aperture in figure 6 of side 2 cm; 
the results are on the same scale as figure 5 and so may be compared directly. 
_ In figure 6 (i) u=u' =11-48, the position of the first minimum. The features 
shown in the photographs in figure 6 agree very well with the features of the calcu- 
lated intensity distributions. For comparison figure 7 shows the Fraunhofer 
diffraction pattern for a square u=0 (figure 7 (a)) together with photographs 
of the same planes as shown in figure 6, but taken with a longer exposure. ‘The 
photographs in figure 7 are reduced to half-size. 
Finally in figure 8 a comparison between the theoretical and experimental 
results is made for a rectangular aperture chosen so that the first axial minimum 
in one direction coincides with the plane containing two minima, i.e. u'= 11-48 and 
- u=17-71. The dimensions of the aperture were 2 cm by 2:83 cm (ratio of 1 :4/2). 
; The grain in the photographs in figures 5, 6, 7 and 8 is caused by the enlarge- 
ment necessarily used because of the smallness of the diffraction patterns (between 
1 and 2 mm across). 
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pyle INTRODUCTION 
HE catalysis of nuclear fission reactions by negative muons was « 
| by Alvarez et al. (1957) in a liquid hydrogen bubble chamber. At 
end of about 0-6% of the stopped muon tracks, secondary muons appez 
with energy of about 5-4 Mev, which is that released by the fusion reacti i 


p+d—*He + 5-4 Mev. 


Sometimes gaps of about 1 mm were observed between the end of the ti. 
muon track and the beginning of the secondary track. 

This has been explained by supposing that the mesonic molecular ion (pdu)+ 
is formed and we shall be concerned with the ionic processes which lead to the 
formation of this ion. ‘The processes also have an intrinsic value in ionic physics 
because they accentuate the reduced mass effects which are present when the 


ions are formed from electrons. ‘The processes are : 
petdtedu+pt4+i35ev ....... (1) 
dutptdatpt => — Jo) nee (2) 
du+-pt+(pda)t-4hy' > 4 ow? Se eee (3) 
dust pes(pda)’-e eee eee (4) 


There is a small leakage of the proton and deuteron wave function through 
the Coulomb barrier, which enables the fusion reaction to take place, either 
with the emission of a y-ray, and trapping the muon, or again as an Auger 
transition. In the latter case it is the muon which takes the energy, forming the 
secondary tracks which are observed. 

The deuterium concentration was varied, and the resultant rapid saturation 
effect has enabled Skyrme (1957) and also Hayashi et al. (1957) to obtain 
relations between the reaction rates and the (competing) decay rate of the muon 
4-5 x 10°sec~!, The experiment of Ashmore et al. (1958) shows that the lowest 
limit for the molecule formation rate is 2 x 10°sec—. 


+ Now at University of London Computing Centre. 
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§ 2. REACTION RaTES 


The reaction rates have been calculated by Jackson (1957) and Skyrme (1957) 
using scaled potentials of the corresponding electronic systems and Born or 
weak-coupling distorted wave approximations. ‘These might be expected to 
give an approximate order of magnitude for the reaction rates, but are liable to 
suffer from two major sources of error which are: (a) the neglect of strong 
coupling between the pu+d* and du+p* channels, as for the corresponding 
atomic scattering problems involving proton, deuteron and electron, () deviation 
from adiabatic conditions as a consequence of the comparatively large ratio of 
muon to nucleon mass, as explained in more detail in §5. 

More accurate cross sections may be obtained by taking (a) and (d) into 
account. All the reaction rates (1)—-(4) may be derived from solutions of the 
same wave equation over a range of energies with different boundary conditions. 
We shall be concerned mainly with the zero-energy reaction rate coefficient for 
the y-exchange reaction (1). 


§ 3. RESONATING GROUP-STRUCTURE METHOD 


This method of Wheeler (1937) was applied by Buckingham and Massey 
(1941) to nuclear collisions of neutrons with deuterons and the present application 
to reaction (1) has a similar pattern. 

When the proton p and deuteron d are far apart, the muon » may be attached 
to either p or d. In the first case let $,(R,) represent the relative motion of d 
and the centre of mass of py, and in the second case let #.(R,) represent the 
relative motion of p and the centre of mass of du. Then the asymptotic form 
of the wave function representing the whole system is 


W ~d1(7, (Ri) Fho(72)o(Re) tees (5) 
where et ae Rp, R, = if me aa = aoe — Ra 5) 
AS eae ae ead (6) 
mr, +MaRa 
= — — fk = R 9 
ue) ri, Ra, R m,+Ma p 


R, or rx is the position vector of particle x, and mx or My, its mass. For the 
low energies at which reaction (1) is experimentally important, $,(71) and ¢5(72) 
are the ground state wave functions of the hydrogen atoms py and dy. he 
notation used for reduced masses is given in table 1. 


Table 1. Reduced Masses. 1 mua.u.=1-88 x 10g 


ee 
ee 


ist mass My Ma Mp+m M +m, My 
2nd mass My My Ma My My 
Reduced mass my My my Ms M 

Value (mu A.v.) 0-899 0-947 6°35 6:03 5:92 


In addition 
My+Maim,=M 
M-(My+m,)(Ma+m,)= Mmm, = Mym,-"m, = a 
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corresponds to liquid 

4x10-tev. For practical purposes we may Fed = 
significant in channel 1 and by conservation of total angular momer 
channel 2. If the radial parts of these waves are (47R,?)—¥2F,(R 
(47R,?) F(R.) respectively, then the simplest trial wave function 
whole system which has the correct asymptotic form is “ag 


s con [Pi@a)Ri (R,) + $2(12)Ro7Fy(Ro)]. «+. Ole a 


In the coordinate systems (rj, R,) and (r2, R,) the total Hamiltonian has the 


form : pets 
1 =e ; 
Hi=KE- 2] — = — 
aOR fy ke 
KE. Os yee 


where R= |R|=|r, —r,] is the internuclear distance. Multiplying 2H - E\yUr 


by ¢;* (¢=1, 2) and integrating over r; and the angular coordinates R, we oka 
the integro-differential equations 


EE — Vii) oho | F\(R,)=M al K(R,, R’) F(R’) dR’ 
0 


ese 11) 
qd? hee} ( 
E — V,(Rz) +he | F(Ry)=Mae?| KY (Ro, R’) F(R’) dR’ 
0 
q 
where a is defined by equation (7) and K* is the transpose of K. i 
hace ; 
VaR) = 2M | d*er)] R - 2 far 
tT, 
eet 
Va(Re)=2Ms [dey e— > ]ee a (12.4) 
1 
K(R,,R,) =4(mym,)??R, Ry 
x aes Sica pel eee 1 
a R p hile r; To —F,.9%, —tE A eee ae (126). 


QO = Myr, + MP9, x= R, . R,. eee eee (13 ) 
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‘The integration over x is carried out keeping R, and R, constant. Details of the 
derivation of a similar kernel are given by Buckingham and Massey (1941). 


§4,. THE Kernel K(R,, R2) 


This was evaluated by numerical integration over x as a 30 x 30 matrix, at 
_ intervals of 0-25 mu A.U., using a programme for the DEUCE computer which 
a had been prepared for the calculation of nuclear kernels. But as the first few 
y elements in table 2 show, the only significant values of K(Rj, Ry) lie close to the 
y main diagonal. The tabulation is insufficiently fine to follow the rapid variation 
-. of the kernel across the diagonal, and as a consequence the equations could not 
_ be solved. To tabulate at finer intervals would have involved a prohibitive use 
_ of machine time. 


Table 2. The Elements of this Table are Proportional to K(R,, R2) 
to one significant figure 


J R: 0-25 0:50 0:75 1-00 1725 
Ri 
0-25 + 10000 — 600 —100 -8 —1 
0-50 — 800 +6000 — 800 — 100 -—9 
0-75 — 100 — 1000 +4000 — 800 — 100 
1-00 —10 — 200 — 1000 + 3000 — 800 - 
#25 —1 —10 — 200 — 1000 +2000 


| lee nant 


The almost diagonal form of kernel is intermediate between the smoothly 
varying kernels of nuclear scattering problems and the completely diagonal 
kernels (or potential functions) which are obtained when the adiabatic 
~ approximation is applied to atomic scattering problems. This is a consequence 
of the mass ratio m,/Mp being intermediate between unity, which is the mass 
ratio for similar nuclear problems, and zero, which is the mass ratio for the 
adiabatic approximation. 


§ 5. REFORMULATION USING THE INTERNUCLEAR COORDINATE R 

The effective width of the diagonal ridge of K(R,, Rz) is very narrow. If the 
wavelength of internuclear motion is long compared with this width then the 
kernel K may be replacedt by a potential function without great loss of accuracy, 
and the integro-differential equations then become differential equations which 
are usually simpler to solve. 

It might be thought that such a replacement would always be equivalent to 
the adiabatic approximation which is only valid when reduced mass effects are 
negligible, but this is not the case. In the present problem the difference in 
wavelength between the two channels is a reduced mass effect. At zero-energy 
the wavelength in channel 1 is infinite, whilst the wavelength in channel 2 1s 
11:7 mua.v., which is comparable with the range of the potential fields (see § 8) 
so the adiabatic approximation is unsatisfactory. 

A reformulation in terms of differential equations which takes account of 
reduced masses is obtained by choosing a trial function of the form 


1 
wre hag lelrdR(R) +A) (14) 
+ Those parts of K which arise from the kinetic energy are replaced by differential 


operators. 
302 


with R held Conkake ==" ee we 
On multiplying 2(H— zy¥T=0 i 4%, ie integrating over Fy 
substituting analytic forms for ¢, and ¢., the equations for wit 
become 
og eg eR ame Zs 
| MdR? R 


=-N®)| Za Ii 2 2B, cn) 2m (Ree) +2(1~ 2 


eed F(R) 


Sree 2L,(R)+2 
MdR2 R +21 ( )+ B, |FA®) 
ine 2 1) dNdF, 
are: "aie am ~ R +2E |F(R)— 2MA(R)F(R)+2(1~ > ) oe 
ee (166) 
where 
L,(R)= | A tte share eee gent Rae 
a(R) = | bs%(rs\ro7 a= a — My exp es 2m,R) 
MR) = | bulrsibalra)ri dn? 
sm 4(m,m,)>” 2m exp (—m R)—exp(—m.R 
m,” — m,” ie a apt em) —exp(—maR) | 


M,(R)= | b1(rs)$o(r2)ro dr’ 
ee —— aa nen 7 mR) 


4 
: 


+exp (— mR) | : 
N(R) = | bulrs)ba(ra) arg 


= | dilra)belralary§) =? al mle (R)—m,My(R) . 


negligible 

1e¢ . In this section we are only concerned with these comparatively minor 
ions. 3 * 

eft ymptotically the exact solution of the Schrodinger equation in centre-of-mass. 

coordinates (r;,R,) and (ry, Ry) has the form i 


ee ee ares are Fok we a (19) 


_ where 

| cde) | Ck een Ia R Ad tee og weds ews (20) 

_ for some function c(k;) of the angular coordinates of momentum k,, and f dk, 
represents integration over those coordinates. Changing to the new coordinate 

system (r;, R) 


*, 


| exp (ik;. R;)=exp (ik;.R) x exp [7(1—m,)k;.rj] «-+--- (21) 
and the ¢;,(r;) component of V’; in this system is 
| | be(r)E de ,= | PaomiyermtieeR) dig scteAxe (22) 
Z _ where “ 
i q(k,)= | |d(r) PR exp EU —m)kj-ri]arF eee (23) 
y which is independent of k,, from the spherical symmetry of 4,(7;). Therefore 
a 7 | $,* (7) ¥idr.= ki) | Mirek Ride oc (24) 


- For s waves of the exact solution of the Schrédinger equation, it follows that 
the relation between the asymptotic forms in the two different coordinate systems. 


1S 


es 

3 PAD) a Ghkal (LR) dicy aie ete aie se (25) 
e Note that the functional forms of F,(R) and F,(R;) are different. ;,(k;) is the 
28 amplitude correction. For the zero-energy scattering 

4 aulks)=41(0)= 1, o(a) = ga(0°537) = 0-998. 

A Evidently the amplitude correction is negligible in comparison with other 
' approximations, and F(R) may be used to calculate reaction rates. 

4 The above analysis applies directly to the exact solution of the Schrédinger 
equation. But the asymptotic forms of the approximate s wave functions F(R) 
i" 


% 
4 


no 1S terms 
an ae is kinetic ie aed fhe fae term Se the higher 
expansion. If we had used a complete expansion i in deriving our. equi 
then we should have an exact solution of the Schrédinger equation, and si 
omission of the kinetic coupling is the only approximation we have maine for 
large R, it must be this omission which causes the error in kg. . be 
From the asymptotic relation (25) the omitted terms in equation (18), em 
equal to (M1 —.M,,1)d?F,/dR?, and they may be restored in this form, thereby — 
replacing the reduced mass of (26) by the correct reduced mass , of (27). 
For consistency a similar correction was made for channel 1, aie this has 
no effect on the form of that equation when R is large, and ue corrections were 
made over the whole range of R,, which might be expected to over-compensate 
slightly for the error in the kinetic energy, giving 


1 d 2 , (L,—NM,) 2(NL,—M,)F, 

M, dR R + ani. Noa +28, |F= rey ay re eee nee (28 a) 2 
pie? 2h IN) _ 2(NL,—M,)F, 

M,, aR? R + TE abs aN +28, |, ats ES Ce -— ef ce eee (28 b) 


We shall see that the effect of the kinetic energy (K.E.) correction is small for 
reaction (1), but quite large for the elastic scattering cross sections, including (2). 


§ 7. RaTE COEFFICIENT AND Cross SECTIONS 
For a collision above zero energy, let 
F(R) Fa(Ra)en sida) 0m ae (29) 


be two arbitrary real linearly independent solutions of the equations, obtained 
by numerical integration, with asymptotic forms 


5 sn liam 


F(R) ~2;-1?[(cos k:R,)C,, + (sin R:R;)D;,.] (p= 2) ee (30) 
This may be put in matrix form 
Pwo? (coskp jC + (sinks) DD]. eee (31) 
where 
F=|[F, |b  C=(IC,,|b = [Dell ee (32) 


v = diag {v,, vp}, k= diag {k,, ky}, p= ia Litto eeeeniees (33) 


Fw (cos kp)C9-+ 0-1(sin Rp)". 
~ ‘eaction (1) the rate coefficient , 

— 2,0(132)= v0? MTP nee (41) 

remains finite as v;~0 where . 


| [°=WINT iB (42) 
Use is made of the inverse matrix Y° = for which 
T? =2i[Y — iv] ee e3) 


vr 
and which is also symmetric. 
In internuclear coordinates (7,, R), (72, R) we should apply the normalization 
correction whereby 
F,(R)=4(k)[ (cos RiR)C%, + (SiN RYDY J ee 4) 


§ 8. SOLUTION OF EQUATIONS 
Equations (28) with the K.E. correction and (18) without the K.E. correction 
were solved numerically out to R=12 and R= 16 respectively, using intervals 
of 1/16 and 1/8, by an adaptation of the Numerov method to coupled equations. 


Table 3. #°=v'2%—v12_ matrices, where ® is the reactance matrix; Y° is 
symmetric for exact solution. Channel 1: pwtd. Channel 2: du+p. 
Zero relative velocity in channel 1. KE and KC are kinetic energy and 


a kinetic coupling corrections, for which see §§ 6, 8. 


es 
ie: 
(ae 
Ag 
ia 
ey. - 
s 


Corrections 
KE KC Asymptotic 17 YP nyt Y nyr2 Yny2r YD ny22 
= yes no no 1 —0-0331 —0-0170 —0-0207 +0:0475 

no no no 2  —0-0360 —0-0152 —0-0197 +0-0565 
> yes yes no 3  —0-0342 —0-0158 —0-0151 +0-0852 
ra no yes (=0) 4  —0-0373 —0-0156 —0-0163 +0-0663 
a yes yes yes 5 —0:0341 —0-0162 —0-0157 +0-0849 
F 
ie ; 
(4 + For the theory of scattering matrices see Blatt and Weisskopf (1952). 
4 


mie a eign ee in ate Thies fonncdl a usef 
computation. 
~The range of the interaction is large and in order to include the contr 


was applied with 
8V(R)= — U(R-12)V(R), 


als 0 x0 


giving Y°;, which we consider to be the most accurate estimate obtained. The 


asymptotic correction to Y 4) was negligible. A comparison of Ma and Y%,) _ 


shows the asymptotic correction in this case to be very small. 
The deviation from symmetry of Y%,) is insignificant and a symmetrized 
Y";. was used to calculate the rate coefficient for reaction (1) at zero energy, 
(5) sy 
giving 


vO 2) = 3-25 10 cat sec ss | ee (47) 
_ and the cross sections for the reactions 1+1 and 22 with the same total energy 
ge OUT) 16-210 cm, ee ee (48) 


O(2-+2) = 1-36 x 10-2° cm?, 


Table 4. Comparison of Observed and Calculated Rate Coefficients 
for the Reaction pu+d+dy + p 
ee eee 
Author Approximation v,QO(12)(cm® sec) 
Alvarez et al. Experiment See 
(see Skyrme 1957) 

Skyrme Born 2x10-" 
Jackson Weak coupling Oo TOs 
Hayashi et al. Dispersion >2-:2x 10-18 
Present paper Strong coupling, with So Oss 


reduced mass effects 
—_ eee SO 


t Y° produced more satisfactory results than #° as judged by the symmetry test to be 
described. 


to the Y%, matrix for 12<R<16mua.u. a further lasveppege) _corretion 


=~ {  £>0 | ee (46) 3 


EE 


S ik 
ey as the Je Ream Pchont inet is nears the energy range 
| to obtain the millimetre gap in liquid hydrogen, since the kinetic energy 
the dy: atom is soon reduced to thermal energies of about 4x 10~*ev and then 
es at these low energies before forming the (pdyw)* molecule. 
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APPENDIX 


Let the pair of coupled equations 
Lyd ao 
A (fe tt) = EPA) GI=1,2) 


have two arbitrary real independent aAletens F in(R), labelled by the variable py. 
(=1, 2). Then F(R)=||F;,(R)|| satisfies the matrix differential equation 
d? 
ey ey = 
M ( ath ) F(R)=V(R)F(R) 
where M=diag{M,, M,}, and has the asymptotic form 
F(R) ~v~#?[(cos kR)C + (sinkR)D], 
R and d2/dR? being scalar matrices. ‘The remaining matrices are defined in $7.. 
The special solution 
F(R) =F(R)D+ ~vo-?[(cos RR) + (sin kR)]. 
Now suppose 2 . 
F(R) = F(R) +5F(R) 
is an exact solution of the approximate equation 
2 
Ma + a) F(R)=V%(R)F(R) 


where 
V®(R)=V(R)+6V(R). 


If V(R) isa | Hermitian: operator 


e Re a 4 a . 7 e 
“at ya, mB VR) |F\'aF aR et 
Jaf {Lar ge tae 7) | a 
ee +[ prs Sor cae Bip. 4) “in =e 
Bose = 
of which the first term is zero. 
‘But . *f 


SF ~v-2(coskR)S# _ 
and so to first orderin6F 


sZ=—J 
“ i ° Did FOt3 VFO-1 dR 
0 
= — p-type 
where > 


fa i ” FOISVFO dR. 
0 


An & matrix correct to first order in 8F ist 
R=R®O-SR. 
‘The correction term for the #°-matrix, used at zero energy is 
6 Fo = — D-14 J Dw)-1 


where J is calculated using F with asymptotic forms (40). 
In practice the Y = #°-1! matrix was used, with correction term 


7 
» §@/9 = C%)—-1F, J C0(t)—-1 
{ 


and 


Y — Yt) _ §Y/0, 
} This has been obtained independently by Dr. M. J. Seaton. 
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between 6 and 12 kv. “The targets ° were Sue 
electrons to rest, and the spectral distributions closely r | 
by earlier workers with massive targets. The angular deeihine e 
influenced by electron scattering, and it is shown that the degree of ai 
is consistent with multiple scattering and diffusion being usually prevalent 
when the electrons have lost only a small proportion of their incident en 
The absolute efficiency of x-ray production was found to be about 2 
greater than expected from the formula of Compton and Allison. 


A proportional counter was used for the measurements, and the method is’ 
described. 


—~ 


§ 1. INTRODUCTION 


REVIOUS studies of the continuous x-ray spectrum have been confined, 
Pp with very few exceptions, to conventional x-ray tubes with massive 

anticathodes, and to the radiations from very thin targets such that a sub- 
stantial proportion or even the whole of the electron beam is transmitted. The 
measurements to be described were carried out using a tube with target opaque 
to electrons but nevertheless sufficiently thin to transmit most of the x-radiation 
produced. ‘These conditions are those of the projection X-ray microscope 
(e.g. Cosslett and Nixon 1952, 1953, Nixon 1955), and it is for this reason that 
the present work was undertaken. 

In projection microscopy accelerating voltages of 10 to 20 kv are commonly ~ 
used, and the present measurements were made in the region of 6 to 12 kv. 
Spectral and angular distribution curves were obtained with targets of several 
elements, and the relation between the measurements and earlier work is discussed. 
A preliminary account of some of the measurements has been given by Cosslett 
and Dyson (1957). ‘The measurements are related to the data from ordinary — 
tubes in that electron scattering played a large part, and also to more fundamental 
observations with films transparent to electrons, in that the observations were 
made in the forward hemisphere. 


§ 2. REVIEW OF PREVIOUS WorK 
The angular distribution from thin (electron- -transmitting) targets has been 
investigated at moderately low energies by several workers. Kuhlenkampff (1928) 
made a series of measurements at 16-38 kv using an aluminium target 6000A 
in thickness, and although the target was insufficiently thin to be regarded as a 


t Now at the Radiotherapeutic Research Unit, Hammersmith Hospital, London. 
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_ true approach to the ‘ideal’ condition, the essential features of the angular distri- 


bution were observed. It was shown that the intensity in the forward direction 


and at 180° is minimal, and that the angle of maximum intensity per unit solid 


angle is a function of the electron energy. For radiation at the high energy 
limit of the spectrum the maximum would be found at right angles to the forward 


_ direction in the case of a vanishingly small electron energy, moving further forward 
_ for increasing electron energy. For quanta with energies below the high energy 


limit the minimum in the forward direction was found to be less marked, and the 
maximum intensity occurs at a progressively smaller angle (for a given electron 


energy) as lower quantum energies are approached. The same pattern of 


behaviour was found by Bohm (1937, 1938) and Honerjager (1940), using thinner 
targets ; it was found that, as the thickness is increased, the minimum in the forward 
direction becomes less well defined, and the curves become somewhat broader, 
due to the increasing effects of electron scattering. 

The angle of maximum intensity, near the high energy limit, satisfies closely 

the expression B(1+sin? #)=cos @ derived from a formula given by Compton 
and Allison (1935, p. 114). For an accelerating voltage of 10 kv this yields a 
value of 684°. 
_ In the work just described it was deduced that the intensity in the forward 
direction at the high energy limit would be zero if the target were sufficiently 
thin, following the theory of Scherzer (1932), which however involved the 
assumption of small atomic numbers and high electron velocities. Kerscher 
and Kuhlenkampff (1955) have measured the angular distribution of radiation 
from an aluminium target 250 4 thick at 34 kv and show that the forward intensity 
is in fact finite even with target sufficiently thin (0-003 of the electron range in 
this case) to be regarded as a true approach to the ideal condition. This is in 
agreement with the calculations of Scheer and Zeitler (1955). Figure 1 of the 
preliminary communication (Cosslett and Dyson 1957), calculated from the data 
of Kirkpatrick and Wiedmann (1945), showed this, and also that the forward 
minimum becomes less marked for higher atomic numbers. 

The angular distribution from thick targets, under carefully defined conditions, 
has been almost completely neglected. Two curves obtained by Oosterkamp 
and Proper have been published by Botden et al. (1952). ‘The data were obtained 
with a thin electron-opaque gold target in a small tube designed for radiotherapy, 
using accelerating voltages of 10 and 25kv. At the higher voltage, the intensity 
was maximal at about 15° to the forward direction, being about 10% higher 
in the maximum direction than in the forward direction. This illustrates that 
electron scattering was not quite obliterating the type of distribution to be expected 
from an undeviated beam. ‘The absence of such a rise, at 10 kv, was attributed 
to the effects of target absorption. ‘The measurements were of total radiation, 
for dosimetric purposes, and no attempt was made to distinguish between the 
different quantum energies within the spectrum. The ionization method used 
by these workers tends to emphasize the softer components of the spectrum, 
and the ‘forward’ nature of the angular distribution is consistent with this. 

Information regarding the energy distribution from massive anticathodes, 
in the energy range of interest, is available from the work of Kuhlenkampft 
(1922), for an x-ray tube operated between 7 and 12 kv. The relation 
I_=AZ(«,—¢)+ BZ? was found to be closely applicable from the high energy 
limit €, down to about 0-4 «), where J, is the intensity per unit energy interval, 
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Z the atomic number of the target material, and A and B are constants. These 
measurements were carried out at approximately 90° to the forward direction. 

The second term in this expression for energy distribution predominates 
only in the immediate vicinity of the high energy limit. The neglect of the 
second term leaves a very simple expression for the x-ray intensity, and the use of 
intensity per unit energy (or frequency) interval is then a great advantage. ‘This 
form of presentation will be used for the experimental results which follow. ‘The 


relations between the intensities per unit energy, frequency and wavelength © 


intervals respectively are given by 
2 


1 
I= Bie Pee. 


which follow from the condition that corresponding areas under the three curves 
must be the same, 1.e. : 


Ide=I,dv=I,d. 

For the efficiency of production of continuous x-radiation there is the well- 
known expression given by Compton and Allison (1935, p. 90): 

n=11x10°ZV (V in volts). 

The calculations of Kirkpatrick and Wiedmann (1945) on the yields to be 
expected from thick targets give a similar relation, but with a constant of pro- 
portionality of 1:3 10-*. It will be shown that this latter value is supported 
by the present work. 

§ 3. EXPERIMENTAL 

In the present investigation, the x-ray tube was of the type used in projection 
microscopy, but as an ultra-fine focus was not needed a single weak magnetic 
lens was adequate, producing an image of the ‘cross-over’ of the electron gun 
with a magnification of the order of unity. The image was about 70 microns in 
diameter. ‘The electron beam was limited by an aperture to a semi-angle of 
about 0-005 radian in image space. This was determined more by the need for a 
narrow electron beam to avoid possible modification of the angular distribution 
patterns by the convergence of the electrons, rather than by the exigencies of 
spherical aberration. A drawing of the tube is shown in figure 1 (a). The 
radiation was detected and measured using a proportional counter, to be described 
presi and figure 1 (b) shows a schematic diagram of the electron and x-ray 
paths. 

The target holder consisted essentially of an insulated section in which a disc 
of target material, 6 mm in diameter, supported by a thin brass aperture, could 
be fixed. A vacuum seal was ensured by the use of a thin latex ring inserted 
between the target and the top of the target holder. ‘The section containing the 
target was insulated from the main body of the target holder, and the target 
current (usually in the region of 0-05 to 0-1 wA) was measured using a lamp-and- 
scale galvanometer. 

Targets of copper and gold were made by evaporating the metal on to a thin 
distrene film about 1 mg cm~* thick. ‘The target thicknesses were 0:40 mg cm~* 
(gold) and 0-67 and 1:46 mg cm~ (copper). (At 12 kv the gold target would 
allow most of the electrons to be transmitted but with emergent energies too small 
to affect the measurements). Some measurements were made with aluminium 
for which ordinary manufactured foil 0-78 mg cm~ in thickness was nected 
Beryllium was originally chosen as an example of a light element, but the foals 
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a Figure 1. (a) Simplified drawing of the x-ray tube. The lens adjustments have been 
( omitted. (b) The electron and x-ray paths. 
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The proportional counter was used with a linear amplifier of conventional 
design, a single channel pulse analyser following the circuit of Farley (1954), 
anda scaler. The counter was of stainless steel and had an effective length of 
about 9 cm, with a diameter of 3-5 cm. The centre wire was of a molybdenum— 
tungsten alloy, and was 60 microns in diameter. The counter had side entrance 
| and exit windows of distrene (11 microns thick) and mica (2:5 microns thick) 
| respectively. 
a The gas was a mixture of argon (974%) and carbon dioxide (24%), (Arndt, 
~ Coates and Crathorn 1954) and flowed continuously through the counter at a 

rate of about 10 ml. per minute. At 12 kv, the upper limit of quantum energy for 
' most of the measurements, the detection efficiency was in the region of 20%, 
becoming virtually 100% as the K absorption edge of argon (3:2 kv) was 


approached. 


very much less than at lower quantum energies. Since 
distributions was found to fall at approximately 


‘nucleus, producing only the characteristic x-ray spectrum of manganese. The 


cere beret ol 


coincidences tended to contribute to the channels near the high ene! 
where the number of genuine pulses was small. The coincidence rate 1s prop 
tional to the square of the total counting rate (for a given energy distributio: 
so the effect could be reduced as much as was needed by reducing the curre 
at the target. It was found that, to keep the coincidence rate sufficiently low, 
the total-counting rate could not be allowed to exceed 1000 per second. ‘The 
chance of a coincidence occurring could have been reduced by shortening the 
pulses, but if the time constants of the amplifier had been reduced below 3 micro- 
seconds, there would have been a risk of impairing the energy resolution because 
of the finite electron collection time of the counter (Hurst and Richie 1953). 
The counter was calibrated frequently using a small sample of iron-55, a 
radioisotope decaying by orbital electron capture to the ground state of the daughter — 


K, line has a convenient energy (5-9 kev) for the present purpose. 

The resolution was determined at several energies within the range of interest, _ 
using the x-ray tube to generate fluorescent radiation in secondary targets of 
sulphur, calcium (as marble) and iron, the counter being placed out of the direct — 
beam. The characteristic K radiation from copper, and the radiation from the 
iron-55, yielded additional data. Following Wilkinson (1950) and Fano (1947), 
the energy resolution (expressed as a relative standard deviation) of proportional | 
counters is given approximately by (4/3m)!, where m is the initial number of ion” 
pairs formed. The resolution found experimentally in the present work is 
inferior by a factor of about 1-1, but this is largely accounted for by the electronic 
noise in the amplifier. 

The finite energy resolution of a counting system introduces distortion into 
pulse height distribution curves, the effect being particularly important at 
discontinuities, that is, at characteristic lines, absorption edges, and at the high 
energy limit of a continuous spectrum. In connection with scintillation counting 
the problem has been discussed by Morton (1952) and by Liden and Starfelt 
(1954). Morton gives an analytical expression for converting a pulse height 
distribution into an energy distribution, but the expression is only valid when the 
standard deviation is small, and so the numerical-graphical method of Liden and 
Starfelt is preferred. In the present work the method has been extended to take 
account of the escape peak, and the factors involved in the correction process 
have been tabulated as functions of the quantum energy and the pulse height, at 
intervals of 0-4 kev. All the curves shown in the next section have been corrected, 
or ‘rectified’, and the process is illustrated here by the curve for aluminium at 
10 kv (figure 2). ‘The correction is quite small over most of the spectrum, but is 
indispensable near the high energy limit. 

Secondary emission, and elastic and inelastic back-scattering, are expected | 
to occur at the target. For reliable absolute measurements the secondary 
electrons should either be collected or an allowance made for those lost. The 
target holder was such that a large majority of the secondary electrons would 
in fact be collected, and experiments carried out with a positive bias of 50 volts 


; 7 : ne 2 i ae 6 er Sa) 5 Wi 
Quantum Energy (kev) 


ss Figure 2. Rectification of a pulse height distribution. 


ction in conditions in which electron scattering necessarily plays an integral 
All that is necessary is to arrange for the inelastically scattered electrons 
xither to completely leave the system or to be collected and passed to the galvano- 
meter. In the present arrangement, the great majority are collected, as in the 
ase of the secondary electrons. - 


§ 4. ANGULAR DISTRIBUTION 


_ The angular distribution of the x-radiation from targets of several elements 
was measured at approximately 6, 8-4, 10, and 12 kv, and usually four energy 


Aluminium 


a 6-08 kV 
s Figure 3. Angular distributions for aluminium. 
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Figure 4. Angular distributions for gold. 
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Figure 5. - Angular distributions for beryllium. 


At all quantum energies above about 0-5 of the high energy limit the intensity — 
rises with increasing angle to a flat maximum in the region of 60°. The degree — 
of anisotropy increases with increasing quantum energy, but for a given value of © 
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_ ¢/eg the variation of anisotropy with kilovoltage is slight. ‘The radiation from 


aluminium is in general much more anisotropic than that from gold. 

Data obtained with a beryllium target at 8-36 and 10-05 kv are shown in figure 5. 
The anisotropy is seen to be greater than for aluminium, and is about the same 
as that found with a target of distrene, not illustrated here. 

_ It is clear from these curves that there is a systematic decrease of anisotropy 
with increasing atomic number, and it is noteworthy that traces of the pattern 
of behaviour of ideally thin targets still persist even when electron scattering and 
diffusion play an important part. 

The theoretical treatment of angular distribution under the present conditions 
is prohibitively complex, but by approximate methods it is possible to explain 
the salient features of the experimental data. 


4.1. The Scattering Conditions 


We shall consider the scattering conditions relevant to the angular distribution 
curves at 0-9 €, for ¢g=10kv. ‘This is done by considering the extent to which 
the electrons will penetrate into the target before becoming no longer able to 
produce radiation within this channel, and by relating this to the likelihood of 
electron scattering occurring within this distance. ‘The curves for 0-9 «, refer 
in fact to a pulse-channel with ill-defined boundaries, but it will be supposed 
that quanta with energies less than 0-9 €,—o will not give rise to any pulse within 
this channel, where o is the standard deviation of the pulse height distribution 
at 9 kev. The relative standard deviation at this energy is about 7%, so it will 
be supposed that an electron slowed down to below 8:5 kev is unlikely to make 
any contribution to the channel in question. 

The range of electrons in aluminium has been investigated by Lane and 
Zaffarano (1954) for voltages between 1 and 30 kv, and from their data the 
expression V,°— V)?=kt may be derived, where k= 175 if Vj and V;are in kev, 
and ¢ is in mg cm~*. Writing V)=10 kev and V,=8-5 kev, it is found that 
ts.s, the distance in which an electron is slowed down to 8-5 kev from 10 kev, is 
given by ts.;= 6-4 x 10-* mg cm~. 

The constant of proportionality in the above expression will decrease slowly 
with increasing atomic number ; from the non-relativistic Bethe—-Bloch expression 
(e.g. Paul and Steinwedel 1955), ts; can be shown to be greater for gold than for 
aluminium by a factor of 1-9. In beryllium it is less than in aluminium by a 
factor of 1:12. These factors have been used together with the experimental 
data for aluminium to give ¢,., for these three elements. The values are shown 


in table 1. 


Table 1. Scattering Conditions in the Targets 


te.5 No. of collisions @ tor t=$tg.5 

(mg cm?) n elas. inel. total Bote Plapehara 
Beryllium Bex 1052 4 & OF? 29 180 209 163 as 
Aluminium 6-4 ee 32 61 93 soe : 
Gold 122 0-32 61 19 80 (102°) (80°) 


Having obtained values for ts.,, the numbers of elastic and St chelsea 
occurring in this distance can be calculated from the data of Lenz ( ), who 
gives graphs and expressions for the distance in which an average of one elastic 

3P2 
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because the change of electron energy is small. The angl 
therefore been calculated for a distance within the target of one half of t..5. 

For multiple scattering, the most probable angle of deviation ¢ is given b 
formula of Bothe (quoted by Compton and Allison, 1935, p. 76) and the m 
value of cos ¢ is given by Blanchard (1954). Both these expressions have been 
used to calculate values of ¢ which are shown in the final two columns of table 1. 

As the thickness of a scattering foil increases, the distribution of electron 
flux approaches a form approximately proportional to cos* 4, and the most probable 
angle of scattering tends to a constant value of about 33° (Bothe 1932, Paul and 
Steinwedel 1955). This condition is known as diffusion, and it is unlikely that 
the large values of ¢ obtained above for gold mean anything other than that the 
condition of diffusion has been reached. Aluminium is apparently on the 
threshold of diffusion ; and in the case of beryllium multiple scattering rather than 
diffusion seems to prevail, although the experimental data is more consistent with © 
the latter, as will be shown in § 4.2. | . 

In the present work the angle of maximum intensity of x-ray emission could 
not be measured accurately, but was generally about 60°, significantly lower 
than the value of 684° obtained from the theoretical expression quoted earlier. 
It has been shown (Dyson 1956, pp. 87-89) that this difference is consistent with 
the predominance of electron diffusion in the target, because if diffusion is assumed 
to be occurring, the mean angle between the electrons and the observed direction 
of maximum emission can be shown to be approximately 684°. 


» 


4.2. The Degree of Anisotropy 


Scheer and Zeitler (1955) have shown that for an ideally thin target, the 
X-ray intensity at an angle @ to the forward direction can be written in the form 
I(v, 0 
Teg ~FO)+ POCO) 
where p(v) is the polarization, and F and G are functions of angle and electron 
energy. By two applications ofthis expression, the ratios of the intensities at — 
any two angles can be determined. If the electrons move in a parallel beam, 
this can be done immediately ; if they are not parallel, but are distributed according 
to a known law, the calculation is possible in principle but difficult in practice. 
A preliminary attempt to compare experiment with theory has been made by 
assuming that all the electrons are moving in their most probable direction, which, 
for the condition of diffusion, is at 33° to the forward direction. 
The anisotropy is defined as the ratio of the intensity in the direction of the 
maximum (60°) to that in the forward direction. _ If all the electrons are moving 
at 33° to the forward direction, the forward radiation is equal to that which would 


e2. The Degree of Anisotropy _ 
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- Blanchard. For gold and aluminium the agreement is good, and tends to confirm 
_ the relevance of electron diffusion. For beryllium the agreement is reasonable 
_ only if the assumption of diffusion is made, and it is not clear why the multiple 
scattering formulae fail to give a correct prediction of the anisotropy for this 
_ element. 


- § 5. ENeRGy DISTRIBUTION AND EFFICIENCY OF PRODUCTION 


a Figures 6 (a) and (b) show the pulse height distributions for targets of alumi- 
nium and gold at the same kilovoltages as were used for the angular distribution 
measurements. These curves are unrectified and uncorrected for absorption 

losses or counter efficiency, and the fully corrected curves are shown (as intensity 
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Figure 7. Corrected energy distributions for aluminium and gold. The units are 
intervals of erg/sterad—t wc! kev. 


In all the curves the agreement between the observed and expected positions 
of the high energy limit and the characteristic peaks is very close and shows that 
energy measurements of considerable accuracy can be obtained even at these low 
energies, where the resolution of proportional counter is low. 

The intensity measurements are on an absolute basis, and the distribution 
curves are expressed in intervals of erg sterad—! uc kev-—, the mixed units 
being chosen for practical convenience. The total production within a given 
range of quantum energy will of course be found by simple integration of the 
curve between appropriate boundaries. 

It is clear that an unequivocal comparison between the present work and the 
existing data on efficiency of production is not easy, the main difficulty being in 
the extrapolation to zero quantum energy, in order to determine the total intensity. 
At higher kilovoltages (on which existing information is based) the integrated 
intensity in the extrapolated region is relatively small, but in the present work 
this is not so, and such an extrapolation may introduce an error considerably 
greater than the errors of actual measurement. 

It is probable that there are departures from linearity for quantum energies 
below about 0-4 ¢). The work of Kuhlenkampff (1922) shows clearly that as the 
quantum energy is decreased the intensity for aluminium rises above the level 
given by the linear relation, whereas for platinum there is less intensity than would 
be expected. The present measurements with gold resemble Kuhlenkampft’s 
with platinum very closely indeed, so it seems that these departures are real, and 
that a linear extrapolation is not exact. 

The fall-off at low energies observed with heavy elements may probably 
be explained by the greater number of inelastically back-scattered electrons from 
elements of high atomic number. Such electrons have less opportunity for 


producing low-energy bremsstrahlung than electrons which are reduced to rest 
within the target. 


oe 


~ 
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‘To compare the present measurements with existing data we shall arbitrarily 
extrapolate the curves to zero quantum energy, and calculate the efficiency of 
production in the forward direction. This is compared with the average 


efficiency per steradian as deduced from Compton and Allison’s expression. 


These efficiencies are tabulated in table 3. The efficiencies are quoted at 10 kv. 


Table 3. Efficiencies per Steradian 


observed | calculated ratio 
Aluminium 1237 10-5 1:15x10- 1-20 
Copper 3-44 2°56 1:34 
Gold 7:87 6:97 1-13 


The ratios in the last column of table 3 have a mean value of 1-22, showing 
that the efficiencies as calculated here are in excess of Compton and Allison’s 
assessment by about 20%. It is interesting to note that the thick target calcula- 


tions of Kirkpatrick and Wiedmann referred to earlier give values for efficiency 


very close to those found here. 

It is necessary to emphasize that the extrapolation to zero energy introduces 
considerable uncertainty, and that the only satisfactory way of presenting the 
data is as in figure 7, from which the absolute intensity per unit interval in the 
forward direction, for quantum energies within the observed part of the spectrum, 
can be reliably obtained. 
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re four levels degenerate in zero field, which have a linear Zeeman effect, 

re not necessarily equally spaced when a magnetic field is applied, and where 

_ there are allowed transitions which are not limited to those between adjacent 
nergy levels. . 
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Energy levels and allowed transitions within the quartet of levels which form the ground 
~ state of an f}, ?F 5,2 ion subjected to a cubic (tetrahedral) crystal field, and to a magnetic 
field (a) parallel to an 001 axis, (b) parallel to a 111 axis. The symbols 1 Dy denote 
the sense required when circularly polarized radiation is used to excite the various 
transitions. The states are given in terms of |.J,), with the z axis along 001 and 

111 respectively. A is the Landé g-factor (=% for f?, °F;, ae 
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As asimple example we will take the case of anion with one f-electron subjected 
to a cubic (tetrahedral) crystal field whose strength is small compared with that 
of the spin orbit coupling. This is a situation which could be obtained with a 
Ce+ ion, 4f1, 2F 5/2, in a suitable crystalline matrix, The ground state of this 
ion is J =5/2, and under the action of a cubic field it splits into a doublet and a 
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quartet, the latter being lower in energy if the cubic field is that due to 4 or 8 
charges, as in a tetrahedron or cube. Under the conditions: 
spin orbit coupling > cubic field splitting > Zeeman energy, 
the quartet state has a linear Zeeman effect with the splitting shown in the figure 
when the magnetic field H is directed along one of the cube axes. It willbeseen 
that the levels are not equally spaced and that there are four allowed transitions f : 
of which only one is between adjacent levels. ‘These transitions can be induced _ 
by an oscillatory field normal to H; the oscillatory field can be either linearly 
polarized or circularly polarized, but if it is circularly polarized then the sense is 
different for different transitions. In the diagram transitions which require 
circularly polarized radiation of the same sense as that generally needed for 
electrons are labelled R, while those transitions which require the opposite sense 
are labelled L. Although the system-has cubic symmetry, the spacing of the 
levels is not independent of orientation, and the effect of placing the steady field 
along the 111 axis is shown in the figure, (6). The level spacing is different and 
there are now five allowed transitions instead of four; the sense of the circularly 
polarized radiation required for these transitions is again given by the labels, R, L. 
The relative transition probabilities of the various transitions are shown in the 
figure for both directions of H; the designation of the states in terms of J, 
(z axis = 001 and 111 respectively) is also shown. ‘The unusual circular polariza- 
tion properties suggest that these substances may be of use in novel gyrator applica- 
tions. 
For an arbitrary direction of the magnetic field H, with direction cosines 
(1, m,n) to the cubic axes, the energy levels are given by the equation (where 
A is the Landé g-factor) 


(W/ABH)? = (65/36) + 5 (270(08 +m! +nt)—7H oe, (1) 


The maximum and minimum values (1 and 1/3) of (/4+m*+n*) occur for the 
two special cases shown in the figure, so that these correspond to the extremes 
of variation of the energy levels. For the cones of directions such that 
14+ m*+n*=9/10, the levels are equally spaced. Though a detailed calculation 
has not been made, it can readily be seen that all six transitions between the various 
levels will be allowed for an arbitrary direction of H (including the special direc- 
tions where the levels are equally spaced). 

The situation outlined above is not peculiar to an f!, ?F.). ion, though the 
actual numbers are, but may hold for any state designated by I’, in Bethe’s (1929) 
notation. ‘Thus it would occur also for a d>ion (S=5/2), where the cubic 
field splitting is much greater than BH; this would correspond exactly to the 
case above, with A=2 (instead of 7/6 for f}, 2F,,). Unfortunately, the cubic 
field splitting of d® ground states is usually less than 0-1 cm-, so that the theory 
developed here is applicable only to rather small magnetic fields. The same 
difficulty holds for a 4f" ion, where under certain (rather unusual) conditions a 
I’, state can be lowest in energy. Inspection of Bethe’s tables show, however, 
that I's quartets occur in all the rare earth ions with Kramers’ degeneracy since 
these have ground states with J>5/2. Of particular use are likely to be ions 
of the second half of the lanthanide group, where both J and A are largest so that 
large Zeeman effects can be obtained with small fields. It is also fortunate that 
the ions with I’, quartet states are the trivalent ions with even atomic number, 
most of whose isotopes have zero nuclear spin and hence no hyperfine structure. 


Se ae ee 


Research Notes 939 


The problem of obtaining a suitable ion with a I’, quartet as the ground 


_ state is that of finding a crystal with cubic symmetry and suitable ratio of the 
_ fourth and sixth degree parameters. This problem is being examined theoretically 


by Dr. B. R. Judd, but two cases where a I’, state is certainly lowest are the ions 
Ce®+, Sm$+ (J =5/2) in a cubic (tetrahedral) field. Unfortunately, these have 
rather small Landé factors (A=6/7 for Ce®+, 2/7 for Sm3*+). One of the few 
sets of rare earth compounds with overall cubic symmetry is the sequioxides 
(La,O, etc.) but these have a very complicated structure and it is unlikely that 
the local symmetry at alanthanon ion site is cubic. The same is true of the garnets 


- which are being investigated in this laboratory by Dr. W. P. Wolf. ‘The most 


promising materials at present appear to be CaF, (and its isomorphs CdF,, 
SrF,, BaF,, SrCl,), ThO, and Mg6O, in all of which trivalent ions have been 
observed to give spectra with cubic symmetry when prepared in certain ways. 
Baker, Hayes and Jones (1959) have observed the resonance spectrum of 
Er?+ ions with cubic symmetry in CaF,; unfortunately in this case the ground 
state is a doublet, but its high g-value (6-78) indicates that Er®+, 4f4, J = 15/2, 
A=6/5; and the ions Nd*+, 4f%, J=9/2, A=8/11; Dy**, 49, J=15/2, A=4/3; 


-Yb*+, 4f13, J=7/2, A=8/7, are likely to be of greatest use when economy of 


magnetic field is desired. 
A suitable spin Hamiltonian for I’, states is considered in the following note 
(Bleaney 1959). 
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The Spin Hamiltonian of a T, Quartet 
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the preceding note (Bleaney 1959). It is clear that such effects cannot be 

represented by a spin Hamiltonian of the normal kind, though it would 
be useful to find a spin Hamiltonian to represent this situation, using an effective 
spin S = 8 since there are four levels. Some time ago Dr. A. Abragam pointed 
out to the writer that it must be possible to find an appropriate spin Hamiltonian 
using, for example, matrix elements of the form H,S,° etc. To have cubic 
symmetry, be invariant under inversion through the origin, and give a linear 
Zeeman effect the spin Hamiltonian must then be of the form 

H =98(H,S,+H,S,+H.S,) +fp(H,S2+H,S/'+ le poy A) oar (1) 

The matrix elements of this Hamiltonian are then in 1 : 1 correspondence with 


those of the Zeeman operator ABH . J (where A is the Lande g-factor in the 
notation of Elliott and Stevens (1953)) within the quartet manifold considered 


Ts Zeeman effect of a I’, quartet state in a special case is analysed in 


These two correspondences pletely equivalent 
values of g,f are naturally different for the two cases: the 
g=23A/18, f =—10A/9, the latter g=25A/6, f=—2A.- 
The off-diagonal matrix elements of the spin Hamiltonian (1) are ra 
tedious to calculate, but their general nature can be seen from equation 
which is a less elegant form of (1): - - oi 
H =gBHS,+ f PHS? + Blig+4f(3S(S+1)—23\A,S_+HS,) 
— (3 8/8)S,(H.S_+H_S.)S,+}fB(H,S,3+H_S*). — .-.---(2) 
The off-diagonal matrix elements are those between |S,=M) and |M+1) 
arising from S,, S_; and between |M) and |M+3), arising from S,,*, S_*. 
The only element of the latter kind is that between the states | +3) and | —3), 
and it is this element which is responsible for the ambiguity noted above for the 
special case considered in the previous note. This is a general feature of the 
spin Hamiltonian (1), and arises from the fact that the operators with off-diagonal 
matrix elements generate new states in the cyclic sequence 


I+9>14+)+l-b-1-ho1+p. 
By a double cyclic permutation in which the state | +3) becomes | — }), etc., 
one finds that the system can again be represented by the spin Hamiltonian (1) 
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Spin states, energy levels (in units of 6H) and relative strengths of allowed transitions when 
H is along the z axis of the spin Hamiltonian (1). The two alternative representa- 
tions are shown to the right and to the left. It will be seen that the special cases 
g+7f/4=0, g+5f/2=0 (and similarly for g’, f’) correspond to certain transitions having 
zero probability; in each of these cases a simpler spin Hamiltonian can be found. 


but with new values of the parameters g’, f’ such that 12g = —40g’—91f’, 
3 f =4g'+10f’. The correspondence between the alternative representations 
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_is shown in the figure, which gives the energy levels both in terms of g, f and of 
g', f’ for the special case when the steady magnetic field H is along an 001 axis. 
The relative intensities of the allowed transitions when the steady magnetic 
field is along the 2 axis are also shown in the figure. ‘These transitions can be 
induced by an oscillatory magnetic field in the 001 plane, but if circularly polarized 
_ radiation is used the sense required is different for various transitions. ‘The 
sense is readily found by observing whether the operator which generates a state 
of higher energy is associated with H,=H,+1H, or with H_=H,,—1H,,. 
If the steady field is in an arbitrary direction whose direction cosines are 
(1, m, n) with respect to the cubic axes, the energy levels are given by equation (3) 
(W|/BH)? =}(5y? + 38?) + y[y? + 309 (4 + mt + Ht) 3) Ae shee (3) 
where y=g+7f/4, ®=f(g+5f/2). If the axes are rotated so that H lies 
along the 2’ axis of a new coordinate system (x’, y’, 3’) where the spin components 
are now S,’, S.,’, S_’ the spin Hamiltonian is found to contain terms in S_,, S_’. 
Thus, in general, transitions will be allowed between every pair of levels (here 
it must be remembered that the spin Hamiltonian for the oscillatory field will 
also contain such terms). This includes the special directions for H satisfying 
‘the relation 


ty 
3 


fete ot 207 ye ass (4) 
where the levels are equally spaced. The cases where H is along 001 or 111 
are exceptions where some transitions have zero intensity. 

There are three special cases for particular ratios of f: g giving 6 or y=9, 
where the angular variation of the energy levels vanishes. ‘These are: 

(a) f=0. This is a trivial case, since it corresponds to the terms in S,° etc., 


- vanishing ; 


(b) g+5f/2=0. In this case the levels are again equally spaced; trans- 
ference to the alternative g’, f’ system shows that it corresponds to f’ =0, 
so that in this system the S,,? etc. terms would vanish ; 

(c) g+7f/4=0. For this case also g’ + 7f'/4=0, and the levels degenerate 
‘nto two doublets with energy W/BH= + 32/7. 

Inspection of the figure shows that in these special cases some of the transitions 
have zero intensity, corresponding to the fact that in each case a simpler spin 
Hamiltonian exists of the form #=gBH . S, with S=3 in cases (a), (6) and 
S=4 in (c). 

The spin Hamiltonian (1) is subject to the same limitations as applied to the 
f! 2F 5/5 case considered in the previous note. Itis valid only under the condition 
E> BH, where E is the energy separation between the quartet levels and other 
levels. The behaviour af the susceptibility is also of interest. At temperatures 
such that E>kRT> fH the susceptibility 1s isotropic and follows Curie’s law 
y = Np?B?/3kT (apart from atemperature indepen dent term), with p? = $(5y? + 33°) 
The susceptibility will not be isotropic at temperatures such that BH ~kT, 
and the saturation moment will vary with the direction of the external field, 
being proportional to the lowest root of equation (3). ‘ 

If the ion has a non-zero nuclear spin, there will be a hyperfine structure 
which is also anisotropic. For a rare earth ion, to the approximation that the 
be represented by a term al . J, and that all 
ture can be neglected except those within the 
(gS,+fS.)/A, ete. This should 


magnetic hyperfine interaction can 
matrix elements of the hyperfine struc 
quartet manifold, one can replace J, by 


The writer is indebted toa ee of rae in the Clibendh 01 
for helpful discussion ; in particular to Dr. B. R. Judd, who derived equation 
and to Professor C. A. Hutchison, whose unpublished results on [(CHs)sN]e Ne 
drew my attention to this problem. : 
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and rare earth (4f) impurities. The specimens were prepared by 

crystallization from the melt by Stockbarger’s technique (Stockbarger 
1949) using carefully selected pieces of colourless natural fluorite which were 
crushed before loading into the graphite crucible. ‘The impurities were intro- 
duced by mixing the appropriate amount of salt containing the element required 
with this powdered fluorite. Where possible fluorides were used but if these 
were not available 1% PbF, was added to the mixture to remove unwanted 
electro-negative ions. Any excess PbF, evaporates from the melt and the 
resulting crystal certainly contains less than 1 in 10° of lead. 

The procedure adopted for growing these crystals was as follows. The 
furnace was evacuated, and when the pressure was less than 5 the temperature 
was raised to about 100°c and left under these conditions for 24 hours. This 
was to ensure thorough drying of the powdered fluorite before it was raised to 
temperatures at which hydrolysis occurs. The temperature was then increased 
at a steady rate of 100°c per hour to about 1250°c. At this temperature a stream 
of oxygen-free nitrogen was passed through the furnace raising the pressure 
to about 30, to avoid undue loss of material due to evaporation. The furnace 
was then raised to about 40°c above the melting point of fluorite (1380°c) and 
left at this temperature for an hour or so to ensure complete melting. The 
crystal was grown by lowering the crucible in the furnace at a rate of 1 mm per 
hour and when the melt was completely solidified it was cooled to room temper- 
ature at about 50°c per hour. 


'S RY STALS of CaF, were grown from a melt containing iron group (3d) 


7 
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Crystals of CaF, belong to the O,° space group. ‘The structure is a regular 


cubic array of fluorine ions with calcium ions at every other body centre. The 
spectra of most of the impurities introduced can be explained on the supposition 


that each impurity ion replaces a calcium ion in the lattice. Resonance measure- 
ments on the divalent impurity ions indicate that some are situated in a cubic 
crystalline field and some are situated in a field of lower symmetry produced by 
a local lattice distortion. ‘Trivalent impurity ions are in general observed in a 
field of tetragonal symmetry and there are three distinguishable magnetic centres. 


_ When trivalent ions replace Ca®* ions in the lattice charge compensation must 


occur and Bleaney, Llewellyn and Jones (1956) conclude from measurements. 
on Nd?+ and U%+ in CaF, that charge compensation is achieved by the presence 
of an extra fluorine ion in a vacant interstitial site next to the impurity ion; the 
F- interstitial gives the crystal field its tetragonal component at the impurity ion. 
This model is supported by x-ray and density measurements of Zintl and 
Udgard (1939) and of D’Eye and Martin (1957) on similar crystals with large 
concentrations of trivalent ion. Also, a splitting of the resonance lines by the 
dipole field of the interstitial F~ ion has been observed in the spectrum of Ce**. 
In some cases the trivalent ion occurs in a cubic field; here the charge compensa- 
tion is presumably remote and does not disturb the surroundings of the impurity 
ion (see also Low 1958). The radii of the rare earth ions are close to the radius. 
of Ca?+ and they are readily incorporated into the lattice; the radii of the iron 
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Molar fraction 


Salt mixed with CaF, powder CAgea ect Comments 
VCl, 0:019%,V no resonance} 
Cr,0, B.D.H. Recrystallized up to 

1°.Cr 0-0001% 


MnF, B.D.H. Purified by 

crystallization 0-019% Mn 0:001% see I 
FeSO,.7H,O B.D.H. Analar 0-01% Fe no resonance +Fe?* is non-Kramers 
CoSO,.7H,O B.D.H. Lab. 


reagent 0:01% Co 0-0001% 
NiCl,.6H,O Hopkins and i a : 
Williams Analar 0:01% Ni no hae +Ni?* is non-Kramers 
CuO B.D.H. Analar 0-:019% Cu _— no resonance 
CeF, Thorium Limited 0:01% Ce 0-005% ; 
PrF, fs - 0:01% Pr no resonance tPr®*+ is non-Kramers 
NdF; Fe 0:2°%,.-Nd 0:01% see Bleaney, Llewellyn 
and Jones (1956) 
SmF; Fe 7 0:05°% Sm __ no resonance may be Sm?+ (J =0) (see 
: Przibram 1956) but 
Sm3+ has very small 
g-values 
Eu,O; Johnson Matthey 0-01% Eu 0-01% see I 
GdF,; < < 0:019%, Gd 0:01% see I 
Dy.O3 a 3 0:01% Dy 0-0001% too weak for analysis 
Er O. > ” 7 
ie ‘ Specpure ’ 0:019%% Er 0:001% 


2 a ee ne 
+ Non-Kramers ions contain an even number of electrons and in a crystalline field of 


rhombic symmetry the degeneracy of the ground state is completely raised. 
{ The fact that no resonance is observed in crystals grown with vanadium and copper 


in the melt may be due to insufficient intensity. 


Sane is. soiraeere vert to peervameeta 3 transiti ns « 2! 
_ spin and the spin of a neighbouring fluorine nucleus (Baker, Hayes an QO sr 
to be published). 4 oie 
The table contains the molar concentration of impurities added o C 
and the concentrations estimated to be present in the crystal from the inte 
of the paramagnetic resonance spectrum. The spectra of Mn?+, Eu?+ and Gd' 
have already been described (Baker, Bleaney and Hayes 1958, referred to as 
The properties of the resonance spectra of other impurities are outlined below. | 


Chromium (Cr*, 3d°-4F.,; Cr®*, 3d* *D,). 

~~ A highly anisotropic spectrum was observed at 90°k having rhombic symmetry 
with two face diagonals z, x and the perpendicular cube edge y as principal 
axes; there are six possible combinations of this type and six similar centres are 
observed in the magnetic unit cell. Only one transition is observed for each _ 
ion at any field and in zero magnetic field it occurs at v=0-285 + 0-002 cm. 
We are probably observing the spectrum of Cr°* for which a rhombic distortion 
will leave singlets as the low lying states. 

A fluorine hyperfine structure is observed which has a simple form when 

the external field is along the z or y axis; in these orientations three lines (width 
2c at 20°K) are found (intensity ratio 1 : 2: 1, overall width 40 gauss in each ~ 
case) characteristic of interaction with two equivalent fluorines. In other 
orientations the structure is more complex and indicates an interaction with 
at least four fluorine ions. A displacement of the small chromium ion along a 
face diagonal towards the edge of the cube might give (a) an overlap of the electron 


wave function primarily with two fluorine ions and (6) rhombic symmetry with 
the observed principal axes. 


Cobalt (Co®*, 3d? 4F ys). 


A spectrum with a resolved fluorine structure was observed at 20°K in crystals 
grown from a melt containing cobalt. The spectrum has an eight line hyperfine 
structure suggesting that the paramagnetic ion is probably Co?*, but the symmetry 
is less than cubic and it has not been found possible to fit the spectrum to a theory 
of Co?+. V?+ would also give an eight line hyperfine structure but we were 


unable to detect any resonance in a crystal grown froma melt containing vanadium 
(see table). 


Cerium {Ce&*  4ft 2k... 


A spectrum of Ce** is observed at 20°K. There are three similar ions in the 
unit cell with axial symmetry about a cube edge and the g-values are 


g = 3-038 + 0-003, g, = 1-396 + 0-002. 


These g-values are consistent with a ground state whose admixtures of J, are 
of the form cos 6| +5/2)—sin 6| + 3/2) where cos @~0-91. 


m the ground doublet and th : ) 


EEE SOs e latter from an excited di 
on. Relative intensity measurements at 20°K and 14°K indicate that the 

ted doublet is about 35k above the ground doublet. 

1e hyperfine structure of '*"Er could be measured only for the ground doublet 

_ of (b); as expected, the hyperfine structure lines have almost the same separation 

_ parallel and perpendicular to the symmetry axis (72 and 77c respectively). 
car _ 
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Nuclear Magnetic Resonance in Bismuth 
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a wiLEe the rhombohedral structure of solid bismuth causes it to 


e exhibit abnormal electronic properties, including an extremely small 
electronic specific heat, a large diamagnetic susceptibility, and a large 


electrical resistivity, liquid bismuth is norma 
and electrical resistivity are not very different from 


7% 


PAR SS PW 


1 in that its magnetic susceptibility 
those of neighbouring elements 
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in the periodic table. Similarly, it would be expected that the conduction electron 
shift of the nuclear resonance frequency, which depends on the paramagnetic 
susceptibility of the conduction electrons, would be ‘normal’ in the liquid 
but very small in the solid. Using the theoretical expressions given by Knight 
(1956), and making use of the measured values of the magnetic susceptibility 
of the liquid and of the electronic specific heat of the solid (Keesom and Pearlman 
1955, Ramanathan and Srinivasan 1955), the shifts may be expected to be 
approximately 1% and 0-1% for the liquid and solid respectively. ‘The value 
predicted for the liquid is comparable with the observed values (Knight 1956) 
for solid mercury (2:5%), thallium (1:24%) and lead (1-4%). It should be 
mentioned that the theoretical values refer to the shift of the resonance in the 
metal with respect to that of nuclei surrounded only by closed cores of electrons, 
whereas the quantity measured experimentally is the shift with respect to the 
resonance in a chosen chemical compound. This introduces an uncertainty in 
the measured values, which is probably of the order of 0-1% in the cases quoted 
above. 

A search was made in two samples of bismuth for the nuclear magnetic 
resonance of ?°°Bi (natural abundance 100%) using a radiofrequency spectrometer 
(Pound 1952). ‘The first sample consisted of a powder of precipitated bismuth 
of commercial purity, the main impurity being the oxide, with particle size 
about 1p, and the second of spectrographically standardized bismuth with rather 
larger particles. ‘The particles were insulated from one another by a viscous 
silicone oil. The results obtained were substantially the same for the two samples. 

No resonance was observed in the solid at any temperature up to the melting 
point (271°c), probably due to a broadening of the line by interaction of the 
large *°°Bi electric quadrupole moment with the inhomogeneous electric field 
of the lattice. It is estimated that the line width must be at least 50 oersteds to 
escape detection. However, on melting the samples a strong signal of width 
4-2 + 0:3 oersteds was observed. ‘The shape was Lorentzian as would be expected 
if the line width were governed by a spin-lattice relaxation process. The ratio 
vpi/Yq Of the resonance frequency to that of the protons in a glycerine sample 
in the same magnetic field is given in the table. This ratio was the same for 
fields of 4100 oersteds and 5750 oersteds. The resonance was observed in the 
liquid up to a temperature of 320°c,.the highest temperature reached, and 
remained observable on cooling to a temperature 80°c below the normal freezing 
point, with little change in line width or intensity, and no detectable change in 
the frequency ratio. At this temperature the signal decreased rapidly in intensity 
until it became unobservable. ‘The samples were evidently in a supercooled 


———— On eee eee.“ LL LDrUD€e 


Sample Vpi/VH Observer 
Bismuth metal@ 0-162975 + 0:000012 Present measurements 
Bismuth metalb 0:162944 + 0-000014 Present measurements 
Bi(NO3)3 .5H,O (0:73N) 0-160693 + 0-000008 Present measurements 
Bi(NOs3)3 . 5H,O (1:45N) 0:160722 + 0-000014 Present measurements 
Bi(NO,)3 . 5H,0¢ 0:16069 +0-000016 Proctor and Yu (1950) 
Bi(NOs)3 . 5H,O (0:69N) 0-160696 + 0-000010 Ting and Williams (1953) 


4 Precipitated bismuth of commercial purity. 
b Spectrographically standardized bismuth. 
° Concentration not stated. 
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liquid state. This extensive supercooling which has been obtained in many 
metals when in a finely divided state has been discussed by Turnbull (1950). 
___A search was also made for the ?°*Bi resonance in some compounds. No 
resonance was observed in solid or molten bismuth iodide at temperatures up 
to 500°c, or in bismuth chloride in acid solution. The apparatus could have 
_ detected lines up to 40 oersteds wide in these cases. The resonance in bismuth 
nitrate dissolved in 25% nitric acid had a line width of 5-2+0-5 oersteds for 
concentrations from 0-5 N to about 1-0N, increasing to 14+2 oersteds at 2:-1N 
_ concentration. The resonance frequency appeared to increase slightly with 
al concentration. Values are given in the table together with previously observed 
values. The intensities of the resonances were markedly reduced if the samples 
_ were allowed to stand for a few days after the solutions had been made up. 
The difference between the frequency ratios in the liquid metal and in the 
0-73 N nitrate solution amounts to 1:41 + 0-01,%. This is presumably mainly 
a conduction electron shift, though it includes a chemical shift the magnitude 
of which is unknown, but which probably does not exceed about 0-1%, since 
in salts of neighbouring metals in the periodic table the observed chemical shifts 
-extend over approximately this range. Thus, as expected, the conduction electron 
shift in the liquid is comparable with the shifts in neighbouring metals in the 
periodic table. 

It has been suggested by Takagi (1956) on the basis of an electron diffraction 
study of thin bismuth films that the local structure of the liquid changes gradually 
on supercooling, from a structure where each atom has eight near neighbours. 

(see also Chamberlain 1950 and Hendus 1947), to a rhombohedral or simple 
cubic structure where each atom has six near neighbours, the change being 
c sensibly complete at 110°c. The appearance of a rhombohedral structure 
similar to that of the solid would be expected to be accompanied by a marked 
decrease in the conduction electron shift. Nevertheless, no change was observed 
in the temperature range of the present measurements, indicating that any 
structure in the liquid at low temperatures is much more likely to be simple cubic 
than orthorhombic. 
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Wares ate. ay LT 
TyEcENTLY several p 
' resonance spectra of 3d transition group ions in 
AX (Low 1956a, b, 1957a,b, 1958a,b, Wertz and Auzin 
reference to similar work in other crystals see the table of reso1 
J. W. Orton 1959.) In addition to the fairly intense lines analysed 
papers there is a number of much weaker ones, many of which appear 
values of magnetic field H, and in this note we wish to suggest explanati 
two groups of these. The first set of lines may be attributed to ‘forbidden ’ 
transitions in the spectrum of Fe?+ and the second set to Cr** ions associated 
with nearest neighbour positive ion vacancies. Lae 


{eb eeey, Siow ss 

Most of the measurements were made at a microwavelength of 3 cm and 
temperatures of 90°K and 290°K. ; 

MgO has the NaCl structure and the Fe*+ ions are found to occur almost — 
entirely in a pure cubic field, since the resonance results can be represented by 
the spin Hamiltonian: | 

H =gBH.S + faf{S,1+S4+S)—-4S(S+1)(3S?+3S—1)} 

with S= 4, g=2-0037 and a= +0-0205 cm (290°K) (Low 1956b). At 90°K 
where the accurate measurements were made a=0-0212 cm. In zero magnetic 
field the groundstate levels lie at +a (fourfold degenerate) and —2a (twofold 
degenerate). ‘The cubic field term in the Hamiltonian mixes states with values 
of M, differing by 4, ie. (3, — 3) and (3, — 3) which causes the transitions 
+5>74, +3673, $-—3 and $-— 3 to have probabilities different from 
zero. ‘The positions of the energy levels may be calculated exactly with H 
along 100 and 111 directions (Kronig and Bouwkamp 1939) but with H in any 
other direction it is not possible to solve the secular determinant in closed form. 
Perturbation theory is unreliable in the low field region where these lines occur, — 
so an accurate comparison between theory and experiment is only possible 
along 100 and 111 axes. 

The lines observed correspond to the transitions + 3>7;4 and +3-7 3 
which, along a 100 axis, with 1/A=0-326 cm~ and at 90°K should occur in fields 
of 1197, 1124, and 749, 977 gauss respectively. ‘The observed values for the first 
two lines were 1195 and 1120 gauss, but with our apparatus it was only possible — 
to make an approximate measurement on the pair in lower field. A check on their 
positions was made at 1:2 cm wavelength where the theoretical positions were 
2005 and 2231 gauss, while the experimental values were found to be 2010 and 
2230. Similar agreement was found for measurements with H along 111. 
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¥ Further evidence that these lines have been correctly interpreted is provided 
; by their anisotropy. The cubic field term in the Hamiltonian has turning values 
5 45° apart, unlike the more usual separation of 90° for terms representing axial 
symmetry, and both pairs of lines show this behaviour. That they are due to 


= es : : tie, oe 
Fe®+ is also confirmed by their behaviour on x-irradiation and subsequent 


annealing. X-irradiation of crystals containing iron removes electrons from 


Fe?+, thus increasing the intensity of the Fe®+ spectrum (Wertz et al. 1958) 
and the low field lines follow the changes in intensity of the allowed transitions 


- quite closely. 


Calculation of transition probabilities (for a 100 axis) shows that the + b>zh 
pair should have an intensity of 1/400 of that of the (allowed) + 3>+4 line. 
The experimental ratio was about 1/300 which is in satisfactory agreement 
considering the difficulty of such a measurement. Further calculations on the 
§>—§ and 3+ — 3 transitions indicate that these lines would have intensities 
less again by factors of 5 and 25 times respectively, which probably accounts 
for the fact that they have not so far been observed. 


pee ur: 


In a paper concerned with the Cr** ion in MgO Wertz and Auzins (1957) 
reported three distinct spectra, (i) arising from ions in a purely cubic field, 
(ii) from ions in an axially symmetric field with 100 axes and (iii) consisting of 
lines with turning values along 110 type axes, but they did not analyse the third 
one in detail. We have observed these spectra independently and would like to 
suggest an interpretation of the last mentioned. 

Measurements were made at K band (1:2cm) and X band (3 cm) and 
temperatures of 20°K and 90°K. At X band there is a pair of lines, with 
separation of about 80 gauss, having minima (along a 110 direction) at fields of 
1200-1300 gauss. On rotation of the magnetic field in a 100 plane this pair 
moves to very high field. Along a 100 axis there are two fourfold coincidences 
at H ~1700 and 1800 gauss, and two other lines at fields of 3000 and 4000 gauss. 
This system may be attributed to a Cr?+ jon in a rhombic field, there being six 
ions per unit cell (differing only in the orientation of the axes), and fitted by the 
spin Hamiltonian: 

H =gBH $+D[S2—-}S(S+1)]+2[S/-S,'] 
with S=3, g=1-98, |D| =0-031 + 0-002 cm-!, |H|=0-22+ 0-01 cm-1, a typical 
set of axes being: x axis 110, y axis 110 and z axis 001. 

Energy level diagrams for the x and z axes, calculated from the given 
Hamiltonian, are shown in figures 1 and 2 respectively, and the observed 
transitions indicated (by solid arrows). Along the x axis there is only one transition 
observable at X band (X,) as the other possible one (X3) would require a field 
considerably larger than was available. Both lines were observed along the 
» axis as indicated. The formulae describing the energy levels along the y axis 
are essentially similar to those for the « axis except that a term 3H —D is replaced 
by 3£+D, and, as D<3E, the spectra for these two axes are nearly identical. 
This accounts for the occurrence of pairs of lines along a 110 axis, as each 110 
type axis is an x axis for one ion and a y axis for another. 

At K band the transitions observed were K,, K, (corresponding to Xi, %2) 
and K,. Three other transitions are possible but none of these could be detected 
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the x axis. oe 
_ ~In all crystals showing the spectrum described above it was foun: 12 
number of Cr+ ions concerned was roughly one-half to one-quarter of 
number in a purely cubic field. It seems reasonable to assume that the obser 
rhombic field is produced by a lattice defect near the Cr?+ ion, and, if the def 7 
were randomly distributed, this ratio would require a concentration of abou \ 
one defect to thirty Mg*+ ions (an impossibly large figure). There must, therefo 
be a strong tendency for association between Cr°+ ions and defects which can be © 
explained by assuming the defect to represent an (effective) negative charge, 
€.g. a positive ion vacancy or monovalent positive ion. The latter possibility was 
shown to be unlikely by Wertz and Auzins (1957) who had their samples 
spectroscopically analysed but were unable to detect any suitable monovalent 
ion. 
The most probable model, then, to explain the observed spectrum is that of 
a positive ion vacancy in the nearest positive ion position, as it provides both 
charge compensation and the correct crystal field symmetry. The vacancy is 
_Closer to the Cr°+ ion than in the 100 axial case (ii) which explains the larger 
splitting found here. : 
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ea per (1955), — foun 
this branching ratio, on the basis of the theory — 

aking place through a heavy intermediate meson, has been 
(1958) who estimated p~10-*. The experiment reported — 
; designed either to establish the existence of the process p+>e+ +7 
uce the experimental upper limit of the branching ratio p. 
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Mp tani § 2. APPARATUS 

e The method was to examine the spectrum of positrons, emitted by positive 
ns decaying at rest, in coincidence with a y-ray photon at 180°. Since 
> process for which we were searching is a two-body decay, both the positron 
and the photon would have an energy 53 Mev, approximately equal to half the rest 
energy ofthe muon. The only other processes likely to give coincidences are the 
_ radiative decay pt>e*++v+i+y and bremsstrahlung produced either in the 
_ target or in adjacent parts of the apparatus by positrons from the usual decay 
_pt+et+v+i%. Both these processes could give e+-y coincidences, but with 
_ both particles having a continuous spectrum with energies less than 53 Mev. 
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ig Figure 1. Experimental arrangement. 


The arrangement of counters is shown in figure 1. Counters 1 to 6 are 
of plastic scintillator; the performance of the sodium iodide crystal 6 in. long 
and 5 in. diameter as an electron spectrometer has already been described (Cassels, 
O’Keeffe, Rigby and Wormald 1958). A beam of 98 Mev positive pions was 
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§ 3. EXPERIMENTAL RESULTS 


__ During the experiment 4-7 x 108 incident pions were recorded and 42 quad- 
ruple coincidence events, with a pulse height distribution shown as a histogram 
in figure 2. The curve shows the expected spectrum of pulses from an arbitrary 
number of mono-energetic 53 Mev positrons. 78% of the area under this curve 
lies between the dotted lines. Only three of the observed pulses lie in this range ; 
but since they may well be a part of the continuous background, they can only 
be used to give an upper limit to the branching ratio p. 
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Figure 2. Pulse spectrum given by positrons in coincidence with y-ray photons. The 
curve shows the expected pulse spectrum from 53 Mev positrons, on an arbitrary 
vertical scale. 78° of the area under this curve lies between the dotted lines. 


The efficiency of the apparatus for detecting ut+>et++y decays is fi fofs 
where f, is the product of the probability of a pion stopping in the target and the 
solid angle subtended by counter 3 as a fraction of 47 steradians; f, was given 
directly by the number of 2, 3 coincidences due to positrons from normal muon 


decay and was found to be 1:7%; f, is the probability of a photon, at 180° to a _ 


positron which enters counter 3, going into the solid angle defined by counter 6; 
fz was estimated to be approximately 70% ; fg is the efficiency of the y-ray telescope 
for detecting 53 Mev photons, estimated to be approximately 30°. 

If one assumes that all three of the ‘ possible’ events are due to the +-> et + y 
decay one obtains a value for the branching ratio p= (2-3 + 1:3) x 10-8. 
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Research Department, Metropolitan-Vickers Electrical Company, Manchester 


MS. received 12th February 1959 


. § 1. INTRODUCTION 


N order to measure the energy loss of electrons when passing through matter 
| it is important to know the actual path length travelled by the particles in 

the absorber. The ratio of the actual path length to the geometrical foil 
tad thickness is always greater than unity since the electrons follow a tortuous path 
due to the scattering in the absorbing material. Owing to this zigzag path it is 
not always sufficient just to take the path length of the electron as equivalent to 
the thickness of the foil especially when measurements are being made on the 
absolute scattering cross sections. This fact has been pointed out by Slawsky 
and Crane (1939) in an attempt to explain why energy loss measurements of 
electrons in lead and aluminium foils were consistently larger than predicted 
2 by theory. ‘These authors studied the scattering of electrons with energies up 
ta to 13-5 Mev in lead and aluminium foils in a cloud chamber. Inthe measurement 
ee on the lead foils the most probable scattering angle was so large that they con- 
é cluded that the electrons had completely lost their original direction of motion 
Z and passage of the electrons through the foils resembled the case of diffusion 
Zs and could not be compared with theory. For the aluminium foils, however, 
i the values of the path length—foil thickness ratio, t/t), calculated from Omax 
A were 1-01, 1-04 and 1-10 for foil thicknesses of 09-0025, 0-01 and 0-025 cm 
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respectively. Williams (1940) pointed out that certain errors were introduced 


by the scattering of electrons in the gas of the cloud chamber and if the 
square of the ratio of the measured mean scattering angle in the foil to the 
mean scattering in the gas (as/xg)? is not large, then the estimation of the ratio 
t/t) is likely to be in error. For the case of the thinnest foil (0-0025 cm thick), 
used by Slawsky and Crane, «g is comparable with a and little weight can be 
placed on the figure of 1-01 for t/t). The results for the two thicker foils are 
likely to be somewhat more reliable since the values of (a/xg)* are about 4 and 
10 times greater than for the thinnest foil. The measurement of the ratio («:/«g)? 
in the cloud chamber together with the diffusion of the electrons in the foils 
rather limit the applicability of this technique in the estimation of the detour 
factor (t/t) to low Z materials only. Also an attempt has to be made to reduce 
the value of wg by the use of low Z gas fillings at low pressure. This present report 
describes a method of measuring the detour factor in G5 nuclear emulsions for 
10 Mev electrons and positrons and compares the results with theory. Nuclear 
emulsions in preference to foils are particularly suitable for measurements of this 
type since they make it possible to follow the track along its complete length. 


§ 2. THEORY 

The theoretical calculation of the detour factor is by no means a simple matter 
particularly in moderately thick foils. One obvious difficulty is that the cross 
section for the scattering of an electron through a given angle is dependent on 
the energy but owing to the losses caused by radiation and ionization along the 
path length of the electron its energy is always changing. The two limiting cases 
which are more amenable to mathematical analysis are when (a) the total deviation 
of the emergent direction is small enough to satisfy the multiple scattering 
limitation that sin 6~ 6 and (6) when the foil thickness is so large that the problem 
can be treated as a diffusion problem, see Bethe, Rose and Smith (1938) and 
Rossi and Greisen (1941). 

Consideration of the theoretical problem has been made by Rose (1940) 
who estimated the detour factor to be 


‘iPaeaie a(n) aes =i erie (1) 


zl 


where n is the number of terms in the series and 
vQ,= 27K? Ntol(1+ 1) In (€y,) 
as deduced from the theory of Williams. The upper limit for y, is defined by 
22nK nt, ye 

with K? = (Ze®/myc?)(1 — B?)¥2/B? 
where Z, e, myc and 8 have their usual meanings and N is the number of atoms 
per unit volume. For the case of an atomic field of the form 

V(r) = (Ze?/r)er'4 
where r is the distance from the atom and a is a constant, €= 1:21a/A where 
27d is the wavelength of the incident electron. 

The coefficients a,(7) can be obtained by comparing the series 


see Os Ya,(n)P,, (cos op) 
0 


and have been tabulated by Rose for m and / from 0 to 5 respectively. 


Ar oS Ly | 
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he 8 or thin foils equation (1) reduces to t/tj=1+ $vQ,, instead of the approxi- 
| mate value, 1+vQ,, given by Goudsmit and Saunderson (1940). 
_-Yang (1951) calculated the actual path length due to a gaussian multiple 


scattering distribution of electrons in foils for two separate cases. Firstly, when 
all the particles are detected regardless of their position and angle of emergence 


_ and secondly, only for particles which are travelling in the same direction as they 


were initially. Case I analysis is obviously applicable in the present experiment 
and gives the probability that the electron has a path length between t)+A and 
ty +A+dA for a foil thickness tp) in radiation units, as 
B(v) = 20-32. (uy — 3u9 + 5u%—Tu9+ 2...) cece (2) 
where 
v=2u*Ajt, u=exp (—1/v) 

for small values of u the higher power terms can be neglected. 

The shape of the distribution B(v) is leptokurtic with an average path length 


increase of 
(eeteeee epee en ee OT eee. (3) 


w* = 2pp/Es 
Es; is the characteristic energy = m)c?(47137)/?=21:2 Mev. ‘The radiation 
length is defined by the equation 
2 
7 : Na (4) (183 2-28), 

This equation only defines individual processes and owing to the fact that the 
emulsion is heterogeneous it is not permissible to consider the mean values of 
Z and A in the expression. The correct method is to calculate the mean value 
of the term (Z?/A) In (1832-8) and substitute in the equation for 1/xp. This 
method gives a value of 7-085 cm for the radiation length of the emulsion compared 
with a value less than half this when the mean values of Z and A are used. 


where 


§ 3. METHOD oF MEASUREMENT AND RESULTS 


The 10 mev electrons used in this experiment were accelerated by a betatron 
whilst the positrons were produced by the high energy x-rays impinging on a 
lead target. The particles were selected by means of a magnetic spectrometer. 
In order to reduce any distortion effects in the emulsions the particles were 
projected into the centre of the 400 micron thick G5 plates. Also a low temper- 
ature method of development was used. Measurements on the emulsion using 
the method of Major (1952) showed that the distortion of the tracks in this region 
was negligible. 

The ideal method of measuring the length of the tortuous path of an electron 
passing through a nuclear emulsion would be to measure the coordinates of every 
silver grain along the track. ‘This would be very tedious and would be almost a 
physical impossibility. A simpler and more practical alternative is to count the 
number of times a known cell length can be laid off along the track for a 1 mm 
length of emulsion. For a cell length of 40 microns the number is 25 or more. 
The additional amount is the increase in track length due to the particle’s tortuous 
path. The depth of the track was also measured after it had travelled 1 mm. 
By using a shrinkage factor of 2:3 and this depth measurement a correction for 
the inclination of the track was made. Another correction had to be made to 


a = standard deviati tele oe 
of approximately +1-8 indicating a strong positive skewness. There 
agreement with the theoretical curves of Yang, equation (2), normalized « 
: maximum value, except the number of tracks at the larger value of t/ty tend ' to k 
larger and also the distribution seems to be shifted to the higher values. 


oe 


Electrons ie 

, 16 

2 2 

= : 

- 12 i 12 

‘s s 

3 8 a 8 

z 2 : 

Ooo o2-103~«04~~=«0S «0G ~=«O7 «OB 0 10102-0304 ~—~F05 +06 ~107 «08 «09 «HO 
Detour Factor t/t. Detour Factor t/t, 

Figure 1. The experimental histogram Figure 2. The experimental histogram of the 
of the detour factor for electrons detour factor for positrons compared with 
compared with the theoretical curve the theoretical curve of Yang. 


of Yang. 


The mean value of the detour factor for the electron and positron experimental 
distributions was 1:02, and 1-02, respectively. Both the values are slightly 
higher than the figure of 1-014 obtained from Yang’s formula equation (3). 
The slight discrepancy seems quite reasonable since Yang only used the simple 
gaussian for the multiple scattering distribution. Large angle scatters would 
tend to increase the number having large values of t/t). In the present work it 
is reasonable to expect a 10° scatter on about every tenth track and a 5° scatter 
on every third track. A 5° scatter at the beginning of a track would increase the 
detour factor by 1-005 and a 10° scatter by about 1:02. The average value of 
t/t) given by Rose is 1-02, giving a closer agreement with these experimental values. 
This is probably due to the fact that Rose used the scattering distribution of 
Williams which will take into account some of the large angle single scatters. 
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THE ient Cp is a measure of the correlation between spin components 
of the two protons in the scattering plane. It is the expectation value 
and target 


e-of-mass system. A measurement 


of the coefficient Cnn for correlation between the spin components perpendicular 
to the scattering plane has been made for 382 Mev incident proton energy and 90° 
centre-of-mass scattering angle (Ashmore, Diddens, Huxtable and Skarsvag 


give positive values. 

The correlation coefficient was measured, as previously, by means of a second 
scattering of both protons from carbon, with analysis in coincidence. For 
he second scattering must be either upwards or down- 


the measurement of Cxpt 
wards in a plane perpendicular to the first scattering. The asymmetry is then 


thas fk ene 


cf 


defined by the formula 
be UU+DD—DU-UD 
2 Fie ee eet) Th i 28 (1) 
a UU+DD+DU+UD 


where UU is the number of coincidence counts with both second scattering 
| upwards, DD with both downwards. etc.. Cp 1s related to e’by the formula 
: Cyp=e/PiP2 ne (2) 


n the second scattering for the two 


\i 


where P, and P, are the analysing powers 1 


protons. 
The experimental arrangement and procedure were almost the same as for 


the measurement of Cyn. ‘To obtain the highest possible counting rate consistent 
with reasonable energy resolution the first scintillators were made 1 in. square 
(subtending 3° at the target) and the hydrogen target was increased in diameter 
from 0:5 to 1:0 in. The size of the beam spot as given for the Cnn measurement 


isin error. It was, in fact, approximately 0-4 in. square for both measurements. 


The energy resolution in the present measurement was 9-0 mev, and the angular 
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resolutions in the first and second scattering 1:1° and 3-1°, respectively. All 
these figures are standard deviations. 

The analysing powers of the second scatterings were measured in a double 
scattering experiment using a carbon first target. On the basis of data from 
Uppsala, Rochester and Harwell a first scattering angle of 17-2° was used and 
the polarization in this scattering, after correcting for angular resolution and 
inelastic scattering, was estimated to be 0-91+0-03. The observed asymmetries 
for the two sides, corrected for the intensity distribution across the second target, 
were 0:591+0:014 and 0:578+0-013. After applying a correction for the 
different contributions from inelastic scattering in the calibration and in the 
measurement of Cxp it was found that 

P,=0-618+0-029, P,=0-604 + 0-028. 

In the measurement of Cp a beam intensity of about 1-3 x 10° protons per 
second was used. At this level random coincidences were an acceptably small 
proportion of the genuine counts. In about 70 hours running a total of 1821 
coincidence counts was obtained. After subtracting the estimated number 
of 46 +6 random coincidences in each position, the genuine coincidences were 
found to be divided between the four positions as shown in table 1. As expected 
for a centre-of-mass scattering angle of 90° UU=DD, and DU=UD within 
the limits of experimental error. 


Table 1. Number of Coincidence Counts for the Four Positions 


Oe. 469 + 24 DU 325421 
DD 495 + 24 UD 348 +21 


From formula (1), the asymmetry is found to be +0-178 + 0-027. 

A contribution to the asymmetry arises from the geometry of the first scattering, 
which favours DU and UD coincidences. By integrating over the first and second 
scattering angles and over the target the correction was estimated to be 
+0:057+0-012. Thus the corrected asymmetry is 

e= + 0-235 +0-03. 
Then from formula (2) using the values of P, and P,, 
Crp = + 0-63 + 0-10. 
The phase shift set 6 of Stapp, Ypsilantis and Metropolis (1957), which gives 
a value of — 0-313 + 0-038, is thus clearly eliminated. 

Recently a modified analysis of p—p scattering at 310 Mev has been made 
(Cziffra, MacGregor, Moravesik and Stapp 1958), in which the one pion exchange 
contribution is explicitly included in the scattering amplitude for orbital angular 
momentum values above the cut-off used in the phase shift analysis. The 
phase shifts are slightly modified but only sets 1 and 2 give a better fit to the 
experimental data. ‘These sets now give a best fit for a value of the pion—nucleon 
coupling constant g?~ 14. It appears that sets 3 and 4 are not separate solutions 
but merge respectively with sets 1 and 2. The values predicted by the modified 
phase shifts for Cnn and Cyp for 90° centre-of-mass scattering angle are given in 
table 2, with the experimental values. A small relativistic correction given 
in equation (57) of Stapp (1956) has been added to the calculated value of C,p. 
The errors in the calculated values were obtained from the error matrix for the 
original sets of phase shifts. 


Se 
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Table 2. Calculated and Observed Values of Cnn and Cyp 


Calculated values (310 Mev) Observed values (382 mev) 
Set 1 Set 2 

Cra +0-38 + 0-08 +0:61+0-06 + 0:42 + 0-085 

Cxp +0:-44+0-05 +0:49 + 0-09 +0-63 + 0-10 


a a a 
Calculated values from Cziffra et al. (1958). Observed value of C,,, from Ashmore et al. 
(1958), Cxp from presnt measurement. 


‘The observed value of Cy» is rather high compared with the calculated values, 
but the difference is not significant and the variation with energy is uncertain. 


_ Ameasurement of Cnn at 320 MevVis in progress, but in order to distinguish between 


the modified phase shift sets 1 and 2 by means of spin correlation a measurement 
of Cyp at a centre-of-mass scattering angle around 45° is probably required, 
as indicated by Cziffra, MacGregor, Moravcsik and Stapp (1958). This is a 
difficult experiment but methods of performing it are being investigated. 
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Inter-Electron Collisions and the ‘ Temperature ’ of 
Hot Electrons 


By S. H. KOENIG 
IBM Watson Laboratories at Columbia University, New York 
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Frolich and Paranjape 1956) that for a sufficiently large density of electrons 

in the conduction band of a solid, inter-electron collisions will ensure that 
even in the presence of a large electric field E, the spherically symmetric part of 
the momentum distribution function will be Maxwellian, characterized by an 
electron temperature T.(Z)> Ty, the lattice temperature. If the conduction 
band has many valleys, the population of each will then be determined by the 
electron temperature and the relative band edge energy of each valley. | For 
equivalent valleys (e.g. unstrained n-Ge), the population of all valleys will be 
equal and the current j will be collinear with £ for all E. 


[: has been pointed out by several authors (Stratton 1957, Frohlich 1947, 


interpreted his data as yielding the dependence of Te on E. aa 


The purpose of this note is to show that the assumption which underlies - 
-Paige’s interpretation of his experiment is invalid for the quoted carrier den 


though from the theoretical estimates (Frohlich 1947, Frohlich and Paranjape 


1956, Stratton 1957) it is not clear why this should be. xe 

Shibuya (1955) and Sasaki et al. (1959) have measured the electric field 
dependence of the angle « between j and E for suitably oriented 15-20 Q cm 
samples. (One would not expect interelectron collisions to play a significant 
réle here (Frohlich 1947, Frohlich and Paranjape 1956, Stratton 1957, Paige 
1958).) Their results, though in qualitative agreement with theory (Shibuya 
1955), quantitatively are too large by a factor of eightt. This observed 
enhancement of the anisotropy of the conductivity, they suggest, is due to 
intervalley transitions which take electrons from the ‘hot’ valleys to the 
‘cooler’ ones. Since it is the cooler valleys that have the higher mobility, an 
increase in their population will enhance the anisotropy. (If on the other hand 
inter-electron scattering were sufficient to maintain all valleys at the same tempera- 
ture, there would be no anisotropy measured in an experiment of this type, as 
pointed out earlier.) 

We have repeated the Sasaki et al. type of experiment on two n-Ge samples 
of essentially the same size and shape used by Sasaki, cut from a {110} plane 
approximately 30° from the (100) direction. For this orientation, j and E are 
coplanar with the sample and « is close to maximum. The carrier concentrations 
were chosen to bracket the value for Paige’s crystal. Figure 1 shows the (j, £) 
data, figure 2 the anisotropy. The anisotropy for the more impure sample is 
somewhat less than for the purer sample. (This difference would be reduced 
if the data were plotted against electron ‘temperature’ rather than electric field, 
since for the less pure samples, a given value of E corresponds to a lower mean 
electron energy because of additional impurity scattering.) The main point 
is that the anisotropy exists, which in itself demonstrates the invalidity of Paige’s 
assumption. In addition, the magnitude of the anisotropy suggests that for 
large E the valleys have grossly different populations for zero applied stress, at 
least by a factor given by the ratio of the observed to the calculated anisotropy 
angle, ef. 

For the magnitude and orientation of stress that Paige applied, one may 
calculate a relative valley displacement (Herring 1955) 


AB =2yFu/3 cy = (9°8 & 108 X116-7)/306-8 % 10728 10 ey: 


+ Though the theory is for acoustic scattering only, the order of magnitude of the 
anisotropy is not strongly dependent on the nature of the scattering. Rather, the results 
can be obtained by geometrical arguments (similar to those pertaining to figure 8 of Sasaki, 
Shibuya and Mizuguchi 1958, as long as the mobility tensor can be assumed not much 
less anisotropic than the mass tensor. 

{ This follows from the same sort of geometric argument referred to in footnote above. 
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Figure 2. Anisotropy of the conductivity plotted against electric field. e¢ is the angle 

between the total electric field and the longitudinal current, as determined by 

measuring the longitudinal conductivity and the voltage transverse to the current 


flow. 
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In order to sort out the relative contribution of the various effects, it 
but with the stre 


be useful to combine experiments similar to that of Paige, Wi n 
inear, with anisotropy measurements. For example, if E 
were along the [100] direction, and the stress along the [110] direction, neglecting — 


-inter-electron scattering (as it now appears reasonable to do), the electrons in 
all-the valleys will be at the same ‘temperature > measure 


d relative to their 


respective band edges. ‘There should be negligible piezoresistance for any 
value of E since all valleys contribute equal current per carrier for this geometry. 
However an anisotropy voltage will appear in the [010] direction when (and if) 
there is a population redistribution of the two pairs of equivalent valleys. ‘The 
magnitude of this voltage would be a direct measure of the population ratio and 
its variation with E would depend only on AE and the electron “temperature 3 


REFERENCES 


Froéuticu, H., 1947, Proc. Roy. Soc. A, 188, 521. ‘ 

Fréuticu, H., and ParanyaPE, B., 1956, Proc. Phys. Soc. B, 69, 21, 866. 

Herrine, C., 1955, Bell Syst. Tech. 7., 34, 237. (In particular see equation C3.) 
Paicz, E. G. S., 1958, Proc. Phys. Soc., 42, 9205 

Sasaki, W., Surpuya, M., and Mizucucui, K., 1958, #. Phys. Soc. Japan, 13, 456. 
Sasaki, W., Surpuya, M., Mizucucui, K., and HaToyaMa, G. M., 1959, 7. Phys. Chem. 


Solids, 8, 250. 
Suipuya, M., 1955, Phys. Rev., 99, 1189. 
StratTon, R., 1957, Proc. Roy. Soc. A, 242, 355. 


2 
{ 
? 
4 
‘ 


= 


Electrolytic Coloration of Potassium Bromide 


By W. DUNSTAN 
Department of Physics, Northern Polytechnic, London 


Communicated by M. E. Pillow; MS. received 18th December 1958, in revised form 
25th March 1959 


may be coloured by electrolysis at moderately high temperatures (of the order 
of 500°c) using a pointed cathode. The colour associated with the F-centres 
of the particular crystal employed enters from the negative electrode; if at any 
stage the field is reversed, the coloration returns to the (new) anode. Also, 
crystals previously coloured, whether additively or by electrolysis, may be bleached 


ie is well known (e.g. Uchida, Ueta and Nakai 1951) that the alkali halides 


aa piemins the field, he blue palbir ieemaicaty but ihe fed remains, end 
innot be removed, whether plane or pointed electrodes are used, at any temper- 
ture up to the melting point. ‘This makes it possible to produce a pure red 
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Absorption in coloured potassium bromide. 


The writer has occasionally, but not reproducibly, obtained red specimens by 
heating crystals in potassium vapour at about 550°c; these also cannot be bleached 
by electrolysis below the melting point. ‘The diagram shows the variation of 
absorption coefficient with wavelength for both additively and electrolytically 
coloured red and blue specimens. Applying Smakula’s formula, the densities 


3R2 


in the abso 


n the absorption band; fo purpose, mercury violet (U'r/, “Uy 
light was used. Observations were made at room temperature, in a ! 


300 volt cm-!; the current was recorded with a vibrating reed el \ 
Pisarenko (1957) observed photoconductivity in KBr crystals after electrol 
in the range 4 to 12 x 10-* cm, but found no change in the absorption spectru 

Absence of electrolytic bleaching would seem to suggest that the tra 
associated with the red colour are particularly deep, and hence very larg 
undissociated at any temperature which may be reached in the solid phase; 
in this case, however, one would not expect to observe photoconductivity. 

The presence of impurities is known to give rise to additional absorption in 
additively coloured crystals (these are discussed in Section X of the review by — 
Seitz 1954). The small quantities of potassium chloride in the specimens grown - 
by the writer would produce a negligible shift in the F-band; nor do the observed 
bands show the interconversion under suitable illumination characteristic of 
possible divalent metallic impurities. In view, however, of the difficulty of 
explaining both photoconductivity and the absence of electrolytic bleaching 
on any simple model, it seems probable that impurities are responsible for the 
effects. 
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in the solid state are executing vibrations of relatively 
2. The assumption that these vibrations are harmonic—the 
rmal lattice dynamics—is no longer true. It is therefore likely that 5 
ical treatment which would account for large Ey might point a way 
ating anharmonic vibrations and vice versa. icity 

Several approaches to this problem have been suggested by Born (1951), 
Domb (1952), Dugdale and MacDonald (1954) and Hooton (1955 a) all of 
which have been reviewed in an article by Domb and Dugdale (1957). The 
_ method described below is a direct approach which finds how the shape of the 
potential well in which a typical atom of the crystal finds itself varies as the 
volume of the solid changes. In this way the variation of the lowest energy 
state with volume may be found. The approach is based on the well-known 
A Einstein model of a crystal, the theory of which was extended by Henkel (1955) 
: to include first order anharmonic terms. 


_ §2. 
The potential energy of an atom displaced from equilibrium (the classical 
lattice site) in an Einstein crystal may be shown to be 


2a W= Wy + Wola? +2 +22) + Wialattyttat) eee (2.1) 
where 

W.= F200). We= FB] HO +590 | 

We= 5» H+ 74° | 


| $(r) is the potential energy of interaction of two atoms a distance r apart, x, y, 2 

are the displacement components of the atom, and &, implies summation over 
all lattice points. (2.1) is a generalization of Henkel’s (1955) result which is 
a now applicable to any central additive potential and for any lattice structure. 
_ _W, represents the static lattice energy, the term involving W, is that obtained 
é when normal lattice dynamics is applied to an Einstein crystal, and the term 
+ Now at Northampton College of Advanced Technology, St. John Street, London 
EC. 1; 


a Pie at 


__-m=mass of atom 
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It is well known how the energy leve 
perturbation. It has also been demonstr 


d by Johns , Her 
and Zucker (1958) that this particular approach is in many ways mot 
than harmonic theories in describing the behaviour of the heavier inert gas 
such as argon, krypton and neon. These solids, however, have Ey as a 
fraction of the total energy. The largest proportion is for neon, the value 
about 30%. For helium, however, the fraction is about 90% and the t 
containing W, is no longer a perturbation, indeed it may be larger than 
It is thus necessary to find a way of obtaining the eigenvalues of (2.2) which is 
independent of the sizes of W, and W,. mre * 

Coulson and McWeeny (1948) have shown how this can be achieved, the | 
eigenvalues being evaluated to any degree of accuracy in terms of W, and W,. 
If A, is the lowest eigenvalue it is simple to show that E, of the crystal is given by 


where N= Avogadro’s number. 
The eigenvalues of (2.2) appear as the latent roots of an infinite matrix. 
Nearly all the off-diagonal terms, however, are zero. (For the pure harmonic 
_ oscillator the matrix is in fact diagonal.) Further the elements depend on an 
arbitrary parameter y introduced in the solution of (2.2), which may be chosen for 
each eigenvalue such that the diagonal terms of the matrix are dominant. The 
latent roots may then be evaluated by the formula 


H,,H,, 
\;= H,;- > yy 
Fj Ay; — Ay 


which converges very rapidly to the desired root. The H;; are the matrix — 
elements. 
It may be shown that Ap is given by the relations 
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r = ———————— = = 
0 B BET2ZC* 4y by 4,2 ee ee ee (234) 
and y is the real root of the cubic 
Pe a 3 Bt 0 eee Zar 


It is evident that Ky is easily evaluated as a function of volume since A, depends 
only on W, and W,. Further since W, and W, depend simply on ¢(r), the 


os coats tac A 
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“his was evaluated in a straightforward manner except that dAp/ dV was found 
umerically as no analytic expression for it has yet been obtained. The results 
ese calculations together with a curve found by de Boer (1948), and the © 
_ experimental values of Dugdale and Simon (1953) are exhibited in figure 1. 
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a Figure 1. I, theoretical curve 12-6 potential; II, theoretical curve exp-6 potential; 
e III, theoretical curve (de Boer 1948); circles, experimental results (Dugdale and 


Simon 1953). 


The agreement between experiment and the theory presented here is seen to be 
quite fair. It is also observed that the equation of state in the solid phase depends 
very much on the intermolecular potential—in great contrast to the equation of 
state of the gaseous phase. The calculation of de Boer (1948) based on a Debye- 
type theory breaks down for molar volumes greater than 15 cm’. 

It is of course possible to compare the calculated and experimental values of 
* E, directly, but it must first be noted how E, is found experimentally. Dugdale 
4 and Simon (1953) do so by finding the experimental value of the Debye character- 
istic temperature 6 and they then assume that E, is 9NRO/8 where R is Boltz- 
mann’s constant. This suggests that it is possible to define @ in a way different 


5cm’. None the less experimet 
solid helium exists at molar volumes up to 21cm’, and Dugdale and 
(1953) show that it is possible to determine a parameter which may be ic 
as @ at these large volumes. It is thus proposed here to invert the description 

Domb and Salter (1952) and to define as 8E,/9Nk. Obviously for a harmonic 
crystal this definition and the definition in terms of frequency are equivaler 

But this definition is more general, since in the case of a crystal governed by © 
anharmonic forces the original definition of 4 in terms of frequency becomes — 
meaningless, whereas E, still has a precise meaning. Thus in figure 2 instead 
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Figure 2. I, theoretical curve 12-6 potential; II, theoretical curve exp-6 potential; — 
III, theoretical curve 12-6 potential, harmonic approximation; circles, experimental 
results (Dugdale and Simon 1953). 


of comparing the theoretical and experimental values of Ej, we show the corres- 
ponding @ values. For comparison the results given by (2.7) with the Hooton 
(1955 b) potential are given showing how (2.7) fails at large molar volumes. 


§ 3. 


The approach to solid helium described above is a simple way of dealing with 
an anharmonic crystal. It is unsatisfactory in so far as it is based on the Einstein 
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is even larger than for 4He. The stability of the lighter isotope in the 
te is thus even less than that of ‘He. It is possible to study the stability 
rare gas solids in general with the above methods, and this will be the 
ubject of a further communication. | 
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q The Grain-boundary Amplifier 

i By O.-A. WEINREICH, H. MATARE AND B. REED 

5 Research Laboratories, Sylvania Electric Products Inc., Bayside, New York 


MS. received 12th fanuary 1959 


in n-type germanium show p-type behaviour so that an n—p—n structure is 


formed. An extensive investigation of the electrical properties of the grain 
lor, Odell and Fan (1952), who applied 
1 formed around the grain boundary 


[ has been found experimentally by Pearson (1949) that grain boundaries 


boundaries in germanium was made by Tay 
the Schottky barrier theory to the potentia 


be followed up 


(i) the ‘sheet’ condu 


and room temperature and (ii) the sheet conductance is fairly indepen 


This note describes how the sheet conductance can be modulated by an 
applied electric field leading to a grain-boundary amplifier ; it has a small temper- 


ature dependence and works down to the liquid helium temperature range. : 


Figure 1 shows the circuit schematically. 
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F = Indium alloyed junction - forward biased 
R = Indium alloyed junction - reverse biased 


Figure 1. Grain-boundary field amplifier, schematic. 


In terms of field transistor terminology, the forward-biased junction F is 
the source, the reversed biased junction R is the drain and the contact to the bulk 
G is the gate. ‘ 

Figure 2 shows the characteristic of the sheet current: (a) at room temper- 
ature, (b) at 78°K and (c) at 4-2°k when modulated at zero, 1-5, 3-0 and 6-0 volts. 
It can be seen from the curves that even with no field applied the (J, V) charac- 
teristic is non-linear, bending downward for higher sheet voltage. This is 
due to the modulation from the voltage drop along the grain boundary sheet. 

As seen from figure 3, the ohmic contact to the grain boundary causes a linear 
voltage drop along the sheet. The rectifying contacts to the bulk, in contrast, 
maintain a practically constant potential from the forward-biased junction to 
the reverse-biased junction, where the voltage drop occurs. Thus at the reverse 
contact the voltage drop across the sheet acts as a modulating field voltage between 
bulk and sheet. Therefore the temperature dependence of the sheet conductance 
must be measured at low sheet voltage. Figure 4, drawn from oscilloscope 
traces, shows the (J, V) characteristic of the sample in the 0-1 volt range. ‘The 
conductivity is the same at 300 and 78°K and is decreased by a factor of 2 at 
4:2°K. With all other samples measured this factor was less than 2 and thus 
appears to be an upper limit on account of a possible increase of the contact 


impurity type and concentration (Reed, Weinreich and Mataré 1959). ra 
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ra Figure 2. Grain-boundary field effect (a) at 300°k, (5) at 78°K, (c) at 4-2°K, 
7” Our samples have an input resistance of approximately 10° ohms at room 


temperature; we hope in subsequent work to increase this value. At liquid 
nitrogen and helium temperatures, the input resistance increased to approxi- 
mately 10? ohms. At 78°K and 4:2°K, the power amplification was 21 and 
- 23 dB respectively at a frequency of 1kc/s. The power gain dropped to half 
this value at 10 kc/s and approached zero at 50 kc/s. Further investigation is 
necessary to determine if the frequency limit can be improved by a more favourable 
geometry. 
The detailed mechanism of the grain boundary conduction and its small 
temperature dependence is not completely understood. It seems probable that 
the sheet conduction carriers are holes that compensate negative charges in 


allow the ext 

It may be mentioned that in 

levels, as revealed by the polarity of the photovoltaic é 
boundary. 
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igl cate switching currents a ee st t 
rat the amount 20 of polarization reversal decreases in time 
rces. Because of electrode difficulties there is sometimes 
do erat acu? the despteeee itself really ages. But applying sinusoidal 
oltages we have observed, in good c-domain crystals, an opposite effect (‘ growth’ 
—O1 unageing ”) which may occupy some hours, as in the figure, and this occurs 
also using liquid electrodes. The effect is independent of frequency, and the 
_ initial rate of increase varies with peak field Ey, as exp (—y/Em). In the case 
ee y=8:2kvcm-!. Supposing this phenomenon to be a genuine intrinsic 
_ property of the material, we will suggest an explanation, using also evidence from 
our etch photographs of crystals which have been partially switched. 

Models of both ‘spike’ and ‘radial’ reversal have been investigated and in 
~ both cases it ae been shown (Burfoot 1959, Peacock 1959) that there must be 
_ heavy ‘ viscous’ forces opposing the wall motion. The viscous parameters 
have not been evaluated from the models, so that the velocities cannot be compared 
and so they cannot be used to decide the point at issue. 
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If wall energies and depolarizing effects are not too large it is possible (Peacock 
1959) to fit the form of the observed switching current curves 7(¢) for constant 
field E very successfully, if the nucleation rate R is initially constant and the 


We lack independent knowledge of the spike and radial veloci 

if we picture a spike as a cone of fixed small angle 20 in which the walls m e e 
radially with velocity v, such a motion is indistinguishable from spike motion — 
through the crystal thickness at velocity vd-!. Before the cone has passed through 
the crystal and become truncated, the growth process is creating new wall at the 
tip in quite a different manner from the process after ‘impact’ on the far side. 
But if the viscous force is kv per unit area of wall, itis readily shown that v = (2EP)/k 
with our assumptions, irrespective of the geometry. Thus if the retardation 
is of this kind, the motions can both be described in terms of v. ‘Then the current 
from a single domain is 


Seas iain a GV 
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until impact, and 4Pv*(t—c) thereafter, where c is @d/2v; since t=@d/v at 
impact, the transition issmooth. Our etch photographs show that 2@ is about 13°. 

During ‘growth’ the loops are flat-topped; that is, during the high-field 
part of the sinusoidal E£ little further switching occurs, though the crystal is by no 
means fully switched. If the switching current is predominantly due to some 
growth process B (spike or radial) then the flat tops suggest that growth of each 
domain is limited, and that either B is regulated by a process A which controls 
the number n of domains, or that the limit on B is progressively lifted by some 
process C which controls the volume switched by each domain. A or C continues 
in one sense throughout the ‘ growth’ although B reverses continually in succeeding 
half-cycles. 

Processes of type A+ B seem more satisfactory than type B + C for if Bis spike 
growth limited by the crystal thickness, it does not seem easy to invoke process C, 
while if it is ‘pulsating’ radial growth with progressive pushing back of the 
limitations, the numbers remaining constant, it is difficult to account for the 
frequency independence of the hysteresis ‘growth’. Process A + B is presumably 
either (i) nucleated spike growth affecting negligible volume, followed by limited 
and pulsating radial growth, the numbers increasing during ‘growth’ of the 
loop, or (ii) one-way surface changes permitting gradually increasing areas to 
switch repeatedly by spike growth. If E=Emsinwt=Ey sin 4, and if A 
increases the number according to dn/dt= f (FE), then 


m/w 
the number added in a half-cycle is fadt 
0 


and the number added per second is [Fas 
0 


which is independent of w, as observed. 
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ins u under 1 micron i in size, 8% as. 3 micron domains eeprete eet into 
Burfoot 1959, figure 4), and 18°, completely coalesced. 
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NOTICE TO AUTHORS 


Authors of papers on experimental measurements are advised to include 
information concerning the purity and structure (grain size, homogeneity, 
degree of working phases present, etc. ) of materials used. This should be as 


: 


complete as the nature of the measurements being made requires and should 
include the source of the material and method of preparation. 
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The (2s)? 18 State Solution ofthe Non-relativistic Schrodinger Equation for 
Helium and the Negative Hydrogen Ion, by E. Houoten (Proc. Phys. Soc., 
OLY Sey heya he ay. . To 

Some typographical errors have crept into the list of matrix elements of the — 


electronic repulsion energy operator on p. 367. eee 
[1s2s[1s3s] 4/8./2 should read 3/82 ‘ 
|2p3p|1s4s| —17/1284/30 should read —17/128/6 
\(3p)2|(3d)2|_ 431/12801/5 should read -431/1280/15 
|2s4s|3s4s] 9/32 should read 9/324/2 


-9/128/30 after the element (2s4s|(4s)?) is superfluous and should be deleted. 


es 


Spin-Orbit Coupling and the Extraordinary Hall Effect, by C. STRACHAN and 
A. M. Murray (Proc. Phys. Soc., 1959, 73, 433). 
By an error in printing, the symbol » which is used for the electronic mass 
from equation (19) onwards, was replaced in § 2 by m,. Also in the fifth line 
from the foot of p. 443 the missing symbol is b. 
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REVIEWS OF BOOKS 


Mechanics, Wave Motion and Heat, by F. W. Szars. Pp. xiv+ 664. (Reading, 
Mass. : Addison-Wesley Inc., 1958.) 76s. 


The books from the pen of Professor Sears have gained a wide and good 
reputation both in Britain and overseas. ‘They are well written, clearly printed 
and the diagrams usually all that can be desired. The present volume closely 


~ follows in the steps of its predecessors although the reviewer feels that he must 


draw attention to some omissions and minor defects. Routh’s rule for moments 
of inertia is not given and on p. 395 we find a liquid surface represented by a 
straight line ; the meniscus should be shown, for without it, a rise in a capillary 
tube becomes an impossibility. The pictorial diagram of a viscometer, on 
p. 398, is useless for teaching purposes and the calorimeter on p. 516, completely 
filled with a liquid, is most weird. It is a pity that so many elementary textbooks 
do not draw a distinction between adiabatic and reversible adiabatic (or isentropic) 


_ expansions and the book under review is no exception. It is pleasing, however, 


to find that the author first defines thermal capacity and then treats specific 
heat as the thermal capacity per unit mass. 

As a strong opponent of the use of the m.k.s. system of units for teaching 
purposes, the reviewer finds little in this book to cause him to alter his views. 
Professor Sears appears to prefer the m.k.s. system but to be consistent should 
not a mole then be the mass in kilogrammes of a substance equal to its molecular 
weight (or relative molecular mass) ¢ 

Also, on p. 616, Loschmidt’s number is given as so many molecules per 
cubic centimetre ; why not the cubic metre? 

Finally, the reviewer would have preferred the index notation, e.g. cal cm 
sec! deg-1, to have been used ; it helps so much to appreciate the method of 
dimensions and is without ambiguity. C. J. SMITH. 


Kinetic Theory of Gases, by R. D. Present. Pp. viit+280. (New York, 
Toronto, London : McGraw-Hill, 1958.) 60s. 

This book is designed to provide an introduction to the kinetic theory of 
gases for undergraduate and beginning postgraduate students of physics, and 
also for chemists and engineers. The book starts with introductory chapters 
on distribution functions, the perfect gas law, the discussion of transport 
phenomena by mean free path methods, and diffusion and the random walk 
problems. ‘Then there are chapters on the Maxwell—Boltzmann distribution, on 
the theory of real gases, thermal diffusion and isotope separation, collision 
dynamics, Brownian motion, the experimental situation, and the Boltzmann 
equation. Finally a discussion of the calculation of intermolecular forces is 
The book gives a clear and detailed introduction to the subject and 
Occasionally a use of the methods of statistical 
mechanics would simplify discussions such as that of the imperfect gas, and itis a 
pity that the discussion of the Boltzmann equation is not fuller ; for having read 
this book the student will find it very hard to find any book which will develop 
the theory further in a reasonably straightforward way. Such a fuller discussion 
would be more valuable than the brief chapter on intermolecular forces. ‘The 
book is produced up to the usual high standard of this series. S. F, EDWARDS. 
38 


given. 
should fulfil its purpose well. 
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the many text 


students reading for honours degrees in physics or mathematics. The 
is therefore laid on a clear and logically consistent presentation of the un 
mental theorems of classical and quantum statistical mechanics and the 
thermodynamic interpretation. By way of illustration of these theorems usef 
applications are made to topics chosen from the thermodynamics of gases and 
solids, the theory of electrons in metals, the theory of radiation and physica 
chemistry. A knowledge of elementary dynamics, thermodynamics and quantum ~ 
theory is assumed. ~ “ol a. 

The general theory adopted is that of ‘ensembles’ whose members are 
‘assemblies ’ of identical members for which mean values of observable para- 
meters are calculated by an adaptation of the method of Darwin and Fowler. 
Although this has the advantage that all results can be obtained systematically 
and with mathematical elegance it seems that for the purpose of undergraduate 
teaching other approaches would be preferable by which the distribution 
functions for the various ensembles can be derived in a much simpler way, and 
which are not restricted to ensembles of assemblies. No indication is given 
in the book that such other approaches exist and that the study of these more 
general ensembles is of considerable physical importance. 

Nevertheless lecturers and students will, no doubt, in this book find a very 
useful complement to their lecture courses. R. FURTH. 


Cosmic Electrodynamics, by J. W. DuNcey. Cambridge Monographs on 
Mechanics and Applied Mathematics. Pp. xi+183. (Cambridge : 
University Press, 1958.) 32s. 6d. 


The similarity in titles suggests a comparison between Dungey’s book and 
Alfvén’s Cosmical Electrodynamics, published in 1950. The resemblance 
between the books does not, however, go deep. Alfvén’s was a pioneer book, 
with the excitement and also the crudities of the pioneer ; also it was largely 
devoted to Alfvén’s own theories. Dungey’s is a more finished article ; he 
spends a good part of the first few chapters in trampling flat the misconceptions 
which disfigured early approaches to magnetohydrodynamics, and he is far more 
eclectic. Unfortunately, at the same time some of the excitement has disappeared. 

The topics treated by Alfvén—sunspots, prominences, the sun’s corona, 
cosmic rays, magnetic storms—all feature here, though remarkably little attention 
is given to Alfvén’s own suggestions. Further topics treated include dynamo 
problems, magnetostatic equilibrium and stability, Dungey’s own theory of 
discharges in an ionized gas, and electrodynamic effects in the ionosphere, 
Many facets of each topic are treated, and the time available for discussing each 
is small. ‘Thus, though more comprehensive than earlier books on the subject 
Dungey’s volume is still only an introduction to it. 


ee Reviews of Books 979 


_____Dungey always considers an ionized gas composed of individual particles, not a 


continuous fluid. Normally he is content to treat the particles statistically, but 
he is always ready to revert to the effects on individual particles. This makes 
his presentation the more valuable, but sometimes complicates it. 

While not agreeing with Dungey about all the controversial topics discussed, 
I feel that the book has real value as a solid contribution to a difficult subject. 
There are defects ; at times the details of an argument tend to obscure the main 
argument, and one or two minor errors have been allowed to creep in. Also 
there seem to be one or two gaps in the otherwise full bibliography ; e.g. 
the important work of Schliiter hardly gets a mention. However, the book 
represents a real advance on anything earlier on its subject. T. G. COWLING, 


Der lichtelektrische Effekt und seine Anwendungen, by H. Simon and R. SUHRMANN 
and others. Pp. xii+747. (Berlin, Gottingen, Heidelberg: Springer, 
1958.) DM. 97.50. 


Photoelectric devices and their associated circuitry are now commonplace, 
both in scientific research and in a variety of commercial applications. To 
- provide a comprehensive treatise on the subject including basic physical processes, 
manufacturing details and the numerous applications using photoemissive, 
photoconductive and photovoltaic cells and image tubes is not an easy task. 
However, it is attempted in the present volume which benefits by drawing its 
contributions from several different writers of experience in the field. No 
current photoelectric device has been omitted as far as one can tell, although 
emphasis is sometimes a little heavy on some which have been superseded and 
lacking on others of more recent origin, such as the phototransistor and photo- 
diode employing germanium or silicon. 

Some two hundred pages are divided about equally between the discussion 
of the fundamental characteristics of photoelectric surfaces and those of photo- 
conducting solids. The former includes a detailed discussion of the dependence 
of photoemission on temperature, crystal structure and surface conditions and 
there is a brief mention of emission from semiconductors. Discussion of the 
physical processes in photoconductors is introduced by a brief but lucid treatment 
of the energy band model for crystalline solids. Although these chapters are 
followed by detailed descriptions of techniques for preparing photoelectric and 
photoconductive materials one must remember that recipes are still only 
effective when joined to ‘ art’ and ‘ green fingers ’ in making high sensitivity 
photoemissive layers or solid state devices and that commercial competition 
often precludes a liberal disclosure of technique. 

Perhaps the three major developments in this field in recent years have 
been photoelectric multipliers, photoelectric image and television pick-up 
tubes and solid state detectors and image intensifiers. All of these find a 
place in the text which is interspersed with numerous good plate illustrations 
and tabulated information on comparative performances of commercial products. 
Limiting sensitivities of all types of photocell have improved and although 
only one (Cs—Sb photoelectric surface) has achieved human eye sensitivity 
this improvement has been reflected in the advances in research thereby made 
possible, particularly in solid state and nuclear physics. A system briefly 
referred to is the cascade image intensifier which is of great promise for astro- 
nomical and nuclear research applications, 


Ww een welcome. However, these detract - 
hensive and valuable text which should be read both t nic and 
4 users of photoelectric apparatus alike. References provided with A 
os are well chosen and the same discrimination is indicated in the adequate 
: iidex. "4°" TES _ G. F. J. GARLIC! 
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z The Potential Theory of Unsteady Supersonic Flow, by J. W. Mites. Pp. xii +220. 
(Cambridge: University Press, 1959.) 45s. ‘oat 
This book is an extremely thorough and authoritative account of the field 
described in its title. Fundamentals, including applications of the appropriate — 
form of the Lorentz transformation, and methods of reduction to steady-flow 
problems, are especially well treated. ‘Two-dimensional problems, problems 
of delta wings and quadrilateral wings, as well as of ‘ slender wings ’, ‘ slender 
bodies ’ and other shapes of low aspect ratio, are very thoroughly discussed by the 
linearized theory, and there is a final chapter setting out what is known of non- 
linear solutions. Applications to stability, flutter and gust loading are clearly 
brought out. The mathematics is treated logically and economically and should 
not frighten away theoretical engineers or applied mathematicians. Aero- 
dynamicists will be a lot happier for having such a convenient and compendious 
reference available for all the knowledge on unsteady supersonic flow theory, 
much of which is of Professor Miles’ own gathering. M. J. LIGHTHILL. : 


An Introduction to Fluid Dynamics, by G. TEMPLE. Pp. xi+195. (Oxford: — 
University Press, 1958.) 25s. 


This book, although apparently intended as an introduction to modern — 
fluid dynamics for the degree student, is concerned almost entirely with the 
theory of an inviscid, incompressible (perfect) fluid. The principal topics 
discussed are the equations of motion; Bernoulli’s theorem with applications 
to flow through channels; irrotational flow and the dynamical significance of 
the velocity potential; the complex potential and use of conformal mapping 
for two-dimensional flow; equivalent distributions of sources, doublets and 
vortices; the forces exerted by a fluid on a body; and a brief introduction to 
slender body theory. The analysis is treated throughout with care (and some- 
times with a rigour seldom thought worthwhile in applied mathematics), but this 
occasionally has the effect of making the underlying physical principles difficult 
to perceive. 

A more general criticism is that no account is given of the way in which 
perfect fluid theory fits into the pattern of modern fluid dynamics of which it is 
but a part, albeit an important one, or of the conditions under which a perfect 
fluid is a good approximation to a real fluid which satisfies the different boundary 
condition of zero slip at a solid boundary. The student can benefit from this 
book, but as an introduction to modern fluid dynamics, as opposed to the theory 


of a perfect fluid, it is somewhat deficient, P, G, SAFFMAN, 
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Materialpriifung mit Réntgenstrahlen (unter besonderer Beriicksichtigung der 
Réntgenmetallkunde), 4th edn, by R. GLockxer. Pp. vii+530. (Berlin: 
Springer, 1958.) DM 61.50. 


Books on the theme of x-rays and crystals are apt to possess a pronounced 
individual flavour and Professor Glocker’s book is no exception. Whereas 
_ he covers an unusually wide range of topics, he is both most informative and 
_ most interesting on those subjects to which his own Institute has largely contri- 
_ buted. The section on the techniques and results of stress measurement by 
X-rays is outstanding and goes much further than any other account known to 
the reviewer. Good accounts are also given of x-ray spectroscopic analysis, 
x-ray physics, single crystal methods, the structure of liquid and amorphous 
metals, and modern practical techniques such as curved crystal monochromators 
and small angle scattering. So far as the reviewer can judge, the section on 
radiography is also very authoritative. 

It is a distinct virtue of the book that a determinedly practical outlook 
is supplemented by a readiness to explain fine points of experimental technique 


‘ 


' by reference to first theoretical principles. This is particularly evident in 


‘the sections on radiography, stress measurement and spectroscopic analysis, 
and should make these particularly useful for the experimentally inclined reader. 

While Professor Glocker has made every effort to be comprehensive, the 
quality of the treatment inevitably fluctuates. Thus, he is much less thorough 
and up-to-date in his treatment, for instance, of the structure of cold worked 
metals, (the concept in this connection of * frozen heat motion’ is misleading 
and not generally accepted today), and other subjects such as diffractometer 
technique, use of the ASTM Index for identification, and textures, are only 


=  cursorily treated. The structure of alloy phases is well treated and is up-to-date, 


as is the brief but informative section on age hardening; but a brief excursion 
into classical metallurgy such as the section on equilibrium diagrams is too 
superficial to be of use to the novice, and the equilibrium diagram for the 
Cu-Zn system which is reproduced is many years out of date. 

In summary, then, the book is sufficiently comprehensive and authoritative 
to be recommended for German readers seeking a single compact source of 
information. Its uneven quality, however, and concentration on German 
sources to the virtual exclusion, in some sections, of other work, makes it 
unsuitable as a general reference book for the English reader, who is already 
well supplied with outstanding texts such as the books by Barrett and by King 
and Alexander and the encyclopaedic volume by the Institute of Physics. 
However, Professor Glocker’s book can be strongly recommended for selective 


reading, most especially for the illuminating section on X-ray stress analysis. 
R. W. CAHN. 


Introduction to the Design of Servomechanisms, by Joun L. Bower and PETER M. 
ScHuLTHEIss. Pp. xi +510. (London : Chapman and Hall; New York : 
John Wiley and Sons, 1958.) 104s. 

This book is remarkable for its approach and attitude to Servomechanism 
Theory. Drs. Bower and Schultheiss have produced a careful and thorough 
account of the theoretical background to the subject without losing the reader in 
an unintelligible maze of differential equations, 


e accuracy to be pei in sr cereal Auer 1 SEU GY 0 As nd atlas 
For those who have found the mathematics of servomechanism theo 
formidable, the mathematical introduction should prove invaluable, cont 
a commonsense approach to the subject of functional transformations, 
_ particular reference to the Fourier integral and to the Laplace transform 
theorems. Whenever possible, theoretical conclusions are immediately re 
to practical examples; mathematical arguments are stated fully and « 
conversationally, and are amply illustrated with explanatory diagrams. 
A minor criticism of this book is that the many excellent problems ai 
each chapter are not supplied with answers and will therefore be of doubtful 
value to the private reader. The standard of printing and layout in this volume 
is exceptionally high. This in itself helps in making the book so very readable. 
M. J. DUFF. 


Numerical Analysis and Partial Differential Equations, Vol. 5 of Surveys in Applied 
Mathematics, by GEORGE-E. ForsyTHE and PauL C. ROSENBLOOM. Pp. 
x +204. (London: Chapman and Hall ; New York: John Wiley and 
Sons, 1959.) 60s. 


The title of this book, taken at first glance, is somewhat misleading. It 
comprises, in fact, two essays, one on Numerical Analysis by Forsythe and one 
on Linear Partial Differential Equations by Rosenbloom. These essays are as 
unlike in character and approach as it is possible for them to be, and it appears 
to me that they sit rather ill together in one volume. 

The essay by Forsythe is aimed at the scientist, and is excellently put 
together. Recent Russian work is summarized and their computer development is 
reviewed. ‘The main contemporary problems in numerical analysis are succinctly 
stated and the progress so far made towards their solution is discussed. A very 
useful bibliography is given. My only regret is that more space was not allotted 
to this essay in order to extend the author’s remarks on partial differential 
equations. 

By contrast, Rosenbloom’s text is pitched at a far higher mathematical level. 
He does not set out to expose the basis of his subject in the form of an essay, but 
to embody, in a logically constructed presentation, recent work both in America 
and on the Continent. Whilst such a presentation is of undoubted interest to 
the pure mathematician, and of great value to the University student in mathe- 
matics, it is, in the form given, not easily accessible to the practising applied 
mathematician, and almost totally inaccessible to the general scientist and 
technologist. Ideas and notations are built up sequentially through the book, 
and any attempt to ‘ dip in’ to those subjects of especial interest is doomed to a 
frustrating search to discover what all the symbols mean. Furthermore, 
emphasis is largely placed on theorems of the existence of solutions, proofs 
of uniqueness, and the derivation of general operator methods. The latter have, 
of course, important applications, particularly in nuclear theory, and it is, no 
doubt, a relief to know that the use of a chosen mathematical technique will 


Ss 


astronomy. 


he 


~ As the translator has said in his foreword ‘this atlas should prove of great 
value to the amateur whose interest in astronomy has been aroused by reading 
some of the excellent popular books . . . . and who wishes to pursue the subject 
further by studying the sky ”’. Ane.aGs 


_ Free Radicals as studied by Electron Spin Resonance, by D. J. E. INGRAM. Pp. 


ix +274. (London : Butterworths Scientific Publications, 1958.) 50s. 


This book is the first to be entirely devoted to this subject. It contains an 
introductory chapter on free radicals which explains what they are and reviews 


the older methods of detection. There is a detailed account of the relevant 
microwave techniques comprising about one quarter of the book. Subsequent 


chapters discuss stable free radicals, radicals produced by irradiation, radicals 
produced by polymerization and pyrolysis, inorganic radicals, biradicals and the 
triplet state and finally biological and medical applications. 

There are considerable difficulties in writing this book which Dr. Ingram 
has in the main successfully overcome. ‘I'he material is very new and the book 
has been produced commendably quickly. It is not so long since this reviewer, 
and perhaps many others, regarded free radical electron resonance as concerned 
entirely with esoteric chemical compounds such as diphenyl picryl hydrazyl 
(DPPH) and Chichibabin’s hydrocarbon. ‘The subject matter covers a number 
of fields, physics, chemistry, biology and medicine and no doubt each specialist 
will feel that the style of presentation is not for him. ‘The physicist will be 
perturbed at the almost universal use of the word ‘ probable’ to describe the 
interpretations. He will also be concerned at the very complicated interpreta- 
tion required to explain the rather simple spectrum of irradiated Perspex which 
is presented as a characteristic achievement. ‘The discussion is rather discursive 
and repetitive although the frequent summaries are a valuable feature. 

I suppose that in deference to the folk lore of the subject, it was necessary to 
include the famous spectrum of Professor Gordy’s toenail. 
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uflage. Band II, | 

schaften der Materie in ihren Aggregatzustinden. Teil 3. Scl 

gleichgewichte und Grenzflachenerscheinungen. Pp. xi+535. 

- Gottingen, Heidelberg: Springer, 1956.) DM. 248. — c+ 
Volume II will appear in seven parts of which this is the third. ee 

Halbleiterprobleme IV, edited by W. ScHOTTKY. Pp. viii+381. (Braun- — 
schweig: Friedr. Vieweg, 1958.) DM. 46.80. } e 

Steric Effects in Conjugated Systems, edited by G. W. Gray. Pp. viiit 181. — 

__ (London: Butterworths Scientific Publications, 1958.) 30s. 

Mechanical Properties of Non-metallic Brittle Materials, edited by W. H. WALTON. 
Pp. xi+492. (London: Butterworths Scientific Publications, 1958.) 90s. 

The Structure and Properties of Porous Materials, edited by D. H. Everett and 
F. §. Srone. Pp. xiv+389. (London: Butterworths Scientific Publica- 
tions, 1958.) 60s. —~ 

Steam Cycles for Nuclear Power Plant, by W. R. Wootton. (Nuclear 
Engineering Monographs.) Pp. viit+66. (London: Temple Press, 1958.) 
10s. 6d. 

Nuclear Reactor Shielding, By J. R. Harrison. (Nuclear Engineering Mono- — 
graphs.) Pp. viii+68. (London: Temple Press, 1958.) 10s. 6d. 

Nuclear Reactor Control and Instrumentation, by J. H. Bowen and E. F. O. 
Masters. (Nuclear Engineering Monographs.) Pp. x+78. (London: 
Temple Press, 1959.) 12s. 6d. 

Some Aspects of Analysis and Probability, by 1. KapLansKy, M. Hatt, E. HEwitt 
and R. Fortet. (Vol. IV of Surveys in Applied Mathematics.) Pp. xi+243. 
(New York: John Wiley; London: Chapman and Hall, 1958.) 72s. 

Fundamentals of Advanced Missiles, by R. B. Dow. Pp. xvit+567. (New 
York: John Wiley; London: Chapman and Hall, 1959.) 94s. 

Guide to the Literature of Mathematics and Physics including related works on 
Engineering Science, by N. G. Parke III. Pp. xviii+436. (New York: 
Dover Publications, 1958.) $2.49. 

Conduction of Heat in Solids, by H. S. Carstaw and J. C. JAnGER. 2nd Edn. 
Pp. x+510. (Oxford: Clarendon Press, 1959.) 84s. 

Structure Reports: Supplementary Volume and Cumulative Index for 1940-1950, 
Vol. 14, edited by A. J. C. Witson. Pp. ix+215. (Utrecht: N.V. A. 
Oosthoek’s Uitgevers Mj, 1959.) 68s. 

Dynamics of Flight, by B. Erin. Pp. xv+519. (New York: John Wiley; 
London: Chapman and Hall, 1959.) 120s. 

Physical Laws and Effects, by C. F. Hrx and R. P. ALtey. Pp. x+291. (New 
York: John Wiley; London: Chapman and Hall, 1958.) 64s. 

The Geology of Uranium, translated from the Russian. (Suppt. No. 6 of 
Atomnaya Energiya.) Pp. 6+128. (London: Chapman and Hall; 
New York: Consultants Bureau, 1958.) 48s. 
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dered, vacancy diffusion i SO: serie ton ek a : 

ycrystalline Ni-—Co, Bitter figure examination ee f : 

»ha-particle bombardment and scintillation of diamond . : : : 
plifier, grain-boundary (R). : : 5 : 58 re ; 

gular distribution of high energy protons inelastically scattered by light nuclei 

Argon and krypton, solid and liquid solutions, properties . 2 : ; 

_ Attachment of slow electrons in air and oxygen PRs se : 


Band spectra of MgO and MgOH between 4000 and 36004 . 
_ Band spectra, see also Absorption 
_ Beta spectrum of Pr and axial vector B-interaction 
_ Bismuth telluride, adiabatic and isothermal effects 

_ Bitter figure examination of polycrystalline Ni—Co alloys 


| Capture, negative pion, in deuterium. : - 

- Capture, negative pion, in hydrogen. . : : : 

Capture, resonance, of neutrons in infinite homogeneous media. 
- Carrier concentration, see Semiconductors 

Cathode glow (R) . : : 5 a 

Cathode glow, polarization of light from (R) 

Ceramics, ferroelectric, energy loss processes 

Charge penetration into conductor in equilibrium 

Collisional relaxation in gases . 2 : : : 

Collisions, inelastic, between heavy systems, distortion 

Collisions, inter-electron, and temperature of hot electrons (R) 
5 Collisions, nuclear, direct interaction with strong coupling . 
» Conductivity, electrical, see Electrical conductivity 

; Conductor, charged, charge penetration in equilibrium. 
Copper, effect on work function of tin : : : : F 
Copper as impurity in InAs (L)_ : 


=) ey Me ee eo ee 
Si a a 


magnetic 


Core polarization, contribution to atomic hyperfine structure and Knight shift of Li 


and Na. : : 4 : . ; : ; 

Counters, diamond conduction, with small electrode separations 
Counters, proportional, curves of x-ray spectra, analysis 

if Cross sections, differential, of reactions !°F(a, n)??Na and 
es spectra (R)_ . ‘ : . ; : : 

| Cross sections, electron capture for protons in helium. x 3 P i 

Cross sections, of hydrogen, 1s—2s electron excitation, variational calculations (R) 
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27 Al(x, n)°°P, and neutron 


3T 


Decay processes, search for rey (R). 2 * - 4 . a” a 


Fringes, superposition, in white light for length comparison . 


a 
-Deuteron, photodisintegration at 130 Mev . ; : , eee 
Diamond, scintillation under a-particle housberdancnt z a ae . 3 
Diamond, semiconducting, thermoelectric power - Cae es wang 
Diffraction by rectangular apertures, intensity discebunioain near fore é é ae 905, s 
Diffusion of boron in germanium (R). : : F : rom : ‘ 320, m 
Diffusion of copper in germanium, theory . r 2a te 
Diffusion of phosphorus into silicon under eantrolld Seek meescaed ¥ 577 4 
Diffusion, thermal, see Thermal diffusion &y 
Digital computer, electronic, lens designing by . “ i eet 
Discharge, electrodeless, in hydrogen and helium, salt anenuption®: . 841 
Discharge, oxygen, negative ions in positive column (R) 818 
Domain configurations on ferrites 2 e 2 ‘ 1 
Domain structure and demagnetizing energy of Gniecnesl enidie cea : 5 corr. 325 
Domains, ferromagnetic, thermal activation (R) . i t 136 
Eddy current losses in 65/35 Ni—Fe (R) , 133 
Elastic scattering, see Scattering 

Electrical conductivity of metals 745 
Electrolytic coloration of KBr (R) F et ee ‘ A : 962 
Electron, ejected, in K-shell ionization (R). : : - “oe 3 «2680 
Electron-opaque targets, continuous X-ray spectrum om «- 924 
Electron pair production in field of (R) : : 114 
Electron—phonon interaction in metals—I : Figrmeae approximation 609 
Electron—positron pair emission 556 
Electron spin resonance, determination of eenel Baie 788 
Electron temperature and inter-electron collisions (R) . 959 
Electrons, slow, attachment in air and oxygen ® 821 
Energy i of 76Al 501 
Energy levels of 18F , g 5 Tan 
Energy levels of %O, °Mg end Sie IZ 
Equilibrium and fe properties of fa +1)- arate esi sole 25 
Evaporation theory of photonuclear reactions 33 
Fermi—Thomas potential, angular dependent, for iron. 650 
Ferrites, domain configurations on ft 
Ferroelectric ceramics, see under Cores 

Ferroelectrics, and other oxides, anomalous polarization in . 448 
Ferromeciett domain sizes in polycrystalline Si-Fe (L) 694 
Ferromagnetic resonance, internal, in nickel 593 
Ferromagnetism, see also Domains 

Films, thin metal, complete absorption of light . 40 
Fluorides, diatomic, of Si, Ge, Sn and Pb, spectra (R) . 317 
Freezing, probability of (L) : eee: 
Frequency response, optical, chatacten aie with Gpheries! shereatigar eastaad by 

automatic recording. . - 465 

Friction, internal, of annealed copper at ieee temperatures . : 95 


ee 


Magnetoresistance, oscillatory transverse, in n-type InSb (R) 
3T2 


_ : Subject Index 987 
j ; PAGE 
_ Galena, natural, low temperature thermoelectric measurements : 49 

Gas discharge, arc maintained on isolated metal plate exposed to a plasma 508 
_ Gases, collisional relaxation in . : t 800: 
Gases, thermal relaxation in, analysis of dat 273 
Germanium devices, 1/f noise in 59: 
Germanium, diffusion of boron in (R) 320: 
Germanium, diffusion of copper in, theory. : : : : : : eel °)7/ 
Germanium, electrical and photoelectric effects for three carriers in magnetic field . 399 
Germanium, grain-boundary amplifier (R). : : : : 969 
Germanium, influence of fast holes on photoelectromagnetic effect in (L). 692 
Guided propagation in slowly varying medium . 365 
g-value of S-state ions (R) 116. 
Hall effect, extraordinary, and spin-orbit coupling. ‘ : : 433, corr. 976. 
Hall effect, see also Semiconductors (R) 
Helium, solid, zero-point energy and equation of state at absolute zero (R) 965 
Helium II, quantized growth of turbulence (L) . : A : 144 
Hydrogen atoms, variability of recombination on metal surfaces (R) 533 
Hydrogen chloride, transition v!X*—x!X* (L) . Z : é ; : se sie 
Hyperfine structure, atomic, and Knight shift of Li and Na, contribution of core 
polarization . : : 7 : ; : 811 
Hysteresis loops, ferromagnetic, growth (L) : é : ‘ 5 ; 973 
Hysteresis, single-domain inclusion theory in dispersion-hardened alloys (R) . Sali 
Impurities in III-V compounds, behaviour : : ; : : 622 
Indium antimonide, n-type, electrical conduction between 2 and 300°K . 280: 
Indium antimonide, n-type, oscillatory transverse magnetoresistance effect in (R) 131 
Indium antimonide, p-type, electrical conduction between 100 and 2°x (R) 128 
Indium arsenide, effects of copper as impurity (L) 685 
Interaction, electron—phonon, see Electron 
Interference filters, limiting band width . : z , : : : . 480 
Interference fringes, multiple, in electron micrographs of wedge-shaped single 
crystals . : 2 : 2 : : é : g : : : 45 
Interferometric instrument, automatically recording, for measurement of frequency 
response with spherical aberration. : : ‘ : : : . 465 

Ionization and dissociation by electron impact in fluorine, HF, chlorine and EC (ym 122. 

Ionization, K-shell, ejected electron in (R) 681 

Ions, S-state, g-value (R) : ae ; 116 

Iron, Fermi—Thomas angular dependent potential 650 

Iso-butyl bromide, nuclear magnetic resonance absorption in 833 
Lattice absorption bands in Si ; ; : 265 
Lattice, calcium fluoride, correction to theory (L) ; : : 687 
Lengths, comparison by using fringes of superposition in white light 661 
Lens designing by electronic digital computer ; : 777 
Light, white, superposition fringes for comparison of lengths 661 
Liquids and aqueous solutions, sonoluminescence measurements from OLS 
Liquids and electrolytes, ultrasonic vibration potentials, phenomenological theory . 345 
Liquids, non-ionic, ultrasonic vibration potentials (L) 690 
Liquids, reducing effect of superposition approximation é 713 
Liquids, ultrasonic absorption, measurement by acoustic streaming 354 
Low temperature measurements, thermoelectric, on natural galena 49 
Low temperatures, and internal friction of annealed copper. 95 
Lunar surface, radio observations of (L) : ; : ; : = 536: 
g ic resonance, see under Nuclear, Paramagnetic 
Micncie susceptibility of Ag—Mn solid solutions between 100 and 500°K ae 
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ons, —ve, effect of Coulomb fel of ie her on decay rate (R) 


Neutron spectra and differential cross sections of reactions E(x, alee Pee 


SAl(a,.n)?°P (CR) 


Neutrons, resonance capture in fade Ponsa erg os 
Neutrons, scattering, see Scattering 
Nickel, internal ferromagnetic resonance in 2 bone 


Nickel, photodisintegration, competitive processes in . 5 
Noise, 1/f, in germanium devices 
Nuclear deformation and pbotodanneoration ane resonances 
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Nuclear magnetic resonance aerate? in iso-butyl bromide as crystal and as super- 


cooled liquid 
Nuclear magnetic resonance in hismmach (R) 
Nuclear reactions, direct interaction with strong coupling 


(aspen F 


Dione, and —ve unpolarized, polarization of electrons from decay 


Nuclei, light, inelastic scattering of high energy protons, angular disttbusane 


Nucleons, high energy, inelastic scattering by complex nuclei—II: Excitation of 


4-4 mev level of !2C (R) : 
‘Optical model analysis of scattering of 310 Mev protons by carbon 
Optical properties of noble metals (R) 


Pair emission, internal, at small angles 

Pair production in field of electron (R) 

Paraffins, normal, viscosity 

tee ace. resonance of Fe*+ in sapphire at is tornperatates (R) 
Paramagnetic resonance of impurities in CaF, (R) 


Paramagnetic resonance spectrum of impure MgO crystals, weak ties (R) 
~ Paramagnetic salts for Bloembergen type maser (R) 


Particles, fast charged, scattering: detour factor for 10 Mev eleceais aid poco 


(R) 
Phase shift, unitary, scatterings, ipateenadan (R) 
Photodisintegration of deuteron at 130 Mev 
Photodisintegration of Ni, competitive processes in 
Photoelectromagnetic effect in Ge, effect of fast holes (L) 


Photoproduction, 7+ meson, from hydrogen, measurement near chreshols 


Photoprotons, high-energy, cae silver 


Pi* meson photoproduction from hydrogen, ejbasaremn ent near direshald 


Pions, negative, capture in deuterium 

Pions, negative, capture in hydrogen 

Dione, negative, 98 Mev elastic scattering by betmeen, 
Polarization, anomalous, in ferroelectrics and other oxides 
Polarization, lattice screening in polar semiconductors 
Polarization of light from cathode glow (R) 


Polarization, longitudinal, of electrons from decay of rere pe oe and —ve 


muons : 
Positrons, see Particles 


Potassium bromide, electrolytic coloration (R) 


—. 
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Pa 


Spectrum, X-ray, continuous from electron-opaque targets 


7 Subject Index 989 
3 Potential energy function, Wu-Yang (R) . re 
4 aliens De B-rays and axial vector 6-interaction : ; 600: 
am: n, guided, in slowly varying medium 365 
Protons, distribution in nuclide #C (R) ; 12 
Protons, see also Angular distribution, Scattering ; 
Radio observations of lunar surface (L) 536. 
Reactions, ionic, of negative 4-mesons : ; : ‘ : 912 
— parameters, derivation from observations of ultrasonic relaxation 767 
eactions, photonuclear, evaporation theory 33. 
Reactions ?’Al(p, p’)?7Al and ?’Al(a, p)?°Si 793 
Reactions *°K(d, p)*9K (R)_.. : : 677 
Reactions, **Mg(*He, «)*23Mg (RR). 513 
Reactions, (y, n) and (y, 2n) in 1!Pr (R) ; : é 110 
Reactions, see also Cross sections, Nuclear reactions, Stripping 
Relaxation, collisional, in gases : 800: 
Relaxation, thermal, in gases, analysis of data 273 
Relaxation, ultrasonic, see Ultrasonic relaxation 
Resonance capture of neutrons in infinite homogeneous media 561 
Resonance, ferromagnetic, see Ferromagnetic resonance 
Resonance, nuclear magnetic, see Nuclear magnetic resonance 
Resonances, giant, photodisintegration, and nuclear deformation 69 
Sapphire, paramagnetic resonance of Fe** in, at low temperatures (R) : ool 
Scattering, elastic, low energy, of neutrons by deuterons with Yukawa interaction . 160 
Scattering, elastic, of 98 Mev negative pions by hydrogen 856. 
Scattering, elastic, see also Angular distribution 
Scattering of fast charged particles: detour factor for 10 Mev electrons and positrons 
(R) ‘ 3 : E § 3 ‘ : : : : 5 5} SES: 
Scattering, inelastic, of high energy nucleons by complex nuclei—II: Excitation 
of 4-4 mev level of 12C (R) : : 309 
Scattering, inelastic, of neutrons by thoriu = : : : P yeas 
Scattering, p—p, spin correlation coefficient at 382 Mev for 90°c.m. scattering 
angle (R) : 3 ; : ‘ é 957 
Scattering, small angle, of 970 Mev protons by carbon 100 
Scattering, unitary phase shift, approximation (R) ; 528 
Scattering of 310 Mev protons by carbon, optical model analysis : ; 5 el S5; 
Schrédinger equation, non-relativistic, (2s)? 1S state solution for He and: Hos. corr. 976 
Self-absorption in electrodeless discharge in hydrogen and helium F : 841 
Semiconductors, anomalous behaviour in Hall coefficients of SnSe and GeSe (R) 824 
Semiconductors, behaviour of impurities in III-V compounds ‘ ; 5 CPB 
Semiconductors, effect of magnetic field on absorption edge, theory. : corr. 976 
Semiconductors, polar, lattice screening in F 849 
Semiconductors, polar, theoretical transport coefficients : : 572 
Semiconductors, thermoelectric power of semiconducting diamond : : & 9393 
Semiconductors, time dependence of excess carrier concentration in presence of 
surface recombination : ; : : : : ; 54 
Semiconductors, see also Bismuth, Germanium, Hall effect, Indium 
Silicon-iron, polycrystalline, ferromagnetic domain sizes (L) 694 
Silicon, lattice absorption bands in . 265 
Silver, high-energy protons from 697 
Sodium chloride, work function 3 : é : : ; 733 
Solution, ideal, (n+ 1)-state, equilibrium and non-equilibrium properties 25 
Sonoluminescence, measurements from pure liquids and aqueous solutions 628 
Spectra of diatomic fluorides of Si, Ge, Sn and Pb (R) 317 
Spectra, transition vi d+ —x! Xt in hydrogen chloride (L) 338 
Spectra, X-ray, analysis of unresolved proportional counter curves 81 
Spectra, see also Band spectra, Paramagnetic resonance sah 
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X-ray spectrum, continuous, from electron-opaque targets P - 


X-ray spectrum, see also under Spectra 
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